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Notation

We use the following notation

My (N) Modular forms of weight k level N
Sk(N) Cuspforms of weight k level N

SEE(N) Primitive forms of weight k level N
HE(N) Newforms of weight k and level N

Th = Ta(N, k) nth Hecke operator acting on SL‘EW(N)

f € Hi(N) is a primitive, holomorphic Hecke eigenform:

f(z) = Z)\f(n)n(kfl)ﬁe(nz), e(z) = e®™2, N\(1) =1
n=1
That is, for all n > 1,

n~ k=02 = Ae(n)f
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» Rankin-Selberg theory

Theorem (Kowalski, Lau, Sound., Wu 2011; Matomaki 2012)
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Motivation - previous work

Theorem (Knopp, Kohnen, Pribitkin 2003)
Af(n) changes sign infinitely often. J

» [(s,f) is entire, Landau’s lemma

» Rankin-Selberg theory

Theorem (Kowalski, Lau, Sound., Wu 2011; Matomaki 2012) J

The signs of the A¢(n) uniquely determine the eigenform.

> If Ar(p)As(p) >0V p e P\E, € any subset of primes with analytic
density < 6/25, then f; = f,.
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Motivation

Theorem (Matomaki 2012, following KSIKLSW...)
Let ns denote the least n such that A¢(n) < 0. Then,

nf < Q3/8

(@ =KN)

Jackie Voros (University of Bristol) Average least negative Hecke eigenvalue February 2024 4/26




Motivation

Theorem (Matomaki 2012, following KSIKLSW...)
Let ns denote the least n such that A¢(n) < 0. Then,

ng < Q3/8
(Q=KkN)
.
>
Z /\f(n) < Ql/4+aX1/2+a
n<x
(n,N)=1
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Motivation

Theorem (Matomaki 2012, following KSIKLSW...)
Let ns denote the least n such that A¢(n) < 0. Then,

ng < Q3/8
(Q=KkN)
>
Z /\f(n) < Ql/4+aX1/2+a
n<x
(n,N)=1

» If Ar(n) > 0 for n <y, one can construct a contradiction if y is too
large.
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Motivation

If we assume GRH then,
ne < (log Q).
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Motivation

If we assume GRH then,

ne < (log Q)2
There are similarities with Dirichlet characters x mod g, in particular,
when x = (5) the Legendre symbol. Let ny(p) be the least n such that

(g) = -1. Assuming GRH,

m(p) < (log p)?

Question

ng PN m(p)

Note that Af(n) are multiplicative, while (5) is totally multiplicative.
Consider py, the least prime p such that A¢(p) < 0.
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Motivation

Consider the average least quadratic non-residue module p.
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Theorem (Erdés 1961)

1 = pi
lim —an(p) = =.
x—o0 T(X) — P 2!

We can see this from quadratic reciprocity.

#{n<p:<z>=i1}=p;1
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Motivation

Consider the average least quadratic non-residue module p.

Theorem (Erdés 1961)

AT X) Z n2(p) =

We can see this from quadratic reciprocity.

#{n<p:<z>=i1}=p;1

So we may say,

i -01=2((3) 1) 2((3) ) -
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Least prime negative Hecke eigenvalue

Analogously, we have,

IAe(n)| < 7(n) = 3 0¢(p) € [0,7] s.t. Ar(p) = 2cosbf(p)
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Least prime negative Hecke eigenvalue

Analogously, we have,

IAe(n)| < 7(n) = 3 0¢(p) € [0,7] s.t. Ar(p) = 2cosbf(p)

Theorem (Sato-Tate Conjecture) (B-L, G, H, T 2011)

B
im —H(p < x:0,(p) € [0uBL.p N} = [ sy

X—00 T x) o

for [a, B] C [0, 7], where st = 2 sin? 6do.
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Least prime negative Hecke eigenvalue

Analogously, we have,

IAe(n)| < 7(n) = 3 0¢(p) € [0,7] s.t. Ar(p) = 2cosbf(p)

Theorem (Sato-Tate Conjecture) (B-L, G, H, T 2011)

B
im —H(p < x:0,(p) € [0uBL.p N} = [ sy

X—00 T x) o

for [a, B] C [0, 7], where st = 2 sin? 6do.

