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142 Chap. 4  Duality theory

In the preceding example, we started with the equality constraint
Ax = b and we ended up with no constraints on the sign of the price
vector p. If the primal problem had instead inequality constraints of the
form Ax > b, they could be replaced by Ax —s = b, s > 0. The equality
constraint can be written in the form

[A | 1] T;nov
s
which leads to the dual constraints
PA|-I<[c]0],

or, equivalently,
p'A<c, p>0.

Also, if the vector x is free rather than sign-constrained, we use the fact

. y |0, ifc —p'A=0,
Emio = PiAYRa= A —o0, otherwise,
to end up with the constraint p’A = ¢’ in the dual problem. These consid-
erations motivate the general form of the dual problem which we introduce
in the next section.

In summary, the construction of the dual of a primal minimization
problem can be viewed as follows. We have a vector of parameters (dual
variables) p, and for every p we have a method for obtaining a lower bound
on the optimal primal cost. The dual problem is a maximization problem
that looks for the tightest such lower bound. For some vectors p, the
corresponding lower bound is equal to —oco, and does not carry any useful
information. Thus, we only need to maximize over those p that lead to
nontrivial lower bounds, and this is what gives rise to the dual constraints.

4.2 The dual problem

Let A be a matrix with rows a} and columns A ;. Given a primal problem
with the structure shown on the left, its dual is defined to be the maxi-
mization problem shown on the right:

minimize c¢'x maximize p’b

subject to alx>b;, i€ M, subject to  p; >0, 1€ M,
alx <b;, 1€ M, p; <0, 1€ Ms,
ajx="b;, i€ Ms, p; free, 1 € Ms,
zj >0, J € Ny, P'A; <c;, j€EN,
z; <0, jEN, P'Aj >cj, J€E Ny,

z; free, j € Ng, PAj=c;, jeEN;

_q_ .| T

Sec. 4.2 The dual problem 143

Notice that for each constraint in the primal (other than the sign con-
straints), we introduce a variable in the dual problem; for each variable in
the primal, we introduce a constraint in the dual. Depending on whether
the primal constraint is an equality or inequality constraint, the corre-
sponding dual variable is either free or sign-constrained, respectively. In
addition, depending on whether a variable in the primal problem is free or
sign-constrained, we have an equality or inequality constraint, respectively,
in the dual problem. We summarize these relations in Table 4.1.

PRIMAL minimize || maximize DUAL
>b; >0
constraints < b; <0 variables
=b; free
>0 <g¢
variables <0 > ¢ constraints
free =cj

Table 4.1: Relation between primal and dual variables and constraints.

If we start with a maximization problem, we can always convert it
into an equivalent minimization problem, and then form its dual according
to the rules we have described. However, to avoid confusion, we will adhere
to the convention that the primal is a minimization problem, and its dual
is a maximization problem. Finally, we will keep referring to the objective
function in the dual problem as a “cost” that is being maximized.

A problem and its dual can be stated more compactly, in matrix
notation, if a particular form is assumed for the primal. We have, for
example, the following pairs of primal and dual problems:

minimize ¢'x maximize p’b
subject to Ax = b subject to p’A </,
x >0,
and
minimize c¢'x maximize p’b
subject to Ax > b, subject to p'A=¢

p=>0.

Example 4.1 Consider the primal problem shown on the left and its dual shown



©

\/\/é_ &vﬁ’\/ue,oq .f/e\/ He stond ard —f‘ofm Fv{moﬂ. 'va\otﬂlm-_
-"UmcmL ‘e C)Q«,LCLL ﬁr:e,lcﬂxs O onuoe/w botnd T LQ ‘\/Q\MQ-.
hasr « MAK & o L’c{ﬂ, and  ure o (/\«{"\:3

e Y =
CDMtvoimtg y and  ohere sonwe & a ll @é ~the
anai \/Ow{mb‘-bs L O [’\‘MV'& Slgn CO NS YG*-;WL—Q

