Martingale Theory
Problem set 1, with solutions
Measure and integration

1.1 Let (92, F) be a measurable space. Prove that if 4,, € F, n € N, then N,en4,, € F.

HINT FOR SOLUTION:
Apply repeatedly De Morgan’s identities:

() 4. =2\ [ J©Q\ 4,).

neN neN

]

1.2 Let (2, F) be a measurable space and Ay € F, k € N an infinite sequence of events. Prove
that for all w € Q

]lanmZnAm (UJ) = n@O ]]'An (W), ]lunmmZnAm (w) = 11)7111 ]]‘An (W)
n—oo

HINT FOR SOLUTION:

Note that
o 1, () = 0 %f#{nGN:wEAn}<oo,
n—00 1 if#{neN:weA,} =o.
Jim 14 (w) = 0 ?f#{mEN:ngm}:oo,
n—oo 1 it#H{meN:wé¢A,} <o
O
1.3 HW

(a) Let © be a set and F, C P(R2), o € I, an arbitrary collection of o-algebras on 2. We

assume [ # (), otherwise we don’t make any assumption about the index set I. Prove that
Fi=()Fa
ael

is a o-algebra.
(b) Let C C P(R2) be an arbitrary collection of subsets of Q2. Prove that there exists a unique



smallest o-algebra o(C) C P(£2) containing C. (We call o(C) the o-algebra generated by the
collection C.)

(c) Let (2, F) and (Z,G) be measurable spaces where G = o(C) is the o-algebra generated
by the collection of subsets C C P(2). Prove that the map 7 : Q — = is measurable if and
only if for any A € C, T™1(A) € F.

Hint for (c): Prove that {A C Z:T71(A) € F} is a o-algebra.

SOLUTION:
(a) Check the axioms of o-algebra for F:

NVael):QeF, = Qeﬂfa

acl

(VneN): A, € ((Fa = (Yacl)(VneN): 4, € F,

ael

— (Vael):|JA €T,
neN
= J4a. N7
neN acl

(b) Denote
I(C) :={F CP(Q) : Fis a g-algebra and C C F}.

Since P(Q) € I(C), I(C) # 0. Hence, by applying (a)
ﬂ 7
Fel(C

is a o-algebra which contains C as subset. By construction it is the smallest such
object.

(c) We prove that
H={ACZ:T'(A) e F} CPEE)

is a o-algebra. Indeed:
(i)
T7'(E)=QeF = ZeH
(1)
(VneN): A, eH = (WmeN):TYA,)eF

= 1A =1"(JA)eF

neN neN

= (JA en

neN



1.4

1.5

1.6

By assumption, C C H and thus due to (b) G = o(C) C H. O

(a) Let f : R — R and assume that for any a € R, f~1((—o00,a)) € B, where B denotes the
o-algebra of Borel-measurable subsets of R. Prove that f is Borel-measurable, i.e. for any
AeB, f71(A) eB.

(b) Let f: R — R and g : R — R be Borel-measurable functions. Prove that fog: R — R
is also Borel-measurable.

(c) Let f: R — R be piece-wise monotone function. Prove that f is Borel-measurable.

HINT FOR SOLUTION:

(a) This is special case of part (c) of problem 3| with the particular choice: (Q, F) =
(Z,9) = (R, B) (B denotes the Borel-sigma-algebra on R, generated by the topol-
ogy.), and C = {(—o00,a) : a € R} C P(R). Note that B = o(C).

(b) Let A C R, then (fog)™'(A) = g7 *(f~(A)). Hence, since both functions f and g
are assumed to be Borel-measurable A € B = f~1(A) e B = ¢ }(f!(A)) € B.

