
IEEE INFOCOM2001 1

Congestionpricinganduseradaptation
AyalvadiGanesh,KoenraadLaevens

Microsoft Research
1 GuildhallStreet,CambridgeCB2 3NH, UK

RichardSteinberg
JudgeInstituteof ManagementStudies

Universityof Cambridge,CambridgeCB2 1AG, UK

Abstract—The problem of sharing bandwidth in a communication net-
work has been the focus of much recent research aimed at guaranteeing
an appropriate quality of service to users. This is particularly challenging
in an environment with a great diversity of usersand applications, which
makesit difficult, if not impossible,to tightly constrain user attrib utesand
requirements. This motivates shifting the burden of rate allocation fr om
the network to the end-systems.We proposea decentralized schemefor
useradaptation and study its dynamics.The proposedschemeusesconges-
tion prices as a mechanismfor providing both feedbackand incentives to
end-systems.

Keywords—Pricing, quality of service,congestioncontrol, Internet

I . INTRODUCTION

Quality of service(QoS)provisioning in the Internethasat-
tractedconsiderableinterestin recentyears. Oneof the earli-
estattemptsto addressthis problemwasIntserv[2], which pro-
posedthereservationof bandwidthandbuffersalongthe route
for eachconnectionwhich requireda QoSguarantee.The ap-
proachof flow basedreservationsandserviceprovisioninghas
spawneda considerablebodyof researchboth in theATM and
the Internetcommunities(see,e.g.,[5], [14]). However, there
are doubtsaboutthe scalability of Intserv becauseit requires
network routersto maintainper-flow state,at leastfor connec-
tionsrequiringa QoSguarantee.

This haspromptedinterestin an alternative proposalcalled
Diffserv [1], which is basedon distinguishinga small number
of serviceclassesandusingmechanismssuchaspriority queue-
ing at the coreroutersto provide a differentiatedservice. The
corenetwork thusneedsto allocateresourcesonly onaperclass
ratherthana per flow basis. It is possibleto guaranteeQoSif
eachconnectionconformsto pre-agreedtraffic specifications.
For example,ParekhandGallager[11] have shown that, if the
input traffic is shapedby leaky buckets, then the network can
guaranteedelayboundsby usingweightedfair queueingat the
switches.Thetaskof ensuringconformancecanbemovedfrom
thecorenetwork to theedges,which typically operateat lower
speedsandaggregatefewerconnections,thusmakingit feasible
for themto policetraffic on a per-flow basis.A numberof open
questionsremain,suchashow many traffic classesto have,how
to definethemandhow to setappropriatechargesfor eachclass.

The approachstudiedin this paperis differentanddoesnot
requirethe explicit definition of serviceclasses.It is basedon
a simpleandinnovative ideaexplicatedin Kelly, Maulloo and
Tan[7] andGibbensandKelly [4], whichis to markeachpacket
enteringaswitchduringa ‘congestionepoch’.Marksreflectthe
fact that thesepacketsimposeda costin termsof delayor loss
on someotherpacket. Endusersareinformedof whethertheir

packet wasmarkedwhenacknowledgementsflow backto them
andarethenfreeto decidehow to adapttheir transmissionrates.
Oneway to implementmarkingwould be to usethe ECN bit
to carry themark. In practice,it maybenecessaryto associate
monetarychargeswith marksin orderto createtheincentivefor
usersto respondto marks. A variantof this schemehasbeen
studiedby Low andLapsley [8].

In this paper, we considera modificationof the above pro-
posalwhereintheswitchassignseachpacketapriceratherthan
a mark. Theprice is a realnumberasopposedto a markwhich
is onebit. This assumptionis to simplify the analysis;we be-
lieve a small numberof bits of price feedbackwill suffice but
this needsto bevalidatedby simulation.In a network, theprice
for a route is setas the sumof the pricesat eachof its links.
In otherwords,whena packet traversesseveralswitcheson its
route,eachswitchaddsits priceto thepricecurrentlycarriedby
thepacket. Thepricereflectsthedegreeof congestionencoun-
teredby the packet andendusersare informed of how much
they werechargedwhentheir packetsareacknowledged.They
are free to usethis information to adapttheir sendingratesin
any mannerthey seefit. The fact that prices reflect the ‘so-
cial cost’ imposedby apacketonotherpacketsensuresthatthis
mechanismprovidesuserswith the right incentivesto adaptto
congestion.

