
Exercise B.1. Let U(ψ) = ψ ◦ f be the Koopman operator, where ψ ∈
L2(X,B, µ).

(1) Prove that U(1) = 1, U∗U = I and ‖U‖ ≤ 1
(2) (*) Prove that the decomposition of H = L2(X,B, µ)

H = ker(U − I)⊕=m(U − I)

is orthogonal and U -invariant.

Excercise B.2. (Suggested by Amie Wilkinson). Let f(x) = x + 1
2 mod 1 on

the circle. For any ψ ∈ Lp, find E(ψ|Bf ).

Exercise B.3.

(1) Prove that ψ̃ = E(ψ|Bf ) in the Mean Ergodic Theorem.
(2) Let f(x) = 2x mod 1 in the circle. For any ψ ∈ Lp, find E(ψ|Bf )
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