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These notes contain the material presented in class on the component structure of Gn,p. The
particular focus is when is Gn,p likely to have just one component, and in the case that Gn,p is
not connected, how big are the largest components likely to be? There are many resources on
these topics, of varying degrees of difficulty (e.g. [1, 2, 4, 7]).

1 Connectedness

The first question we shall address is, for which values of p isGn,p either very likely to be connected,
or very likely to be disconnected. One of the simplest reasons for a graph to be disconnected is
that it contains an isolated vertex. In this section, it is shown that, in fact, isolated vertices are
the main obstruction to connectedness in Gn,p.

For any k ≥ 1, let Xk denote the number of connected components of k vertices in Gn,p. Then,
X1 is the number of isolated vertices in Gn,p and

E(X1) = n(1− p)n−1.

Set µ1 = µ1(n, p) = n(1 − p)n−1. As a rough estimate, µ1 ≈ ne−pn = elogn−pn and so when p
is much larger than logn

n , one might expect very few isolated vertices, on average, and when p is
much smaller than logn

n , one might expect many isolated vertices, on average.
To make this rough estimate precise, let α(n) be a function such that α(n)→∞ and α(n) ≤

log log n. Note that, in much of the literature, ω(n) is used to denote a function growing arbitrarily
slowly and tending to infinity, but α is used here to avoid confusion with a previous use of ω.

First consider

p = p(n) =
log n+ α(n)

n
=

log n
n

(1 + o(1)) .

For these values of p,

µ1 = n(1− p)n−1 ≤ ne−p(n−1) = ne− logn−α(n)ep ≤ e−α(n) = o(1).

On the other hand, for

p = p(n) =
log n− α(n)

n
=

log n
n

(1 + o(1)) ,

then the expected number of isolated vertices is

µ1 = n(1− p)n−1 ≥ n(1− p)n ≥ ne−(p+p2)n = eα(n)e−p
2n →∞.

The final expression tends to infinity since p2n = o(1).
Neither of these estimates for µ1 is sufficient, on its own, to determine whether or not Gn,p(n)

is likely to be connected or disconnected. In the case that p(n) < logn
n , the second moment
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method shall be used to show that with high probability, there is an isolated vertex and hence
Gn,p is disconnected. Conversely, for the case p(n) > logn

n , it is shown below that the expected
number of connected components with fewer than n vertices is small and hence that Gn,p is likely
to be connected. These are each proved separately.

Proposition 1. Let α(n) ≥ 0 be such that α(n)→∞ and α(n) ≤ log log n. Let p(n) = logn−α(n)
n ,

then Gn,p(n) is disconnected with high probability.

Proof. Chebyshev’s inequality is used to show that P(X1 = 0) = 1 − o(1). In order to compute
Var(X1), consider the random variable X1(X1−1), which is precisely the number of ordered pairs
of distinct vertices (v, w) so that both v and w are isolated. Thus,

E(X1(X1 − 1)) = n(n− 1)(1− p)2n−3

≤ n2(1− p)2n−2 1
1− p

=
µ2

1

1− p
≤ µ2

1 + 1. (for n large enough)

One can bound the variance of X1 by

Var(X1) = E(X2
1 )− E(X1)2

= E(X1(X1 − 1)) + E(X1)− E(X1)2

≤ µ2
1 + 1 + µ1 − µ2

1 = µ1 + 1.

By Chebyshev’s inequality, and using µ1 →∞,

P(X1 = 0) ≤ Var(X1)
E(X1)2

=
µ1 + 1
µ2

1

= o(1).

Therefore, with high probability, there are isolated vertices in Gn,p and hence Gn,p is disconnected.

To show that for p slightly larger than logn
n , Gn,p is connected, components of nearly all sizes

are considered. In order to compute the expected number of components of size k, one can use
the fact that every connected component contains a spanning tree and there are exactly kk−2

different labelled trees on k vertices. Since every tree on k vertices has exactly k − 1 edges,

E(Xk) =
∑
|V |=k

P(V connected)(1− p)k(n−k)

≤
∑
|V |=k

kk−2pk−1(1− p)k(n−k)

=
(
n

k

)
kk−2pk−1(1− p)k(n−k)

≤
(ne
k

)k
kk−2pk−1(1− p)k(n−k)

≤ nkekpk−1e−pk(n−k).

