Ccmvex O?’tx MM LSO o™

InHa dast fLectuse ;o stuoled
8»@7\%@@ nondionear OP'ﬁLmTAaTLoh Fmbl‘enﬂé,
omd ' conditions jCo'r Locol O}:'l}»ma.

The %eo.,tj U Fao;&_mla/rb ruce 7110»/
Miromin a lien 8 convex funcliens over
convex sels . In M coane , locol mirinma
one also 5»&9100\1 ymirioma . Mosreover, +he

algoﬁ.{’kwm et 6{"\«06 e Hao e Kt
ﬁe-cﬁ«ve Cve ﬁAQvﬁnf&acé to c:x:«mx/@nﬁe 1O
ﬁbobakﬂ OP—L\M o Cn - Kuelc PmbLeM .

Deg. = Convex sels
A set C = R™ 1w said to be covex
ZJC JVL_D_C;’ZJ_G C and ¥ o« € [o 11,
R+ LI—X) Xz & C°

In ¢o ovels . e Line Se_j me}qf J'O C-anﬁ,-
anj hoo Po ols in Ha 6*9.{,’ Pies WLUD%
paitheon the sel -

=

Conve X Not conveX
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_.De_j_-__ i Convex .)C-unc.'lfLOM

Let C € R™  be o convex set .

A function f: C—> R s sald to be
Convex U , for ol %o, Ty € C , and
ol x € [0,1]) e have

JE (Q--—a() ot Axg) < Q- F (%) + o(f(:’—éﬂ

Rermarks

For notatlicnal convervence | we vl el
%y denote (-x)xo+ oy . Note Hwad
K = Ao f A= 0 amd ¢, = x; L)c oA =

In Atuo%'mg eonvex f«unclﬁomo —AE 5 O.fjfw
convernent to allewo +00 2 a value . T dthe
olefiniliont above | U woe extend j: +o alk of
R by setling fGe)=+00 i x &C,
Hien tha er.Fiy\itComgé;@ %Lwoptjk U»VchxOgvxﬁt’,CL
We don't allend —o0 an a valuwe becownse
theave ave no latw%t‘wﬁ ConVex ﬂfuma’iam
thal take te valie —w0o. lOC { v convex,
nd f(K) = =00 Lo some x, then f(x) =70
for ooz

The set on wrhichk j’— w _{;L,\;\ie o colled s domain

dom (4)= 12 : §(x) #+ r3
I)C f L O ConVex .,)CHV\(':{:CQ’\«' dom (]C) O & Convex Sel.



i_ _— ;D__E-_ﬁ_ T _C_Ezm\/ﬂw S nclienvs

to be concave Lj‘— -—f W convex .
Note ;".’L\a\‘f P be Jﬂ W A concewe fan el
Heerw  dom (JC) Wb a Cenvex getb.

We nerLd 5—2\,4@_ ann aﬁ_tenf'noi:_vc C,L\a/vo\c,‘tﬁxrlsc{t\%\

53'; conve X fumcilerws ‘o Ternas @j— &Pt—zvox:’))\a o

namely the set of Pemd'/s thot e s B

above i 5YGLFIA

DEF i et f T IR -3 I US+reo - be
OLVl.j ‘F—uncj;mm = 112 Q_Plﬂv‘o\.E’/\ v He &wloét’.f
pi(p) = (D ER R y> §(=]

Ij'_ JE W LML-\.C..O..% -+ 00 ) ’ o ep L B—YCKF\-\ 4
thae em}?*'j st . Ijl i s Cdanta c,qu:j — 00 |
ths e;}-:igr'w?k o all o R xR

£6) T




L _7_4 _func,:&e«vx :F z fRn——-amU‘f'f‘Oog
ijﬂ Q,FT. Cf) W A& convex subsel

EXGLMP[% of comvex -Jli-fsnciiﬂb?\_./-)
£ (9) = e P, e R PelR.