The price mechanismstudiedin this paperdiffers in an im-
portantrespectfrom a numberof earlierproposals,which were
basedon pricing individual flows (see,e.g.,[6], [12]). It does
not requirethecorenetwork to maintainperflow state.Thetask
of associatingpriceswith end usersis pushedto the network
edgeswhereit is easierto dealwith. We proposea mechanism
for usersto respondto priceinformationwhich is motivatedby
theassumptionthatthey aretrying to maximisetheir individual
utilities. A relatedmodel hasbeenstudiedby Massoulíe and
Key [10] in the limit wherethe numberof usersincreasesto
infinity. In thisasymptoticregime,thepriceturnsout to becon-
stantandsothemodeldoesnotcapturedynamics.In thispaper,
we dealwith a finite userpopulationandstudythedynamicsof
thenetwork correspondingto our modelof userbehaviour.

It is worth emphasizingthatour pricing modeldoesnot pre-
clude Diffserv, for example. On the contrary, it can provide
guidanceonhow to pricedifferentserviceclasses.Wehavepro-
poseda mechanismfor the corenetwork to assigneachpacket
the marginal cost it imposeson otherusers. It is not essential
that this charge be passedon in its entirety to end users. A
plausibleservicemodelis oneof intermediariesabsorbingthese
chargeswhile chargingenduserson thebasisof aspecifiedser-



viceclassasin Diffserv. Theperpacketchargesconsideredhere
might then

�
provideabasisfor settingpricesfor differentservice

classes.
An important sensein which pricing schemesdiffer from

mandateduseradaptationis that usersare free to choosehow
to respondandthe pricemechanismshouldbedesignedto en-
courageappropriateuserbehaviour. In [7], [4], theauthorsana-
lyzeamandatedschemefor usersto respondto pricesandshow
thesystemconvergesto thesocialoptimum. They suggestthat
this shouldbe true even whenuserresponsesaren’t mandated.
In this paper, we establishconvergenceto the socialoptimum
whenuserresponsesaremodelledasbeingmotivatedby self-
interestratherthanby mandate.Our usermodel is admittedly
very simpleandit remainsanopenproblemto establishsimilar
resultsfor morecomplex userbehaviours.

The restof the paperis organizedas follows. In Section2
wemodelusersasattemptingto maximizeautility functionthat
encapsulatestheir valuationof bandwidth.While it is arguable
thatuserscanbeexpectedto know theirvalueof bandwidth,it is
our contentionthatmostmodelsof userchoiceimplicitly max-
imize someutility function andthereis no lossin makingthis
explicit. Thequestionof how to characterizeuserutilities is not
treatedherebut theresultsarederivedin thecontext of a fairly
generalclassof utility functions. The interactionbetweenutil-
ity maximizinguserscanbemodeledasa game,andmotivates
the adaptive expectationsframework that we study in Section
3. This is a decentralizedframework for adaptationby indi-
vidualusers.Theusersreceivepricefeedbackfrom thenetwork
whichthey useto predictfuturepricesandto modify their trans-
missionratesaccordingly. In Section3, we describeconditions
underwhich sucha decentralizedschemecausesthe systemto
convergeto a sociallyoptimalallocationof bandwidth;we also
determinethespeedof convergence.In Section4 wepresentre-
sultsof simulationsin whichthemodelassumptionsarerelaxed,
andconcludein Section5.