Proposition 2. Let α(n) ≥ 0 be such that α(n)→∞ and α(n) ≤ log log n. Let p(n) = logn+α(n)
n ,

then Gn,p(n) is connected with high probability.
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Proof. Note that, if a graph G is disconnected, then there is at least one connected component
on at most n/2 vertices. Therefore, to show that with high probability, Gn,p is to connected, it

suffices to show that E
(∑n/2

k=1Xk

)
= o(1). This sum is broken into a few parts that are estimated

separately. Throughout the proof, it is assumed that n is large enough so that p ≤ (2 log n)/n.
Note that, as was shown previously, E(X1) = µ1 = o(1).
Consider now the case k ≤ log log n. Using p > (log n)/n

E(Xk) ≤ nkekpk−1e−pk(n−k)

≤ nkek
(

2 log n
n

)k−1

e−k logn+pk2

≤ nkek
(

2 log n
n

)k−1

n−ke (since pk2 = o(1))

= e2
(

2e log n
n

)k−1

.

Thus, summing over k ≤ log log n,

log logn∑
k=2

E(Xk) ≤
log logn∑
k=2

e2
(

2e log n
n

)k−1

≤ e2
2e logn
n

1− 2e logn
n

= o(1).

For k > log log n, we use the fact that n− k ≥ n/2 so that

E(Xk) ≤ nkekpk−1e−pk(n−k)

≤ nkek
(

2 log n
n

)k−1

e−pkn/2

≤ nek(2 log n)k−1e−k/2 logn

= en1/2

(
2e log n
n1/2

)k−1

,

from which, one can show that

n/2∑
k=log logn+1

E(Xk) ≤ n

2
n1/2

(
2e log n
n1/2

)log logn

= o(1).

Thus,
∑n/2
k=1 E(Xk) = o(1) and so with high probability, there are no components of Gn,p with

fewer than n/2 vertices. Thus, with high probability Gn,p is connected.

Exercise 1. Recall that a spanning tree of a graph G on n vertices is a subgraph of G that is a
tree (connected and acyclic) that contains all vertices.

1. For any n, p, compute the expected number of spanning trees in Gn,p. (Hint: use Cayley’s
formula for the number of trees).

2. Find a function p(n) so that with high probability Gn,p(n) contains an isolated vertex and
the expected number of spanning trees tends to infinity.

2 Review of branching processes

Branching processes are a random model of infinite trees that can be used to describe a breadth-
first search in a graph random. A few basic facts about branching processes are given here.
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Definition 3. Let ξ be a probability distribution on the non-negative integers. A probability
distribution on the set of rooted ordered trees (finite and infinite) called a branching process is
defined using ξ as follows: Start with a single vertex, called the root. Every vertex has a random
number of ‘children’ each with distribution ξ, independently of all others. Vertices are joined to
each of their child vertices by an an edge and the random rooted tree is denoted by Tξ.

For each n ≥ 0, let Zn denote the number of vertices in Tξ at distance n from the root. Then
Z0 = 1 and for every n ≥ 0, let ξ1, ξ2, . . . , ξZn be independent copies of ξ, then

Zn+1 ∼ ξ1 + ξ2 + · · ·+ ξZn .

Exercise 2. Show that the sequence (Zn)∞n=0 is a Markov Chain on N = {0, 1, 2, . . .}.

One question of interest is when the tree Tξ is finite or infinite. Note that if ξ ≥ 1, then with
probability 1, the tree Tξ is infinite. On the other hand, if P(ξ = 0) > 0, then P(Tξ is finite) > 0
(Exercise: prove this).

In general if there exists n such that Zn = 0, then the process is said to die out or become
extinct. If, instead, for all n ≥ 0, Zn > 0, the process is said to survive.

Definition 4. Let for every k ≥ 0, set pk = P(ξ = k) and define µ = E(ξ) =
∑∞
k=0 kpk ∈ [0,∞].

Lemma 5. For every n ≥ 0, E(Zn) = µn.

Proof. The proof proceeds by induction. The base case holds since E(Z0) = 1.
Assume for some n ≥ 0 that E(Zn) = µn.

E(Zn+1) = E(E(Zn+1| Zn))

=
∑

P(Zn = k)E(Zn+1| Zn = k)

=
∑

P(Zn = k)E(ξ1 + · · ·+ ξk| Zn = k)

=
∑

P(Zn = k)E(ξ1 + · · ·+ ξk) =
∑

P(Zn = k)kE(ξi)

= E(Zn)µ = µn+1.