— Lo @,
aii f—('x,)—:. { -1-005%: ZCC;O ’

4 -+ 00 P @
- ('ZC'_) - ZrT B, xE mn; b e R”
AGN“
Su.ch jl w Ncallled a,fj’."n.e_ _F, M AT

& 5. f(x) = a z+.b, a,z€ER, beR

T
— such am jﬁ © mu& on o—hcﬂ}\e ,j;,mc_‘t\%

6. () = ' Ax , = € R,
BT B . éUmme%ﬁc , Psi

Exercue = ShoWw Af—‘w convex
Hed © Fuost ghow -thal

F(Xx) = (-D f(2o) — ¢ f(X1)
= o (Ft) 2 (Fo-ZE1) A(Zom =)

—

7 &k



Convexh‘y o PY%&Y\/&& by cenlalun onotL}_e—wg.
%O L,V\Fg—yfcwd’ eKOLYY\PLM are. &’)\QQ/)/ QQMLCV\O‘_—LLG‘P\-/)

LAth Pefa'{tva C’;O?;Ff&_ciwt; ) amd ok s aboon

Lemma ,9?_
a) Suppese  fer-on fp 2 IRT 5 R U §{+e03
ave CconveX 'ﬁi-tncjloM , a,noﬁ Cy---- > Ck > @)

orve pesilive constonts. Then
8= STNER c, fo¥ o+ G fp b convex
b) SuPPose Fi. €9, ore convex _j:,bmc:[/\m
heve § @ o CPOSSLlolj mf.A.Mte_) tnclox set.-
- jz WK Fi - Thew £ & Convex.

EY‘DOJ; pe

(@) v .&;Jffa:ﬁ'l«'f,f-ovuﬂ_waq —ﬁ?‘OM Heo OQ,O._Sln

Convex "L-P:j .

(b)) The &Piﬁrcx}sk of j:f.o 81Nm bj
epi (£) ’—LCj epr (£1)
Nowo , for cacl~ U, ?,])t, (]C L) W a

Convex Set. Meorec ver  the ntersectior

&5 Convex sets o coAvex . Hemc-_e_2
Q,’Pl(f) V5 Ol CONVEX se_{', 2 = lm]:tle/)
Hal ]c s convex _fimc:tlm\ .
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(716,0/& »w a well- kneﬂ/&y\ QL&Q/)/O\C;tf/Y‘LSO\_[/‘\Q’I/\

% Conve x L{j .f_e,/ Hotce Mfw%w(.t ,’C—L\V\thj
At colic s o oy oiv&cxc% be f—cxw@tw

Lemmion 3 - SL&PPOS& f: RT=> R o

Hhoice aontmmb oﬂ&ﬁcwemi;abb—) cati~
Hevmon (Second Aarivati) mobix denoted
Df . Thew, f & convex g

DF(x) & psd per all 2 € R™

The preof w rather Lnvolved | £o e
orut . We saw ene 5Pe,c_Lai Cone &
s @ O exoLMPLQ) V\Mb jf(’}_): x Ax
for crech DTL(x) = 2A

Anothe, Speolou( cane o () = ex~b ,
for ok DTL ()= 0, He zero mobix.

/

Note thot +he Latler funclion,
%(3) = CTZ_C + b v bot convex & concawe

Wit o bado\ﬁ-mvu«o( , oe are ned
v eou%j ‘f"D Qook at COonNVEe X ‘OFT«\,W\A{) o\_tle'y\
pmb[ﬂmé.



_U'}_LEYL s'lf;a_,'\_ne_oq ) P’k AAAD q’tut) g

Trecovim SuPPose_ JC-TRVI'"TR w convex
o dipserentiable . Thew, x* & a global
TRsey o g~ (x*) = O

Remavk = Note drot Mo Heovemr doesn’t
claom  sucl am _«x_'* ah@aﬁ) exto , & Yo b

IS V.S %Vv-kc)lé{.é;.. Jt could be unbovundaed be.l@u'.)j
e-g- f(x)_—: %X, % €R . Or Hw miniminesr
;mfx.é»‘rck ot be t/w-«c}'fd’. '3-8- = J['(x): O ¥ x€R

Proot
SuPPose, ‘Jl"wbjt H at "73(3 (x*) ¥ O | and
bt 4= (VF@x*)) " | (Recalk thal V§(x*)
B o row vecter of Lmgh N, g0 )
New, f(xf-€9)= f(x)-2V{ (&)Y o(e)
= j:('g_c_") - € '5’T5' + o(€)
= f(x*)- 2»!\3_“2 + o (&)
Heve , \I_B_\\ denctesr the Eucldoian noywma
of 4 = (Vf))', wohich © slAckly positin]
by the amumplon that VI (x*) + O
Hence | f(xP-€9) < F(x=*) | 2o =P
B ot & Glebal mintmiser.




