ICTP Summer School on Dynamical Systems
Rotations of the circle and renormalization
Homework 3

Exercise 3.1. Let R, be an irrational rotation, let o = [ag, a1, .. .| be the continued fraction
expansion of a and let p,, /g, = [ag, . .., a,] be the convergents of «. Let A be the arc with
endpoints 0 and R9(0). Verify yourself that the lenghts ), of the intervals A™) for n > 1
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where G is the Gauss map and that the return times to I = A U A1 5 > 1 are ¢,
and qp41. Try:

= Gn’ (a)’

e the case n =0 and n =1 first (drawing pictures);
e the general case (by induction).

Exercise 3.2. Let R, : S' — S! be a rotation. Let I C S! be an arc (an interval in
[0,1]/ ~). Let T be the Poincar’e first return map of R,, to I. Show that 7" is an exchange of
three intervals, i.e. there exists three subintervals I, Is, I3 which partition I and such that
T(I,),T(I2), T(I3) cover again I.

Exercise 3.3. Let G be the Gauss map and let F' be the Farey map, given by

=z f g >

N[ N[

Let Fy and Fy be the two branches of F', Fy denoting the left branch (restriction to [0,1/2]),
F) denoting the left branch (restriction to [1/2,1]).

Verify that G can be obtained accelerating F by putting together all consecutive branches
of Fy (plus the next F}), namely

Fi(x) if x> 1
G(z) = 2’
(@) {F1 o Fy™H () ifae < i,

where k(z) is the largest integer k such that € [0,1/2], F(x) € [0,1/2],... F¥(x) € [0,1/2].