I I . INDIVIDUAL OPTIMIZATION

We considera discretetime modelof a singlelink sharedby�
users.In eachtimeslot � , user� transmitsaquantity �����	��
 of

datapacketsonto thelink. Theunit priceof bandwidthin atime
slot is determinedasafunctionof theaggregatedataarriving on
thelink in thatslot; thus� �
��
������
���
��
�
�� where ���
��
�� �� ����� � � �
��
��
and � is agivennon-decreasingfunction.User � derivesautility� � �
� � �
��
�
 in time slot � , which is a non-decreasingfunction
of the bandwidthit usesin that slot (the numberof packets it
transmitsin that time slot). The users’total utility is assumed
to bethesumof their utilities in eachtime slot. User � seeksto
maximize � ��� x 
�� � ���
��� 
�!"���#���
�$
��
wherex �%�	�$�&�('(')'*��� � 
 is the vectorof bandwidthdemands,�+�,�$�.-/')'(')-0� � denotestheaggregatedemandand ���
�$
 the
correspondingunit price for bandwidth.We thushave a model

of agameamongtheusers,where

� ��� x 
 denotesthesingle-stage
payoff to user� asa functionof theactionsof all theusers.It is
usualin gametheoryto assumecommonknowledgeof theutil-
ity functionsof all theplayers,but suchanassumptionappears
unrealisticin ourcontext whereuserstypicallydonotevenknow
thenumberof otherplayerscompetingwith themfor resources.
Note that all that a playerneedsto know in order to choosea
quantityto sendis theprice in that time slot. A detailedmodel
of how thatpriceis arrivedat throughtheactionsof otherplay-
ersis not required.

The only informationavailable to a userwhenchoosingits
transmissionratein time slot � is thehistoryof prices� �	�1!324
 ,� �	�1!657
��('(')' , where� �	��
8�9���
���
��
�
 , andthehistoryof its own
actions.This suggeststhefollowing naturalframework for user
adaptation.Eachuser � forms its own estimate, :� � �
��
 , of the
pricein the � th time slot, � �
��
 , basedon theinformationavail-
ableto it. It thenoptimizesits transmissionrate, � � �	��
 , based
on this estimate.In otherwords,user � chooses�����	��
 to max-
imize � ���
�����	��
�
;!<�����	��
=:� ���	��
 . We proposea simplemodelof
how usersform expectationsof thepriceandusethis to analyse
thesystem.

Ideally, users’beliefsaboutthe price, � �
��
 , shouldbe mod-
eled as probability distributions. In the particular optimiza-
tion problemconsideredabove, the probabilitydistribution en-
tersonly throughits expectation(certaintyequivalenceis valid).
This would not be true for risk averseusers.Secondly, theop-
timizationproblemconsideredabove ignoresthe impactof the
user’s own contribution �����	��
 to their price estimate :� ���	��
 . If
thefunction � is known, or canbeestimatedby users,thenit is
possiblefor themto incorporatetheeffect of their own actions.
It is possiblebut cumbersometo carrythroughtheanalysiswith
this modification.Moreover, its practicalrelevanceis question-
able.We areinterestedin networkswith largecapacity, serving
alargenumberof userssimultaneously. Theimpactof thetraffic
offeredby a singleuseron theunit priceof bandwidthis likely
to besmall,andthereforeit wouldnotbeunrealisticfor usersto
ignorethis effect.

I I I . SYSTEM STABIL ITY

A. User adaptation

The following assumptionswill be madein the rest of the
paper.

1. Theutility functionsareof theform� � �	��
8�9> � �@?A!B2C � C0D 27�E> �.FHG ���I�J2K�('(')'*� � ' (1)

If
C � G , we interprettheformulato mean� � �
��
L�/> �&M�N7O � .