(P«oe_}c Ceant’d . )

Co-nve,nse,l:«j ,  Suppose x*
5&0190& miadimiber. Them ,
Fme R $tar—<F=%)
Now’, for &€ (0,1), we hove by e
Convex L{—b 4 \_f- H~ok
Fla* s eCq-2*)) £ (-€)f ) v e flg)
Hence , ¥ &€ € (0,1),
$(xH+ ECq-2"N-Fx®) | £ (flx)— $&H)
€ = 5
= JLC5L)-JC(2¢_;*)
The REHS i < O bj He cheoice e 3
’Talunﬁ Umils en the LHS as €50  we
get—Yf (z*)- (y-—=*).
lf te product By Jckem_ Vectos S bo be
Stractly negalive , Hawe VL (%) pab

be zearo

w not a

“Tho—we hoor Zheo~ bt , 'tjl .;75_4 0 vl
a [j»lfcjgaﬁ P is er | thann v { (2*) #+

‘.
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Kemarks : The wnhitionw behind Hwe '}7>’°‘0f

w et hovd | and not Very oujc]cw& prom
o one-dimeviienad case . The tdeo @ Had |
¢ fF RS R, Hen te direchionsd denvalee

o f ot xz tn He direchon o , b givea

by Vf(;l_)":‘}@ So, ¥ V§(x) & non-zesD

Have ot be some diavection 4 o whach

v{ (2 Y  w non-zZero.

1§-, it w negalive , then o v a Fsection %

de creane =2 JC ) c@n{mwur_’t;/j m«lmal:&b % x .

IJC'L\' > positive , e 5 v o Laedden 9}

herease  and G Foe Ko o HKecreand

Th pavt of He theorem (that VI (2)=0 G

Yl?C@éOwj) does net veqee C)GVLVQ.XU(‘U.

The convene ver mmcd Y equiven andk

Laes cfonvex‘dj, whiel gu\.qv'a/vx—tw SN,
flzrg) > f(x)rV§xdyg ¥ zxyeR

—x)

/__,) j‘- (x) o+ V)C (=) - (‘j
N A 0

A
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Constravredl OPUMSOC_&OW

A convex oplimisatien poblem vn
Standard -jlovwx- v oas fou_oudsi
jo(ﬁ)

Su‘o\jeci to \ff.(?—)‘s & ., 1=

Az= b , Ae R? "~ b e RP
LOl«?/YQ :fo&f;)b——l

funclRons  frome R™ to R,

s~ W Qvye ConvexX

Note thal there ave botin (m)  Inequelihy
am CF) e,cTV\C\L“A‘-j co s brodonds |
Remartks

o IJC -fo W o concové f—wr\cjfl% +o be
M&X.LW\-LA{E‘IL » ML{T (@l 2 VVN .\oﬁ, ‘Pu\l& Line s{'chOﬂ/G‘Z

{mwx#j mmh&wwﬂﬁﬂfou

\.j‘; we  hove o Q»’OM'LYW{_— ('x)
eo nsidon B—CXJ :-f“hQ*-CL.

)}: We have a constroind f () 2 O and
jﬁl: W4 concone , Ye?[cxco. [E Qv o éﬂ _5

y\awlg

(‘r

L

b . Observe —trod Yo jce;.wt.lob. setl

He set B:} xE E TR 55@«4ij
Congroints 5 Vb (e,b‘H,-rz.v QMP{'j W) comnvex .

“This s L,O)/\:j we reed Ha ecI'vtouLdB corstyaiods
1o be aH.Znﬂ ’




The Lagrangion asscciated uwsthh <he
o0

above convex oqp‘LvastoCﬁ;% P?’wa %)
2 /NS jlun,cfkoyx | fRnx TRr:: % TRP cﬂzr:maoq ob
L (2,2, 2) = fo(2)+ Z nifilOw

P

= »; (Ax-b);

