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A netwak o graph G= (V, ED g
consists 64 o set Voof vertices e nodes, |
A — e —set— VY e} Oovtered pases
S rnoodkes | called asvcs o eoQg%

If Hoo orcle, doesn't mattesr | 1. e Ej:
(u, U‘> & (v, ‘4> Vefenr o the soome e—oﬁﬁ‘&,
o the edﬁe, o calledd  wwnolirectedl
Obheruwive | the edg@, (v, V) b said o |
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be divected o oriented fﬂnom e to U
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A Po:‘l:‘l«- [ge,fu:) eer. (a anoQ > W o bub@vo\}?l«
% G with nodes 0 ,00,,..., LI, and
aves e, €y, s € Suck thot w= 01
U= @, omd Hae woﬂ})ou\:r/_) 8} oo>c €
Ov e 2 OLV\O( 00
(Qe.mavlu ‘)A ‘SMJoara\-PL\ 97( 6, v a 5-/0,131\
2> Note thot e; <ould be (0\77.""94:-«-1) o

(g L; ) . The odbnectons 2 Q,ij% olong
a Po:kk need rot Line M—F

3) The moolenr ¢I,,..., WO need not be dutonet .
A cgciﬁ w Pac'-‘k O, , ..., W, such Hat
e, = L, ond con‘l’ai/vivj""ai’ Qeaot 2 Ao tanet Q¥ CS_

A nethorh o called g.mlvno.cie.o“ Zf Here ©
oc Pxﬂx betoeum every Fa,f,v & verlces w,uU.
it © called acchLc. L]r it contoins no cjc[%.
A comnected , acy clic netoerk w colledd

6. toree

Ij‘, T<SGQ o atvee , T = (Vy, Er) and
Vi = then T o colled o spounw/inj tec
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‘_rL-Q. V&th%-{ljzr;f)'?l\ngllr}
together Lath the edges {(1,4) , (5,4),

(_‘2'5)) (_'2-'3); C1»3>,(1»4‘)3 ,FOVM a
PQ-H\, Exc,b-a\ounj e Lost vertex & eoﬂje,

‘EL\—LJ ferm A Cﬁc[t.
The following i o spornring tree :
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(e shall Lovk at o rumber Q»j;
Ofpﬁmis allon F-rqé lers en netoerks .
He {—&/s{ o wlads & Hx G/avxmlﬂ;);mm{'g
Fmblﬁm : :
If\vat . Network (= (V,E),
an ol ‘EyaMPort cests c(e) e E E ,
ALOnj each eotga

/

2 demanols b(o), UeV , at He vertioen

Problem : Meet Hie vertex oermamdds
bj suploina —Iﬁyom He verlicen tn

as well as swpplies

SW.PPLE , at o lvmeon +o tol cost.

A riove 'fOYMO\ze & Pyeoioe; _Prob[.e/m

Remanrts
Need +otal ‘SU'PPIj > total damandd,
for P)’OLL‘L/\/\« to be —j‘—&o\/ailo L. Evem Hom,
P Moy rot be a}'-{o./zr‘i.b le_ .
[ ousr fornulodion eo%—ea howe costs
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but no caf‘pac:ub corstyranmts

There s a /b’lrti&. ~ %ndﬂfﬁ@mﬂh’fﬁof
OOW\M«OO&/;-’b '{:‘O be ’bfmpevfgo(_
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\/e.v’te_)ﬁ Labels a~e wmclz Hiee cincles
ol.wokvj vesr lLicen ,

Demands oo Showin oa ool boxea |
next to +the vertex iR neﬁ»oi;./{ oﬁemewuii
demotes «a su\_PPLE. |
Cost, arve sheon ur blue next to e,ciﬁe/g ) ‘
and arve wnit costs ,fg,/ SL\,LPPC.«ﬁ 1 emal !
% e Qommoo(’alg olong tha e,og.ﬁﬂl

