
Amie Wilkinson Exercises

Lecture 3

(1) Let f : X → X be a homeomorphism of a compact metric space.
(a) Prove that if f is transitive, then for every continuous ψ : X → R, if ψ ◦ f = ψ, then ψ is

constant.
(b) Prove that the converse is false. Hint: Glue together two copies of the cat map.

(2) The polygon below, when the edges are glued according to the arrows depicted, gives a surface (the
lengths of the edges are labeled in terms of two parameters, α and β).

α
<latexit sha1_base64="/Oru7g6tbCVEAIEPZY91cipO3dw=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NlgEbC4sI5gOSI8xt9pI1e7vH7p4QjvwHGwtFbP0/dv4bN8kVmvhg4PHeDDPzolRwY33/21tb39jc2i7tlHf39g8OK0fHLaMyTVmTKqF0J0LDBJesabkVrJNqhkkkWDsa38z89hPThiv5YCcpCxMcSh5zitZJrR6KdIT9StWv+XOQVRIUpAoFGv3KV2+gaJYwaalAY7qBn9owR205FWxa7mWGpUjHOGRdRyUmzIT5/NopOXfKgMRKu5KWzNXfEzkmxkySyHUmaEdm2ZuJ/3ndzMbXYc5lmlkm6WJRnAliFZm9TgZcM2rFxBGkmrtbCR2hRmpdQGUXQrD88ippXdYCvxbcB9X6XRFHCU7hDC4ggCuowy00oAkUHuEZXuHNU96L9+59LFrXvGLmBP7A+/wBjZOPHw==</latexit><latexit sha1_base64="/Oru7g6tbCVEAIEPZY91cipO3dw=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NlgEbC4sI5gOSI8xt9pI1e7vH7p4QjvwHGwtFbP0/dv4bN8kVmvhg4PHeDDPzolRwY33/21tb39jc2i7tlHf39g8OK0fHLaMyTVmTKqF0J0LDBJesabkVrJNqhkkkWDsa38z89hPThiv5YCcpCxMcSh5zitZJrR6KdIT9StWv+XOQVRIUpAoFGv3KV2+gaJYwaalAY7qBn9owR205FWxa7mWGpUjHOGRdRyUmzIT5/NopOXfKgMRKu5KWzNXfEzkmxkySyHUmaEdm2ZuJ/3ndzMbXYc5lmlkm6WJRnAliFZm9TgZcM2rFxBGkmrtbCR2hRmpdQGUXQrD88ippXdYCvxbcB9X6XRFHCU7hDC4ggCuowy00oAkUHuEZXuHNU96L9+59LFrXvGLmBP7A+/wBjZOPHw==</latexit><latexit sha1_base64="/Oru7g6tbCVEAIEPZY91cipO3dw=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NlgEbC4sI5gOSI8xt9pI1e7vH7p4QjvwHGwtFbP0/dv4bN8kVmvhg4PHeDDPzolRwY33/21tb39jc2i7tlHf39g8OK0fHLaMyTVmTKqF0J0LDBJesabkVrJNqhkkkWDsa38z89hPThiv5YCcpCxMcSh5zitZJrR6KdIT9StWv+XOQVRIUpAoFGv3KV2+gaJYwaalAY7qBn9owR205FWxa7mWGpUjHOGRdRyUmzIT5/NopOXfKgMRKu5KWzNXfEzkmxkySyHUmaEdm2ZuJ/3ndzMbXYc5lmlkm6WJRnAliFZm9TgZcM2rFxBGkmrtbCR2hRmpdQGUXQrD88ippXdYCvxbcB9X6XRFHCU7hDC4ggCuowy00oAkUHuEZXuHNU96L9+59LFrXvGLmBP7A+/wBjZOPHw==</latexit><latexit sha1_base64="/Oru7g6tbCVEAIEPZY91cipO3dw=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NlgEbC4sI5gOSI8xt9pI1e7vH7p4QjvwHGwtFbP0/dv4bN8kVmvhg4PHeDDPzolRwY33/21tb39jc2i7tlHf39g8OK0fHLaMyTVmTKqF0J0LDBJesabkVrJNqhkkkWDsa38z89hPThiv5YCcpCxMcSh5zitZJrR6KdIT9StWv+XOQVRIUpAoFGv3KV2+gaJYwaalAY7qBn9owR205FWxa7mWGpUjHOGRdRyUmzIT5/NopOXfKgMRKu5KWzNXfEzkmxkySyHUmaEdm2ZuJ/3ndzMbXYc5lmlkm6WJRnAliFZm9TgZcM2rFxBGkmrtbCR2hRmpdQGUXQrD88ippXdYCvxbcB9X6XRFHCU7hDC4ggCuowy00oAkUHuEZXuHNU96L9+59LFrXvGLmBP7A+/wBjZOPHw==</latexit>