Note thot we ')"&C}/MCYQ kg 20 bul

) -

o are unc'ansfrcmme&-

_;Du,aﬂ. prrob lt’,m

The Laﬁ?’&ﬂa—;% clal -funci(_e*h
g: Ry xRPF 5> R0§-003 & defined as

gLA.2) = win | (o O 22)
Removk :  For fixed =, rote Yo
EES 3,2 B am af&}lné, hence concovve,
function & Choo ‘:liwe,f@'re, 5(}5,_}’_)/
biing e oo 8 concanve Foncievs |
w albo a concowve -f—v\ncilﬂh B ()_&_b)_)ﬁ)

MOX : )
et
whare e max. v toka. over ol
XERD andd » € RP




LOhat w ta srelodie~ behleo~ Ha

Prrlmo& L duad Pyoblm 2 In the cane
&7'( LP Fmb[ewu) , e kawmd that 'J(L\ei«j ooe
e ‘saome Vvalue . This «w also “wwqufj” Ha
case  for Convex OFW&KW . but veq woes

Loyne.  extyo tecL\MaQ as DL)’VLP—L'\,G’M aabﬂecﬁ

- Cx)msj('/wd' ?/\/LQ/LLJLLCJ»L—LLG’P\»S
I tHie .fouom}\/\\j ,  we clerote Hie
value ‘9‘} ‘Heeo F;{w\qﬂ 2o e b:j P*
(wf/\icjf\ could be —o0 Lf Hee P-robLgm w
unbounded , anel dofied to be + o0
L]C U & tn)(‘,e_%i,b(.a, Y, amd the volue
% e duol &oluliern bj dt (which &
all_a.ﬁ-«necﬁ o be —o0 Lj‘— it G LV\f—QCLOLlo(Q>

Weak Dualiby Thesvem = d* < o

Proof 1 I He primal L nfeasible , dhan

P* = -4 20 o Hrara A homﬁ +o ]‘D‘J’O\/t’,_
Hence , considlen an . whicle feonible,
e, such Mot Az =b omd §2(2)<0 V1.

“Thew , for all Ng Z0 | Nifr () <0, 80
L(Z, 2, 2) = fo() + Z Al (x) 2 (Ax-b)



?Proof CCJGWL@Q- D

Thuws , e relalien~
6(2.\93—’)5 fo(_@.) |
Jr\oloﬂ.i _Foy (.LLL CJQAJavE'fﬁ%LbLQ >\ ':.....')-7- Cf.«ﬁ-/

L

A€ RY , ¥ eRP) and ol primal - fecsible
:_Z_ (L-Q.- gt(}__)éo -391"1_ GL«AC:.Q AZC_:__JQ)

"Talrunﬁ the mun. over x n e RHS

3\-«\/% P*, —to_ku,/ﬁ Yo rmox . TVvev Q;.Z)
ot LHS gives df

% *
a* < p

=

St-rcna olvu:\td’b "H«eo'y’&ﬂf\ p SWPPOSO&. ‘ﬂ'\oi

o = & SQMW@ Slatley’s conditien~
(strct ]Ce,cmibllu:j) f1 (27 <0 =l m,
A E = Q ] '—TLQ/V\ " d* = P*“

The proof i C]_Ml{'ﬁ, dxﬁ‘_(,w(ﬂ; g2 e wunWk
skip 1t . Ir yow wuh to rollews Th o the
book , Hharn T Lmen Heeo Sequatr\c;‘
hyperplone theovem  cratesl belows .




SULPPOSQ C’.’L ol Cp_ onve OLCOJOI.V\-‘t' convex
Subsels o RT. Thew , F 2 €R™, beR

Suck that

We emd s gectien. witle one meve
chavactersaltion 8 pamal & duol
o hileows L tervins % Saddle P‘?waA '5'3»
e Logrogion




We soy that (‘2_/2/_\7),2) oo
‘9‘} HML ngvw\g{am xS, N, ) O
[(E.2, %) € L(Z.3, 3) < L(x3.5)
for all primal fecstble x (Le., such Haok
Ax=b & Fi(x) £ 0, i=l,..m) and ok
dual- feanible (A,y ) (ve DERD , 2 ERP)
I (2.3,2) v o« seddle poudd , then
2 #olves the prmal problens , (X, 3)
Solves the oal problom omd mmﬂj dhana Lty
holes  wibln d¥ = p* = L (X, ,2 )

i\

(P_""O_Of T L R unfeamble . Hen eitten
fi(f_t)>0 for Scre L, &r (A;c—io)L # 0 for
Some - Thon, 0e com c:(lfy(oosoe AL> 0 o » €1R
Sieh as toweke | (2, A, %) arbitrarily
,chwﬁe, - S0t negualiies cam enly Lold A<
Mo lothenr oo ‘th bw\ﬂ + o0 , ool tae
PM&Q problam o bnfeanible .