We wvall avume +he ibf__ai dermand ZerO .
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Incidlence matrl:)( k?_% a ne'/'LJOVk

e

A Aetwerk witle o= L nooles ol
m e.o(‘jw con be Ye,f;-/%e,ntgoﬂ b:j o

nxm  matny o Os, 1’5 and -1’2 , :
called tte nodle - e,o(‘se cncidemce mabaX . |
Theve w o vodd fo eacl nede , and oo
ao(,u.mn fov e,ac,l» ay < . E,&_Q,L.. c.o burmon

oAU heve exac{‘b ete 1 ond one — 1
bAtth. all ottier ©enbhes eciuo& to O .

e.g., +he column cComesporndl o
g ] =

Mo 60(59' C1)5) bhos a —1 u. tHawe

a +1 b the firth ryouw,
and O’s  elsewoheye .

st rouw
f,
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A scheduwle e:jj valFmgktg - x toe QA \/e,c:l’OV
LV\O(_Q_)(Q.O( bj e QOQ,SQ/) Q, E E SVLC/L ‘H/\OLt
Xe damotes Ho omocunt sLuLPPeoQ abowg
e&je % amd Hiese SQ,—L:AB %Lm,o mee_rvat.oni

the 4otal amount (net) 9)_ SLVLPmmf
en'fe/vlnﬁ oo rodle v eﬁzwaﬁ to +lhe
oﬂmq,mo( at 'Hmo.t node .
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Notallon :

Incidence mataix A E R
Dewand veckor —— b€ BT —RAS
Cost vector c & TRMXL
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nxwm

(Vﬁctﬁys ove colunmun \/Q_C{‘E'y) oo lenn OW‘(
S'ow'ﬂleol)

A{%umP'Lan 3 _é__rﬂ_ = Lé:l bf. = ((7)
1 b He ol -1 5 wwhnmn vecter .

Toanse l»vl'p nment P20 [:')L&wx

AN =
x € R™ c x
wadaof to A_?E. = __[?. ) xX Zz .Q_.

We wnll merd ser hwo 40 solve +ha L P

U’Ywﬁ the sdm_}f)(.e.x method  obick teke
a Pam't\,qub simp la forr o~ He }D*’DE(&M
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Te Netook Simplex Methool

A f.eaoLbLe t_:_u solution ‘f/ev tHea

’tvqu&;ﬁ Lvl}j wa Pyo b[&rv\ LS o .S)Da\urvi-r\j tvez
=1L 95 He nehoeh G = C\/)E) , anol a
60‘\,QOLALQ 9} 5[~C]:>WLWTA x. Sq,u.o}'-:\j \:'/_5 "EL\L
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demands |, such that x,=10 e T

It & the Gwvalojo& 83 bas cc jaea/n“b[ﬁ

A JaeaoLloLL trer 80 Llulicie for et
’tyaw_xsi/\;):)mm{ Fm_lgbm & ghovon  below :

Flows ave shown next to 6&8’%5
QCQjQ— cesls wve not sliowore .
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Neter kR Simplex (contd )
Tle netoerk SCMFLQX method stoartls
7&0%; a fccwibu tree solulienn (e
cAL see hew o Laitialue tE Laterv)
omd  seacks 4o Lnprove v basedk Lpont

an wtuitive economic  wnterpyetation .
] &

Giiven a feaALbﬁe tree solulien | LOe
Camn Cm’éﬁﬁn Lot 'Pvic,e/J to Hwe C/OMMOOLCB
at dipfevent nodes  relalve to o
'f&]te/remc,& Pviu. ot sora AF%Q nooke

This & shewon 7D6V cury tee #molulien, cbove:

Node Price/_s oye sShevon o 5~/uyx next 1O
Ha rnodes 3 denands ave not shwom

Eaﬂﬁ—e, cesty ave shewon next o e,oﬁﬁeA; QOQﬁQA
not i e bee arve ghoon denhed
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Nefroevk s_ng[e.x (contd .)