α
<latexit sha1_base64="/Oru7g6tbCVEAIEPZY91cipO3dw=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NlgEbC4sI5gOSI8xt9pI1e7vH7p4QjvwHGwtFbP0/dv4bN8kVmvhg4PHeDDPzolRwY33/21tb39jc2i7tlHf39g8OK0fHLaMyTVmTKqF0J0LDBJesabkVrJNqhkkkWDsa38z89hPThiv5YCcpCxMcSh5zitZJrR6KdIT9StWv+XOQVRIUpAoFGv3KV2+gaJYwaalAY7qBn9owR205FWxa7mWGpUjHOGRdRyUmzIT5/NopOXfKgMRKu5KWzNXfEzkmxkySyHUmaEdm2ZuJ/3ndzMbXYc5lmlkm6WJRnAliFZm9TgZcM2rFxBGkmrtbCR2hRmpdQGUXQrD88ippXdYCvxbcB9X6XRFHCU7hDC4ggCuowy00oAkUHuEZXuHNU96L9+59LFrXvGLmBP7A+/wBjZOPHw==</latexit><latexit sha1_base64="/Oru7g6tbCVEAIEPZY91cipO3dw=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NlgEbC4sI5gOSI8xt9pI1e7vH7p4QjvwHGwtFbP0/dv4bN8kVmvhg4PHeDDPzolRwY33/21tb39jc2i7tlHf39g8OK0fHLaMyTVmTKqF0J0LDBJesabkVrJNqhkkkWDsa38z89hPThiv5YCcpCxMcSh5zitZJrR6KdIT9StWv+XOQVRIUpAoFGv3KV2+gaJYwaalAY7qBn9owR205FWxa7mWGpUjHOGRdRyUmzIT5/NopOXfKgMRKu5KWzNXfEzkmxkySyHUmaEdm2ZuJ/3ndzMbXYc5lmlkm6WJRnAliFZm9TgZcM2rFxBGkmrtbCR2hRmpdQGUXQrD88ippXdYCvxbcB9X6XRFHCU7hDC4ggCuowy00oAkUHuEZXuHNU96L9+59LFrXvGLmBP7A+/wBjZOPHw==</latexit><latexit sha1_base64="/Oru7g6tbCVEAIEPZY91cipO3dw=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NlgEbC4sI5gOSI8xt9pI1e7vH7p4QjvwHGwtFbP0/dv4bN8kVmvhg4PHeDDPzolRwY33/21tb39jc2i7tlHf39g8OK0fHLaMyTVmTKqF0J0LDBJesabkVrJNqhkkkWDsa38z89hPThiv5YCcpCxMcSh5zitZJrR6KdIT9StWv+XOQVRIUpAoFGv3KV2+gaJYwaalAY7qBn9owR205FWxa7mWGpUjHOGRdRyUmzIT5/NopOXfKgMRKu5KWzNXfEzkmxkySyHUmaEdm2ZuJ/3ndzMbXYc5lmlkm6WJRnAliFZm9TgZcM2rFxBGkmrtbCR2hRmpdQGUXQrD88ippXdYCvxbcB9X6XRFHCU7hDC4ggCuowy00oAkUHuEZXuHNU96L9+59LFrXvGLmBP7A+/wBjZOPHw==</latexit><latexit sha1_base64="/Oru7g6tbCVEAIEPZY91cipO3dw=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NlgEbC4sI5gOSI8xt9pI1e7vH7p4QjvwHGwtFbP0/dv4bN8kVmvhg4PHeDDPzolRwY33/21tb39jc2i7tlHf39g8OK0fHLaMyTVmTKqF0J0LDBJesabkVrJNqhkkkWDsa38z89hPThiv5YCcpCxMcSh5zitZJrR6KdIT9StWv+XOQVRIUpAoFGv3KV2+gaJYwaalAY7qBn9owR205FWxa7mWGpUjHOGRdRyUmzIT5/NopOXfKgMRKu5KWzNXfEzkmxkySyHUmaEdm2ZuJ/3ndzMbXYc5lmlkm6WJRnAliFZm9TgZcM2rFxBGkmrtbCR2hRmpdQGUXQrD88ippXdYCvxbcB9X6XRFHCU7hDC4ggCuowy00oAkUHuEZXuHNU96L9+59LFrXvGLmBP7A+/wBjZOPHw==</latexit>

