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1 Measure theory

1.1 General construction of Lebesgue measure

In this section we will do the general construction of o-additive complete
measure by extending initial o-additive measure on a semi-ring to a measure
on o-algebra generated by this semi-ring and then completing this measure
by adding to the o-algebra all the null sets. This section provides you
with the essentials of the construction and make some parallels with the
construction on the plane.

Throughout these section we will deal with some collection of sets whose
elements are subsets of some fixed abstract set X. It is not necessary to
assume any topology on X but for simplicity you may imagine X = R".

We start with some important definitions:

Definition 1.1 A nonempty collection of sets & is a semi-ring if
1. Empty set & € G;
2. IfA€c6,Be G then ANB € G;

3. If A e 6,AD A € 6 then A = U;_, Ay, where A, € & for all
1<k <n and Ay are disjoint sets.

If the set X € G then G is called semi-algebra, the set X is called a unit of
the collection of sets &.

Example 1.1 The collection & of intervals [a,b) for all a,b € R form a
semi-Ting since

1. empty set & = [a,a) € &;

2.if A € & and B € & then A = [a,b) and B = [c,d). Obviously

the intersection A N B is either empty set or an interval. Therefore
ANBeG;

3. ifA€eS,AD A € & then A= [a,b) and Ay = [c,d), where ¢ > a and
d < b. Obviously you may find two intervals [a,c) € & and [d,b) € &
such that [a,b) = |a,c) U [c,d) Ud,b).



Note that & is not a semi-algebra since all those intervals are subsets of R
but R can not be represented as an interval of form [a,b) (—oo ¢ R, but R
can be represented as a countable union of such intervals).

Exercise 1.1 Show that the collection & of intervals [a,b) for all a,b € [0, 1]
form a semi-algebra

Exercise 1.2 Let G be the collection of rectangles in the plane (x,y) defined
by one of the inequalities of the form

a<zx<b a<z<b a<z<b a<zxz<b
and one of the inequalities of the form
c<y<d, c<y<d, c<y<d, c<y<d.
Show that
e ifa,b,c,d are arbitrary numbers in R then & is a semi-ring;

e ifa,b,c,d are arbitrary numbers in [0,1] then & is a semi-algebra.

Definition 1.2 A nonempty collection of sets R is a ring if

1. Empty set @ € R,

2. If Ac R, BeRthen ANBeR, AUB€ER, and A\ B € R.
If the set X € R then R is called an algebra.

Exercise 1.3 We call a set A C R? elementary if it can be written, in
at least one way, as a finite union of disjoint rectangles from exercise 1.2.
Show that the collection of elementary sets R form a ring.

Definition 1.3 A set function u(A) defined on a collection of sets S, is a
measure if

1. Its domain of definition S, is a semi-ring;



2. w(A) >0 forall Ac S,;
3. If A1, Ay € 8, are disjoint sets and S, > A = Ay U Ay then
H(A) = (A1) + p(A9)

Note that p(@) = 0 since pu(2) = u(2) + u(2)

Example 1.2 If we define a set function m on a semi-ring of rectangles &
from exercise 1.2 like:

1. m(@) = 0;

2. If R € S is a nonempty rectangle (closed, open or half open) defined
by the numbers a,b,c,d then m(R) = (b—a) * (d —¢)

It is easy to check that m is a measure on S.

The following lemmas are going to be used in the notes. The proof is not
difficult and is left as an exercise.

Lemma 1.1 The intersection R = NRy of an arbitrary number of rings
1S a TIng.

Lemma 1.2 If G is an arbitrary nonempty collection of sets there exists
precisely one ring R(S) containing & and contained in every ring R con-
taining &. This ring R(S) is called the minimal ring over collection & (or
the ring generated by & ).

Lemma 1.3 If S is a semi-ring then R(S) coincides with the collection of
sets A that admit a finite partition

A=Up_ 1Ay, A,e6, AiNA =0

Definition 1.4 A measure p is an extension of measure m if domain of
definition &, of measure ji contains domain of definition &,, of measure m
(6 C 6,) and

w(A) =m(A) for all A € &,,.

Exercise 1.4 Take X = [0,1] x [0,1] and consider the collection & of all
rectangles from exercise 1.2 that are subsets of X. Define a measure m on
G like in example 1.2. Show that it is possible to extend this measure m to
a measure m' on the collection R of elementary sets from exercise 1.3 that
are subsets of X.



Note that in the above exercise the domain of definition of m’ is actually a
minimal algebra R containing semi-algebra & — domain of definition of m,
we write it as R,y = R(S,,) (you can also say that R, is generated by
S.n). And therefore m' is actually an extension of m from semi-algebra to
an algebra. This can be generalized into the following theorem.

Theorem 1.5 Every measure m(A) whose domain of definition S, is a
semi-ring has unique extension p(A) whose domain of definition R, is a
ring generated by S, i.e. R, = R(Sp,).

Proof For every set A € R, there exists a partition
A=U;_B;, where B; € G, (1)
We define N
wA) =) m(B) (2)
i=1

The value of p(A) is independent of the partition (1). To see this we assume
that there are two partitions of A: A = U} | B; = U;?:le, where B;,Q; €
S, and B;NB; = 9, Q;NQ; = & for i # j. Since B; NQ; € &, and by
additivity property of a measure m we have

k

n n k k n
D_m(B) =3 > m(BinQ) = > m(BinQ;) =2 mQ;)
i=1

i=1 j=1 j=1 i=1 j=1

So p(A) is well defined. Obviously p is nonnegative and additive. This takes
care of existence part.

Let us show its uniqueness. Suppose there are two measures p and [
that are extensions of m. For any A € JR(S,,) we have A = U} B;, where
B; € 6,,. By definition of extension u(B;) = f(B;) = m(B;), so using
additivity of a measure:

i(A) = uBi) =Y w(Bi) = u(A)
=1 =1

So p and fi coincide. Theorem is proved.

Note that we proved not only existence of an extension but also its unique-
ness. It allows us to claim that measure m’ defined on the collection of
elementary sets is the only possible extension of the measure m defined on
the collection of all rectangles.



Definition 1.6 A measure p is called semiadditive (or countably subaddi-
tive) if for any A, Ay, As, ... € &, such that A C U2, A,

wA) <Y u(An)
n=1

Definition 1.7 A measure i is called o-additive if for any A, A1, Ao, ... €
S, such that A = U2 | A, and {Ay,} are disjoint

pn(A) = u(4n)
n=1

Theorem 1.8 If a measure p defined on a ring R, is semiadditive then it
s o-additive.

Proof Let A,, A c R, for all n and A = U2 A,. For any N € N we have
UN_| A, C A, p1is a measure and hence it is additive. Therefore

N
Y1 An) = 37 (A < p(A)

n=1

Letting N — oo we obtain

D u(An) < p(A)
n=1
On the other hand, by semiadditivity we have

S u(An) > u(4)

n=1

The theorem is proved.

Note that here we required the domain of definition of i to be a ring since
otherwise it is not clear if u(UY_; A,,) is defined.

Exercise 1.5 Prove that measure m' from ewercise 1.4, defined on the col-
lection R, of elementary sets is o-additive.

Exercise 1.6 Prove that measure m from example 1.2 , defined on the col-
lection &, of rectangles is semiadditive. Is it o-additive?



Theorem 1.9 If a measure m defined on a semi-ring &, is o-additive then
its extension p to a minimal ring R(S,,) is o-additive.