Civen o feasible e solution ct
MP!’L—% o set % ",fOJw }Dric,w’ for Ht
commo of/'vf’zj at oblffwemi" rodes | 5¢ fl.at
5[nLPFLmj scheclule won wsed .

Do Hiese Pvic,e/_s create « meii’ OFFOV‘!'W\R‘}D
for a c,ompetx‘.t'o-r

Denote the price veetor Y e RrR"
Ave “Hheve nodes  and J' such that

81,1— Cf,d' < 5J ?




Netwevlk simplex (contdl.)

In owr example , 4z=0, Gy =59, yp =62,
AsO a,compe.kjrm cowld »iake o me/if &

£ 3/ anat by buyring at 7 & se_tt'vﬁ at 5.

A[{:eyna't{,\/e.l,:j . we can LVVLPY’D\/Q— Hee solution ,

ba ado&mj ave (7,5) 4o the tree .

This creater the cycle {7,5,8, 1. 4,2, 75,
bo Ht W no ,Lcmﬁw a tvee ., TTo 5@,}: o
trex , wWe need ‘ED YeMNMOVL Gine E?_ Hwse avcs.

But wlick ome ¢

Corus e FMLMﬁ t wols o L leh
Ground  ths cﬁc,te... Tls cL»amﬁcw e
J.‘. lerss — e ewy solualior o

Xos = €, Xy = 8-t 7 x4, = 1+¢t,
X0z = A=t | Xz, = 15—

“Tle Ea«fﬁ et Value o € thaf toenlal
%Lfe,io(. a AfQ,OJf-\—IQLL flos v £ = 8. So we
set t=8 . TThe 7C{e¢0 T Ay C (1,5') W e
e, ko dthu ave dwo ps el o e

P E A ﬁ?’&@_ A bx.»t:[f.'ﬁﬂ/'\,




Neboerle  cimplex  (contd.)

The rnew tree polulieon OLLe%g» vatb
Gre _F[o'ws (arnd —costs i brockels )

amdt -f&uwe_c‘ﬂ. yLooQ& «P-nc,e/_s m SLLWV‘- b&w
(o«oolrz, dermands in brockets ) .

33 (0) 59 (8)

q (1%) -
51 (10) <;>

N8 (59)

S =1 o (=15

e ove newd Ve_ao% +o ’J/Q_Peﬂ.{' e
Pmc..e,ss % %"”ﬁ to )acmﬂ ar

Em}pyo vernent
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We now shew dhe node prces , amd
Hee jw’%ﬁoﬂu«.oi arcs (aves not ta Ha coomvent
tree ) watin dhelr cosly |

We can ser that )
'5_2+fm Cog = 23+0 < 33 = Ya

So e bﬂ’wxa avc ("?;L} At e
prevens tree solulien | ereating

o ogele 12,1, 4,23 . Pushing
Lot o aLomﬁ thas eyqele
Mok, dhe %Lma e~ CoC (2,4) Zero .
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The new tree, it Qcﬂﬁ@, cests ¥ nocda

Pv{.c%, are showi  beleno :
/

Yo  com \/ezrl.j:j Hock ‘%ef Hion vecter %
nodo ?'—r{c;{—"/s _5_ S e howe

girey = yi- ¥ (Lj)eE

oplimal golilien 1o Hw tHrarss haprmend ?mblﬂm

Remoak o Th “this QXWPLL, Ha  soldlen u
u,wfﬂ,u%, amOl "W‘;"’(“e"‘i‘) oQQ—fWW\LMo( bb' the
awupenoﬂmﬁ, tree . Evern ch He  solutier

st anLc:V,uL, Hea totad cest fﬁ_ ey
Lo  shonld be Hie sanle .
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Preny o oplimalify