(c) Prove first that if f : R — R is piecewise monotone then inverse images of

intervals are countable unions of intervals. O

HW
Let Q ={1,2,3,4} and

F:={0,{1},{3},{1,3},{2,4},{1,2,4},{2,3,4},{1,2,3,4}}
G :={0,{1},{2},{1,3},{3,4},{1,3,4},{2,3,4},{1,2,3,4}}
H:={0,{1},{4},{1,4},{2,3},{1,2,3},{2,3,4},{1,2,3,4}}

(a) Decide, which of the collections F, G and/or H are o-algebras and which are not.
(b) Let f : Q@ — R be defined as f(n) := (—1)". Decide whether f is measurable or not

with respect to the o-algebras identified in question (a).

SOLUTION:
(a) F and H are o-algebras. G is not a o-algebra.

(b) f is F-measurable but not H-measurable. O

Let Q =N, F :=P(N) and define i : F — [0, 00] as follows:

0 if |A] < oo,
A) =
#A) {oo if |A] = o0.

Prove that p is an additive but not a o-additive measure on (N, P(N)).



1.7

1.8

HINT FOR SOLUTION:
Finite additivity follows from the fact that finite union of finite sets is finite. However
o-additivity doesn’t hold. Indeed N = U, en{n}, but

p(N) =1#0=>"pu({n}).

neN

Bonus

Let 2 =N and Ano
N
C:={ACN: lim #n[’n] =: p(A) exists }.

n—0o0

For A € C we call the number p(A) € [0,1] the Césaro density of the set A. The Césaro
density measures in a sense the relative weight of the subset A within N. Unfortunately,
the collection C C P(N) is not even an algebra of subsets, and thus the Césaro density can
not serve as a decent measure.

Give an example of two sets A, B € C for which ANB ¢ C.

HINT FOR SOLUTION:
Let

E:={2% 42l : ke N0<I< 2%},

Fo={2%" 120 ke N,0 <1 <221},

G = {2 42 +1:k€N,0< [ < 2%}
In plain words:

- E is the set of all even numbers in intervals of the form [22% 22k+1) [ € N.
- F is the set of all even numbers in intervals of the form [22¢+1 22(k+1)) L € N.

- G is the set of all odd numbers in intervals of the form [22¢+! 22(-+1)) L ¢ N,
These are clearly disjoint sets. Define A:= F U F, B := EUG. Then check that
#AN[0,n] I #BN[0,n] 1

lim ———— = lim ——— = —
n—oo n n—00 n 2
while - o -
i 2200 L2 g #E0[0n]
n—oo n 373 aSk n
O
Bonus

Construction of the Vitali set — example of a subset of [0,1) which can’t be Lebesgue



measurable.

Let 2 :=[0,1) and define on 2 the following equivalence relation:
x ~yif and only if x — y € Q.

Let V' C [0,1) consist of ezactly one representative element from each equivalence class
according to ~. (Note, that this construction relies on the Axiom of Choice.) For g €
QnN0,1) denote

Voy={y=2+q (mod1l):z eV}

Prove that

(i) The sets V;, ¢ € QN [0,1), are congruent: for any ¢,¢' € QN [0,1), Vyy = (¢’ —q) +
V, (mod 1).
(ii) For any ¢,¢' € QN [0,1), if ¢ # ¢’ then V; NV, = 0.
(i) Ugeqnio,ny Ve = 10,1).
Conclude that the Vitali set V' can not be Lebesgue measurable.

HINT SOLUTION:

(i) By construction, for all ¢ € [0,1) N Q, V, is congruent with V5 = V. So, they are
all congruent between them.

(ii) Assume that for ¢ # ¢’ there is © € V, N V. Then there are y,y’ € V, so that
x=y+qand z =y’ +¢ (mod 1), and hence y—y' = ¢’ —q # 0. But, by construction,
V' contains one single representative from each class of equivalence, so can’t contain
two different elements whose difference is non-zero rational.

(iii) Let @ € [0,1). Denote by z* the representative of the class [z] := {y € [0,1) :
y~ax}inV and let ¢ = x — z*. Then clearly z € V.

