1.

2.

Elements of Linear Programming
Solution to Problem Sheet

To convert inequality constraints into equality constraints, non-negative slack variables w,
woy are introduced. wi is added to the left-hand side of the first constraint, while wy is
subtracted from the left-hand side of the second constraint. Non-positive variable x3 is
replaced by —ug, where ug is a non-negative slack variable. Sign-free variables xs, x4 are
replaced by ug — va, uq — v4 (respectively), where uy, v4 are non-negative slack variable. As
a result, we get the following LP:

Maximize x1 + 3ug — 3vg — 2ug + ug — V4
Subject to
T1 — 2ug + 2v2 —uz +ug — v4 + w1 =4,
— 21 4 3uo — 3ve 4+ uz + 2ug — 2v4 — wy = 5,
21+ up —v2 —uz + ug — vg = 10,
1 >0, up > 0,u3 > 0,uqg > 0,v9 > 0,v4 > 0,w; > 0,w2 > 0.

(a) The given optimisation problem can be formulated as the following LP problem:

Minimize z (with respect to xy,...,2,,2 € R)
Subject to

n
E Qi Tj Zbi, forizl,...,m,
j=1

n
chjazj —z2< —d, fork=1,...,p,

=1
n

chjxj+22 —dg, fork=1,...,p,
j=1

xj >0, forj=1,...,n.

To get the above LP problem set

n
z = max E Cri%i + dp
1<kp |4
j:



and notice that

n
—z < chjl‘j +dp <z
j=1
fork=1,...,p.
(b) The given optimisation problem can be formulated as the following LP problem:
p
Minimize Z 2 (with respect to z1,..., 2y, 21,...,2, € R)
k=1
Subject to

n
E Q55 > bi, for i = 1,...,m,
J=1

n
chjxj —zp < —dg, fork=1,...,p,
j=1

n

chjxj 4z > —dp, fork=1,...,p,
j=1

xj >0, forj=1,...,n.

To get the above LP problem set

n
2L = E ij.l‘j + dk
j=1

for k=1,...,p, and notice that

n
—z < chjxj + di < zg
Jj=1

fork=1,...,p.

(a) The feasible domain D and the objective level lines (sets) OLL(c) are represented on
Figure 1. From the graphical representation, we conclude that the objective level line
going through Vj is the objective level line which intersects the feasible domain (D)
and which has the minimum value of c¢. Hence, the coordinates of Vj are an optimal
solution. These coordinates are z = 1/2, y = 0.

(b) The feasible domain D and the objective level lines (sets) OLL(c) are represented on
Figure 2. From the graphical representation, we conclude that the objective level line
going through V3 is the objective level line which intersects the feasible domain (D)
and which has the minimum value of ¢. Hence, the coordinates of V3 are an optimal
solution. These coordinates are z =1, y = —1/3.

(c) As H; N Hj does not have a non-empty intersection with {(z,y) : # < 0}, the feasible
domain is empty (see Figure 3). Hence, the problem is infeasible.



(d) The feasible domain D and the objective level lines (sets) OLL(c) are represented on
Figure 4. From the graphical representation, we conclude that the objective level line
OLL(c) intersects feasible domain D for any ¢ € R. Therefore, the problem does not
have a finite optimal solution, i.e., the optimal objective value is —oo.

(e) The feasible domain D and the objective level lines (sets) OLL(c) are represented on
Figure 5. From the graphical representation, we conclude that the objective level line
going through V5 and V3 is the objective level line which intersects the feasible domain
(D) and which has the minimum value of ¢. Therefore, the coordinates of any point
on the segment connecting V5 and V3 are an optimal solution. Hence,

r =12\, y=14(1-\)
is an optimal solution for each A € [0,1].
4. Vector representation of the given problem:

Minimize ¢! (1)
Subject to Az = b,z >0 (2)

where

c=(1 10 0)
Possible combinations of basic indices:
By ={1,2}, By={1,3}, Bs=1{1,4}, Bs=1{2,3}, Bs=1{2,4}, Bs={3,4}
Basic Indices: B; = {1,2}.