Corollary 6. If µ < 1 then P(Tξ survives) = 0.

Proof. For every n ≥ 0,

P(Tξ survives) ≤ P(Zn > 0) = E(1{Zn>0})

≤ E(Zn) (since Zn ∈ Z+)
= µn.

Since n was arbitrary and µn → 0, P(Tξ survives) = 0.

One can show that if µ ≥ 1, the P(Tξ survives) > 0 directly, but the proof can also be obtained
by looking at the analytic properties of the generating function for ξ.

Recall that for a random variable ξ ∈ N where for every k, pk = P(ξ = k), the generating
function for ξ is defined as

f(x) = E(xξ) =
∞∑
k=0

pkx
k.

Note that f(x) is an analytic function for all x ∈ C with |x| < 1.

Example 7. If ξ is given by a Binomial binomial distribution: pk =
(
n
k

)
pk(1 − p)n−k, then

f(x) =
∑(

n
k

)
pk(1− p)n−kxk = (1− p+ px)n.
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Example 8. Let λ > 0 and let ξ ∼ Po(λ). The generating function for ξ is f(x) =
∑
k
e−λλk

k! xk =
e−λ(1−x).

Some basic properties of the generating function of a distribution ξ are summarized in the
following lemma.

Lemma 9. 1. f(x) and all derivatives exist and are non-negative for x ∈ [0, 1).

2. f(x) is continuous, increasing, convex in [0, 1].

3. f(0) = p0, f(1) = 1.

4. Eξ =

{
f ′(1) if left derivative f ′(1) exists
∞ otherwise

5. Var(ξ) =

{
f ′′(1) + f ′(1)(1− f ′(1)) if left second derivative f ′′(1) exists
∞ otherwise

Proof. The function f(x) =
∑
pkx

k is analytic in |x| < 1 and so all derivatives are also analytic
and obtained by differentiating term by term in |x| < 1. Since all coefficients are positive, the
derivatives of f are non-negative for x in [0, 1). This proves part 1. The remaining parts can be
deduced from part 1, taking one-sided limits where necessary.

Using iterations, the function f can also be used to encode the distribution of the n-th level
of a branching process Tξ. For every n, define

fZn(x) def= E(xZn).

Lemma 10. Let f(x) be the generating function for ξ. For every n ≥ 1, fZn(x) = f(f(· · · f(x) · · · )),
where this is the n-fold iterate of f(x).

Proof. The proof is by induction on n. fZ0(x) = E(xZ0) = E(x1) = x.

fZn+1(x) = E(xZn+1) = E(E(xZn+1 |Zn) =
∑

P(Zn = k)E(xξ1+···+ξk)

=
∑

P(Zn = k)E(xξ1)E(xξ2) · · ·E(xξk) =
∑

P(Zn = k)f(x)k = fZn(f(x))

Definition 11. For any distribution ξ, denote the extinction probability by pe = pe(ξ) =
P(Tξ is finite).

Set ρ = ρ(ξ) = 1− pe, called the survival probability.

Theorem 12. Let ξ be a distribution with generating function f(x). The extinction probability
pe ∈ [0, 1] is the smallest solution of the equation f(x) = x.

Proof. Let p be smallest solution to f(x) = x. To see that pe is a solution to f(x) = x, note that

pe = P(Tξ goes extinct) = P(Zn = 0 for some n)

= P(∪n{Zn = 0}) = lim
n→∞

P(Zn = 0) = lim
n→∞

f (n)(0)

Thus, since the function f is continuous,

f(pe) = f( lim
n→∞

f (n)(0)) = lim
n→∞

f(f (n)(0)) = lim
n→∞

f (n+1)(0) = pe

To show that pe = p, note that since 0 ≤ p then f(0) ≤ f(p) = p since f is increasing. So,
f (n)(0) ≤ p. Thus pe = limn→∞ f (n)(0) ≤ p and by minimality of p, pe = p.
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Corollary 13. If Eξ ≤ 1, and ξ is not identically 1, then P(extinction) = 1. If Eξ > 1, then
P(extinction) < 1.