Assume now, that V' is assigned Lebesgue measure A\(V') € [0, 1]. Then, since V,-s are
all congruent with V', all must have the same Lebesgue measure: for all ¢ € [0,1)NQ

A(Vg) = A(V).
On the other hand,
[0,1) = U Ve,
qE[O,l)ﬂQ

where the sets V,, are pairwise disjoint and they are countably many. By o-additivity
of measure we must have

ST AW = A0.1) = L.
€[0,1)NQ
Now, assuming A(V) = 0 we get A([0,1)) = 0, assuming A(V) > 0 we get A([0,1)) =
o0o. Both possible assumptions lead to contradiction. The case is that the set V' is
not measurable and there is no way to assign Lebesgue measure to it.

]



1.9 HW

a) Let r,7, € R, n € N and assume lim,,_,, 7, = 7. Prove that
)
r = sup ( inf rn> = inf (sup rn> .
m \n2m m \n>m

(b) Let (2, F) be a measurable space, f, : & — R a sequence of real valued functions and
f:Q — R, defined as f(w) := inf,, f,(w). Prove that for any a € R fixed

F~(fa,00)) = () £ ([a, 00)),
FM(a,00)) = [J £ (la + 1/m, 00)).

Using these conclude that the point-wise infimum of a sequence of real valued measurable
functions is measurable.

(c) Using (a) and (b) above prove that the point-wise limit of a sequence of measurable
functions is measurable. (In other words: the class of real valued measurable functions is
closed under point-wise limits.)

(d) Using (a) deduce the Dominated Convergence Theorem from the Monotone Convergence

Theorem.
SOLUTION:
(a) We clearly have for any sequence ry of real numbers (without assuming conver-
gence)
—o0o < inf 7, < inf r, <supr, < sup r, < oo,
n2m—1 n2m n>m n>m—1
and hence

—o0 < sup ( inf Tn) =:r, <r":=inf (sup Tn) < .

m \Z>m m \n>m
Assume r, < r*. Then for any m < oo there are n,n’ > m so that
T < Te <175 <1y
and thus

. * T
lim r, <r,<r" < lim r,,
n—oo n—0o0

in conflict with the assumption that lim,,_.., r, =: 7 exists.



fa,00) ={weQ: i%f folw) > a}
=({weQ: fulw) > a}

= (£ ([, 00

f ((a,00) ={w € Q: f(w) > a}
:U{wGQ:f(w)Za+1/m}

—Uf ([a +1/m))
—Uﬂf ([a+1/m)).

Let now —oo < a < b < 0co. Using the above we get

F7 ((a, b)) = f((a,00)) \ f7([b, 00))
= UM/ la+1/n,00) \ () £ (b 00)).

n

Since by assumption for all ¢ € R, and all € N f([c,00)) € F and the right hand
side of the last equation contains countable elementary set theoretical operations with
these kind of subsets of ©, it follows that for any —co < a < b < oo, f~1((a,b)) € F.
By the conclusion of (¢) in problem [3| it follows that f := inf, f, is measurable
function.

(c) Let now f, : @ — R, n € N, be measurable and assume that for all w € Q
lim f,(w) =: f(w)
n—oo

exists. Then, by (a)

f(w) =sup <inf fn(w)) = —inf (— inf fn(w)> :
m n>m m n>m
Since the infimum of a sequence of measurable functions is measurable and the limit
is expressed in terms of infima, the result follows.

(d) Let the functions f, f,, ¢ € L1(Q, F, 1) be as in the statement of DCT. Without
loss of generality assume f,, f > 0. (Otherwise, write f = f. — f_, fro = fus — fa—,
and, noting that f,, — f is equivalent to f,, + — fi, go on separately for f., f, +,¢ €
LY, F,p)and f_, fo_, 0 € LYQ, F, 1))
Let

gn(w) = T}lgfn fn(w)7 hn<w) ‘= sup fn(w)

m>n



1.10

Then, for all w € 2 and all n € N

In-1(w) < gn(w) < fr(w) < hn(W) < by (W),
and, by (a)

go(w) S f(w),  ha(w) N f(w),
as n — oo. By applying MCT to the sequences g, and ﬁn = @ — h, we get

i [ (7 = g.)du =l [ (b~ f)du=0.
Q n—oo Q

n—oo

Putting all these together we obtain

n— fldu < hy, — g,)dp = h, — f)d — gp)d ,
Av fTu<A( gn)di l} ,ﬂu+Lq ga)dji — 0
as n — oo. ]