Proof Assume that A € R(&,,) and B, € R(6,,) for n = 1,2,... are
such that A = U2, B,, and B,, are disjoint. Then there exist disjoint sets
A; € 6, and disjoint sets B,,; € &,, such that

A=UA; and B, =U;B,;,

where the unions are finite.
Let Cpj; = Byj N A;. Obviously C,,;; are disjoint and

Ai = Un Uj ani and an = Uiani-
By complete additivity of m on &,, we have
m(Ai) = m(Cpji) and  m(Bn;) =Y m(Crji).
n g 7
By definition of p on R(S,,) we have

M(A):Zm(Az‘) and  p(Bn) =Y m(By)

J
Since sums in ¢ and j are finite and the series in n converges, it is easy to
see from the above equalities that

wA) =2 > mlCoji) = 3D > mUCusi) = 3 1(Bn).
Theorem is proved.

Definition 1.10 A nonempty collection of sets B is a o-ring if
1. Empty set & € R;
2. If A, € P, n=1,2,... then N7 A, €°B, U2 A, € P;
3. If A,B € B then A\ B € ‘B.

If the set X € B then P is called an o-algebra.

Lemma 1.4 The intersection P = N Pa of an arbitrary number of o-rings
18 a o-Ting



Lemma 1.5 If G is an arbitrary nonempty collection of sets there exists
precisely one o-ring P(S) containing & and contained in every o-ring P
containing &. This o-ring P(S) is called the minimal o-ring over collection
S (or the o-ring generated by & ).

Definition 1.11 A measure p is called finite if for every A € &, pu(A) <
0o. A measure p is called o-finite if for every A € &, there exists a sequence
of sets {A,} C &, such that A C U, A, and p(Ay) < oo.

Theorem 1.12 FEvery o-additive o-finite measure m(A) whose domain of
definition Ry, is a ring has unique extension u(A) whose domain of defini-
tion P(Ry,) is a minimal o-ring generated by R,, and p is o-additive and
o-finite.

Proof We prove this theorem for a finite measure defined on an algebra.
The existence follows from the the theorems in section 1.2 and uniqueness
is left as an exercise.

Remark Theorems 1.5, 1.9, 1.12 tell us that if we have a og-additive o-finite
measure m on a semi-ring S,,, there is unique extension p of this measure
to the minimal o-ring PB(S,,) and moreover this extension p is o-additive
and o-finite. Therefore one can always start defining the o-additive o-finite
measure directly on a o-ring, not on a semi-ring. You can find this approach
in many textbooks.

Remark Theorem 1.12 tells you that one can extend measure m’ defined
on the ring R, of elementary sets in R? to the unique o-additive measure
defined on a minimal o-ring P(R,,,/). It is easy to see that P(MR,,/) coincides
with o-algebra of all open sets in R? (or Borel algebra).

Thus, starting from a measure m on rectangles one can construct unique
o-additive measure u on Borel algebra.

Theorem 1.13 If Ay D As D ... is a monotone decreasing sequence of sets
in o-ring P, p is a o-additive measure on P, A = N, A, and p(A1) <
then

u(A) = Tim p(Ay)

n—oo

Proof It is enough to consider the case A = & since the general case reduces
to this on replacing A,, by A,\A. Now

Al = (Al\AQ) U (AQ\Ag) U.. A,= (An\An+1) U (An+1\An+2) U...



and by o-additivity of p we have

p(AD) =D p(A\Ang1),  p(Ae) = p(An\Ania).

n=1 n=~k

Since the p(A1) < oo we have u(Ag) — 0 as k — oo. Theorem is proved.

Definition 1.14 Let pu be a o-additive measure defined on Borel o-algebra
of all open sets in R™. The u is called Borel measure.

Definition 1.15 A measure p defined on a semi-ring &, is called complete
if A€ 6y, B C A and u(A) =0 imply that B € &, (and then p(B) =0).

Theorem 1.16 If u is a o-additive measure on a o-ring P then the class
M of all sets A C X of the form

A=BUN, (3)

where B € P and N C E € P such that u(E) = 0, is a o-ring and the set
function f defined by

for all A € M and B € B related like in (3) is a complete o-additive measure
on M.
The measure [ is called completion of .

Proof Let us show that 91 is a o-ring.
1. Obviously @ € 9, since & can be represented as ¥ = g U J.

2. If A, e M fori=1,2,... then
Ai = Bz U NZ',

where B; € B and N; C E; € B such that u(E;) = 0. We want
to check if A = U;A; € M: by definition A = U;B; U U;N;. Since
P is a sigma-ring B = U;B; € B, N = U;N; C U;E; € P and
(Ui Ey) <575 u(E;) = 0. Therefore A € 9.

Now we want to check if A = N;A; € 9MM: by definition A = N; B;UN; IV;.
Since P is a o-ring B=N;B; € P, N =";N; C E; € P and u(E;) =
0. Therefore A € 9.



3. Let A1, Ay € M then Al\A2 = (Bl\Ag) U (Nl\AQ) = ((Bl\Bg)\NQ) U
(Nl\Ag) Obviously B = (Bl\BQ) € P and B\N2 = (B\EQ) U (E2 N
(B\N2)), since No C E5. We obtain

A1\Ag = (B\E2) U ((E2 N (B\N2)) U (N1\A42)),

where B\Eg € P and (E2 N (B\NQ)) U (Nl\AQ) C FE> U E; with
M(El U Eg) =0. So Al\AQ e M.

We showed that 9 is a o-ring. It is easy to prove that if P is a o-algebra
then 9N is a o-algebra.

Now we have to check that the set function p is well defined, i.e. we
have to show that if A} UN; = Ay U No then (A UNy) = (A UNy). By
definition

[(A1 UNy) = p(Ar) and (A2 U N2) = p(As),

so we have to prove that u(Aj) = p(Asz). Using the fact A3 U Ny = As U N,
we obtain
p(A1) = p(A1 U Ey)
1(Az) = (A2 U Ey)

Therefore ji is well defined.
Now we have to show that i is o-additive measure.

,u(Ag UFk U EQ) N(AQ)
,LL(Al UFELU Eg) = M(Al)

<
<

1. Tt is obvious (&) = 0.
2. It is obvious fi(A) > 0 for any A € M.

3. fA eMfori=1,2,..., ;N A; = and A = U; A; then
a(A) = 3 4.

To show this we notice that ji(A) = u(U; B;) and since A;’s are disjoint
the same is true for B;’s (recall that A; = B;UN;). Now by o-additivity
of u we obtain

i(A) = p(U;B;) = ZM(Bi) = Zﬂ(Ai)-

Therefore [ is a o-additive measure. It is easy to check that it is complete:
if Ae M and B C A, and i(A) = 0 then A C E, where £ € P and
u(E) = 0. But then B = @ U B, B C E hence B € 9. The theorem is

proved.



Definition 1.17 The completion of translation invariant Borel measure in
R" s called Lebesgue measure.

Remark For simplicity, we define Borel and Lebesgue measures in R™.
These definitions may be transferred to some topological spaces.

1.2 The extension of a measure on a semi-algebra using outer
measure

Here we are going to introduce the second approach to the construction of
complete o-additive measure. Let m be a o-additive measure defined on a
semi-algebra &,, with a unit X.

Definition 1.18 For any set A C X we define the outer measure
*
= f
WA= dut, D (B
where infimum is taken over all coverings of A by countable collections of

sets By, € G,

Let m’ be an extension of m to an algebra R(S,,) (it exists by theorem 1.5).
Then we may give an equivalent definition of the outer measure p*.

Definition 1.19 For any set A C X we define the outer measure
* — f
WA = oty D ! (B
where infimum is taken over all coverings of A by countable collections of
sets By, € R(G,,).