Proof. If Eξ > 1 then f ′(1) > 1 and so there exists h > 0 such that f(1)−f(1−h)
h > 1. That is,

f(1− h) < 1− h. Apply the intermediate value theorem to f(x)− x to obtain x ∈ [0, 1− h] such
that f(x) = x. So, pe ≤ 1− h < 1.

Conversely, if pe < 1, then since f(pe) = pe and f(1) = 1, the convexity of f implies that for
every x ∈ [pe, 1], f(x) ≤ x. Thus for h > 0 (small enough), f(1)−f(1−h)

h ≥ 1 and so µ = f ′(1) ≥ 1.
Two cases: either ∃ x0 ∈ (pe, 1) such that f(x0) < x0 and then for x ∈ [x0, 1],

f(x) ≤ 1−
(

1− f(x0)
1− x0

)
(1− x)

for x ∈ [x0, 1]. Therefore, f(1)−f(1−h)
h ≥ 1−f(x0)

1−x0
> 1 as h→ 0. Thus f ′(1) > 1.

Otherwise f(x) = x for all x ∈ (pe, 1). Then f(x) = x everywhere and then ξ = 1.

3 The giant component

One of the, perhaps, most startling results given by Erdős and Rényi in their 1959 and 1960 papers
on random graphs [5, 6] was that for p = λ/n, there is a sudden phase transition in the size of
the largest connected component of Gn,p, as λ varies. When λ < 1, all components are relatively
small, O(log n), and on the other hand, when λ > 1, there is component on Θ(n) vertices, with
the next largest component having size O(log n). In this section, we shall use branching processes
to explore the component structure of a random graph and deduce a form of Erdős and Rényi’s
result.

One of the useful facts that shall be needed from probability is that

Bin(n, λ/n)
p→ Po(λ),

meaning that as n tends to infinity, binomial random variables with parameters n and λ/n con-
verge, in probability to a Poisson random variable with mean λ. Indeed, for any fixed c > 0,

Bin(n− c, λ/n)
p→ Po(λ).

Thus, for small values of k, a breadth-first search in Gn,λ/n in a component on k vertices ‘looks
like’ a branching process with offspring distribution Po(λ) that has exactly k vertices.

For any vertex v, let Cv denote the connected component of v, in Gn,λ/n. One can explore
the component of Cv vertex by vertex starting with R0 = B0 = {v0}. For k ≥ 0, Rk is the
set of vertices ‘reached’ at time k and Bk is the set of ‘boundary’ vertices at time k (those that
have been reached, but have unexplored neighbourhoods). For each k ≥ 0, pick w ∈ Bk and let
Rk+1 = N(w)∩V \(R0∪· · ·∪Rk): the newly discovered vertices reached when the neighbourhood
of w is explored. Define Bk+1 = Bk \ {w} ∪ Rk+1. This exploration stops when Bk = 0 and at
this time, we will have constructed a spanning tree of the component of v. Note that at each
time, conditioned on the values of |R0|, |R1|, . . . , |Rk|,

|Rk+1| ∼ Bi (n− |R0| − |R1| − · · · |Rk|, p) .

Since the distributions of number of newly reached vertices is not always the same, this explo-
ration is not a branching process. However, it can be closely approximated by an appropriately
chosen branching process.

Use Tλ for a branching process with offspring distribution Po(λ). For every k, set ρk(λ) =
P(|Tλ| = k).
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Lemma 14. Let λ, k be fixed constants. For every vertex v of Gn,λ/n,

P(|Cv| = k)→ ρk(λ).

Proof. Fix a rooted, ordered tree T ∗ with k vertices and then

P(spanning-tree rooted at v ' T ∗)→ P(Tλ = T ∗).

The proof is completed by summing over finitely many trees on k vertices.

For every k, let Nk(G) denoted the number of vertices in a graph G in components of order
k. Recall that Xk(G) was used for the number of components with k vertices so that Nk(G) =
kXk(G).

Use Nk for Nk(Gn,λ/n).

Corollary 15. For every fixed k, λ,

lim
n→∞

1
n

E(Nk) = ρk(λ).

Proof.
E(Nk) = E(#v s.t.|Cv| = k) =

∑
v∈V

P(|Cv| = k) = nP(|Cv| = k).

With a little more careful counting, one can show the following.

Lemma 16. For λ, k fixed,

lim
n→∞

1
n2

E(N2
k ) = ρk(λ)2.