2. Thepricefunctionis iso-elastic:���
�$
8�QP �RTS4U � (2)

where
R

is a scale parameterwhich is associatedwith the
physicalcapacityof thelink, and VXW"2 definesthesteepnessof
thepenaltyfor demandin excessof capacity.
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3. Playersuseanexponentiallyweightedmoving averageesti-
matorof the price. Specifically, user � ’s price estimatein time
slot � is givenby:� ���	��
Y�Z:� ���	�[!]\^�#
_-a`���b � �
�^!]\+�#
I!c:� ���	�^!"\^�d
 ef�g&h�U �_i ��21!]`��j
 U `�� � �
�+!kVl\+�j
_-9��2X!k`��#
 g&hdm � :� ����!8no
�� (3)

where \ � denotesthe feedbackdelayfor user � , � � �qp
��rs\ �ut
and nk�Q\+��-9\^�
�_�.!H� is in vK27�)'(')'*��\^� w . Player � chooses�x���
��
 to maximise � ���	��
y!z�{:� ���
��
 , i.e., �����	��
 is the unique
solutionof ��|� �
�x�}�	��
�
8�~:� ���
��
�' (4)

Theassumedpriceestimationscheme(3) mayappearoddin
that price estimatesin one time slot do not directly influence
thosein anothertime slot unlessthey sharethe samemodulus
relative to \ � . (If usershave different feedbackdelays,there
will of coursebe an indirect influencethroughthe impact that
eachuser’s actionshave on thepriceandthuson thechoicesof
otherusers.)This motivatesus to considerthe following alter-
native: :� ���
��
�� ��21!0`��d
=:� ���	�^!H2s
_-<`�� � �
�+!"\^�d
� g=��� h � ��U �*i ��21!k`��j
 U `�� � �
�+!]\+�*!0V�
-���21!k`��#
 g=����h :� ��� G 
�� (5)

for �"WH\ � ; if � D \ � , we take :� � �	��
���:� � � G 
 .
The applicationof logarithmic utility functions to commu-

nicationnetworks hasbeenconsideredby Kelly et al. [7], for
example;they interpretthe parameter>1� asa measureof user� ’s willingnessto pay for bandwidth. Utility functionsof the
form (1) have beenconsideredby Massoulíe andRoberts[9],
who provide anengineeringinterpretationof thewelfaremaxi-
mizationproblemfor certainvaluesof

C
. Thegoalof theprice

mechanism(2) is to keeplink utilization closeto
R

, but at the
sametimeto preventdemandexceedinglink capacity. Theform
we consider, which we call the CPE price mechanism, corre-
spondsto constantpriceelasticity, which hasempiricalsupport
in thecontext of consumerdemand[13].

B. Global stability

In anearlierpaper[3], weshowedundermilderconditionson
the utility andprice functionsthat thereis a price �7� which is
self-consistentin thesensethat,if all usershad �7� astheir price
estimateandchosetheir transmissionratesaccordingly, thenthe
priceof bandwidthwould indeedbe �7� . If theutility andprice
functionshave the specificform assumedabove, thereis only
one suchprice, �7� . We also showed that, underthe assumed
modelof useradaptation,thepriceestimatesof individualusers
converge to �7� provided each ` � is sufficiently small and the
usersreceive instantaneouspricefeedback( \���2 ). Moreover,
the userscanchoosè�� suitably if they know V , the steepness
parameterin the price function. In this paper, we extend this
investigationin two directions. We allow delaysin the price

informationfed backto users;in practice,a delayof aboutone
round-triptime is to be expected.Second,we usesimulations
to studytheeffectof usersstartingout with a valueof ` � which
is too largeto ensurestability anddecreasingit gradually. This
mechanismis proposedasananalogueto slow startin TCPfor
usersto quickly reachaneighbourhoodof theirsteadystaterate
allocation.

