UNIVERSITY OF BRISTOL
Fxamination for the Degrees of B.Sc. and M.Sci. (Level M)

ADVANCED FLUID DYNAMICS
MATH M0O600
(Paper Code MATH-MOG00}

January 2014, 3 hours

This paper contains five gquestions
A candidate’s FOUR best answers will be used for assessment.

Calculators are not permilled in this evamination.

Candidates may bring into the examination their leclure noles and matlerial distributed during
the course (printed or handwritten), bul may not bring in lextbooks.

On this examinalion, the marking scheme is indicaiive and is intended only as a guide lo the
relative weighling of the questions.

Do nol turn over until instructed.
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Cont. .. . AFD-14

1. Incompressible fiuid of kinematic viscosity v and density g flows between two infinite sta-
tionary parallel plates, located at # = 0 and z = h. The motion is driven by a pressure
gradient given by

S — (7 cos 2wt

(&) (4 marks) Simplify the Navier-Stokes equations to derive a governing equation for
the velocity field u = uX, where %X is a unit vector along the z-axis. What are the
boundary conditions?

(b} (12 marks) Find the fiow field.

[Hint: you may wish lo write u = Re{[(2)e®*}, where Re{ ...} denotes the real part.]

{c} (3 marks) Evaluale the velocity averaged across the width of the channel.

(d) (6 marks) Show that the average flow velocity in the regime hd < 1, where § =
w/y, is given by
g2

cos 2wt

1%

Explain how this result could have been anticipated.
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2.

(a) (5 marks) Sketch the streamlines of the linear straining flow u; = Ej;z;, where

¢ 01
1300

A stationary spherical particle of radius a resides at the origin of a linear straining flow such
that the velocity field sufliciently distant from the particle is u; = Eyx;. The velocity field
satisfies the Stokes equations, no-siip boundary conditions on the surface of the sphere and
tends to the linear straining flow far from the particle. The velocity field and the associated
pressure field are given by

r —- b £
a’ San En a’ a” )
wEE o) T e\ T )

S
p= by
)

(b) (10 marks) Show that the velocity gradient tensor, evalnated on the surface of the
spherical particle is given by

5 5
V_;.-ui == —EE«M-,CEAJEj - —_-‘;IE;C[LIZA,I[.’U?'IEJ;.
a a
Hence show that the shear stress on the surlace of the particle, 7, is given by

Sp
Ty = =L L.
¢

(¢) (5 marks) Show that the net drag on the particle vanishes.

(d) (5 marks) Evaluate the net torque, G, exerted on the particle, given by

G = x AT dS.

r=au

drat
Hint: /; iy dS = 7;& O35
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Cond... AFD-1/

A circular digk hovers on a cushion of air above an ‘air’ table, which is a horizontal, porous
surface through which air is pumped at a constant rate. The disk is of radius R and weight
Mg and it is in equilibrinm at a distance b above the air-table. The air, which has dynamic
viscosity g and density p, is pumped so that it emerges through the porous table with a
volume flux V per unit area of the table surface.

The motion is to be considered in the regime h/R < 1 and pVh/p < 1.
(a) {5 marks) Explain the significance of the two restrictions that specify the regime in
which the motion is to be analysed.

(b) {10 marks) Show that the radial pressure gradient in the air under the disk satisfies

sz GV

or h?

(¢) {10 marks) Calculate the pressure, the force exerted on the disk and deduce that
the distance h at which the digk is in equilibrium is given by

VARIE
he I STtV ,
2Mg
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Cond... AFD-14

Incompressible fluid of density p and kinemagic viscosity v lows steadily past a streamlined
two-dimensional body of characteristic dimension D. Far upstream ol the body, the velocity
fleld is uniform u = U%. Downstream of the body there is a thin wake in the velocity field
in which the streamwise velocity is given by U — wy(x, y), where ju, /U] < 1.

{(a) (3 marks) Identify the Reynolds number for this flow. For what regime of Reynolds
number is the wake thin?

(b) (8 marks) Show that the equation governing the streamwise momentum is given to
leading crder by
8“] 82'?1,1
e
dx d'y‘z
What boundary conditions does 1, satisly?
¥ 3 }

(¢) (4 marks) Show that ‘_
/ 1y dy = Q).

(d) (10 marks) Show that the velocity field is given by

where () is a constant.

® 172
Uy = E{/—Qf(y/-’b )

where f is to be determined. How does the thickness of the wake vary with downstream
e o)

distance? Hint: f e~ ds = /7.

=K

Page 5 of 6



Cont... AFD-14

5. Incompressible fluid of dynamic viscosity p resides in a porous medium bounded by two
horizontal surfaces at » = 0 and z = h. The lower boundary is maintained at temperature
T o= Ty + AT, (AT > 0), while the upper boundary is at temperature 7" == Ty, The local
density of the fluid is proportional to the local temperature so that

p=rpo(l =T ~T)),

where « is the positive-valued coeflicient of expansion. The equation governing the advec-
tion and diffusion of the temperature field is given by

oT
at

+u. VT = xV?T,

where x is the diffusivity, The motion s asswned to be only two-dimensionat so that the
veloeity field u = (w, w) is given by

U = = and U =
wiere K, and K, are the constant horizontal and vertical permeabilities, p denotes the
pressure and g denotes gravitational acceleration.

(a) (3 marks) Find the steady temperature, density and pressure when there is no fluid
flow.

(b} (10 marks) Now intreduce perturbations to the static state found in {a) and show
that after linearising the governing equations that the vertical velocity satisfies

&2 &2 5} ‘ K K pogadT 0%w _
Ky K, 2 O w2, = Dedialel =y 1
( t g2 " 8752> (@t al ) v (h Ox? )

(¢) (7 marks) Now examine the neutral mode for (1} of the form w = ¢*®

deduce the following condition for marginal linear stability

((ERY? + (nn)?) ((kR)? 4 D{nm)?)
(kh)? ’

sin{nwz/h) to

Ro =

where I' = K,/ K, and Ra is a dimensionless parameter that is to be determined.

(d) (5 marks) IMind the minimum value of Re for the onset of linear instability.

End of examination,
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