For a random variables (Xn)n≥1 and x∗ ∈ R, the notation Xn
p→ x∗ shall be used to mean

that (Xn)n≥1 converges in probability to x∗. That is, for every ε > 0, there is an Nε so that for
n ≥ Nε,

P(|Xn − x∗| > ε) < ε.

Using Chebyshev’s inequality, Lemmas 15 and 16 show that for every k,

Nk
n

p→ ρk(λ).

Define the following quantities:

N≤k(G) = N1(G) + · · ·+Nk(G),
N>k(G) = # vertices in components with > k vertices,
ρ≤k(λ) = P(|Tλ| ≤ k).

Corollary 17. For k, λ fixed

1. 1
nN≤k

p→ ρ≤k(λ), and

2. 1
nN>k

p→ 1− ρ≤k(λ).

Proof. For the first, note that k is a fixed finite number, so

1
n
N≤k =

1
n

k∑
i=1

Ni
p→
∑
i

ρi(λ) = ρ≤k(λ).

For the other, note that
1
n
N>k = 1− 1

n
N≤k

p→ 1− ρ≤k(λ).

7
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Using some general properties of sequences of random variables, this result extends to the
following.

Theorem 18. Let λ be constant. There is a function α(n)→∞ slowly enough so that

1. 1
nN≤α(n)(Gn,λ/n)

p→ 1− ρ(λ), and

2. 1
nN>α(n)(Gn,λ/n)

p→ ρ(λ).

Proof. Use the fact that
∑
k ρk(λ) = P(Tλ is finite) = 1− ρ(λ).

From this theorem, we know that a ρ(λ) fraction of vertices in Gn,λ/n are in ‘big’ components
(of size at least α(n)) and the rest are all in ‘small’ components (of size at most α(n)). What
remains is to show that there are not many big components - there is only a single ‘giant’ compo-
nent. As notation, let L1(G) denote the number of vertices in the largest component of a graph
G and L2(G) denote the number of vertices in the second largest component.

Theorem 19 (Erdős, Rényi [5, 6]). Let λ be constant, then

1. L1(Gn,λ/n) = ρ(λ)n+ op(n), and

2. L2(Gn,λ/n) = op(n).

Proof. First we shall show that there is a single giant component that covers most of the vertices
in big components.

Assume that λ > 1 so that ρ(λ) > 0 (otherwise there is nothing to prove) and fix ε ∈ (0, ρ(λ)).
Since the function ρ is continuous, let λ′ be such that ρ(λ′) ≥ ρ(λ) − ε/3. Using a technique
sometimes known as ‘sprinkling’, the random graph Gn,λ/n is constructed as a union of two
independent graphs: G1(n, λ′/n) and G2(n, δ), in which case δ ≥ λ−λ′

n .

Exercise 3. Check that Gn,λ/n can be defined as G1(n, λ′/n) ∪G2(n, δ).

As before, 1
nN>α(n)(G1)

p→ ρ(λ′). Define a set of vertices in ‘big components’,

B = {v | components of v in G1 with > α(n) vxs}.

For n sufficiently large, with probability at least 1− ε,

1
n
|B| ≥ ρ(λ′)− ε/3 ≥ ρ(λ)− 2ε/3.

The goal is to show that B is connected. So far, the edges arising from G2 have been ignored.
They are now used to show that, even if B is disconnected in G1, the subgraph in B becomes
connected when the G2-vertices are included. Note that if |L1(G)| ≤ (ρ(λ)− ε)n, then

|L1(G)| ≤ (ρ(λ)− ε)n ≤ |B| − εn/3.

Call a partition of B = B1 ∪ B2 a bad partition if |B1|, |B2| ≥ εn/6, there are no G1-edges
between B1 and B2, and there are no G2-edges between the two sets.

If L1(G) ≤ |B| − εn/3, then there exists a partition satisfying the first two conditions and,
given (B1, B2), for some constant c > 0,

P(no G2 edges b/w B1, B2) = (1− δ)|B1||B2| ≤ exp(−δn2ε2/36) = exp(−cn).

Thus, since there are at most n/α(n) different components in B,

P(L1(Gn,λ/n) ≤ |B| − εn/3) ≤ P(∃ a bad partition)

≤ 2n/α(n)e−cn = o(1).
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The final inequality uses the fact that α(n)→∞. Thus, for every ε > 0,

P(L1 ≥ (ρ(λ)− ε)n) ≥ 1− ε.