We shallassumefor easeof analysisthatall playershave the
samefeedbackdelay ( \^����\ for all � ), start with the same
initial priceestimates,:� ����!1��
 , 2��a�]�H\ , andadaptatacom-
mon rate( ` � ��` for all � ), so that they sharethe sameprice
estimatein every time slot. Our aim is to show that,as � tends
to infinity, � �	��
 and :� ���
��
 , for each � , converge to the unique
self-consistentprice, �7� . Theassumptionof commonpriceesti-
matesis verystrong,but is neededto maketheproblemanalyti-
cally tractable.Our intuition is thatcommonexpectationsexac-
erbateoscillationsandmakeconvergencemoredifficult; thus,if
convergenceholdsin this setting,it shouldbeexpectedto hold
whenexpectationsareheterogeneous.Wevalidatethis intuition
throughsimulations.

Supposefirst that usersemploy the mechanismin (3). Let� g denotethe commonvalueof the price expectations, :� ���
��
 ,
of all the usersin time slot � . We have from (4) and(1) that
user � ’s transmissionrate in time slot � is given by � � �	��
{��
>1� r�� g 
 �����u� � ?K� , andsotheaggregatedemandis���	��
8���8� ?� gT����j�&� � where � ?+� ��� � � > ���(��� � ?K�� � � � ? '
By (2), theactualpricein time slot � is seento be� �	��
�� P � ?� g R ? S9��j�&� � where

R ?^� � R � � ? '
Theusers’estimateof thepriceat time �[-<\ is now givenby
(3) to be � g&m�� �E��2@!�`I
�� g - ` P � ?� g R ? S9��j�&� ' (6)

For theprice �7� to beself-consistent,it mustbea fixedpoint of
therecursion,(6), i.e., �7� solves� � ���z� ?� � R ? � ��j�&� ' (7)

This canalsobe shown using(1), (2) and(4). Thesolutionof
(7) is uniquesincetheright handsideis adecreasingfunctionof�7� . Let ¡ g ���	� g !]�7�)
�r&�7� denotetherelativeerrorin theprice
estimateat time � . Using(6) and(7), we obtaintherecursion¡ g&m�� �9¢I�d¡ g 
�� (8)

where¢I�
�$
k�E��2@!�`I
���28-0�$
�- `��2l-£��
�¤ !B27�.¥ � � V21! C ' (9)

Observethat ¢I�	��
I!]� is convex, ¢I� G 
�� G ,¢I�
�$
I!"�z¦§-�¨ as �z¦©!�2¢I�
�$
I!"�z¦©!ª¨ as �z¦ ¨
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Therefore ¢ hasa uniquefixed point at zero. It is also clear
from (9) that ¢I�
�$
 F !�2 for all � F !�2 . Thus, ¢ mapsthe
interval ��!�2K�}¨H
 into itself and so its iterates ¢ g

are well
definedon this interval. We want to find a condition on `
such that, starting from any initial condition ¡�i , the iterates,¡ g7m � �z¢I�d¡ g 
 , convergeto thefixedpoint,zero.

Lemma 1: If `«� �¤ m � , then ¢ g �	��
¬¦ G geometricallyfast
for any initial condition � .

Lemma 2: Let ` ­ � �¤ m � �)2�e be such that there exists® ­¯b G �(24
 satisfying ¢I�d¢I�
�$
�
H� ®x° � for all ��W G . Then¢ g �
�$
±¦ G geometrically fast, for any initial condition�0­/��!�27��¨a
 . Conversely, if ¢I�d¢I�	��
�
yW«� for any � F«G , then
thereis aninitial condition �/²� G for which ¢ g �	��
 doesnot go
to zeroas � goesto infinity.

Theproofsof theselemmascanbefoundin [3]. If ¢ g �
�$
L¦ G
geometricallyatrate

®
, then,by (8), therelativeerrorof theprice

estimate,¡ g , goesto zero geometricallyat rate
® ��� � . Thus,

feedbackdelaysslow convergenceto equilibrium substantially
if usersadaptusing(3).