2 -1 1 2
Figure: Distribution of Af(p) as p — oo
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Average least negative prime Hecke eigenvalue

Theorem (V.)
Assuming GRH we have,

lim g 7=
N, k=00 ]H* p
feH* i

For N square-free, k even.
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Why GRH?

Current best unconditional bound on py:

Theorem (Thorner 2021)

(kN)c(4 log(2€))
log(kN)

The implied constant and c¢ are ‘large’.

pr <
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Why GRH?

Current best unconditional bound on ps:

Theorem (Thorner 2021)

(kN)C(4 log(2e))
log(kN)

The implied constant and ¢ are ‘large’.

pr K

» (Newton, Thorne 2021) Sym™f <~~~ p (cuspidal rep of GLpy1(A))
for all m> 1.

» Zero-free regions of L(s, Sym™f).
Assuming GRH L(s,Sym™f) for each m > 1 we have,

pr < (log Q).
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ny

The analogy is a little different for nf
e nr can also be a prime power

e Signs of A¢(p") are dependent on the signs at lower powers.
What is the relationship between 0¢(p) and A¢(p")?

Multiplicativity through Chebyshev polynomials

Xa(0r(p)) = Ar(P")

where in(( 16)
sin((n+1
Xp(0) = 2T 2 g ¢ o, ).
sin 6
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ny

The analogy is a little different for nf
e nr can also be a prime power

e Signs of A¢(p") are dependent on the signs at lower powers.
What is the relationship between 0¢(p) and A¢(p")?

Multiplicativity through Chebyshev polynomials

Xa(0r(p)) = Ar(pP")
where
sin((n+1)0)

Xn(0) = sin 0

, 6elo,m].

So if Ar(p") > 0 then sin((n+ 1)8¢(p)) > O.
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Intervals of 0¢(p)

sin((n+1)0¢(p)) = Ar(p") sin(0¢(p)), O¢(p) € [0, 7].

\ Ef i i }g % 777r —n=
11/

Figure: sin((n + 1)0)
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Intervals of 0¢(p)

sin((n+1)0¢(p)) = Ar(p")sin(0¢(p)), O¢(p) € [0, 7].

11 ) —n=1

7N —n=2
—n =

NI =
-1 : -

Figure: sin((n + 1)0)

Ar(p") >0 = 6¢(p) € A, where,

s 2 3 nm
0, 71 U o T U...u n+1,7r),neven

T 2r 3w (=7  nr
0’ n+1 U n+17 n+1 UU n+1 ° n+1) , N odd.
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Intervals of 0¢(p)

sin((n+1)0¢(p)) = Ar(p")sin(0¢(p)), O¢(p) € [0, 7].

8 —n=2
—n=3

Figure: sin((n + 1)0)
Ar(p") >0 = 6¢(p) € A, where,

s 2 3 nm
0, 71 U o T U...u n+1,7r),neven

And )\f(p") <0 = Gf(p) € A
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Intervals of 0¢(p)

—n=
— N =

— e — N =

Figure: sin((n+ 1)6)

Then A¢(p") >0forn=1,....,a = 0¢(p) € (oe; An = (0, ﬁ)

Jackie Voros (University of Bristol) Average least negative Hecke eigenvalue February 2024 12 /26



Intervals of 0¢(p)

7n:
1,, .
—_— N =
— N =

Figure: sin((n+ 1)6)

Then A¢(p") >0forn=1,....,a = 0¢(p) € (oe; An = (07 ﬁ)
If nf = p" = A¢(p') > 0for i< nand Ae(p") <0
— 0r(p) € (M= A) NAS =
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ny

A few key points

e Intervals for 0¢(p) are no longer the same for positive or negative
Ar(p")
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A few key points
e Intervals for 0¢(p) are no longer the same for positive or negative
Ar(pP")
e Intervals for 6¢(p) depend on the power of p, which depends on p and
ng.
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A few key points

e Intervals for O¢(p) are no longer the same for positive or negative
Ar(pP")

e Intervals for O¢(p) depend on the power of p, which depends on p and
nf.