β
<latexit sha1_base64="/myHUAie2jrBOUfueYU591+U2GY=">AAAB7HicbZA9SwNBEIbn4leMX1FLLRZDwCrc2WgZsLGwiOAlgeQIe5u9ZMne3rE7J4Qjv8HGQhHByr9ib+e/cfNRaOILCw/vO8POTJhKYdB1v53C2vrG5lZxu7Szu7d/UD48apok04z7LJGJbofUcCkU91Gg5O1UcxqHkrfC0fU0bz1wbUSi7nGc8iCmAyUiwShay++GHGmvXHFr7kxkFbwFVOrVz9N3AGj0yl/dfsKymCtkkhrT8dwUg5xqFEzySambGZ5SNqID3rGoaMxNkM+GnZCqdfokSrR9CsnM/d2R09iYcRzaypji0CxnU/O/rJNhdBXkQqUZcsXmH0WZJJiQ6eakLzRnKMcWKNPCzkrYkGrK0N6nZI/gLa+8Cs2LmufWvDuvUr+FuYpwAmdwDh5cQh1uoAE+MBDwCM/w4ijnyXl13ualBWfRcwx/5Hz8AFjukJM=</latexit><latexit sha1_base64="01lm2tjCKI61NWIz14ok0/FnqC8=">AAAB7HicbZA9SwNBEIb34leMH4laarEYAlbhzkbLgI2FRQQvCSRH2NtMkiV7e8funBCO/AYbQUW09K/Y2/lv3HwUmvjCwsP7zrAzEyZSGHTdbye3tr6xuZXfLuzs7u0XSweHDROnmoPPYxnrVsgMSKHAR4ESWokGFoUSmuHoapo370EbEas7HCcQRGygRF9whtbyOyEg65bKbtWdia6Ct4ByrfJ58lTM3uvd0lenF/M0AoVcMmPanptgkDGNgkuYFDqpgYTxERtA26JiEZggmw07oRXr9Gg/1vYppDP3d0fGImPGUWgrI4ZDs5xNzf+ydor9yyATKkkRFJ9/1E8lxZhON6c9oYGjHFtgXAs7K+VDphlHe5+CPYK3vPIqNM6rnlv1br1y7YbMlSfH5JScEY9ckBq5JnXiE04EeSDP5MVRzqPz6rzNS3POoueI/JHz8QPXxpGy</latexit><latexit sha1_base64="01lm2tjCKI61NWIz14ok0/FnqC8=">AAAB7HicbZA9SwNBEIb34leMH4laarEYAlbhzkbLgI2FRQQvCSRH2NtMkiV7e8funBCO/AYbQUW09K/Y2/lv3HwUmvjCwsP7zrAzEyZSGHTdbye3tr6xuZXfLuzs7u0XSweHDROnmoPPYxnrVsgMSKHAR4ESWokGFoUSmuHoapo370EbEas7HCcQRGygRF9whtbyOyEg65bKbtWdia6Ct4ByrfJ58lTM3uvd0lenF/M0AoVcMmPanptgkDGNgkuYFDqpgYTxERtA26JiEZggmw07oRXr9Gg/1vYppDP3d0fGImPGUWgrI4ZDs5xNzf+ydor9yyATKkkRFJ9/1E8lxZhON6c9oYGjHFtgXAs7K+VDphlHe5+CPYK3vPIqNM6rnlv1br1y7YbMlSfH5JScEY9ckBq5JnXiE04EeSDP5MVRzqPz6rzNS3POoueI/JHz8QPXxpGy</latexit><latexit sha1_base64="hp8su2nSx6nBnT8ZqfX5apfGy2E=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tDoNgFe5stAzYWFhE8JJAcoS9zVyyZG/v2J0TQshvsLFQxNYfZOe/cZNcoYkPBh7vzTAzL8qkMOR5305pY3Nre6e8W9nbPzg8qh6ftEyaa44BT2WqOxEzKIXCgARJ7GQaWRJJbEfj27nffkJtRKoeaZJhmLChErHgjKwU9CIk1q/WvLq3gLtO/ILUoECzX/3qDVKeJ6iIS2ZM1/cyCqdMk+ASZ5VebjBjfMyG2LVUsQRNOF0cO3MvrDJw41TbUuQu1N8TU5YYM0ki25kwGplVby7+53Vzim/CqVBZTqj4clGcS5dSd/65OxAaOcmJJYxrYW91+YhpxsnmU7Eh+Ksvr5PWVd336v6DX2vcF3GU4QzO4RJ8uIYG3EETAuAg4Ble4c1Rzovz7nwsW0tOMXMKf+B8/gDF6I6r</latexit>