Let p1 be an extension of m’ to a g-algebra PB(S,,,) (it exists by theorem
1.12). Then we may give yet another equivalent definition of the outer
measure p* (we are not going to use this one).

Definition 1.20 For any set A C X we define the outer measure

w(A) = inf i (B),

where infimum is taken over all coverings of A by sets B € P(S,,).

It is easy to see that these three definitions are equivalent.
Let’s prove some properties of u*.

10



Theorem 1.21 If A C U, A,, for some countable collection of sets A,, then
pH(A) <Y p(An)

Proof By definition of u* for all n and any € > 0 there exists a countable
collection of sets {BE} C &,, such that A, C U,BY and

Zm(Bﬁ) < uw*(An) +
k

€

o
Then A C U, Uy, BX and
p(A) < 303 m(BE) < 3 (An) +e
n ok n
Taking € — 0 we get the result.
Lemma 1.6 For any A, B C X we have
(W (A) = p(B)| < p*(AAB).

Proof Since A C BU(AAB) and B C AU (AAB) we have

i (A) € p*(B) + u*(AAB), () < 1i*(A) + u*(AAB).
This implies |p*(A) — p*(B)| < u*(AAB). The lemma is proved.

It seems that u* is a very "good” set function: we can measure any
subset of X with it. But the "bad” thing about it is that u* is not additive
(iie. w*(AUB) # p*(A) + p*(B) if AN B = @) and hence it is not a
measure in the usual sense. To see this in one particular case when X = R

we construct Vitali set and use this construction to show non-additivity of
*

ur.

Example 1.3 (Vitali set) We define the following relation: for x,y € R we
say x ~y if and only if t —y € Q (Q is the set of rational numbers). It is
easy to check that

1. z~ux;
2. x~Yy = yn~x;

S.x~yandy~z =1~ 2

11



and hence ~ is equivalence relation and R can be split into disjoint equiva-
lence classes. We define set E as a set containing exactly one representa-
tive from each equivalence class. Since e and e — [e] belong to the same class
we can always choose E C [0,1]. This E is called Vitali’s set.

Theorem 1.22 The outer measure defined for any A C R as

pi(A) = inf 5 L),

where I, C R is an open, half-open or a closed interval and L(I,) is the
usual length of the interval, is not additive.

Proof We define a countable set C' = QN[—1, 1] (since C is countable we can
say that C' = {¢,}5 ), the collection of sets {A4,}°°, where A, = ¢, + E,
and A =U>2 Ay,

Claim.

1. [0,1) Cc AC[-1,2];
2. A, are disjoint sets.

Proof Take any x € [0, 1] then there exist unique e, € F and ¢, € Q such
that © = ey + gz. (This is true by definition of the set E). But E C [0, 1]
hence ¢, € [—1,1] and therefore any [0,1] > = € ¢, + E for some ¢, € C.
From this it follows [0,1] C A. Obviously A C [—1,2].

Let Aj =c¢;+ FE and Aj = ¢j+ E and i # j (¢; # ¢;). Let’s argue by
contradiction, assume A; N A; # & then there exists « such that x € ¢; + E
and x € ¢j + E, or v = ¢; +y1 = ¢j + y2, where y;,y2 € E. But then
Y1 —Y2 = ¢j —¢; € Q and this means y; ~ y2. Since E contains exactly one
representative from each class it follows that y; = y2 which implies ¢; = c¢;.
We got a contradiction, hence 4, N A; = @.

Since p* is translation invariant (prove it!) we have p*(E) = p*(Ay) for

all n. Suppose p* is additive then by semiadditivity and additivity of p* we
have g-additivity of p*. This means

) — . o if p(E) >0,
A) = Ap) =
i (A) ;u( ) {0 £ 1(E) — 0.

However [0,1] € A C [-1,2] and therefore 1 < p*(A) < 3. This is a
contradiction. Therefore p* is not additive.

12



The solution to this problem is to restrict u* to a ”"nice” collection of
subsets where it is additive (and therefore o-additive). We call such subsets
measurable.

There are several equivalent definitions of a measurable set.

Definition 1.23 A subset A C X is called measurable if
forall EC X, p"(E)=p"(ANE)+p* (A°NE). (4)

Definition 1.24 A subset A C X is called measurable if
PANX)+p*(A°NX)=1. (5)

Definition 1.25 A set A C X is called measurable if for any ¢ > O there
exists a set B € R(S,,) such that

w (AAB) < e
Theorem 1.26 Definitions 1.23, 1.24, 1.25 are equivalent.

Proof Def 1.25 = Def 1.23. Let A be measurable according to the
definition 1.25. Take any € > 0 then there exists a set B € :8(&,,) such that
w (AAB) < e. Since

AAB = A°AB¢

we have p*(A°AB¢) < ¢, where B¢ € R(G,,). Using lemma 1.6, for any
E C X we obtain

W(ENA) - u*(EN B)| < p*((ENA)A(E N B)) < p*(AAB) < e,

1t (E N A°) — 1 (BN BY)| < 1" (BN A9A(E N BY)) < p*(A°AB°) < e.

From the above inequalities we have
p(ENA) +p*(ENAS) <pu (ENB)+ u"(EN B + 2e. (6)
However since B € R(G,,) the following is true:
p (ENB) +p*(ENB°) = p*(E).
Let’s show this: by definition of pu* and since B € R(S,,,) we have

“(E) = i (B)) = inf (B, N B) + m/ (B, N B¢
1 (E) Eclngka:m(Bk) Eclngka:(m(m ) +m'(By N BY)),

13



where By, € R(6,,). We also have

p(ENB) < EéILlJka 4 m/(By N B)

and

' (EnNB° < EngJka 4 m/(By, N B°).
Using the fact inf(a 4+ b) > inf a + inf b we obtain

p(E) z p*(ENB) + u*(ENB°).
Applying semiadditivity of u* we have

p*(E) = p*(ENB) + p*(ENB°).
Now using (6) and taking e — 0 we get

(BN A) + 1" (ENA%) < i (B).

Now the result follows from semiadditivity of u*.
Def 1.23 = Def 1.24. This one is obvious.
Def 1.24 = Def 1.25. Let A be measurable according to the definition
1.24, i.e.
i (A) + 1 (X\A) = 1.

For any € > 0 there exist sets {B,,} C R(S,,) and {C),} C R(S,,) such that

AcCu,B,, X\AcCu,C,

and
> m/(By) < Zm ) < pH(X\A) +
Since ), m'(By) < oo (as p*(A) < 1) there is N € N such that
Z m/'(By) < e.
n=N+1

We define B = UY_; B,, € R(S,,) and want to show that p*(AAB) < 3e. It
is easy to check that
AAB C PUQ,

14



where P = U>2 B, and @ = U, (B N C,). Obviously

e}

p'(P) < Z m/(By,) < e.
n=N+1

Let us estimate p*(Q). It is easy to see that (U, By,)U(U,(C,\B)) = X and
hence

1< m!(By) + Y m!(Cr\B).
By definition of B, and C,, we have

D m(By) + ) m!(Cp) < pr(A) + pf(X\A) + 26 = 1+ 2¢

and therefore

> m/(CunB) =Y m/(Cyn) = > m/(Cy\B) < 2.

This implies 1*(Q) < 2¢ and p*(AAB) < p*(P) + p*(Q) < 3e. This proves
the result.

Remark Not all sets are measurable. Vitali set, which is used to construct
a sequence of subsets of R on which p* is not o-additive, is an example of a
nonmeasurable set.