We need a distribution that is more sensitive to different p.
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ny

A few key points

e Intervals for 0¢(p) are no longer the same for positive or negative
Ar(P")

e Intervals for 6¢(p) depend on the power of p, which depends on p and
ngf.

We need a distribution that is more sensitive to different p.
Theorem (Serre 1997)

For a fixed prime p we have,

B
g H) < 00(p) € o A1 = [

where p{ N, [a, B] C [0, 7] and where,

2 1 sin? 6
== (1+-= do
Ho =2 < p) (1—p 12+ S|n 20

Jackie Voros (University of Bristol)
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p-adic Plancherel measure

Figure: Distribution of Af(p) as k, N — oo
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Avereage ny

Theorem (V.)

~(py)
n
NII!TOO |H* Z nf Zzpi H /‘pj(/n(pj))
feH* i>1 n>1 j=1

For N prime or log kN rough, k even. We have,

[o,ﬁ] if j £,

oz if j=1.

In(pj) =

And ap, (p) = [nlog pi/ log pj], the greatest power such that
ap; (P)
p;” <Py
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Why is N square-free/prime?

Recall the average pr required N square-free, and the average ns required
N prime or log kN rough.
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e Neither ps7 nor p, describe the distribution of 6¢(p) when p divides
the level N.

» However, the large sieve implies nf is unlikely to be large - thus N may
have large prime factors (log kN rough).

e Atkin-Lehner theory describes the eigenvalues at primes that divide
the level.

Ar(p) =0 if p°[N
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Why is N square-free/prime?

Recall the average pr required N square-free, and the average ns required
N prime or log kN rough.

e Neither ps7 nor p, describe the distribution of 6¢(p) when p divides
the level N.

» However, the large sieve implies nf is unlikely to be large - thus N may
have large prime factors (log kN rough).

e Atkin-Lehner theory describes the eigenvalues at primes that divide
the level.

Ar(p) =0 if p°[N
Ar(p) = +p~ /2 if p|N but p* { N

Furthermore, these eigenvalues are totally multiplicative.

Ar(P?) = Ar(p)?  if pIN
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Why is N square-free/prime?

What is the distribution of Ar(p) when p|N but p?{ N?
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Why is N square-free/prime?

What is the distribution of Ar(p) when p|N but p?{ N?

Lemma
For a fixed prime p with p|N but p?>{ N, and w = +1,

1

e U € HEN) : Ar(p) = wp™2) ~

[Hi(N)]
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What is the distribution of Ar(p) when p|N but p?{ N?

Lemma

For a fixed prime p with p|N but p?>{ N, and w = +1,

1 X - - ,
W‘{f € Hi(N) : M(p) = wp Y2} ~ 5

This falls from the Eichler-Selberg trace formula.
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Why is N square-free/prime?

What is the distribution of Ar(p) when p|N but p?{ N?
Lemma
For a fixed prime p with p|N but p?>{ N, and w = +1,

1

e U € HEN) : Ar(p) = wp™2) ~

[Hi(N)]

This falls from the Eichler-Selberg trace formula. Put simply,

TrTp=A1+ A+ A3+ Ag

Foralln>1
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The trace formula

We can see that for some prime p where p|N and p? { N, and w = =+1,

r 2

) = |{f € H{(N) : \¢(p) = wp~ 12}
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The trace formula

We can see that for some prime p where p|N and p? { N, and w = =+1,

Tr (ka/z—l Tp+ T

2 ) = {f € Hi(N) : Ar(p) = wp 2}

Via the trace formula, one can show

Tr(wp /2 T,) = O(NF)
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The trace formula

We can see that for some prime p where p|N and p? { N, and w = =+1,

wpk/27 1T, + T \ _
Tr( i 2,, S| = 1{f € Hi(N) : Me(p) = wp™ /3]

Via the trace formula, one can show

Tr(wp */2T,) = O(N7)
Note that,
TrTy = |He(N)|

Hence we have
Tr (9’#’_”2 Tp+T1)

2 1
€
= —+ O(N°).
Tr(Ty) 2 (V)
Jackie Voros (University of Bristol) Average least negative Hecke eigenvalue February 2024
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A corollary or two

Clearly, we may make other statements on the signs of A¢(p) depending on
how we define N.
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A corollary or two

Clearly, we may make other statements on the signs of A¢(p) depending on

how we define N.