Matrix of Basic Columns and Its Determinant:

11
ABlz[O 1], detAp, =1+#0 (3)

. . T
Vector of Basic Variables: xp, = (:cl mg) .

Set 3 = x4 = 0 and compute

. L _ 3
() ) o

Basic Feasible Solution Relative to Bj:

I 3
. T9 3
p— = 5
T &3 0 ( )
T4 0



Cost at &1: ¢I'&1 =6
Basic Indices: By = {1,3}.
Matrix of Basic Columns and Its Determinant:

A32 = |:(1) [1):| y detA32 =0

As detAp, = 0, the basic feasible solution relative to By does not exist.

Basic Indices: B = {1,4}.
Matrix of Basic Columns and Its Determinant:

Ap, = [(1) (1)] . detAp, =140

. . T
Vector of Basic Variables: g, = (:cl m4)

Set x9 = 3 = 0 and compute

Basic Feasible Solution Relative to Bj:

|
w o oo

Cost at @3: ¢T@; =6
Basic Indices: Bj = {2,3}.
Matrix of Basic Columns and Its Determinant:

|:1 1:| , detAp, = —-1#0

A= |1

Vector of Basic Variables: xp, = (xg azg)T.

Set 1 = x4 = 0 and compute

21 0
Gy = T2 _ 3
I3 3
T4 0

(10)

(11)



Cost at &1: ¢T'@&, =3
Basic Indices: Bj; = {2,4}.
Matrix of Basic Columns and Its Determinant:
Ap, — E (1)] . detAp, =140 (13)
Vector of Basic Variables: xp, = (xg m4)T.

Set 1 = x3 = 0 and compute

Ep, = (ii) = Aglb = <_63) #0 (14)

As &, # 0, the basic feasible solution relative to Bs does not exist.
Basic Indices: Bg = {3,4}.
Matrix of Basic Columns and Its Determinant:

1 0

Apg = [0 1

] . detAp, =140 (15)

Vector of Basic Variables: xp, = (:Ug 334)T.

Set 1 = 22 = 0 and compute

) ; _ 6
Zp, = @j) = Agly = (3) >0 (16)

1 0

A T9 0
= = 17
Ty 23 6 ( )

T4 3

Cost at &¢: T @6 =0
Optimal Cost: min{c’ &, c’&3,c &4, c 26} =0
Optimal Basic Feasible Solution: ¢

. (a) The given LP problem is feasible iff it has a basic feasible solution (BFS). z is a BFS
iff Z is feasible solution and there exists an integer k € {1,...,n} such that Z; = 0 for each
jeA{l,...,n}\ {k}. Hence, z is BFS iff there exists an integer k € {1,...,n} such that
z; =0 for each j € {1,...,n} \ {k} and

apTr =0b, >0 (18)

Since (18) has a solution iff ax > 0, we conclude that Z is a BF'S iff there exists an integer
ke {l,...,n} such that a;, > 0, £ = b/aj, and Z; = 0 for each j € {1,...,n}\{k}. Hence,
the given LP is feasible iff a; > 0 for some k € {1,...,n}.



(b) If the given LP is feasible, then
B:{@yninwm>O@k:me%:0&m1§hj§mk#j}

is the set of all basic feasible solutions. Then, the optimal cost value is

n
b

min cha%j : [@1---:En]TeB :min{ckzalC > 0,1 Skﬁn}

- ag

7j=1
. The given LP is feasible iff it has a basic feasible solution (BFS). & is a BFS iff Z satisfies
all constraints and there exist integers k1, ko € {1,...,n} such that k; < ko and z; = 0 for
each j € {1,...,n} \ {k1,k2}. Hence, & is BFS iff there exist integers ki, k2 € {1,...,n}
such that k1 < ko, 2; = 0 for each j € {1,...,n}\ {k1,k2} and