Definition 1.27 The set function u is defined on the collection of all mea-
surable sets 9 by

H(A) = ()
for all A € M.

Note that we don’t know yet that p is a measure.
Let us investigate the properties of measurable sets and p.

Theorem 1.28 The collection M of all measurable sets is an algebra.

Proof Let A; and As be measurable sets then for any ¢ > 0 there exist
B, By € R(6,,) such that

,U*(AlABl) < -, /L*(AQABQ) <

DO
N

15



Using the relation
(A1 U A3)A(By UBsg) C (A]ABy) U (A3ABs)
and the fact that By U By € R(S,,) we obtain
1 (A1 U A2)A(B1 U By)) < u*(A1ABy) + " (A2ABs) <,

therefore A; U Ay is measurable.
Using the relation

(Al\Ag)A(Bl\BQ) C (AlABl) U (AQABQ)

and the fact that Bi\By € R(S,,) we obtain A;\As is measurable. The
theorem is proved.

Theorem 1.29 The function u(A) is o-additive on the collection I of mea-
surable sets

Proof First we show additivity of p on 9t. Let Ay, Ay € M and A1 N Ay =
@. For any € > 0 there exist By, By € R(S,,) such that

,U*(AlABl) < -, /L*(AQABQ) <

Do
N

Define A = A U As € M and B = B; U By. It is easy to show that
BiN By C (A1AB1) U (A2AB,)
and therefore m’(By N By) < €. By lemma 1.6 we have
m'(Br) = " (A))] < 5. [m'(B2) — " (Aa)| < 5.
Since m/' is additive on R(S,,) we obtain
m/(B) = m/(By) +m/(Bg) —m/(B1 N By) > pu*(A1) + u*(Az) — 2e.

Noting that AAB C (A1AB;)U(A2AB3) and using semiadditivity of p* we
have

w*(A) > m/(B) — u*(AAB) > m/(B) — e > p*(A1) + p*(A2) — 3e.
Since € > is arbitrary we have

pr(A) 2 pr(Ar) + 7 (Ag).

16



Using semiadditivity of p* and the fact that A, A, A € 91 we obtain

1(A) = u(Ay) + p(As).

and hence p is additive.
Using theorem 1.8 and the fact that p is semiadditive on 90t (since on 9
it coincides with p* and p* is semiadditive) we obtain the result.

Now we know that u is a o-additive measure.

Theorem 1.30 The collection M of all measurable sets is a o-algebra.
Proof Let A; € M fori=1,2,... and A = U2, A;. Define
Al = A\ U A

It is clear that A/ are measurable (by theorem 1.28), disjoint and A =
U Al . By theorem 1.29 we have: for all N € N

N
DAL = p(Uply A7) < p(A),
n=1

Therefore the series > - | u(A]) converges and for any € > 0 there exists
M € N such that Yo%, pu(AL) < 5. The set C = UM, A!, € 9 and hence
there exist B € R(S,,) such that p*(CAB) < 5. Since

AAB C (CAB)U (U2 ,,A")

we obtain
w (AAB) < e

and hence A is measurable. Since 901 is an algebra the theorem is proved.
Theorem 1.31 Measure u is complete.

Proof Let A € M, B C A and pu(A) = 0, then p*(BA®) < pu*(AAD) =
u(A) = 0. Since @ € R(S,,) we obtain B € M. The theorem is proved.

We showed that the extension p of a measure m from a semi-algebra &, to
the o-algebra 9 D &, of all measurable sets coinciding on 9t with the outer
measure p* is complete o-additive measure. It seems that we constructed
one complete measure i in section 1.1, theorem 1.16 and another measure
= p* Ton here. In fact these two measures coincide.
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4.

5.

Theorem 1.32 If m’ is a o-additive o-finite measure on a ring R and if
w* is the outer measure induced by m' then the completion of the extension
of m' to the o-algebra P(R) is identical with restriction of p* to the class

of all u* measurable sets.

Proof The proof of this theorem is left as an exercise.

Problems

. Let Ay, Ay, ... be an increasing sequence of subsets of X, i. e., A; C

Ajt1 Vj € N. Suppose that A; is p-measurable for all j € N and prove
that [L(U]O.;l AJ) = limj_,oo ,U(A])

. Let A be a Lebesgue measurable subset of R. Prove that, for each ¢ > 0,

there exists an open subset E. of R such that
ACE, and p(E-\A)<e.

A subset of R™ is called a rectangle if it is a product of intervals, i.e. R C R"
is a rectangle if there exist intervals I, I, ..., I, C R such that R =
Iy x Iy x ... x I,. Prove that every open subset of R"™ can be written as
a countable union of open rectangles. Deduce that the open subsets and
closed subsets of R are all measurable.

i. Let A be a Lebesgue measurable subset of R. Prove that, given ¢ > 0,
there exists a closed subset F: of R such that
F.CcA and p(A\F;) <e.
ii. Let B be a subset of R with the property that, for each € > 0, there
exists an open subset E. of R such that
BCE. and u*(E.\B)<e.
Prove that B is Lebesgue measurable.
Given a sequence of subsets E, Es, ... of a set X we define
[o.¢] o o o
limsup F; := ﬂ U E; and liminf F; := U m E .
j=1k=j j=1k=j
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Note that limsup F; is the set of points which belong to E; for infinitely
many values of j. Suppose that E; is p-measurable for all j € N and prove
that

p(liminf £;) < liminf u(Ej) .

6. Let U be an open subset of R. For each z € U, let
a; :=1inf{a € R| (a,2) CU}, by :=sup{b € R| (z,b) CU}, I, := (az,bs).

Prove that x € U = I, C U and that, if z,y € U and I, NI, # 0 then
I, = I,,. Deduce that every open subset of R is a countable union of disjoint
open intervals.

7. Given A\e Rand ACR,let Ay :={x+ |z A}

i. Prove that, for all A C R and for all A € R, p*(Ayy) = p*(A4) (p* is the
outer measure from the theorem 1.22).

ii. Prove that if A C R is Lebesgue measurable and A € R then A, is
Lebesgue measurable.
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2 Measurable functions
First we give some general definitions.

Definition 2.1 (X,9M) is called a measurable space if X is some set, M is
a o-algebra on X.

Definition 2.2 The triple (X, 9, 1) is called a measure space if X is some
set, M is a o-algebra of subsets of X and p is a on M.

Definition 2.3 A function f : X — R is called pu-measurable (or just mea-
surable) if
Ay em

for any Borel set A on R.

Our main interest in measurable functions lies in the theory of Lebesgue
integration. Therefore throughout the rest of the lecture notes X C R"™,
I is Borel algebra with all null sets and p is Lebesgue measure, although
the theory remains true for general measure spaces.

Proposition 2.4 Function f : X — R is measurable if and only if for any
ceR set

{reX : f(x)<c}
is measurable.
Proof Necessity is obvious since (—oo, ¢) is Borel set and hence measurable.
Sufficiency: It is not difficult to show that o-algebra created by sets
(—00,c), where ¢ € R, coincides with Borel o-algebra on R. If {x € X :

f(z) < ¢} is measurable for all ¢ € R then f~!(—o0,c) € M (by definition of
inverse image). From this it follows that P(f ~(—o0,c)) € M and therefore

FHB((—00,0))) € M.

Exercise 2.1 In the theorem we have used the fact that if 2 is a collection

of sets then B(f~1(A)) = F~L(B(A)). Prove it.