We claumed above that the flow obtacued
bU T alﬁeﬁﬂﬂm 5 o)ﬂ;mal- l»j'f?j ¢

We u’v“» 5 5{»/6-— a verbal J ws'tvj.l. collis yoltle,

thanw a {'WMD& Pw‘oj’ 5u|:>\:)os€, o ComPeiU'w
hay o éLL/LPF:Vﬂ schadule 7 K wlad. fe
clebons & ojﬂkmaﬂ o He tiews a0 et

_Q,T _o?:' o et Yt domonda Lw'lszj Hen ackedauls
We ef fer o Hade oAt o ot prices

_8_ coctendlated —above . We clam that - '“f‘

he accepts  gror & ferv, than he can meet e
dermiands af He same o flower ™tal cost.

To se. i, , Obsevrve thod
Cy 2z Yy - Y N- QL,J')E?E

e BT

P PENTSILE. £¥
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Thus , he © neo wWewse %‘JC ’tf&cﬂkrﬁ urth wo
Put we ave not ‘L'Va.cﬂ/?.v:g ot e lovs | e
byeak evem en ewr SMFPD«ﬁ cos (s .

fDVLaLL\}B_ Tke/ervm 1




Stoxting from o framble Gree golilion
¢ Jlawe Bewn hews fo thevolively Sanprove
i 10 solve g bHraws 'L/LPmemi Pmb&w«. ’
Bt heo do we 7&:»0@ o }Lecprlb(é_. Thee
golalicn Lo Ha fiast ploce ?
We do go by #olig an aux tliary
WWMPNWJ: *PyotbLe/wn!
Inthodiace o mv'ELf—icLai exGol pode WO
&v"l‘:f: coodl —extor aves from QUL SOl
rode e (o node ot V%—tﬂt&va. Som cund )
to w, awdl srligicial avcs from w to
every sk noole. o (nede Lib peritive
o & st Ot QR ey mzj—moi an-¢
The am)(LLij Prolo(o/m. has oo obuews
oralial feasible Greo Aoledion . Cam yorn
wee T2 Iy am optimeal  solulleon of the
zxmxiﬂkwg problom has zeyro et Hem it
Lves o a/r‘b’c)c{oi,m(, cres & &ido@) & ]"*QQJWJQLQ
Gree Aollienc Ef- He Qngami j:mb[em

I)C not , dthow ¢he %WL«:JL Fmbﬁm Lo
()’L)C&Q/ﬂé)(_Q




I’-"te{%"’m‘?‘j Theove n

I eus €X amP[L L, we wed Lvdfeﬁzow volies
for b cesl L damands b erder to make
caleil otz »s&m]vlw_ Arel oe encled L
b a gmlbution whore Hea -faLG"wQ &~ el
&cﬂj% Lo e umjtf_ge,\/qumg&_ (Dan iy

Fr[\_‘e,c}ye/m : Covwrderv a tronss [fulpme/m{'
min ' X subj. o Ax=b , x 20

Suchh taf ok cornp onents 4 Heo vector
b ave Lm(:e_érm_. If Heo walezm I an
at- Deast ene fe,w%bu, ol

Hon Tt Ios aw Criezﬁ—e/r—va[,we_ca ]C/ewxbLL
solulien . IJL Lt L‘a‘?. o Op‘lzwoﬂ\ sololion
x* R < 7N W fas anm C%-{'e,gr/w—f va luwe

e

OF_T;\-MQ,Q ) (A/\-t:% =

Remartk : Note Hat @mﬁ_«j b Ras o be
Zn{’-&ﬁ»efwzvaﬁwaoﬂ ;5 e covls ¢ com Lo

0‘-‘”{5\: t’vo\:iﬁ )




The Shovtest Path Poblent

e— —

Cornclor a gﬂrcx,Pk G=(V,E) as Io&-j——en/é.. |
Moo oo before , we tall awume thot
the! edses ave divected - Th bavoluey no
lovs &y 5%%0\,{/\:&3 , 0 eock wadirectad
e&je, con be ve,'Fa'ruthoQ by a Poulv &)
GFFC’%’if&b Aor-ectedl Qd@% ) (’(,)J’) and (f,1).
There ©w a Q/Q/V\.ﬁ“kl-s— anocaled vt eocl
-Q&ﬁa, crivockwe Tttt assnwe tobe