β
<latexit sha1_base64="/myHUAie2jrBOUfueYU591+U2GY=">AAAB7HicbZA9SwNBEIbn4leMX1FLLRZDwCrc2WgZsLGwiOAlgeQIe5u9ZMne3rE7J4Qjv8HGQhHByr9ib+e/cfNRaOILCw/vO8POTJhKYdB1v53C2vrG5lZxu7Szu7d/UD48apok04z7LJGJbofUcCkU91Gg5O1UcxqHkrfC0fU0bz1wbUSi7nGc8iCmAyUiwShay++GHGmvXHFr7kxkFbwFVOrVz9N3AGj0yl/dfsKymCtkkhrT8dwUg5xqFEzySambGZ5SNqID3rGoaMxNkM+GnZCqdfokSrR9CsnM/d2R09iYcRzaypji0CxnU/O/rJNhdBXkQqUZcsXmH0WZJJiQ6eakLzRnKMcWKNPCzkrYkGrK0N6nZI/gLa+8Cs2LmufWvDuvUr+FuYpwAmdwDh5cQh1uoAE+MBDwCM/w4ijnyXl13ualBWfRcwx/5Hz8AFjukJM=</latexit><latexit sha1_base64="01lm2tjCKI61NWIz14ok0/FnqC8=">AAAB7HicbZA9SwNBEIb34leMH4laarEYAlbhzkbLgI2FRQQvCSRH2NtMkiV7e8funBCO/AYbQUW09K/Y2/lv3HwUmvjCwsP7zrAzEyZSGHTdbye3tr6xuZXfLuzs7u0XSweHDROnmoPPYxnrVsgMSKHAR4ESWokGFoUSmuHoapo370EbEas7HCcQRGygRF9whtbyOyEg65bKbtWdia6Ct4ByrfJ58lTM3uvd0lenF/M0AoVcMmPanptgkDGNgkuYFDqpgYTxERtA26JiEZggmw07oRXr9Gg/1vYppDP3d0fGImPGUWgrI4ZDs5xNzf+ydor9yyATKkkRFJ9/1E8lxZhON6c9oYGjHFtgXAs7K+VDphlHe5+CPYK3vPIqNM6rnlv1br1y7YbMlSfH5JScEY9ckBq5JnXiE04EeSDP5MVRzqPz6rzNS3POoueI/JHz8QPXxpGy</latexit><latexit sha1_base64="01lm2tjCKI61NWIz14ok0/FnqC8=">AAAB7HicbZA9SwNBEIb34leMH4laarEYAlbhzkbLgI2FRQQvCSRH2NtMkiV7e8funBCO/AYbQUW09K/Y2/lv3HwUmvjCwsP7zrAzEyZSGHTdbye3tr6xuZXfLuzs7u0XSweHDROnmoPPYxnrVsgMSKHAR4ESWokGFoUSmuHoapo370EbEas7HCcQRGygRF9whtbyOyEg65bKbtWdia6Ct4ByrfJ58lTM3uvd0lenF/M0AoVcMmPanptgkDGNgkuYFDqpgYTxERtA26JiEZggmw07oRXr9Gg/1vYppDP3d0fGImPGUWgrI4ZDs5xNzf+ydor9yyATKkkRFJ9/1E8lxZhON6c9oYGjHFtgXAs7K+VDphlHe5+CPYK3vPIqNM6rnlv1br1y7YbMlSfH5JScEY9ckBq5JnXiE04EeSDP5MVRzqPz6rzNS3POoueI/JHz8QPXxpGy</latexit><latexit sha1_base64="hp8su2nSx6nBnT8ZqfX5apfGy2E=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tDoNgFe5stAzYWFhE8JJAcoS9zVyyZG/v2J0TQshvsLFQxNYfZOe/cZNcoYkPBh7vzTAzL8qkMOR5305pY3Nre6e8W9nbPzg8qh6ftEyaa44BT2WqOxEzKIXCgARJ7GQaWRJJbEfj27nffkJtRKoeaZJhmLChErHgjKwU9CIk1q/WvLq3gLtO/ILUoECzX/3qDVKeJ6iIS2ZM1/cyCqdMk+ASZ5VebjBjfMyG2LVUsQRNOF0cO3MvrDJw41TbUuQu1N8TU5YYM0ki25kwGplVby7+53Vzim/CqVBZTqj4clGcS5dSd/65OxAaOcmJJYxrYW91+YhpxsnmU7Eh+Ksvr5PWVd336v6DX2vcF3GU4QzO4RJ8uIYG3EETAuAg4Ble4c1Rzovz7nwsW0tOMXMKf+B8/gDF6I6r</latexit>