ak‘l‘%]ﬁ + akzi“kz =b (19)
Tgy + Tpy, =1 (20)
T, =20, xR, 20 (21)
Since
. ag, —b R b—ay,
xk'l = xkg =
Qk, — Ok, Ak, — Qk,

is the solution to (19), (20), we conclude that Z is a BFS iff there exist integers k1, k2 €
{1,...,n} such that ki < ko, ; =0 for each j € {1,...,n} \ {k1,k2} and
ag, — b b—ay,

ajkl = = > O7 :i'kQ - — > 0 (22)
akQ — akl akz — akl

Let us show that (22) does not hold when k1 < ks < n—1. When, k; < ko < n—1, we have
ar, < ag, < b, and consequently, ay, — ar, > 0, ag, —b <0, b —ay, > 0. Thus, 2, <0,
2k, > 0 when k1 < ky <n—1.

Now, we show that (22) holds when k; < k2 = n. When k1 < k2 = n, we have ag, < b < ag,,
and consequently, ay, — ag, > 0, ag, —b > 0, b —ag, > 0. Hence, zx, > 0, 2, > 0 when
k1 < ko = n. Therefore,

T anp — b b— ay

ZSAU]{;: ,i‘n: ,i:]:Oforlgk,jgn—l,k;é]}
an — Ak ap — Ak

B:%@~ﬁm

is the set of all basic feasible solutions. Since B # (), the problem is feasible. Then, the
optimal cost value is

n
. R . . . ap —b b— ay
min E citj (X1 xn)T €B,; = min cp— + ¢y
ot 1<k<n—1 A — Q) A — Q)
J:



7. (a) The dual of the given LP is

Maximize 3y; + y2

Subject to
yity< 1
21 +y2 < -1
yi—y2< 1

Applying the graphical method to the dual LP, we obtain the dual optimal solution
=0, y2=-1

(see Figure 6 at the end of this document).

In order for x1, x2, x3 to be an optimal solution to the primal, the following equilibrium
conditions have to hold:

z1(y1+y2—1)=0
z2(2y1 +y2+1)=0
z3(y1 —y2—1) =0
For y; = 0,y2 = —1, the first equilibrium condition yields z; = 0.

For 1 = 0, the primal equality constraints become

200 + 23 =3

Tro — I3 = 1
Solving the above system, we get xo = 4/3, x3 = 1/3. Hence,
xr1 = O, Ty = 4/3, xr3 = 1/3

is the optimal solution solution to the primal problem (i.e., to the given problem).

(b) The dual of the given LP is

Maximize y; + 4y2
Subject to
y1+2y2 < -1
2p+y2 < —1
y1—y2 < —1
The level set {(y1,y2) : y1 + 4y2 = ¢} has an intersection with the feasible domain
for any ¢ (see Figure 7 at the end of the document), and consequently, the optimal

dual objective value is not finite. Then, due to the duality principle, the primal is not
feasible.



(¢) The dual of the given LP is
Maximize — y; + y2
Subject to
2 +yp < 2
y1+3y2< 3
—2y1+y2 <3
3y1+2y2< 6
2ty < 4
Applying the graphical method to the dual LP, we obtain the dual optimal solution
=—6/7, y2=9/7
(see Figure 8 at the end of this document).

In order for x1,z9, 3, x4, x5 to be an optimal solution to the primal, the following
equilibrium conditions have to hold:

1291 +y2—2) =0 (23)
z2(y1 +3y2—1) =0 (24)
23(—2y1 +y2 —3) =0 (25)
24(3y1 + 2y2 —6) =0 (26)
z5(—2y1 —y2 —4) =0 (27)
For y; = —6/7,y2 = 9/7, equilibrium conditions (23), (26), (27) yield
1 =0, 2z4=0, x5=0.
For 1 =0, x4 = 0, x5 = 0, the primal equality constraints become
To —2x3 = —1
3o+ x3=1
Solving the above system, we get x9 = 1/7, x3 = 4/7. Hence,
x1=0, x9=1/7, x3=4/7, x24=0, 25=0
is the optimal solution solution to the primal problem (i.e., to the given problem).
(d) The dual of the given LP is
Maximize 4y; + 3y2
Subject to
Y1 +2y2 <
Y1 —2y2 <
2y1 +3y2 <
Y1 +y2 <
3y1 +y2 <
y120,y2 >0

