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MINKOWSKI SUMS OF A TWISTED CUBIC SEGMENT 3

2. MAIN RESULTS

Let n > 3 be a positive integer. Our first result describes the boundary of As ,,.
We need this result in order to prove the Main Theorem. However, it also provides
us with a piecewise parametrization, which is useful for rendering a visualization
of As . See Figure 1 for an example.

(5,5,5)

FIGURE 1. A rendering of the semi-algebraic set A3z 5. Interactive
3D models of Aj, are available at https://mathsites.unibe.
ch/bik/A3n.html for n =1,...,20.

Before we give the semi-algebraic description of A3 ,,, we first discuss the intuition
behind it. As Figure 1 for n = 5 and the interactive 3D models for n = 3,...,20
demonstrate, the set As ,, looks like an oyster with an upper and lower shell forming
the boundary. We call these upper and lower shells B,} and B;, respectively. These
two shells have identical projections to the (z,y)-plane, which we denote by B,
and both projection maps are one-to-one. This yields a first description of As ,:
for a point (z,y,z) € R? to lie in Aj ,, it is necessary that (x,y) lies in B’. When
this is the case, the point lies in A3 ,, precisely when it lies below B, and above B, .
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Forbidden set, brute force, 2n=10, k=3,4,5
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Forbidden set, linear program U-L, n=5, k=3,4,5
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Forbidden set, linear program U-L, n=5, k=3,4,5, one iteration
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Forbidden set, linear program U-L, n=5, k=3,4,5, two iterations




10

Forbidden set, linear program U-L, n=5, k=3,4,5, three iterations
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Forbidden set, brute force, 2n=28, k=12,13,14
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