C. Local stability

Is it possibleto speedup convergenceto equilibrium? This
questionmotivatesusto consider(5) asanalternative modelof
adaptation.We areunableto analyticallyestablishconditions
for globalstability in this setting.Instead,we deriveconditions
for local stability andstudyglobal convergencevia simulation
in Section4B. Proceedingasbefore,we let � g denotethevalue
of the price estimatein time slot � , which is the samefor all
usersunderourassumptions.Theaggregatetransmissionrateis
obtainedfrom (1) and(4) to be���
��
L�³� � ? r&� g 
 � � ? '
Thus,by (2), theactualpricein timeslot � is� �
��
�� ��� ?� g R ? � ¤ �´¥�� V21! C '
Substitutingthis in (5) yieldstherecursion,� g �c��21!k`I
�� gl� ��-a`a� � ?� g=�$� R ? � ¤ ' (10)

Define ¡ g �µ�	� g r��7�)
1!¶2 to be the relative error in the price
estimateat time � . We obtainfrom (7) and(10) that¡ g �³��21!]`I
�¡ g=� � -<`�·j��2;-a¡ gl��� 
 ¤ !B2�¸l' (11)

Clearly, ¡ g hasafixedpointatzero.Linearisingtherecursionin
a neighbourhoodof this fixedpoint (i.e., for � g in a neighbour-
hoodof �7� ), we get¡ g3¹ ��2º!]`I
�¡ g=� �;!k`�¥Y¡ gl��� ' (12)

The last recursionis stableif the correspondingcharacteristic
polynomial, » � !/��21!k`�
 » �ª� � -a`�¥{� (13)

hasall its roots strictly within the unit circle in the complex
plane. If this condition holds, then the original nonlinear
recursions(10), (11) are stablein a neighbourhoodof �7� and
0 respectively. In other words, if the price estimatesentera
sufficiently smallneighbourhoodof �7� , thenthey areguaranteed
to converge to �7� . Convergenceoccursat a geometricrate
which is givenby the largestmodulusof therootsof theabove
polynomial.

Lemma 3: Let \¼W�5 . If G D ` D 2�rl���	\�!924
�¥"
 thenall
thezerosof thepolynomial(13) lie strictly within theunit circle
in thecomplex plane.

Proof: Define ½3� » ��`�
�� » � !z��2¬!B`�
 » �ª� � -/`�¥ . If`³� G , thenthe equation½3� » ��`I
�� G has \«!T2 solutionsat
» � G andoneat

» �J2 . Moreover, thesolutionsarecontinuous
functionsof ` . We first show that for smallenough̀ F¶G , all
rootslie strictly within theunit circle. By continuity this is not
aproblemfor therootsthatstartoff at

» � G . Usingtheimplicit
functiontheorem,we get¾ »¾ `À¿¿¿¿ �ÂÁ)Ã Ä � �I����Ã i � �¶! ¾ ½ºr ¾ `¾ ½ºr ¾ » ¿¿¿¿ �ÂÁ)Ã Ä � �I����Ã i � �¶!��d¥Q-,2s
��
which is negative. Thusas ` increasesfrom zero, the root at
» �³2 movesinsidetheunit circle.

Let ` i bethesmallestvalueof ` F3G suchthatoneof theroots
of (13) lieson theunit circle. By continuity, for `<­k� G ��`�i4
 , all
rootsof (13) lie strictly within theunit circle. Let Å ��Æ bea root
of (13)correspondingto `]�9`�i . We have from (13) thatÇ NKÈ �	\[Éo
I!B��2X!k`�is
 Ç NoÈ ���	\Q!B24
�ÉK
�-a`�i4¥ � G (14)È�Ê�Ë �
\+ÉK
I!/��21!k` i 
 È�Ê�Ë ���	\ !H2s
 ÉK
Ì� G (15)

Using(15), we caneliminate ��2º!<`�i4
 from (14). Furthersim-
plifcationusingtheidentity Ç NoÈ�Í;È�Ê�ËºÎ ! È�ÊÂËXÍ Ç NoÈ�Î � È�ÊÂË � Î ! Í 

yields 2`�i)¥ � È�ÊÂË ���
\Q!B24
�ÉK
È�ÊÂË É '
It caneasily be verified that the maximumvalueof the right-
handside is \J!"2 . Thus the above equationhasno solution
unless̀ i ¥qW«2sr��
\Ï!<24
 . It followsthat ` i W«2srl�d¥a�	\�!02s
�
 .
Recall that for G D ` D `�i , the polynomial in (13) hasall its
roots within the unit circle. This establishesthe claim of the
lemma.