α
<latexit sha1_base64="/Oru7g6tbCVEAIEPZY91cipO3dw=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NlgEbC4sI5gOSI8xt9pI1e7vH7p4QjvwHGwtFbP0/dv4bN8kVmvhg4PHeDDPzolRwY33/21tb39jc2i7tlHf39g8OK0fHLaMyTVmTKqF0J0LDBJesabkVrJNqhkkkWDsa38z89hPThiv5YCcpCxMcSh5zitZJrR6KdIT9StWv+XOQVRIUpAoFGv3KV2+gaJYwaalAY7qBn9owR205FWxa7mWGpUjHOGRdRyUmzIT5/NopOXfKgMRKu5KWzNXfEzkmxkySyHUmaEdm2ZuJ/3ndzMbXYc5lmlkm6WJRnAliFZm9TgZcM2rFxBGkmrtbCR2hRmpdQGUXQrD88ippXdYCvxbcB9X6XRFHCU7hDC4ggCuowy00oAkUHuEZXuHNU96L9+59LFrXvGLmBP7A+/wBjZOPHw==</latexit><latexit sha1_base64="/Oru7g6tbCVEAIEPZY91cipO3dw=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NlgEbC4sI5gOSI8xt9pI1e7vH7p4QjvwHGwtFbP0/dv4bN8kVmvhg4PHeDDPzolRwY33/21tb39jc2i7tlHf39g8OK0fHLaMyTVmTKqF0J0LDBJesabkVrJNqhkkkWDsa38z89hPThiv5YCcpCxMcSh5zitZJrR6KdIT9StWv+XOQVRIUpAoFGv3KV2+gaJYwaalAY7qBn9owR205FWxa7mWGpUjHOGRdRyUmzIT5/NopOXfKgMRKu5KWzNXfEzkmxkySyHUmaEdm2ZuJ/3ndzMbXYc5lmlkm6WJRnAliFZm9TgZcM2rFxBGkmrtbCR2hRmpdQGUXQrD88ippXdYCvxbcB9X6XRFHCU7hDC4ggCuowy00oAkUHuEZXuHNU96L9+59LFrXvGLmBP7A+/wBjZOPHw==</latexit><latexit sha1_base64="/Oru7g6tbCVEAIEPZY91cipO3dw=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NlgEbC4sI5gOSI8xt9pI1e7vH7p4QjvwHGwtFbP0/dv4bN8kVmvhg4PHeDDPzolRwY33/21tb39jc2i7tlHf39g8OK0fHLaMyTVmTKqF0J0LDBJesabkVrJNqhkkkWDsa38z89hPThiv5YCcpCxMcSh5zitZJrR6KdIT9StWv+XOQVRIUpAoFGv3KV2+gaJYwaalAY7qBn9owR205FWxa7mWGpUjHOGRdRyUmzIT5/NopOXfKgMRKu5KWzNXfEzkmxkySyHUmaEdm2ZuJ/3ndzMbXYc5lmlkm6WJRnAliFZm9TgZcM2rFxBGkmrtbCR2hRmpdQGUXQrD88ippXdYCvxbcB9X6XRFHCU7hDC4ggCuowy00oAkUHuEZXuHNU96L9+59LFrXvGLmBP7A+/wBjZOPHw==</latexit><latexit sha1_base64="/Oru7g6tbCVEAIEPZY91cipO3dw=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NlgEbC4sI5gOSI8xt9pI1e7vH7p4QjvwHGwtFbP0/dv4bN8kVmvhg4PHeDDPzolRwY33/21tb39jc2i7tlHf39g8OK0fHLaMyTVmTKqF0J0LDBJesabkVrJNqhkkkWDsa38z89hPThiv5YCcpCxMcSh5zitZJrR6KdIT9StWv+XOQVRIUpAoFGv3KV2+gaJYwaalAY7qBn9owR205FWxa7mWGpUjHOGRdRyUmzIT5/NopOXfKgMRKu5KWzNXfEzkmxkySyHUmaEdm2ZuJ/3ndzMbXYc5lmlkm6WJRnAliFZm9TgZcM2rFxBGkmrtbCR2hRmpdQGUXQrD88ippXdYCvxbcB9X6XRFHCU7hDC4ggCuowy00oAkUHuEZXuHNU96L9+59LFrXvGLmBP7A+/wBjZOPHw==</latexit>