It remains to show that the size of the second largest component is significantly smaller (at
least in the case λ > 1).

Let n be large enough so that P(N>α(n) ≤ (ρ(λ) + ε/3)n) ≥ 1− ε and α(n) ≤ εn/3.
Deterministically (not just with high probability),

L1 ≤ max{α(n), N>α(n)} ≤ α(n) +N>α(n)

and L1 + L2 ≤ N>α(n) + 2α(n). Thus, with probability at least 1− ε,

L1 ≤ α(n) +N>α(n) ≤ (ρ(λ) + ε)n,
L1 + L2 ≤ N>α(n) + 2α(n) ≤ (ρ(λ) + ε)n.

From the previous, with probability at least 1 − ε, L1 ≥ (ρ(λ) − ε)n and so with probability at
least 1− 2ε, L2 ≤ 2εn.

As ε > 0 was arbitrary, L2 = op(n).

3.1 A more careful look at the sub-critical case

In the case where λ < 1, one can use a slightly different component exploration, introduced by
Karp, to get a more precise bound on the size of the largest component in Gn,λ/n.

The exploration is defined as follows. Given v0 ∈ V , set R0 = B0 = {v0}. The sets Rn
are the ‘reached’ vertices, and the sets Bn are the ‘boundary’ vertices - those with unexplored
neighbourhoods. At each step n ≥ 0, choose a vertex v ∈ Bn and set Xn+1 = |NV \Rn(v)| and
update

Bn+1 = Bn \ {v} ∪NV \Rn(v)
Rn+1 = Rn ∪NV \Rn(v).

Consider the distribution of the random variables (Xn)n≥1: X1 ∼ Bi(n − 1, p) and for every
n ≥ 2, conditioned on the values of X1, . . . , Xn,

Xn+1 ∼ Bi(n− (X1 +X2 + · · ·+Xn), p).

With inequalities in terms of stochastic domination, for every n,

Xn ≤ Bi(n, p).

Furthermore, one can check that for every time t ≥ 1, |Rt| = t+ 1 and

|Bt| = 1 +
t∑
i=1

(Xi − 1) =

(
t∑
i=1

Xi

)
− (t− 1).

The above process stops when there are no boundary vertices. At this point, we have found
all vertices in the component of v0: Cv0 . Thus,

|Cv0 | = 1 + min{t |
t∑
i=1

Xi ≤ t− 1}.

The stochastic domination of the variables Xi and the characterization of Cv0 in terms of these
variables can be used to give bounds on the size of the largest component.

9
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Proposition 20. Let λ < 1 be fixed, then with high probability L1(Gn,λ/n) = O(log n).

Proof. Using the vertex exploration described above, for any t ≥ 1,

P(|Cv0 | ≥ t+ 2) ≤ P(
t∑
i=1

Xi ≥ t)

≤ P(
t∑
i=1

Bi(n, λ/n) ≥ t)

≤ P(Bi(nt, λ/n) ≥ t).

Using an inequality about tails for Binomial random variables due to Janson, since λt < t,

P(Bi(nt, λ/n) ≥ t) ≤ exp
(
− (1− λ)2t2

2(λt+ (1− λ)t/3)

)
≤ exp

(
− (1− λ)2t

2

)
.

Setting t = 3 logn
(1−λ)2 , we see that

P(|Cv0 | ≥ t+ 2) ≤ exp
(
−3

2
log n

)
= n−3/2

and hence
P(∃ cmpt with ≥ t+ 2 vxs) ≤ nn−3/2 = n−1/2 = o(1).

Thus, with high probability,

L1(Gn,λ/n) ≤ 3 log n
(1− λ)2

+ 2 = O(log n).

4 Fixed degree distributions

4.1 The configuration model

The configuration model was introduced by Bollobás to study random regular graphs.
In general, given a sequence d1, d2, . . . , dn with the condition that

∑n
i=1 di is even, a random

(multi-)graph with degree sequence d1, d2, . . . , dn can be defined as follows.
For each i ≤ n, let Si = {(i, j) | 1 ≤ j ≤ di}. A random graph is generated by choosing,

uniformly at random, a matching of the set ∪Si and then identifying edges: xy ∈ E iff there are
jx, jy so that {(x, jx), (y, jy)} is in the matching. The set Si can be thought of as the ‘edge stubs’
emanating from vertex i and a edge stubs joined uniformly at random. Note that in general,
such a procedure can produce loops and multiple edges. One can either work with the resulting
multigraph, or condition on the graph being simple.