Theorem 1 (Weak dualbihy)

o & j:?.abuolﬁ solulion 4o the FVL:MCX/Q
Fmb(.rz,vm (t.e. §OLUAj-iu ol covutsoints ) } O/V\Ca
Y oa _Jﬁem bl z=luilien o e Luol | Hon

o

—

(it & amunud peve ook pr el el Iosnl s ailNe e
P")Ob(evm Y Hee dudd a mmx'LMchtLoL«, —7[;7@)? \WJ

Proof : Fev any x € R™ L peR™ | degine
—d G
a; = pr (& £—by) :
St R )

whore a7 w He BT 00 and B At

J%_Cﬂa\/wwv: &3.___A_-__ : o T R L

Pi (% o X __LL_._[’\Q/V’{. He Same Slew , Ao O&D —
_ . . Vit _ g &
CJ' o _P_T AJ 2'__1\’. _-_,_H.JCA’LC..LA UL 2 0 L % =~ @, J

|
|

\

fea_e_cig;'_e:‘?a- “The degifion & Hee dual meorny ‘
F T / ‘

i

\

\




Proof ctdl-

Newd , Z u; = '—ETA x —-ET
and "TEMCF e W
ko e obtoin~ ol

r T
O-S Zu;—a-Zu:J-: _Q}_____Pb

are both fe_aailo_hz_.

T.Jl tHe primal Lm)cemlbkb) o velue L:(:[_&é
ohlf;-”\-(’-cq “+o _.IDQ o0 | AU tHhe =theovem

L : w U Jble
aviallu . Likowtse . it Yo clual 2 ‘_-VL)C@QO >,
iﬂw;uu?e L definad )i'o bhe —00  and Y
“ljfxe,ove,wn w '(bffmoue

Covo L(avq/j

(o) 151 Hhe Fﬁmal ta  wvnbowneled| ) LQ hOA Va[vua D,
an e dual ruwst be Lan%&bLﬁ

(B) " It $regdoolussibomborvisled. o 5. s value 100,
-{/ELQ 414__ prunaol pst  be cnfLeaq Lo lo -

Theovem : The dual & e duol




(TL\Q, YL AN yuw& Eﬁ OQ/\AQL-\JI—b *t’L»Q_&n:j U I__’P
e trat “he 'Mwec:]mc\_,(’;ﬂ'h betiseu~r Ho valwes
\‘_{c;/uz:\l,ifb .

eﬂ_\_éfgvf@vn é (45“[_y'0;:\ﬁ cﬂ/\/»a[;'\,B) =

1]e &a L F Pmb(em hhan oM O‘P‘l’imaﬁ solution

‘tHan %o doen Lt ol i and Hae feA))ecj/L\/e_
(OP/L\,VVLQJ( C,@Q.ts A~y e QC}M.O«.X -

PRPemark ! TThis @ Cywl*fe o Fve,ou.b& L
o0, weiNt 3{\/@ a Pm)c One mettod €
Pwo)c veliea on e j—O\dT that <he usilmPlex
medttod v ﬁ%wm{‘&e& +o Cconverge 4o A

solution , if “ore - exuts . Arnothar niettiod «
cometiicad | ool wsen Mo Saqufwm‘ﬂc'vﬁ
Convex /Pfﬂﬁw’ﬁmmmj>~

“The veader ia ’fe)awvecf o the book % Bertziman

We P/no( vattie He 1..0 UMLM:—@S yest T ] LA'JL\.LC/L\/
Pmk"d% o W‘an:«:azc'[g %}, oFT&MaU»{'j a

Coxrollory o Thegven~ § = ljc x WL -PMCJ
7(‘@04"10&— aoadd 2 ot 7660,0‘1[@ s

o, =




_—

@

A/LO‘&LL-:?_'/ L«Jﬁj F[‘D qu ‘fﬁ\a_ S G ‘{’Lu:_;,\ﬂ

'Mvam _L_f_ CCOMF\WM%W Slac,fenem>

Let = amdi_fg be -Pﬁmoi 2 dal .f'eoualbte-
“Then = and L ave @F'mw[ ?jt m&%lﬁijcl