α
<latexit sha1_base64="/Oru7g6tbCVEAIEPZY91cipO3dw=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NlgEbC4sI5gOSI8xt9pI1e7vH7p4QjvwHGwtFbP0/dv4bN8kVmvhg4PHeDDPzolRwY33/21tb39jc2i7tlHf39g8OK0fHLaMyTVmTKqF0J0LDBJesabkVrJNqhkkkWDsa38z89hPThiv5YCcpCxMcSh5zitZJrR6KdIT9StWv+XOQVRIUpAoFGv3KV2+gaJYwaalAY7qBn9owR205FWxa7mWGpUjHOGRdRyUmzIT5/NopOXfKgMRKu5KWzNXfEzkmxkySyHUmaEdm2ZuJ/3ndzMbXYc5lmlkm6WJRnAliFZm9TgZcM2rFxBGkmrtbCR2hRmpdQGUXQrD88ippXdYCvxbcB9X6XRFHCU7hDC4ggCuowy00oAkUHuEZXuHNU96L9+59LFrXvGLmBP7A+/wBjZOPHw==</latexit><latexit sha1_base64="/Oru7g6tbCVEAIEPZY91cipO3dw=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NlgEbC4sI5gOSI8xt9pI1e7vH7p4QjvwHGwtFbP0/dv4bN8kVmvhg4PHeDDPzolRwY33/21tb39jc2i7tlHf39g8OK0fHLaMyTVmTKqF0J0LDBJesabkVrJNqhkkkWDsa38z89hPThiv5YCcpCxMcSh5zitZJrR6KdIT9StWv+XOQVRIUpAoFGv3KV2+gaJYwaalAY7qBn9owR205FWxa7mWGpUjHOGRdRyUmzIT5/NopOXfKgMRKu5KWzNXfEzkmxkySyHUmaEdm2ZuJ/3ndzMbXYc5lmlkm6WJRnAliFZm9TgZcM2rFxBGkmrtbCR2hRmpdQGUXQrD88ippXdYCvxbcB9X6XRFHCU7hDC4ggCuowy00oAkUHuEZXuHNU96L9+59LFrXvGLmBP7A+/wBjZOPHw==</latexit><latexit sha1_base64="/Oru7g6tbCVEAIEPZY91cipO3dw=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NlgEbC4sI5gOSI8xt9pI1e7vH7p4QjvwHGwtFbP0/dv4bN8kVmvhg4PHeDDPzolRwY33/21tb39jc2i7tlHf39g8OK0fHLaMyTVmTKqF0J0LDBJesabkVrJNqhkkkWDsa38z89hPThiv5YCcpCxMcSh5zitZJrR6KdIT9StWv+XOQVRIUpAoFGv3KV2+gaJYwaalAY7qBn9owR205FWxa7mWGpUjHOGRdRyUmzIT5/NopOXfKgMRKu5KWzNXfEzkmxkySyHUmaEdm2ZuJ/3ndzMbXYc5lmlkm6WJRnAliFZm9TgZcM2rFxBGkmrtbCR2hRmpdQGUXQrD88ippXdYCvxbcB9X6XRFHCU7hDC4ggCuowy00oAkUHuEZXuHNU96L9+59LFrXvGLmBP7A+/wBjZOPHw==</latexit><latexit sha1_base64="/Oru7g6tbCVEAIEPZY91cipO3dw=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NlgEbC4sI5gOSI8xt9pI1e7vH7p4QjvwHGwtFbP0/dv4bN8kVmvhg4PHeDDPzolRwY33/21tb39jc2i7tlHf39g8OK0fHLaMyTVmTKqF0J0LDBJesabkVrJNqhkkkWDsa38z89hPThiv5YCcpCxMcSh5zitZJrR6KdIT9StWv+XOQVRIUpAoFGv3KV2+gaJYwaalAY7qBn9owR205FWxa7mWGpUjHOGRdRyUmzIT5/NopOXfKgMRKu5KWzNXfEzkmxkySyHUmaEdm2ZuJ/3ndzMbXYc5lmlkm6WJRnAliFZm9TgZcM2rFxBGkmrtbCR2hRmpdQGUXQrD88ippXdYCvxbcB9X6XRFHCU7hDC4ggCuowy00oAkUHuEZXuHNU96L9+59LFrXvGLmBP7A+/wBjZOPHw==</latexit>