Proposition 2.5 Let f : X — R be some function. The following state-
ments are equivalent

1. {xeX : f(x)<c} €M for any c € R;

2. {reX : f(z) > c} €M for any c € R;
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3. {ze X : f(x) >c} €M for any c € R;

4. {z e X : f(x) <c} €M for any c € R;

Proof Since M is a g-algebra it is easy to see that statements 1 and 2 are
equivalent and statements 3 and 4 are equivalent. Using the facts that

{zeX: flzx)>ct=nN2{reX: f(a:)>a—%}

and
{reX: flz)<ce}=U{zreX: f(a:)ga—%}

We have the result.

Now to find out if the function is measurable we just have to check either
of points 1 — 4.

We also want to know what kind of operation we may do with measurable
functions that the resulting function is also measurable. For instance, we
want to know if sum, product, e.t.c of measurable functions is measurable.

Lemma 2.1 Let f : X — R be pu-measurable and ¢ : R — R be Borel
measurable. Then ¢(f(x)) is p-measurable.

Proof Let g(z) = ¢(f(x)) and A C R be an arbitrary Borel set. Then
#»~1(A) is Borel set since ¢ is Borel measurable and g~!(A) = f~1(¢71(4))
is p-measurable. Lemma is proved.

Theorem 2.6 Let f : X — R and g : X — R be measurable functions.

Then f+g, =g, 19, £ (if g(x) #0), max(f, g) and min(f,g) are measu-
rable functions.

Proof It is obvious that if f is measurable function then so are cf and
f(x)+cfor any ¢ € R. If f and g are measurable functions we show that set
{r € X : f(z) > g(x)} is measurable. Indeed, take {r;}?°, - the sequence
of all rational numbers (we can do it since rational numbers are countable).
Then

fr e X f(@) > o)} = U ({r € X+ f(2) > m} N { € X 1 r > g(2))).
Therefore we have that set {x € X : f(x) > —g(z) + ¢} is measurable.

Hence we obtain f + g is a measurable function.
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To show that fg is measurable we use the following identity

fo=1((F +9)* ~ (f )"

Using f 4+ g, f — g are measurable functions and the fact that continuous
function of a measurable function is itself measurable we conclude the proof.
The rest of the proof is left as an exercise.

Theorem 2.7 Let {f,}°°, be a sequence of measurable functions. Then
sup,, fn(x), inf, f,(x), limsup,, f,(z) and liminf,, f,(z) are measurable fun-
ctions.

Proof Let g(x) = sup,, fn(z) then for any ¢ € R we have
{reX 1 g(x)>ct=U{z e X : folzx)>c}
and hence g(z) is a measurable function.
Let g(x) = inf,, f,(z) then for any ¢ € R we have
{reX 1 g(z)<ct=U{zeX : folzx) <c}

and hence g(z) is a measurable function.
By definition we have

limsup f,,(z) = inf sup f,(x)
n k n>k
and
liminf f,(z) = sup inf f,(z)
n k n>k
hence result follows from previous arguments..

Exercise 2.2 From this theorem it is easy to deduce that if {fn}52 is a
sequence of measurable functions that converges pointwise to a function f(x)
then f(x) is a measurable function. Do it.

We did not use anything about completeness of our measure yet. Now
is the time.

Definition 2.8 Functions f : X — R and g : X — R are equivalent (f ~ g)
if
pn({z € X = g(z) # f(x)}) = 0.

Proposition 2.9 A function f : X — R equivalent to some measurable
function g : X — R is measurable itself.

Proof By definition of equivalence sets {z € X : f(z) <c} and {z € X :
g(x) < ¢} may differ just by some null set and hence if one is measurable
the other is measurable as well.
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2.1 Convergence of measurable functions

In this section we define some types of convergences of function sequences
on the space (X, ).

Definition 2.10 A sequence of measurable functions {fn(z)}5%, defined

on (X, p) is called convergent almost everywhere to f(x) (fn(x) — f(x) a.e.
X) if

pl{o € X lim fo(x) # f@)}) =0
Definition 2.11 A sequence of measurable functions {fn(x)}52, defined

on (X, p) is called convergent in measure to f(x) (fn(x) =" f(x) a.e. X) if
for every 6 >0

Jim p({z € X 2 |fulz) = f2)[ 2 6}) =0

Proposition 2.12 If a sequence of measurable functions {fn(x)}>2, con-
verges almost everywhere to a function f(x) then f(x) is also a measurable
function

Proof The proof is left as an exercise.

Let us first prove the theorem that relates the notion of convergence a.e.
and uniform convergence.

Theorem 2.13 (Egoroff) Suppose that a sequence of measurable functions
{fn(z)}>2, converges a.e to f(x) on X (u(X) < o0). Then for every § >0
there exists a measurable set X5 C X such that

1. p(Xs) > p(X) —0;
2. the sequence fn(x) converges to f(x) uniformly on Xs.

Proof Obviously f(x) is measurable. We define

X7 = Nzl € X+ (@) — £(2)] < )

and X™ = U2 X", By definition of X' we see that X" C XJ' C ... C
X" C .... By continuity of measure we have: for any m and any § > 0 there
exists ng(m) such that

m m 5

We define X5 =Noo_; X™ ): Let us show that X is the required set.

no(m
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1. fn, — f uniformly on Xj; since if x € X5 then € X m(m) for any
m and hence |fi(x) — f(z)| < & if i > ng(m). This is exactly the

m
definition of uniform convergence.

2. Let us estimate pu(X\Xs). We notice that p(X\X™) = 0 for any m.
Indeed, if o € X\X™ then there exists a sequence i — 0o such that
| fi(zo) — f(zo)] > L. This means that f;(zo) does not converge to
f(xg). Since f;(x) — f(x) a.e. X we have pu(X\X™) = 0.

This implies p(X\X7? 1) = p(X™\X 1) < 5 and we obtain

p(X\X5) =p(XN\ Ny X3 m))

—,U,( (X\Xno(m Z 2 X\Xno(m <.
m=1

The theorem is proved.

In the two theorems below we relate convergence a.e. and convergence in
measure.

Theorem 2.14 If the sequence of measurable functions f,(x) — f(x) a.e
then fa(z) —* f(z).

Proof It is easy to see that f(x) is measurable. Let A = {z € X
limy, o0 fr(z) # f(x)}, obviously u(A) = 0. Fix § > 0 and define X (d) =
{z e X : |fr(z) — f(x)] > 0}, Ru(d) = Up>nXi(9), and M = NS R, (6).
Obviously R1(6) D R2(d) D ... By continuity of the measure we have
(R (0)) — (M) as n — oc.

Let us show that M C A. Take xy ¢ A, for this point we have: for
any 0 > 0 there exists NV such that |fr(zo) — f(zo)| < § for any k& > N.
Therefore xg ¢ Ry (d) and hence x¢ ¢ M. This implies u(R,,(5)) — 0 and
since X,,(0) C Ry (6) we obtain p(X,(6)) — 0. The theorem is proved.

Theorem 2.15 If a sequence of measurable functions f, —* f then there
ezists a subsequence {fn,} C {fn} that converges to f a.e. X.

Proof Let {¢,} be a positive sequence such that €, — 0 and let {n,} be
a positive sequence such that > 2,7, < oco. Let us build a sequence of
indices n1 < ng < ... as follows:

choose ny to be such that u{x € X : |fp,(z) — f(x)] > €1} < m;

choose ny > ny to be such that p{z € X : |f,,(x) — f(x)| > e2} < m2 e.t.c.
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We show that f,, (z) — f(z) a.e. X. Indeed, let R; = U {z € X :
|fr, () — f(2)] > e}, M = N2, R;. Obviously Ry D Ry D ..., using the
continuity of the measure we obtain p(R;) — u(M), but p(R;) < > pe, Mk
hence u(R;) — 0, since the series converges.

