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To obtain the probability density function (PDF) of the product of two continuous random variables (r.v.) one can take the
convolution of their logarithms. This is explained for example by Rohatgi (1976). It is possible to use this repeatedly to obtain
the PDF of a product of multiple but a fixed number (n > 2) of random variables. This is however a very lengthy process, even
when dealing with uniform distributions supported on the interval [a, b]. We encountered the latter problem, with a = %
and b = 3, in the article by Armstead et al. (2004) on the approximation for the open-ended stadium billiard dynamical
system; there are undoubtedly other applications in a variety of fields. A formula for calculating the PDF of the product
of n uniform independently and identically distributed random variables on the interval [0, 1] first appeared in Springer’s
book (1979) on “The Algebra of Random Variables”. This was then generalized (see Ishihara, 2002) to accommodate for
independent but not identically (i.e. {[a;, b;],i = 1, 2, ..., n}) distributed uniform random variables through the use of the
proof by induction. In the current work we use Fourier analysis, as suggested by Springer, to re-derive a subset of Ishihara’s
results: the PDF of a product of n independent and identically distributed uniform [a, b] random variables. Through this
analysis one can see exactly how the n smooth components of the resulting PDF arise from contour integrals in Fourier
space and thus obtain a more intuitive idea of how the convolution theorem (see (Bracewell, 2000)) acts. Specifically, we
shall show that the convergence of the contour integrals defines the supports of the components of the PDF.

Theorem 1. Let X; be independent random variables with PDF fx,(x) = ﬁ on the interval x € [a, b] and 0 otherwise, where

O0<a<b<ooandi=1,2,...,nn > 2. Then the PDF of X = ]_[?:1 X; is given by a piecewise smooth function:
)z((x)’ anfk#»]bkfl <x< anfkbk’
fxx) = k=1,2,...,n,
0, otherwise,
where
n—k i —j i\ 1
-1y n b d
HOEDY S el ) (In .
= (b—a)*(n—1! \j bY
Remark 1. Itis interesting to note that the components’ derivatives (dd—:, )f(x)), oforderl =1, 2, ..., (n—2),are continuous

at their end-points while the (n — 1), derivative is not (see Springer, 1979).

* Corresponding author.
E-mail addresses: Carl.Dettmann@bristol.ac.uk (C.P. Dettmann), maxog@bristol.ac.uk (O. Georgiou).

0167-7152/$ - see front matter © 2009 Elsevier B.V. All rights reserved.
doi:10.1016/j.spl.2009.09.004


http://www.elsevier.com/locate/stapro
http://www.elsevier.com/locate/stapro
mailto:Carl.Dettmann@bristol.ac.uk
mailto:maxog@bristol.ac.uk
http://dx.doi.org/10.1016/j.spl.2009.09.004

2502 C.P. Dettmann, O. Georgiou / Statistics and Probability Letters 79 (2009) 2501-2503

Remark 2. The known result that InX = In ]—H‘:] X = ZL] InX; is Gamma distributed (~ — I'(n, 1)), as explained by
Devroye (1986), is only valid for a = 0, with the natural normalization b = 1. Unfortunately, we cannot find a representation
in terms of standard distributions if a > 0. We can however comment that according to the Central Limit Theorem (CLT),
the distribution of In X converges asymptotically to the Normal distribution. In fact, since the third central moment of In X;
exists and is finite, then by the Berry-Essen theorem (see Feller, 1972), the convergence is uniform and the convergence
rate is at least of the order of 1/4/n; this can be used to approximate fx (x) for large n where direct numerical computation
is inefficient.

Proof. LetY; = InX;. Then the PDF of Y; is fy,(y) = b%aey = ke¥ supported ony € (Ina, Inb) and is zero otherwise. We find
the characteristic function by taking the Fourier transform of fy, (y):

F (0N M) = EE) =y () = / e dy,
_ K (beinlnb _ aeinlna) . (1)

(1 +in)

The convolution theorem (see Bracewell, 2000) states that the characteristic function (c.f.) of the sum of n random variables

is given by the product of the individual c.f. of each r.v. Hence, the c.f. of Y = )", Y; is given by the nth power of fyi(n)
which we expand here using the binomial theorem:

R NP =1y (n>b(“’j)a’ iny 5
[y, (1" = fr (n) ;—(1 i e (2)

where A; = (n—j) Inb+jIna. To perform the inverse Fourier transform we shall use Cauchy’s residue theorem (see Knopp,
1996). Note that according to Springer (1979), we should expect n piecewise continuous components which make up a C"~2

curve. Also note that the inverse Fourier transform of Eq. (2), ! ([fyi(n)]”> (y), will have support only in the interval
(nlna, nlnb).