β − α
<latexit sha1_base64="n/M39sc3xextxI6SQyPWnKvbIio=">AAAB9XicbVA9SwNBEJ3zM8avqKUWiyFgY7iz0TJgY2ERwXxA7gxzm02yZG/v2N1TwpH/YSOoiK0/w97Of+Pmo9DEBwOP92aYmRcmgmvjut/O0vLK6tp6biO/ubW9s1vY26/rOFWU1WgsYtUMUTPBJasZbgRrJophFArWCAeXY79xz5Tmsbw1w4QFEfYk73KKxkp3fsgMklPio0j62C4U3bI7AVkk3owUK6XPo2cAqLYLX34npmnEpKECtW55bmKCDJXhVLBR3k81S5AOsMdalkqMmA6yydUjUrJKh3RjZUsaMlF/T2QYaT2MQtsZoenreW8s/ue1UtO9CDIuk9QwSaeLuqkgJibjCEiHK0aNGFqCVHF7K6F9VEiNDSpvQ/DmX14k9bOy55a9G69YuYYpcnAIx3ACHpxDBa6gCjWgoOARXuDVeXCenDfnfdq65MxmDuAPnI8fAieTvA==</latexit><latexit sha1_base64="ts5IcJ44FZ2AlRLlyocS+kXWyt8=">AAAB9XicbVDJSgNBEK1xjXFJ1KMeGkPAi2HGix4DXjx4iGAWyIyhptOTNOlZ6O5RwpDv0IuCIl79DO/e/Bs7y0ETHxQ83quiqp6fCK60bX9bS8srq2vruY385tb2TqG4u9dQcSopq9NYxLLlo2KCR6yuuRaslUiGoS9Y0x9cjP3mHZOKx9GNHibMC7EX8YBT1Ea6dX2mkZwQF0XSx06xZFfsCcgicWakVC1/Hj4Usudap/jldmOahizSVKBSbcdOtJeh1JwKNsq7qWIJ0gH2WNvQCEOmvGxy9YiUjdIlQSxNRZpM1N8TGYZKDUPfdIao+2reG4v/ee1UB+dexqMk1Syi00VBKoiOyTgC0uWSUS2GhiCV3NxKaB8lUm2CypsQnPmXF0njtOLYFefaKVWvYIocHMARHIMDZ1CFS6hBHShIeIQXeLXurSfrzXqfti5Zs5l9+APr4weA/5Tb</latexit><latexit sha1_base64="ts5IcJ44FZ2AlRLlyocS+kXWyt8=">AAAB9XicbVDJSgNBEK1xjXFJ1KMeGkPAi2HGix4DXjx4iGAWyIyhptOTNOlZ6O5RwpDv0IuCIl79DO/e/Bs7y0ETHxQ83quiqp6fCK60bX9bS8srq2vruY385tb2TqG4u9dQcSopq9NYxLLlo2KCR6yuuRaslUiGoS9Y0x9cjP3mHZOKx9GNHibMC7EX8YBT1Ea6dX2mkZwQF0XSx06xZFfsCcgicWakVC1/Hj4Usudap/jldmOahizSVKBSbcdOtJeh1JwKNsq7qWIJ0gH2WNvQCEOmvGxy9YiUjdIlQSxNRZpM1N8TGYZKDUPfdIao+2reG4v/ee1UB+dexqMk1Syi00VBKoiOyTgC0uWSUS2GhiCV3NxKaB8lUm2CypsQnPmXF0njtOLYFefaKVWvYIocHMARHIMDZ1CFS6hBHShIeIQXeLXurSfrzXqfti5Zs5l9+APr4weA/5Tb</latexit><latexit sha1_base64="XWZ0bbipHPCzDHH0SkwYB9iCJUc=">AAAB9XicbVA9SwNBEN3zM8avqKXNYhBsDHc2WgZsLCwimA/InWFuM5cs2ds7dveUcOR/2FgoYut/sfPfuEmu0MQHA4/3ZpiZF6aCa+O6387K6tr6xmZpq7y9s7u3Xzk4bOkkUwybLBGJ6oSgUXCJTcONwE6qEOJQYDscXU/99iMqzRN5b8YpBjEMJI84A2OlBz9EA/Sc+iDSIfQqVbfmzkCXiVeQKinQ6FW+/H7CshilYQK07npuaoIclOFM4KTsZxpTYCMYYNdSCTHqIJ9dPaGnVunTKFG2pKEz9fdEDrHW4zi0nTGYoV70puJ/Xjcz0VWQc5lmBiWbL4oyQU1CpxHQPlfIjBhbAkxxeytlQ1DAjA2qbEPwFl9eJq2LmufWvDuvWr8t4iiRY3JCzohHLkmd3JAGaRJGFHkmr+TNeXJenHfnY9664hQzR+QPnM8fbyGR1A==</latexit>