Pvon - neﬁoitcva -

A diected Pﬁ“ﬂ/—-\ beboeen w and o

o o &wloﬁvcxpk & G ot sooles

U= By 3 Dy sem:5 g = T

omd edges (wp, @i ), L=t k-1
Note Hhe olifference  vnthh de Ao fillon
65. o ;)ad;'k.

We et ol;_d‘ Lonote Hao Qemj{fk e
edge (L, 7). The wtal Levghh g o
dizeeted otk fu, @0 0,3 (the
edger ave LowPL'{,@_cQ tn the nototlew)

v olefimedl o

Ofcal,w,_ =+ Ofaoz,uo_%“f’_” —+ ofc,gk —D




The ebstance from w o o & oo pined

o chme, PNV L T 'Q.emﬁﬂf’k %. any Po&[’\

o,omec,'tgnﬁ wto u. A path ad&iu&vﬁ
Yt viodgmane b called o shevtest doam{“k
-'me a to Ul Demcte Hae distanct Duo

Remarks =~ On dirvected 8m.]>lus , Duw need
not be equal o Dow (distoneces ene
~ot /ﬁammﬁ{vyic_) Howoeven H"eﬂ o
.&cﬂlaf—a He Lnazmﬁ le une%a/[’/»{:ﬁj

Do $ Do +Dor ¥ we V-

O wnoQ/vae,c,{'e,c,( 5‘YQPL\A 5 c-€. Lle A U: CQJ[,
"’ﬂ\eafe, ave 3 V&Yherv\é \9} the shertesl

Ciiven s,t € V, compute  Dag andl
.]C{xxol o shevteost 2-1 «Pod.’b\_

Civen &€ V, compute D ¥ £tE V

COMPb\tE’__, :D‘gt' V’ &,_f: 6 \/




Dif kstrals &L;/Fro At

“The mlﬁmﬁ%km Storls tth o aet afcvmblﬁ
wl:j &4, 288, o wlkele O hrnevs @
Shertest ’POCHA.. front 4. It derotively

i get kot th contocin ol nodus.
“The ?—S&wcﬁococﬂe v beled -

Step 0 = P=333, Ds=0 o, 2 =20\

:D\)” = db\f M T X (

Step 1 = Find « &P such that
Dy = o g?&“’p Do

Set P=PuUuiul. Iy P=V, stop.

Step 2% Seb Dy = min §Do s Duvedlyy 3
Retuun o SJC&P 1

2) Hewo PG, o Pu& ooy does ik
tnvolve ¢




Cormectrnesm % D i Leta’s = | 39 sithon

Cloim = At the beﬁinmﬂ‘rj o ok eyodion
& Step L | Do & the mininaon dbtonce
from & to U alona ’PG\.‘Hﬂé Ling @M—Lj
verlices tn P (except o the f-—mpl Vortex P)

':Rf)_fo_gf: 2 Thin b cleerly true of-Ler S%e_? 0.
So  Loe. Cnml:j reed 4o cleck Hot U
vemoos tue obf eaclc 'Lfeyoig% 53( Ste,F 2.
Suppese i was true before Step 1 wWas
QXecM‘r_'edl - At S{'e;-P 1, anoter »ode w was
ad dad to P, whawe dstovce pron~ & g
&“mb nodes b~ P woas D .