~ 1 © .
# (heonr) o) = o [ e may

s Kn(_])j(rz)bm—j)a/ein(xj—y)
=/ J d]]

ws 2n( = )0)"

E/ > hi(n. y)dn, (3)
e

where the integral-sum order can be interchanged. We define two contours y;, (m = 1, 2) such that y; goes along the real
axis from —R to R and then into the upper complex plane along an anticlockwise semicircular arc of radius R > 1, centered
at the origin, ¥, C y;. Contour y;, is defined similarly but going into the lower complex plane along a clockwise semicircular
arc of radius R, y., C y». Notice that for all j there is only one pole due to h;(», y) enclosed by y1, that it is of order n, that it
is situated at o = i and that there are no poles in y,. We use the residue theorem to calculate

% hj(n, y)dn = 2miRes (h;j(n, y), i)
"

n(—1y e
S ()

The choice of contour to be used for every0 < j < nandy € (nlna, nlnb) when calculating (3) depends on the sign of
the exponential. In other words, m depends on both j and y. Explicitly, we write n = R(cos ¢ + isin¢) and estimate the
integrals over the semicircular arcs y, and y,,:

/ hj(n, y)dn = / g(R, ¢p)e FsniVdg, (5)
Ve

m Yem

where g(R, ¢) = O(R™"*1), as R — oo. For n > 2 we know that if the exponent —R sin ¢(A; —y) < 0, then the integrals in
(5) will converge to zero. We rearrange this inequality to find that for y; we need j < j*(y) while for y, we need j > j*(y),

where j*(y) = 111111;_171; ya | and |.| denotes the floor function. Note that when A; = y, both contour integrals (along y,, and
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Ye,) converge and we see that (4) is identically zero. Hence we obtain the following equation:

0 =3 [ oy
j=0 /o0

FA)) n
=3 (§ monan- [ wowa)+ > (§ wowa- [ woya (6)
" Y2

j=0 ey J=rm+1 Ve
as R — oo, where all integrals along y.,, > and y,, vanish and the remaining integral is given by (4). Note that the sums
in (6) only make sense if 0 < j*(y) < n, as expected from the known support of y. We find n intervals on which fy (y) is
supported and number them with k = 1,2, ..., n, where k = n — j*(y). To obtain fx(x), as given in Theorem 1, simply
transform back to X = exp(Y). O
Remark 3. It is an interesting exercise to show that Zjn:O (fym h;(n, y)dn) = 0 for bothm = 1and m = 2 and for any

yas R — oo. To see this for m = 1, expand (}; — )@=D using the binomial theorem, collect the j-dependent terms and
interchange the sums to obtain

- ' nd)e (nos ety (1) 4
Z (fm h](nv J’)dn> = Z (n,1)|(i)n71 ( 1 ) (n lnb—y) Z(_l)l (1>] .
— =0 : j=0
j=0 y

To show that the last sum over j is zero, we write it as

L - /n d & . (n
-1 ) o s — _]]<.> Is
szO:( Y(})Je 2D i)e

s=0 j=0 s=0

s=0

forall0 <1 < (n — 1). For m = 2, the contour integral is zero as there are no poles enclosed by the contour.

Remark 4. To prove Ishihara’s general result (where the X;’s are not identically distributed), one would have to expand the
b ir]lnbj_ X in]naj . . . . .
product ]_[]'7:1 % and evaluate the (n — 1)y, derivative at n = i, and then look at the various contour integrals
17

as above. While possible in principle, this would defeat the purpose of this work, namely a simpler but more explicit and
intuitive derivation of the result.
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