β − α
<latexit sha1_base64="n/M39sc3xextxI6SQyPWnKvbIio=">AAAB9XicbVA9SwNBEJ3zM8avqKUWiyFgY7iz0TJgY2ERwXxA7gxzm02yZG/v2N1TwpH/YSOoiK0/w97Of+Pmo9DEBwOP92aYmRcmgmvjut/O0vLK6tp6biO/ubW9s1vY26/rOFWU1WgsYtUMUTPBJasZbgRrJophFArWCAeXY79xz5Tmsbw1w4QFEfYk73KKxkp3fsgMklPio0j62C4U3bI7AVkk3owUK6XPo2cAqLYLX34npmnEpKECtW55bmKCDJXhVLBR3k81S5AOsMdalkqMmA6yydUjUrJKh3RjZUsaMlF/T2QYaT2MQtsZoenreW8s/ue1UtO9CDIuk9QwSaeLuqkgJibjCEiHK0aNGFqCVHF7K6F9VEiNDSpvQ/DmX14k9bOy55a9G69YuYYpcnAIx3ACHpxDBa6gCjWgoOARXuDVeXCenDfnfdq65MxmDuAPnI8fAieTvA==</latexit><latexit sha1_base64="ts5IcJ44FZ2AlRLlyocS+kXWyt8=">AAAB9XicbVDJSgNBEK1xjXFJ1KMeGkPAi2HGix4DXjx4iGAWyIyhptOTNOlZ6O5RwpDv0IuCIl79DO/e/Bs7y0ETHxQ83quiqp6fCK60bX9bS8srq2vruY385tb2TqG4u9dQcSopq9NYxLLlo2KCR6yuuRaslUiGoS9Y0x9cjP3mHZOKx9GNHibMC7EX8YBT1Ea6dX2mkZwQF0XSx06xZFfsCcgicWakVC1/Hj4Usudap/jldmOahizSVKBSbcdOtJeh1JwKNsq7qWIJ0gH2WNvQCEOmvGxy9YiUjdIlQSxNRZpM1N8TGYZKDUPfdIao+2reG4v/ee1UB+dexqMk1Syi00VBKoiOyTgC0uWSUS2GhiCV3NxKaB8lUm2CypsQnPmXF0njtOLYFefaKVWvYIocHMARHIMDZ1CFS6hBHShIeIQXeLXurSfrzXqfti5Zs5l9+APr4weA/5Tb</latexit><latexit sha1_base64="ts5IcJ44FZ2AlRLlyocS+kXWyt8=">AAAB9XicbVDJSgNBEK1xjXFJ1KMeGkPAi2HGix4DXjx4iGAWyIyhptOTNOlZ6O5RwpDv0IuCIl79DO/e/Bs7y0ETHxQ83quiqp6fCK60bX9bS8srq2vruY385tb2TqG4u9dQcSopq9NYxLLlo2KCR6yuuRaslUiGoS9Y0x9cjP3mHZOKx9GNHibMC7EX8YBT1Ea6dX2mkZwQF0XSx06xZFfsCcgicWakVC1/Hj4Usudap/jldmOahizSVKBSbcdOtJeh1JwKNsq7qWIJ0gH2WNvQCEOmvGxy9YiUjdIlQSxNRZpM1N8TGYZKDUPfdIao+2reG4v/ee1UB+dexqMk1Syi00VBKoiOyTgC0uWSUS2GhiCV3NxKaB8lUm2CypsQnPmXF0njtOLYFefaKVWvYIocHMARHIMDZ1CFS6hBHShIeIQXeLXurSfrzXqfti5Zs5l9+APr4weA/5Tb</latexit><latexit sha1_base64="XWZ0bbipHPCzDHH0SkwYB9iCJUc=">AAAB9XicbVA9SwNBEN3zM8avqKXNYhBsDHc2WgZsLCwimA/InWFuM5cs2ds7dveUcOR/2FgoYut/sfPfuEmu0MQHA4/3ZpiZF6aCa+O6387K6tr6xmZpq7y9s7u3Xzk4bOkkUwybLBGJ6oSgUXCJTcONwE6qEOJQYDscXU/99iMqzRN5b8YpBjEMJI84A2OlBz9EA/Sc+iDSIfQqVbfmzkCXiVeQKinQ6FW+/H7CshilYQK07npuaoIclOFM4KTsZxpTYCMYYNdSCTHqIJ9dPaGnVunTKFG2pKEz9fdEDrHW4zi0nTGYoV70puJ/Xjcz0VWQc5lmBiWbL4oyQU1CpxHQPlfIjBhbAkxxeytlQ1DAjA2qbEPwFl9eJq2LmufWvDuvWr8t4iiRY3JCzohHLkmd3JAGaRJGFHkmr+TNeXJenHfnY9664hQzR+QPnM8fbyGR1A==</latexit>

(a) Tile the plane with copies of this polygon in a way that respects the labeling of the edges.
(b) Show that the surface obtained by this gluing is a torus. For what values of α, β is this the

standard torus obtained by gluing opposite edges of a unit square?
(c) Let λ > 1 be the golden mean, that is, the larger solution to

x2 − x− 1 = 0.

Consider the tiling of the plane from part (a), where the polygon is divided into squares A and
B as shown below. Suppose that

α =
1√

1 + λ2
, β =

λ√
1 + λ2

.

Apply the matrix

C =

(
λ 0
0 −λ−1

)
to A and B and depict their image in the tiling. Show that C defines an automorphism of the
square torus. What matrix represents C with respect to the standard lattice for the square
torus?

1



2

A

B

(0,0)