IV. SIMULATION RESULTS

In this section,we presentsimulationresultsto validatethe
theoreticalanalysisof theprevioussections.We considera link
of capacity

R �J2 sharedby tenusers,evolving in discretetime
asdescribedin theprevioussection.TheparameterV determin-
ing the steepnessof the price curve is taken to be Ð . Note that
all usersof the sametype, i.e., with the samefunctional form
for utility (same

C
in (1)) andthesamefeedbackdelays,adap-

tation parameterand initial price estimate,canbe aggregated.
Thus, our simulationresultscorrespondto a systemwith ten
distinct usertypes,with the actualnumberof usersbeingarbi-
trarily large.
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At the beginning of eachtime slot, eachuser � choosesthe
quantityof data,� � , it is goingto transmitonthelink in thattime
slot. Thepricein thetimeslot is determinedasafunctionof the
aggregatetransmissionrate, �k��Ñ � �x� , in that time slot. User� is informedof the price \^� time slots later andemploys this
information to determineits price estimateand, consequently,
its transmissionrate \ � -,2 time slotslater.

If wethink of theparameter
R

notasthephysicalcapacityof
thelink but asthecapacitytimessometargetedutilization rate,
thenthenetwork operatorcanadjustthisparameterto achievea
desiredperformancetargetdescribedin termsof packet lossor
queueingdelays,for example.

A. Basic simulation

The usershave logarithmic utility functions, i.e.,
C �<� G

for ��� G �)'(')'*��Ò , with willingnessto pay parameters>1� rang-
ing from G '�2 G to G '�2)Ò in stepsof G ' G 2 . All userssharethe
samefeedbackdelay \ � � 2 G , thesameinitial priceestimates:� ����!XÒo
���')'('.�¼:� ��� G 
6�%2 G , andupdatetheir price usingthe
sameparameter̀���� G 'Â2 .

Theresultingtransmissionratesareshown in Figure1, while
Figure2 depictsthe actualprice aswell as the price estimate,
which is commonto all users.Observethatthepricesandtrans-
missionrateschangeonly onceeverytentimeslotsandsoadap-
tationis slow.
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0.10

0.15

  0  50 100 150 200 250 300 350 400

transmission rate

time

user 9

user 0

Fig. 1. SimulationA: Transmissionrates

Theinitial priceestimateof 2 G is pessimisticcomparedto the
equilibriumprice,whichis 2K' ÓKÒ . In practice,wecanexpecteven
moderatelyrisk-averseusersto startwith apessimisticinitial es-
timateasoptimistic initial estimatesleadto overcommittingin
thefirst step,resultingin a very high price. Sincewe have geo-
metricconvergence,evenif we wereto startwith anextremely
pessimisticguess,say :� � � G 
+�Ô2 G7G , the transientwould only
double.

B. A different model of adaptation

The usershave the sameutility functionsas above and the
feedbackdelayis again10 time slots for eachuser. However,
the usersnow employ the estimationmechanismin (5). This
resultsin the value `«� G '�2 no longerbeingstable.To ensure

0.0

1.0

2.0

3.0

4.0

  0  50 100 150 200 250 300 350 400

price

time

true
estimated

Fig. 2. SimulationA: Priceevolution

stability, wetake `���� G ' G 5 for all users.Thesimulationresults,
shown in Figures3 and4, demonstratethatusing(5) insteadof
(3) enablessomewhatfasterconvergenceto equilibrium.
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Fig. 3. SimulationB: Transmissionrates