Stmilavty . Y (A, P) © nfeanble , thom
Hra duall problems s LV\J)'»Q,C'«OUQL‘L , amd Ha 1,5
two tevns A B 'Meqv\o\td{e/x st e —oo .
From nerd e 157\6Ye_ Hse mem‘fwutojg cases




(P-roojt Ccortd. )

Se , we conmdey (ﬁ,i,_&_) {eM'xBUL,
Recall  -that
I e T AT T )

S0 we hove

Hence , x Solves e ’Pﬁma&ﬂ 'FrobLQ/w\,

A

awd p¥e LoCAY L T LXK . Ds ) =W

Next , we have for all (X, %) € RUrRP that

gla,2) € L(Z,22) ¢ L(Z,2,%
=g (5.5

Hence , (X, 2 ) solves m P T
and = g(X,9) = L33, 8) —@)
, i eqp. @ L &), we 50,{

P L Lz XD ) = &
But d* £ p* bj weak cluwality. So we
st ove  pF o= A - (= > . 5 ).

e S




Theovem C;S.,\iju__.{,emc,:j ij EXKT Cfomoﬂ./\.h\g%) -

A

SuPPose x W pnmead feasible | le .
D ERP | omd (R, ,v) socls ) e
KKTI concitions

Vi (3)+ EAVI @)+ 5T (k- B)= 0

=

'?\, = O i < (i) < 0 (com lesm emtenu
L ¥ 5 Pslac_hhmJJ-

Thew (-’zﬁ:.i\,i ) w o saddle P‘D‘u\“t 93 Lo

o
By complementary slackneny, Z AL £ (&)= 0,
omd 50 L(Z,X,3) = $o (&)

Buk L (2,2, 2= fo @)+ Zat§e 2D+ (AXb)
The second teym on the RHS w £ O becawse
Fi20 ¥i & HIZ0 ¥ . T Gl
term s zewo becawse Ax = b . Thas, ¥ (2, ¥)
& TRY: Rt —
ey e =t ke
Thw proves the st lnacy\,\ad,;{—j w e dhth_
4 a soddle peunt.
For e Second , observe that for fined X, 3
L(l()z TV & COAVER _Fuy\c_t;m,\ e:} Ca

& dhe KKT conditiew W exactly e c:ohot_lﬂm

o have a lebal mirinmumnm  af _22« _
o - —




Algorntiins = Uncon sbhavred Pmbw

S0 tav, we have Leovked af conditions
ﬁma/;&mfu;‘ﬁ oPtMmLLF:j , Kuch an Hw
KKT conditens e He saddle ]Dm_vi Heorem.
However | these cawn Wmug @’n':j be
O‘FPL;{)'C’[ [N Very small probluns (T=Eoensemak
& smiadl rmumbes &4 iensions ) | e LJc
He objectve Asluy\cj‘:\.sb'v\ amd covatraanls
Take Very sPecLJf,Lc_ Forns (e_-g. C}M&o@yoﬂkc
cost {Mﬂcit:m ool a_(‘,)c/w\e, c_emtvmfa),
For ae,mwc& , mediumm - sized problanag
(1005 - 10005 o dnermons ) | are there
effLtent alﬁonﬂ\m to &Fpmkacwf[e the

solutlien ? |

For convex opfeisafion -]ﬁmbw, Heo amswer
w wually ges, and & penibl to prowicle

gucxw/cu{f'm o alﬁoﬁ{km performamed .

Fosr 5%@,&1 Aonliear oplimigolion Pmbw,

5-&@\/0\)’&1’{% ane m‘yeﬁ aveilable | but e

Same alé—@n{’km ojajcm Werk welk }:uraJu;e
f Hae fundzuw are rot too Lclcyg beloved

We wall ksiuolj & feud & Hepe a[éyo;m{’kwvj




Unesnstyoaoed prob Le s

Given a0 convex .f—mﬂ(’j;\ﬁ’?\ JC A TRﬂ,..a R .
e  wont an qlgm&{*lr\m o deteryniiae
/ P

XER™ JL ()
What kinol % q'[gov&f’km Loe.  Lphe cﬂsz))emda
Vory ynach en what kind ef " informalies”
w avadeble 4o 1t.