Now we have to check that f,, (z) — f(z) in X\M. Let 29 € X\ M then
there exists ig such that zp ¢ R;, and hence for any k > ip xo ¢ {z € X :
| fr, () — f(z)| > €x}. But this implies |fy, (x) — f(z)| < € for any k > ig.
Since €, — 0 we get that f,, (z9) — f(z0). The theorem is proved.

Theorem 2.16 (Lusin) A function f : [a,b] — R is measurable if and only
if for any € > 0 there exists a continuous function ¢. such that

p{z € la,b] = f(x) # dc()} <€

Proof Let for any € > 0 there exists ¢, - continuous function such that

pfe € fa,b] : f(x) # de(x)} <€

It is easy to see that if A = {z € [a,b] : f(z) < ¢} and B = {x € [a,]] :
¢e(x) < ¢} then

AcC BU{z € [a,b] : f(z)# be(2)},

B cC Au{z € [a,b] : f(x) # de(x)}.

Therefore AAB C {z € [a,b] : f(z) # ¢c(v)} and p*(AAB) < epsion.
On the other hand since ¢, is continuous then it is measurable and set B
is measurable. Therefore there exists Borel set C' such that p*(BAC) < €
(actually equal to 0). From this it follows that u*(AAC) < 2¢ and hence A
is measurable.

The second part of the proof may be done using Egoroff theorem. It is
left as an exercise.
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3 Lebesgue integral
We are going to define Lebesgue integral for elementary functions first.

Definition 3.1 A function f: X — R is called elementary if it is measur-
able and takes not more than a countable number of values.

Proposition 3.2 A function f: X — R taking not more than a countable
number of values y1,ya, ... is measurable if and only if all sets A, = {x €
X : f(z) =yn} are measurable.

Proof The necessity follows from the fact that A, = f~!(y,) and {y,} are
Borel sets. The sufficiency is clear since for any A € B(R) we have f~1(A) =
Uy, eaAn, where the union is at most countable. Hence f~1(4) € M.

Proposition 3.3 A function f : X — R is measurable if and only if it is a
limit of a uniformly convergent sequence of elementary functions.

Proof Let {f,(z)} be a sequence of elementary functions and f,, — f uni-
formly on X. Then obviously f,(x) — f(z) a.e. and hence f(z) is mea-
surable by theorem 2.12. Now let f(x) be a measurable function. We set
falr) =2 on A7, = {z € X : 2 < f(z) < ZH} (m € Z and n € N).
Obviously f,,(z) is elementary and |f,(z) — f(2)| < 1 on X. Taking n — oo
we get the result.

Let us define Lebesgue integral for elementary functions. Take f: X — R
be elementary function with values

Y1,Y2, -y Yn,y --- (yz#y] fOI‘Z#])
Let A C X be a measurable set. We define

[ @i =3 ) (7)

where A, ={z € A : f(z) =yn}

Definition 3.4 An elementary function f : X — R is integrable on A if the
series (7) is absolutely convergent. In this case (7) is called an integral of
f over A.
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Lemma 3.1 Let A = UyBy, B;NB; = @ fori # j and on any By, function
f: A— R takes only one value ci. Then

[ f@du= 3 eun(B) ®)
A k

and f is integrable on A if and only if the series in (8) converges absolutely.

Proof Obviously f(z) is elementary and then we can find at most countable
number of distinct values y1,y2, ..., Yn, ... of f(z). We have A, = {x € A :
f(x) = yn} = Ue,=y, Br, and therefore

D yni(An) =D yn > w(Br) = crp(Br)
n n CL=Yn k

Now we have to show that these two series converge or diverge simultane-
ously and this is true since

D o yalu(An) =D lyal D w(B) =Y lexlu(By).
n n CL=Yn k

The lemma, is proved.

It is easy to see that integral of elementary function is linear functional.
Now we want to extend the definition of Lebesgue integral to measurable
functions that are not necessarily elementary.

3.1 Integrable functions

Definition 3.5 A function f : X — R is integrable on a measurable set
A C X if there exists a sequence { fn(z)} of elementary integrable functions
on A such that f,, — f uniformly on A. The limit

I=1lim [ fu(@)dp (9)
A

n—oo

1s denoted by

/Af(ﬂf)dﬂ

and is called the integral of f over A.

This definition makes sense if the following conditions hold:
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1. The limit (9) exists for any uniformly convergent sequence of elemen-
tary integrable functions.

2. For a fixed f(x) this limit is independent of the choice of the sequence

{fn(2)}.

3. If f(z) is an elementary function then this definition of integrability
coincides with the definition 3.4

Let us show that all these points are satisfied. Notice that if {f,} is a

sequence of elementary integrable functions then

'/fn i [ fula) du'<u( )sup fule) = el (10

This inequality implies that if { f,, } converges uniformly to f then [ 4 fn(x)dp
is a Cauchy sequence and hence lim,, .o [, fn(#)dp exists. Point 1 is proved.

To show point 2 we assume that there are two sequences { f,,} and {g, }
of elementary integrable functions uniformly converging to f. Obviously
we have sup,ca |fn(z) — gn(x)] — 0 as n — oo. Formula (10) implies

| [ fn(@)dp — [ gn(@)dp| — 0 that proves point2.
To show point 3 take f,(x) = f(x) for all n, where f is elementary and
integrable and then use point 2.

Properties of the integral

Let f and g be any integrable functions on A then:
L [y ldu = p(A);
2. foranyceRfcf( Ydp = c [ f(x)dp;
3. [4(f( x))dp = [ f(@)dp+ [, 9(x)dp;
4.iff()>0thean x)dp > 0;
5. if u(A) =0 then [, f(x)dp = 0;
6. if f(z) = g(z) a.e. then [, f(x)dp = [, g(x)dpy;
7. any bounded measurable function is integrable;

8. if h(x) is measurable function on A and |h(z)| < |f(z)| for some inte-
grable f then h(z) is integrable;
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9. for any measurable function h(z) integrals [, h(z)du and [, |h(z)|dp
exist or don’t exist simultaneously.

These properties are usually proved for the integrals of elementary func-
tions and then, passing to the limit, for integrable functions. We prove here
only property 8..

Proposition 3.6 If a function f(x) is integrable and measurable function

|h(z)| < f(z) then h(x) is also integrable.

Proof Let f(z) and h(z) be elementary functions. Then A can be written
as a union of countable number of disjoint sets A,, on each of which f(x)
and h(z) are constants:

h(z) = an, f(z)="by and |a,| < by,
Obviously

S lenln(An) £ Y bussdn) = [ ol

This implies h(z) is integrable and

/ h(:r)du‘ < [ s

Now let f(x) be an integrable function and |h(x)| < f(z). We may
approximate h(x) and f(x) by sequences of uniformly convergent elementary
functions {h,(x)} and {f,(x)}, respectively. Since f(x) is integrable then
fn(x) can be chosen as elementary integrable functions. This implies that
for any € > 0 there exists N € N such that if n > N then

ha(a) = h(@)| < e and |f() — f(x)] < e.

Obviously for n > N |h,(x)| < | fn(x)|+2€ and then as before h,(x) are inte-
grable. Hence h(z) is a limit of uniformly convergent sequence of elementary
integrable functions and therefore is integrable. Proposition is proved.

