Analysis 3: HW4

i) Let a > 1, ¢t > 0. Prove that 0 < H% < 1 and deduce that

lim m dm = 0.
n—oo [0’27‘_] 1 + (mc)a

i) Let n > 2, x > 0. Prove that (1 + z/n)" > (1/4)2%. and deduce that # — (1 + x/n)~" is Lebesgue-
integrable over [1,00) and that
lim (1—|—£)*"dm:e*1.
n

n— 00 [1,00)

2. Let C[0, 1] be the linear space of continuous functions on [0, 1] to R and define N; to be the Riemann integral
of |f| over [0,1]. Show that Ny is a norm on C10,1]. If f,, is defined by

0 for0<z<(1-1/n)/2,
fa(z) =4 linear for (1 —1/n)/2 <z <1/2;
1 for 1/2 <z <1,

show that (f,) is a Cauchy sequence, but that it does not converge to an element of C|0, 1].

3. Let N be a norm on a linear space V' and d be defined for u,v € V' by d(u,v) = N(u — v). Show that d is a

metric on V; that is, for all u,v,w € V,
i) d(u,v) > 0;
it) d(u,v) =0 if and only if u = v;
iii) d(u,v) = d(v,u);
i) d(u,v) < d(u,w) + d(w,v).
4. If f € L' and € > 0 then there exists a simple 2(-measurable function ¢ such that || f — ¢||1 < e. Extend this
to LP, 1 < p < oco. Is this true for L>7?

5. Let @ = N and A a measure on A = P(Q) defined by

AE)=> (1/n*), E€

nek
(a) Show that f:Q — R, f(n) = +/n satisfies f € LP if and only if 1 <p < 2.

(b) Find a function f such that f € L? if and only if 1 < p < po.

6. Let (2,2, 1) be a finite measure space. If f is A-measurable, let F,, = {(n — 1) < |f| < n}. Show that
f € L' if and only if

Z nu(E,) < +oo.
n=1

More generally, f € LP for 1 < p < oo if and only if

Z n? u(Ey,) < +o0.
n=1



7. If (2,2, p) is a finite measure space and f € LP then f € L" for any 1 <r < p and

£l < ()75 (| £l

8. Suppose that 2 = N and p is the counting measure on Q. If f € LP then f € L*® with 1 < p < s < 0o and
1£1s < 11£1lp-

9. Let (0,2, 1) = (R,B,m) and f(z) = |z|~/2(1 + |log z|)~'. Then f € L if and only if p = 2.

10. Let (9,2 1) be a measure space and suppose f € LP* and f € LP2 with 1 < p; < pa < oo. Prove that
f € LP for any p with p; < p < ps.

11. Let p>1, f >0, f € LP((0,00)) and F(z) = f[o 2] fdm. Show that if p and ¢ are conjugate indices, then
F(z) = o(z'/%) as x — 0 and as z — co.

12, If f e L>(Q,A, u) then |f(w)] < ||flleo for almost all w. Moreover, if A < ||f|loo then there exists a set
E € A with u(E) > 0 such that |f(w)] > A for all w € E.

13. If f € LP, 1 < p < oo and g € L™ then the product fg € L? and || fgll, < || fllpllglloo-

14. The space L (2,2, u) is contained in L*(Q,2A, ) if and only if u(Q) < co. If u(Q) =1 and f € L™ then

11l = Ym_ 171

15. Show that f[o l 2~ Y4¢in xdm < 73/4,