“Theve are Bhres tings that we wenld
Lo(.aauﬁ ke to be able o do.

Cwenw x € R™, evalaate
(V) f(x2) , G V(=) @) Ff=)
Ij: evern Q) & feo compu'f&aem&%

QxFem.sive‘ “Hha Frolova» ) L\O]DE’.[\%.’S- So
LOE. O e L0 COm qL,Oajs do €t ).

The C,QMPLQXH_j nCyeanen .Afu_.Plij oA
e Fo from (1) to () o (W) , as dhe
obJ‘e,c:[” e  wemt o a@mFod,'e OB frova
JDefwﬁ Q. numbers o @ ﬂemjt’k A vecotor
o an nxn matAx.

= qlﬁo«;;;,%)m.{g Loe S'l"btofa AL 5%%& UAJ

wbe it ) os we k- amoﬂ some wrall use Q.LL-)



(Basic, tdea i Deccent methools

The basic tdea w veyu <simwple .
| ey 2T
i Start ab some 2 € R

PR, | R S

e 2

A{E ) Pick a dwcert duneclion A_Z(k)

2CED Decide the duvtone T o move
Has CQJ\VQC:LL%

End «p at Z R — _,D_(:(HQFJC_A?_((&)
3. Check a terninalionw conden .

I.Jz 4w écdaco.j/lg& , Stop -

I)C rot re peat Step 2

(R_e/maw’hé

L By Y descent divedion ” , we nmeons that o
Small enonghh raove MUL oq_'LcMe.cxoe tha
oloJe_c:LL\/Q ,{;w,\cj;\% e

AL sy s p 1}”!(’5&)
for €50 suhc{c;m%(f) Srall

2. TThe term  duscent Y dwecheon” v Lsedd
Semewhot feosely - Ax® oA ek be
a wat vector

e wAall rewd mo./ir\b dig comn herd o chsose
5™t amd be Vague abeut

'tea/ry\fw\qt\iew c,ohoe/l tie'm :




Line Search

Ciivem o divechion Ax ™) oe {1t
addven hew 4o chevse £, e, lhowo {o
decide hew fav to wmwve v s vectieon
& u.éx.«ouui-j colled Hag s’ce,'F size .
Obsesve that oneae Ax 4 chosen

e ave ,]Co\c.eog ot ttc—ac— =i ?mb(e,m:
oS Pt =3

twgyf\R _J[ (X(k) Lt Ax(k))

Moreovey , LF o cany Po check that this
4 a convex oplimisalion ;bwb(eﬂ«
It & Of{'»m not  haryd to solve i
B exectly " (o any re,c},u'weoq PYQCIALOV\)
ij we do this ™ eoch ttervalien st&P
the a%mf"xm ia /50««04 to be a

descent wodﬁowaﬁ»m vt exact Lsae searcala

However L \.Ilumc:t&ﬁwx evalbualisns ove

too cpm;pt«i'a‘t;e/watb e.x,ae.nsd\/& » thew we
Mjkf ot wcwi to do  exact Lire \seoo/c[\\
tle JuLaJ( ek swtablie .sjtﬁp LA
divecko—Ax R v to Ha next fevelien




:B.QC kbrac inng ,Q,_\_,:\_ e  Seowcli

This & on alleynolive aLB%—FL:H«m to
exact Lone Zeancle , ond secks e/wowslm

- + o abvecthis— (&
Lva;foVeme,th N e A“x befwe
mwina on . “The Pse,w:ioc,oof_q. L as foujaﬂé .3

i. Pick hoo Pawame’wvs %€ (0,5, (EXS (0,1)

Cilven x ond Ax

2 . Sef £ = 1

3. Whide f(z+tAz)> £(=)+ £t V) Az
set £ = Bt

4 . End

F&) + ot VECYEX

FEI+ t Vi) Ax

Note that this method relies o
buna able to eveluate vj’.



Cvodient olescent medthod

Nmo We o o e 4o choose He
Airect en A_'X;Ck) : A natirol claice
L e 1‘-"—5‘111-\/6 Gj e 87&&%& - Why ?
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