Proposition 3.7 Let A = U, A,,, where A,, are measurable sets and A; N
Aj =@ fori# j, and let f: A— R be an integrable function then

/A foa=3 [ s

and existence of left integral implies existence of integrals in the right and
absolute convergence of the series.
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Proof We check the theorem for integrable elementary functions first and
then pass to the limit to get the proof for any integrable function. Let f(x)
be an elementary integrable function taking values y1,y2,.... Let By = {x €
A f(x)=yr} and Bl = {x € A, : f(z) =y} then

/A f@)dp =" yep(Br) =D ye Y u(BP)
k k n
=SS wntB) =3 [ fdn
n k n An

We can change summation indices since f is an integrable elementary func-
tion.

Now let f be any integrable function, by definition 3.5 for every € > 0 we
may find an elementary integrable function g. such that |g.(z) — f(z)] < €
on A. For g. we have

/A o) =3 /A (i

Since g, is integrable over each A,, we have that f is integrable over each
A, and

2

/An f(z)dp — /An g(a;)d,u‘ <3 en(Ay) = en(A),

n

[ s@au- [ g(w)du‘ < en(A)

Therefore the series »_, [ a (x)dp converges absolutely and

> /A @ /A F(x)dp

Letting ¢ — 0 we get the result.

< 2ep(A).

Proposition 3.8 Let A = U, A,,, where A, are measurable sets and A; N
Aj = fori#j. Let f: A — R be a measurable function and fAn f(x)du
exist for all n and the series ) fAn |f(x)|du converges. Then

/A Fw)in=3 /A Fwn
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Proof We check the theorem for elementary functions first and then pass
to the limit to get the proof for any integrable function. Let f(x) be an
elementary function taking values y1,y2,.... Let By ={z € A : f(x) = yx}
and Bl = {z € A, : f(x) = yx} then

/A ) dp = Z il 1(BE).
Therefore

§j/ o) = 325 oeln(Bf) = DIl
k

Hence f is integrable over A and [, f(z)dp = >, yuu(Bz)-

Now let f be any measurable function, by proposition 3.3 for every € > 0
we may find an elementary function g, such that |g.(x) — f(z)| < € on A.
For g. we have

| la@ldn < [ swdn ntan)
An Ap

Therefore >, [ 4, 19¢(x)|dp converges and ge(z) is integrable. But then f(z)
is integrable too and by previous proposition we have the result.

Theorem 3.9 (Chebyshev inequality) Let f(x) > 0 be integrable function
on A and ¢ > 0 be some positive constant. Then

plle A @)z e < [ fn
cJa
Proof Take B = {x € A : ¢(x) > ¢} then

Aw@w=émmw+éwmmwzéw@szw>

The theorem is proved.
Corollary 3.10 If [, |f(z)|dp =0 then f(z) =0 a.e. on A.

Proof By Chebyshev inequality we have

u{re A: f(x)> l}) < n/ f(x)dp  for any n.
n A
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This implies
pllz € A: f@)£0) <Y pllred: fr) >} =0,
n=1

The corollary is proved.

Theorem 3.11 (Absolute continuity of the integral) Let f(xz) be an inte-
grable function on A. Then for any € > 0 there exists 6 > 0 such that

/ f(a:)du' <€
E
for all measurable E C A such that p(E) < 6.

Proof Fix € > 0. The theorem is obvious if f is a bounded function. Let
f be an arbitrary integrable function on A. We define A,, = {x € A : n <
|f(x)| <n+1}, B, = U}_yA, and C,, = A\B,,. By proposition 3.7 we have

/A =3 /A e

Choose N such that

[ 1@ = Py J @< 5

We can always do it since the series Y 7 [ A, |f(z)|dp converges. Now let

0<d< m and pu(E) < 0 then since |f(z)| < N +1 on By

[ s@au] < [ 1s@ian= [ @l [ e

Theorem is proved.

Using the properties of the integral proved in this section we may show
that for any integrable function f(s) > 0 a set function defined on a mea-
surable subsets A C X

P(A) = [ pa)dn

is a o-additive measure.
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3.2 Passage to the limit under the Lebesgue integral

Theorem 3.12 (Lebesque Dominated Convergence) Let {fn(x)} be a se-
quence of integrable functions defined on A, fn(x) — f(x) a.e. x € A, and
foranyn |fn(z)| < ¢(x), where ¢(x) is some integrable function on A. Then

f is integrable and
[ @ [ s
A A

Proof Since |f,(z)| < ¢(x) and f,(z) — f(z) a.e. we have |f(z)| < ¢(x)
a.e. and therefore f(z) is an integrable function. Fix any € > 0, by theorem
3.11 we may find § > 0 such that [, ¢(z)du < §if B C A and pu(B) < 6.
For this particular §, using Egoroff’s theorem 2.13, we may find E5 C A
such that u(FEs) < ¢ and f, — f uniformly on A\ Es. Now we have

lim ' [ s~ [ f(w)du‘ <im [ fale) — F@)d

n—oo n—oo A\Ea
+2 / o(z)dp < €
Es
Since € was arbitrary we take ¢ — 0 and obtain the result.

Theorem 3.13 (Monotone Convergence) Let fi(x) < fa(z) < ... be a se-
quence of integrable functions on A and

/ fo(@)dp < C  for all n,
A

where C' is some constant independent of n. Then f,(x) converges a.e. on
A to some integrable function f(x) and

/A fal@)d — /A f(@)dp

Proof Without loss of generality we may assume fi(z) > 0. We want
to prove that f,(z) — f(z) a.e. Since fp(x) is a monotone increasing
sequence it is obvious that for every x € A f,(x) — f(z) but here the
value of f(x) may be infinite. So our first task is to show that f(z) is
infinite only on some null set. We define R ={z € A : lim,,_, fn(z) = o0,
RF = {z € A : fu(z) > k}. It is easy to see that R} C R5 C ... and
R=n2, Uy, RF. Using Chebyshev inequality we obtain

C

1
w(REY < E/Afn(:v)d,u < Z for any n.
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Now we have R C U2, RF for any k and therefore

p(R) < (U2, RE) = lim p(RE) <

= Q

for any k € N. Taking k¥ — oo we obtain u(R) = 0. This proves that
monotone sequence {f,(z)} has a finite limit f(x) a.e. on A.

Now we want to show integrability of f(x). If we show this then using
Lebesgue dominated convergence theorem 3.12 we get the result since 0 <
fo(x) < f(x) and f,(x) — f(x) a.e. To show integrability of f we construct
an auxiliary function ¢(x):

dpx)=konAy={xeA: k-1< f(x) <k}

It is obvious that ¢(z) is elementary and f(z) < ¢(x) < f(z) + 1. By def-
inition [, ¢(x)dp exists if and only if >7;2, k:,u(Ak) converges We define
By, = UL 1Ak, obviously Y ", ku(Ay) = fB x)dp < fB du—I—u(A)
Since 0 < f(z) < m on B, by theorem 312 we have me x)dp =
limy, oo [ B,, fn(x)du < C.Therefore

> ku(Ar) < C+ p(A)
k=1

and taking m — oo we see that this series converges and ¢(x) is integrable.
Since 0 < f(z) < ¢(x) the theorem is proved.

Theorem 3.14 (Fatou lemma) If a sequence of non-negative integrable fun-
ctions {fn(x)} converges a.e. on A to a function f(z) and

/ fa(x)dp < C  for all n,
A

where C' is some constant independent of n. Then f(x) is integrable on A

and
lim inf /A ful@)dp > /A F()du

Proof We prove this result using Monotone convergence theorem 3.13. We
define ¢, (x) = infy>,, fr(z), it is easy to see that
1. ¢n(z) is measurable for all n;
2.0 < d)n( ) < fn(a:) and hence ¢, (z) is integrable for all n with
Jaon(@)dp < [, f(x)dp < C;
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3. 0< ¢1(z) < ¢a(x) < ... and ¢p(z) — f(x) ae.