Example

Let N, = []7_ pi. For k tending to infinity over even integers,

1 — Pj
lim E ng = E —,
a,k—o0 ‘H ( a)‘ ) 2

FEH; (Na)
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Sketch proof

Both proofs use that the number of forms with large ps or nf are
negligible in the limit as k and N tend to infinity.
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Sketch proof

Both proofs use that the number of forms with large ps or nf are
negligible in the limit as k and N tend to infinity.
We have equidistribution over either primes or the weight and level.

Yope= > p- #{fipr=p} + D> pr
fEH; (N) p<A(k,N) — fEH; (N)
pf>A(k7N)

Z nfF = Z n- #{f :nr = n} + Z nf

ret =B (o) Mo moB)IHE ML PN

Provided A(k, N) and B(k, N) tend to infinity slow enough as k and N do.

(1+0(1)) sriatemy [Hi (M)
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Sketch proof

This leaves us to show the number of forms with pr > A(k, N) or
ng > B(k, N) is o(|HZ(N)]).
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Sketch proof

This leaves us to show the number of forms with pr > A(k, N) or
ng > B(k, N) is o(|HZ(N)]).
Proposition

Let N be prime or log kN rough, kK > 2 even, and v > 1 an integer. Let
(ep) be a sequence of signs, and let 5 be a real number. Then there exists
a positive constants Co(v), C(v) = Co, C depending on v such that,

C—-
log 3
Provided k and N are suitably large, and that Gy <, 5 <, log(kN).

{ephr(p") > 0 for pI N, B < p < 28}] <, kN exp ( 2 )
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Sketch proof

This leaves us to show the number of forms with pr > A(k, N) or
ng > B(k, N) is o(|HZ(N)]).
Proposition

Let N be prime or log kN rough, kK > 2 even, and v > 1 an integer. Let
(ep) be a sequence of signs, and let 5 be a real number. Then there exists
a positive constants Co(v), C(v) = Co, C depending on v such that,

{epAr(p”) >0 for pt N, B < p < 20}| <, kN exp (Cloiﬁ>

Provided k and N are suitably large, and that Gy <, 5 <, log(kN).

{f € Hg(N) : pr > B}| < kN exp(—C18/ log 5)
{f € Hi(N) : nf > BY| < kN exp(—C3/ log 3)
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Sketch proof

We may apply the corollary repeatedly with 5 = A(k, N) up to
B < log(kN)

> < B-kNexp e D) = o)
log 8

fFEH(N)

B<(pr or nF)<23
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Sketch proof

We may apply the corollary repeatedly with 5 = A(k, N) up to
B < log(kN)

> < B-kNexp e D) = o)
log 8

feH; (N)

B<(pr or nF)<23

Where at log kN we use the upper bound ns < (kN)3/® or the GRH
bound pr < (log kN)?, then for large enough k, N,

log kN
S pr < (logkN)? - kN exp ( —C o) = o(kN)
log log kN
FEH;(N)
pr>log(kN)
D> np < (kN)*® - kNexp —c BRI _ k)
log log kN
fEH;(N)
n¢>log(kN)
Jackie Voros (University of Bristol)
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Statistical data - pr

Number of forms: 145390

Largest pf: 47
70000 +

Average: 3.539308067955155
60000 -

50000

40000

Frequency

30000

20000

10000 -

-
012 3 456 78 910111213141516 1718 192021 222324 252627282930 31 32 33 34 35 36 37
pf
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Statistical data - nf

60000 Number of forms: 104423
Largest nf: 17
Average: 2.8413855185160357
50000
40000 A
Pl
(%)
c
g
g 30000 A
i<
20000 A
10000 -
0 - * _I T T T T T T T T
0 6 7 8 9 10 11 1z 13 14 15 16 17

n f
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Statistical data

[e.9]

>~ 5% ~3.674643066011328...
i=1
S pp H i, (! ~ 2.9423403000531483...

i>1 n>1 j=1
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Thank you for listening!
Any questions?
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