C. Heterogeneous price estimates and utility functions

Theusersnow have differentinitial priceestimates,different
utility functionsanddifferentratesof adaptation.Thepurpose
of thissimulationis to show thatthestabilityof thesystemis not
compromisedby thisheterogeneity. Wetake :� ��� G 
��J2 G rl��2�-À��

for �;� G �(')'('*��Ò and

C � rangingfrom G to G ' Õ=Ö in stepsof G ' G Ö
for users G through Ò respectively. Oncemore, the feedback
delays \ � are 10 slots. The model of adaptationis given by
(5). Sincethe region of stability for `�� dependson

C � , we take`���� G ' G 5@��2¬! C �d
 , ��� G �(')'('*��Ò , which is adequateto guar-
anteestability. Thesimulationresults,in Figures5 and6, show
that heterogeneitydoesnot compromisestableconvergenceto
equilibrium.

D. Heterogeneous delays

As illustratedin Figures7 and8, heterogeneityin feedback
delay doesnot compromisestability either. The figures are
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Fig. 4. SimulationB: Priceevolution

0.00

0.05

0.10

0.15

0.20

  0  50 100 150 200 250 300 350 400

transmission rate

time

user  9

user  0

Fig. 5. SimulationC: Transmissionrates

basedon 10 usersall of whoseutility functionsarelogarithmic,
with >1�£� G '�2 andwho employ the adaptationmechanismin
(5). Their initial price estimate :� ��� G 
 is 2 G . The feedbackde-
laysare \ � �Q2�')'('�2 G . Theadaptationrates̀ � aretakento beG '×5Kr�\ � . Notethat,unlike with TCP, theequilibriumbandwidth
sharesarenot influencedby thefeedbackdelays.

E. Time-varying adaptation rate

The last set of simulationresultswe presentillustratesthe
benefitsof usinga slow-start-like mechanism.The usersstart
off with adaptationrates̀���� G ' G Ö whicharetoolargeto ensure
stability. They geometricallydecreasetheir adaptationratesto` � � G ' G 2 , which ensuresstability. Therateof decreaseis cho-
senso that it takesabout35 time slots to halve the difference
betweenthe initial andfinal valuesof `�� . Theotherparameter
valuesarechosenasin simulationB, whichwill bethecompara-
tor for demonstratingthe effect of the slow-start mechanism.
ComparingFigures9 and10 with Figures3 and4 shows that
theproposedmechanismdoesenableusersto reachequilibrium
morequickly.
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Fig. 6. SimulationC: Priceevolution
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Fig. 7. SimulationD: Transmissionrates

V. CONCLUSIONS

Thispaperwasmotivatedby theproblemof providing differ-
entiatedqualityof service(QoS)to endusersin theInternet.We
consideredthe useof congestionpricesasa meansfor achiev-
ing a fair andefficient sharingof bandwidth. Usersattemptto
maximizetheir individualutility in anenvironmentwhereprices
aredeterminedby thecollective actionsof all theusers.By re-
flecting thesocialcostsof congestion,suchpricesenableusers
to selecta gradeof servicethatbalancestheir individual bene-
fit againstthe coststhey imposeon otherusers.Usersattempt
to predictpricesbasedon their knowledgeof thehistoryof the
priceprocess,andchoosetheir actionsto maximisetheir utility
conditionalon their predictions.

We proposeda mechanismfor rateadaptationby usersin re-
sponseto price information. The mechanismincorporatesde-
lays in the feedbackof price information from the network to
the users.We showed for this modelof adaptationthat, under
reasonableassumptions,thesystemconvergesto anoptimalal-
locationof bandwidth:theusers’pricepredictionsconvergeto
the actualprice and their bandwidthsharesconverge to levels
which equalizetheir marginal utility of bandwidthto the price
of bandwidth.Finally, we proposeda mechanismakin to slow-
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Fig. 9. SimulationE: Transmissionrates

start in TCP andshowed that it enablesusersto achieve faster
convergenceto equilibrium.
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Fig. 10. SimulationE: Priceevolution
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