Using Monotone convergence theorem 3.13 we have lim,_,o [ 4 Pn(T)dp =
[ 4 f(x)dp and hence

liminf/ fn(x)duzliminf/ qﬁn(a:)d,u:/f(a;)d,u.
A A A
The theorem is proved.

3.3 Product measures and Fubini theorem

Definition 3.15 The set of ordered pairs (x1,...,2zy), where x; € X; for
i =1,..,n is called a product of sets X1, ..., X, is denoted by X = X1 X Xo X
X Xy = xp_ Xy

In particular, if X1 = Xy = ... = X,, then X = X"

Definition 3.16 If &4,...,6,, are collection of subsets of sets Xq,..., Xy,
respectively, then
G=6; x..x6,=x}_,6;

is the collection of subsets of X = x}'_, X} representable in the form A =
Ay X ... x A, where Ay € &y.

Theorem 3.17 If G4,...,6,, are semi-rings then & = x_,6;, is a semi-
Ting.

Proof The proof of this theorem is left as an exercise.

Definition 3.18 Let u1, ..., 4, be some measures defined on the semi-rings
&1, ...,6,,. Then the set function

[= 1 X e X iy

on a semi-ring © = &1 X ... X 6, is defined as

1(A) = pa(Ar)pa(A2) - - - pn(An)

for&@> A=A x..x A,
Proposition 3.19 The set function u from definition 3.18 is a measure.

Proof The proof of this proposition is left as an exercise.
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Theorem 3.20 If the measures (i1, ..., by, are o-additive then the measure
= X}_ k18 o-additive.

Proof The proof of this theorem is left as an exercise.

For simplicity of the presentation we consider the case n = 2 only. We
assume that X and Y are some sets, p, and pu, are Lebesgue measures on
these sets. We also introduce p = 1, ® iy which is Lebesgue extension of a
measure m = fi; X fiy on X X Y.

Definition 3.21 Let AC Z =X xY then
A, ={yeY : (z,y) € A}, Ay={reX : (z,y) € A}

Theorem 3.22 Under the above assumptions on X, Y, (g, (b, and p we
have

nA) = [ e, = [ (A,

Proof We are going to prove only first equality

H(A) = /Y b a(y)dpy,

where ¢4(y) = pa(Ay), since the second one can be done by the same
arguments. By definition of p it is Lebesgue extension of m = pu, X p,
defined on the collection of sets &, of the form A = A,) x A,,, where A,
is pz-measurable and A, is py-measurable. For such sets A we obviously
have

) = A it (Arg) = [ ol ), = /Y 64y,

o

where
pe(Ayy)  ify e Ay,
0 otherwise .

daly) = {

Note that if you make a section of such A at any point y € Y, you obtain
either @ if y ¢ A, or Ay, if y € A,,. This means the theorem is true
for such ”rectangles” A. The generalization of the result to a finite disjoint
union of such sets is not difficult. Since those sets coincide with R(&,,) we
have the theorem for this algebra.
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Lemma 3.2 If A is u-measurable set, then there exists a set B such that
B=n,B,, BiD>DByD..,

Bn = Uank7 Bnl - Bn2 C..y
where the sets By € R(6,,), A C B and

The proof of this lemma is left as an exercise.

Since we can prove the theorem for any set in 2R(S,,,) and using the above
lemma approximate any measurable A by the special set B € B(S,,). We
first prove the theorem for this B:

éB,(y) = lim ¢p,, (y), as B, () < dB,(Y) < ...

¢B(y) = kh_{glo ¢B,,(y), as ¢, (y) < éB,(y) < ...

Since we know that [, ¢, (y)du, = p(Bnk), by continuity of 1 we obtain
w(Bnk) — p(By). On the other hand we have

65, = Jim 05, (0) and | 65, ()dy < ()

Using monotone convergence theorem we have

/ ¢, (y)duy, — / ¢, (y)dpy = p(Bp).
Y Y

By the same arguments [, ¢, (y)dpy — [y ¢B(y)dpy = p(B). This proves
the theorem for this special set B.

Now we prove the theorem for any null set. If y(A) = 0 then by lemma
u(B) = 0 and therefore

/ ¢B(y)dpy = p(B) = 0.
Y

But since ¢p(y) > 0 a.e this implies p,(By) = ¢p(y) = 0 a.e. Since A, C B,
we have A, is measurable for almost all y € ¥ and

ba(y) = 1n(Ay) = 0. /Y Sa(y)dpy =0 = p(A).

The theorem holds for null sets. Since by the above lemma any measurable
set A = B\N we have the result.
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Theorem 3.23 The Lebesgue integral of a nonnegative integrable function
f(x) is equal to the measure p = piy @ iy of the set

A reM,
~|0<y < fla).

Proof The proof is left as an exercise.

Theorem 3.24 (Fubini) Suppose that o-additive and complete measures i,
and py are defined on Borel algebras with units X and Y, respectively; fur-
ther suppose that

M= g @ [y,
and that the function f(x,y) is p-integrable on A C X xY. Then

Ammw=4<ﬂmmw0m;ﬂ<@mmmawy

Proof We prove the theorem first for the case f(x,y) > 0. Let us consider
the triple product
U=XxY xR,

and the product measure
A= fg @y @ p11 = 1 @ pu1,
where p1 is 1 — D Lebesgue measure. We define a set W C U as follows:
W={(z,y,2) €U :zeAy,yc A,,0 <z < f(z,y)}.

By theorem 3.23
Aw) = [ j(wvan

on the other hand by theorem 3.22

Amwzéymmwm

where v = p, ® 1 and Wy, = {(y, 2) : (z,y,2) € W}. But by theorem 3.23

wwazéfmwwy
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Therefore we obtain

[ swaan= [ ([ zf(:r,y)duy> s,

The theorem is proved for f(x,y) > 0. The general case reduces to this one

by f(x,y) = f+(x,y) - f_(:l:7y)'

Problems

1. If f(x) is a measurable function, g(x) is an integrable function and
a, 3 € R are such that « < f(x) < 3 a.e., then there exists v € R such
that o <~y < g and

/X F(@)lg(@)ld = /X l9(a)ldp.

2. If {fn(z)} is a sequence of integrable functions such that

> [ 1@l < .

then the series ) fn(x) — f(x) a.e., where f is integrable and
> [ Ualelldn = [ sia)an
—~Jx X

3. Suppose p = iz ® py is a product measure on X x Y. Show that if f is
p-measurable and fX(fAz |f(z,y)|dpy)dp, exists then f is p-integrable
on X X Y and Fubini’s theorem holds.

4. Let f € LY(X), g € LY(Y) and h(z,y) = f(z)g(y) ae. (z,y) € Q=
X x Y. Prove that h € L'(Q) and

[ rewdu= [ e [ atwa,

5. Construct Lebesgue integral using simple functions.

6. Show that a space of integrable functions is complete with respect to
metric

d(f.g) = /X (@) - g(@))d.
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. Compare Lebesgue and Riemann integral. What is the main difference
in the construction and properties of these integrals?

. Let X =Y =[0,1] and p = py ® pyy, where p; = p1, is Lebesgue
measure. Let f(z),g(x) be integrable over X. If

Fa)= [ f@)dpe. Glx)= / o(2)dpa
[0,2] [0,2]

for x € [0,1], then

[ F@gte)di, = 6WFQ) - [ f@)6@)dus.
X X
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