Newd , the shertest potic from 4 o o~
w;rbrﬁ e/vdj nodes G ’PQAHM Y emounA
uncl\mjed S v &mj% to —orclucte o

In dhe fatter case ; w nwol b tho font
noc&:,mfkm P & o shevteat & =u Pad’k,
othesruwris e if wenld  howe enteed P ooty
“This, the mumnmisotlion On SL-e_P 2 Ex atcﬁ'g
accetn s for these o F%LLL&K&J




chg«_}g/gfo\__t.waﬂ @m_w’e[/tgi@
We denote |V bj - oondd [E[ bj "
Note Hiot Dy kstrols q}igeﬁldum s Fonds
ot P =388 and ends catic P= Vo
Thas , thove ave o (o n-—]_) tterodisnns.
Eocle tteralien tavolues f’tl‘noh»/j e
monimun b o set & swe ot mesl s

( which Uaveolves =7 comporasens ),

an wPoEOCt’\y»j Ais tovwn cosn e ot nreal”

rn onodes (owvoling o additions & n miaina).
2 F T T T I ey e mevcl-cCtL%
pes ttesotie .

So , Hee C/’DM'PU\-J(_O:Q:LWO\.Q C”(DMPLQKCJCB W
at meot 3n* = O0G*).

A meove caveful amalysis shews thal
when node o emfers P, e need W“j

e ate > taw ' the rneichhews
u}:}ogarvxo{ it:‘taummamﬁw EReETS %
l/Lé\Wj cleven date. sbrcetioen _/,ev-
mointaining the ditance estonates Do
the bt baoon 'mele,mmfocﬁ;w 85[

2

L P e B
0 (m + nQOj '”P) :




Dijkstra’s  algeithm obtaims , en @ A% dodalion
the get & k rodus clesest to 183 . I
Arccerve U Grews o —inclbude adk npc‘@o,
Exactly o node v added in eacle step
teralion | go ot al/udoaaﬁ raedn n—1 Leralions

Tlee  Bellman - Ferd adﬁ"Ome_m wm}:wt% .
at k-t eaoben | Hhe longb~ & ol
shertest 'jpai’bv) ,f—rovv\-— P 8} £ at meot’ ke k@{:s_

mitialoolo D) = O, :D‘jr - 50 ¥ v A
: s k+ | _ = k. »

e

£ v grovamteed that' D" = DT s
any  path  wthenl yepeated vertices hes
at mest -1 'eoej'% (k'ojps). Butthe
algwi{'hm covlod terrmimote  soomen
Perkstrods—altgorthrevegmses odbk
Jl?juﬁ{“ﬂv.s +o béio non—%ﬁ_&;{od,;vﬁ 5 Jov:t—c%ﬁ
Bel man - Ferd doesn’ t. If DT = 3‘“"1;
Haon tha 3’7‘&]31\ centousas q V\-e.ﬁfajlvg cent
C.’j_d& , and the SLLS’Y-{_QAf ’Pa\,{'{& P,ﬂo_fg(am
5ot
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I : Coneclren e Belbman - Ferdl a,léz?c;km
To checle cemectners , we J’Luo[* rneee! o
prove e clotm  that DRt vecter
of Pengtha o shevteat pathe wath ot st
R e-ogjezs frome 8. LJe do HG by
¥, ¥ Wi S Ry iy -

The bove cose =0 & obwers
Su,iol;eo—e., the vesult & HBwe for k. The
Shotest path o & to & wibh of
Mot k+ 1 hopa eilther han k e ferden
MFS,WE‘—O/—)LZi\,OPA wp to w, amel am
ex tra L\OF frew to-—o—

Carplexity

At each Wevefien | Le ngﬁ,c{ to wpdode

o vectoy 95_ Jlmjckk "= (Vv

The uPofocl:o., ot o Fyimﬁkt Vartex mvo lves eon
Adobion ¥ minimiy otiei. over all cta
ﬂag.l\bw.%, So ta wj)oﬂcai*e_ 8} the veg{‘w
needs OO0 computatiens. '

“Tleve ave af moeol n clervoeliowar | %o
the complexthy » O (mn )

Romork = |n pmcﬁca, 4+ conld Le o lot Less