Exercise 4. Show that, conditioned on the graph being simple, the configuration model produces
a graph with degree sequence (d1, d2, . . . dn) uniformly at random.

In the case of r-regular graphs, one can generate a random r-regular multigraph using the con-
figuration model with d1 = d2 = · · · = dn = r (on the condition that their sum is even). Bollobás
showed that in this random model, the random multi-graph Gr satisfies P(Gr is simple) > 0.
This allows one to move between a random multi-graph and the random r-regular graphs: if a
property holds with high probability in the random multi-graph, the property also holds with
high probability in the random simple graph.
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4.2 Exploration by branching process

It is known that for r ≥ 3, with high probability, a random r-regular graph is connected (see, e.g.
[1]). In fact, Robinson and Wormald [10] showed that a random regular graph will have, with
high probability, a Hamilton cycle!

Molloy and Reed [8, 9] looked at sequences of random graphs with fixed degree distribution
and found a critical point for the appearance of a ‘giant’ component in well-behaved sequences of
graphs.

Definition 21. A sequence of integer valued functions D = {di}i≥0 is called an asymptotic degree
sequence iff

1. for all i ≥ n, di(n) = 0, and

2. for all n,
∑
i≥0 di(n) = n.

An asymptotic degree sequence is called feasible iff for every n, there exists at least one graph,
G, on n vertices so that for every i, G contains di(n) vertices of degree i.

Such a sequence is called smooth iff there exist a sequence of constance {λi} so that

lim
n→∞

di(n)/n = λi.

Given such a (feasible, smooth) sequence D, one can consider a sequence of random graphs,
Gn,D, given by the configuration model and the degree distribution given by D. That is, for every
n, a random graph is chosen, according to the configuration model so that for every i, there are
di(n) vertices of degree i. When n is large, such a graph will have, for every i, approximately λin
vertices of degree i.

Assuming some other technical conditions, Molloy and Reed [8, 9] showed that if 0 <
∑
i≥1 i(i−

2)λi <∞, then there exists c1, c2 > 0, depending only on D so that with high probability, Gn,D
has exactly one component with at least c1n vertices and all other components have order at most
c2 log n. On the other hand, if

∑
i≥1 i(i− 2)λi < 0, then with high probability, every component

is of order o(n).
How does this compare to the results regarding branching processes from the previous section?

Set µ =
∑
i iλi, the (asymptotic) average degree of a vertex in the sequence of random graphs.

Then,
∑
i≥1 i(i− 2)λi > 0 iff ∑

i≥0

i(i− 1)λi
µ

> 1.

Consider a component exploration from a fixed vertex v, as was done in the Erdős-Rényi
random graph. When n is large and v is chosen at random, the number of neighbours of v is
going to be k with probability approximately λk. From there, one can explore the un-matched
edge stubs of v. Since it is edge stubs that are matched up initially (and not vertices), a vertex w of
degree i has probability of having one of its edge stubs matched to an edge stub of v proportional
to approximately iλi. If such a vertex of degree i is chosen, it will have only i− 1 neighbours in
future exploration of the graph.

Thus, a branching process that is slightly different from what was seen previously can be used
to describe the component exploration. For the first level (Z1) of the branching process, the
offspring distribution is ξ0 given by P(ξ0 = k) = λk and for all n ≥ 2, the n-th level is given from
the (n− 1)-st with an offspring distribution ξ1 so that

P(ξ1 = i− 1) =
iλi
µ
.

Note that, as we have seen previously, the branching process Tξ1 survives with positive prob-
ability if

E(ξ1) =
∑
i

i(i− 1)λi
µ

> 1.
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One can check that, if Tξ1 survives with positive probability, then so does a random tree with
offspring distribution ξ0 for the first ‘generation’ and distribution ξ1 for all further generations.

There are a lot of details to fill in for a proof that this branching process is, indeed, a good
model for the component exploration in the random graphs with fixed degree distribution. In
addition, the ‘sprinkling’ argument used for Gn,p, does not translate in a straightforward way to
graphs with a fixed degree distribution. Some details can be found, for example, in Durrett [4].
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