W N Ot W N



Applying the graphical method to the dual LP, we obtain the dual optimal solution
y1=4/5, y2=3/5

(see Figure 9 at the end of this document).
In order for x1,x9,x3, 24,25 to be an optimal solution to the primal, the following
equilibrium conditions have to hold:

r1(y1 +2y2 —2) =0 (28)
xa(y1 —2y2 —3) =0 (29)
x3(2y1 +3y2 —5) =0 (30)
r4(yr +y2—2) =0 (31)
x5(3y1 + Yo — 3) =0 (32)
yi(z1+ 22+ 223+ 24+ 325 —4) =0 (33)
y2(2w1 — 2wo + 323+ 4 + 25 —3) =0 (34)

For y; = 4/5,y2 = 3/5, equilibrium conditions (29) — (31) yield
:L'QZO, 1'320, 374:0.
For o = 0, 23 = 0, x4 = 0, y1 = 4/5,y2 = 3/5, equilibrium conditions (33), (34)
imply For 1 =0, 4 = 0, x5 = 0, the primal equality constraints become
r1 + 3565 =4
201+ x5 =3
Solving the above system, we get 1 = 1, 5 = 1. Hence,
=1, 29=0, 23=0, 24=0, z5=1
is the optimal solution solution to the primal problem (i.e., to the given problem).
8. (a) The dual of the given LP is
Maximize 16y;
Subject to
5y1 +y2 < 1
—6y1 —y2< 5
4y1 +6y2 < 2
—2y1 +9y2 < 13

In order for x1, x2, T3, x4 to be an optimal primal solution, the following equilibrium
conditions have to hold:



For 1 = 0, 20 = 2, x3 = 3, x4 = 0, equilibrium condition (36), (37) reduce to the
following system:

6y1 +y2 = —5

dy1 + 6y2 = 2
Solution to the above system is y; = —1, yo = 1. It is straightforward to show that
y1 = —1, yo = 1 is a dual feasible solution. Since x1 =0, o =2, z3 =3, 4 = 0 and
y1 = —1, yo = 1 satisfy the equilibrium conditions, we conclude that z; = 0, x93 = 2,

x3 = 3, x4 = 0 is an optimal primal solution.

The dual of the given LP is

Maximize 24y; + 20y2 + 8ys
Subject to
dy1 +y2 +2y3 < —6
6y1 +4y2 +3y3 < —6
2y1 +3y2 tys < —4
Y1 <0

In order for z1, x2, x3, x4 to be an optimal primal solution, the following equilibrium
conditions have to hold:

w1 (dy1 +4y2 +2y3 +6) =0 (39)
w2(6y1 +4y2 +3y3 +6) =0 (40)
r3(2y1 +3y2 +y3 +4) =0 (41)
zqy1 =0 (42)

For 1 = 2, 9 = 0, x3 = 4, x4 = 8, equilibrium condition (39), (41), (42) reduce to
the following system:

4y + 4y + 2ys = —6
2y1 +3y2 +y3 = —4

y1=0
Solution to the above system is y1 = 0, yo = —1, y3 = —1. It is straightforward to
show that y; =0, yo = —1, y3 = —1 is a dual feasible solution. Since x1 = 2, x5 =0,
x3 =4, x4 =8 and y; = 0, yo = —1, y3 = —1 satisfy the equilibrium conditions, we

conclude that x1 = 2, o = 0, x3 = 4, x4 = 8 is an optimal primal solution.
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