Advanced Fluid Dynamics 2017

Sheet 5 Stokes flow around spherical particles

1. (a) The scalar function, ¢(x) and the vector field A(x) both satisfy Laplace’s equations.
Show that the velocity and pressure fields given by

u=Vop+V(x.A)—2A and p=2uV.A, (1)

satisfy the incompressible Stokes equation with no body force, where u denotes the
dynamic viscosity. Show that the stress tensor is given by
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(b) Now consider the flow past a stationary sphere of radius a, such that the velocity field
u — U as r = |x| = oco. By superposing the functions
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where «, 5 and «y are constants to be determined and using (1), find the velocity field
for this flow.

Show that the stress on the surface of the particle is %MU /a and thus calculate the
drag on the particle.

2. (a) Axisymmetric flow may be expressed in terms of spherical polar coordinates (r,0, ¢)

in terms of the Stokes streamfunction such that
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Show that the vorticity w = wq[) is given by
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Show that the Stokes equations are satisfied if VZw = 0, which implies that D*¥ = 0.

(b) Show that the Stokes streamfunction for a uniform flow along the § = 0 axis is given
by ¥ = %UTQ sin? 6.

(¢) Now construct the Stokes streamfunction for uniform flow past a stationary particle of
radius a by seeking a solution of the form ¥ = 1U f(r)sin® 6. Show that f(r) satisfies
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and seek solution of the form f(r) oc . Thus derive
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Sketch streamlines of the flow.
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3. A sphere of radius a rotates with angular velocity €2 in a fluid of infinite extent. Show
that the incompressible Stokes equations with no body force and the appropriate boundary
conditions are satisfied by a velocity field of the form

u=QAxf(r),

where r = |x]|, f(r) is to be determined and there is a constant pressure field, py.

Show that the stress exerted on the surface of the particle by the fluid is —(pox+3u2AX%)/a,
where i denotes the dynamic viscosity. Hence show that the couple that must be exerted
to the sphere to maintain the motion is 8mua®$Q.

[Hint: the couple exerted by the fluid on the particle is given by

G= x A (0.n) dS,

|x|=a

where the normal n; = z;/a.]
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