In this problem we model the infinite sequence of coin tosses and prove that the events
appearing in the strong law of large numbers is measurable.
Let

Q= {0,1}" = {w = (w;)72 : wj € {0, 1}},

and
F=0c({weQ:wj=c¢;},jeNe e{0,1}).

(In plain words: F is the o-algebra generated by the finite base cylinder sets.) Let for
jneN, X;,5,:Q—Rbe

(a) Prove that for any p € [0, 1] the event

Ay ={weQ: lim n_lSn(w) =p}

n—o0

is F-measurable.
(b) Prove that the event

B:={wecQ: lim n 'S, (w) exists.}

n—oo

is F-measurable.

(c) Does (b) follow directly from (a)?

Hint for (a) and (b): Using basic definitions from analysis (limit, Cauchy property) write
the events A, and B in terms of countable elementary set theoretic operations applied to

finite cylinder events.



HINT FOR SOLUTION:
The functions X,, : Q@ — R, S,, : Q — R are clearly F-measurable.

(a) More generally, it is true that given sequence of measurable functions functions
frn: Q2 — R and x € R, the set

Ay ={we: lim f,(w) =x}
n—oo
is measurable. Indeed

A, ={weQ:(VkeN) (3l eN) (Ym>1): f(w) € (x—l,x—i-l)}
1
-nuN (x__ﬁk)).

This is produced by countable elementary set theoretical operations applied to mea-
surable sets. Thus, it is measurable.

(b) More generally, it is true that given sequence of measurable functions functions
fn i Q2 — R, the set
B:={weQ: lim f,(w) exists}
n—oo

is measurable. Indeed

B = {w € Q : the sequence f,(w) € R is Cauchy}

::MEQ:WkEM(HGNMWmnEDGpem:h@%ﬁﬂﬂe(2:1Eil

-UNAYE T pne (e 5e))

This is produced by countable set elementary theoretical operations applied to mea-
surable sets. Thus, it is measurable.

B =] A,

z€R

(c) No! One can write

but the union on the right hand side is not countable. Thus, (b) needs and indepen-
dent separate proof, as shown above. O

1.11 Let f:]0,00) x [0,00) — R be defined as follows:

+1 ifz>0,y>0, 0<x—y<1,
fly)=q-1 ifx>0,y>0, 0<y—z<1,

0 otherwise.



Compute the following double integrals

= /OOO (/OOO f(:p,y)dy) dz,  Ji= /OOO (/Ooo f(x,y)d:z:) dy.

Interpret the results in view of Fubini’s theorem.

HINT FOR SOLUTION: Mind the order of integration in both cases!

1 1
[=+= J=—=.
Ty 2

Since the function under the integral signs is not absolutely integrable it is not allowed
to change the order of integration. (Fubini’s theorem says that that the order of
integration in a double — or multiple — integral can be interchanged if the function

under the integrals is absolutely integrable.) O]

1.12 Bonus
Let Y be a random variable whose probability distribution function is F(y) := P(Y < y)
Assume E(YQ) < oo and denote m := E(Y), 0% := Var (Y) Compute the following double

integral
1= [ ([ - marw) a.

Interpret the result in view of Fubini’s theorem.

HINT FOR SOLUTION:
Let

I:= lim Iy
N—o0

where

i [ ([Tw-marw)de= [" [ ate <)o - mydr)s

Then I, is absolutely integrable on [—N, 00) x [—N, 00):
|| e <uby-mlards = [ g+ Nlly - mldP)
-NJ-N -N

< / j<|y| + N) (| + [ml)dF(y)

< / T (0 (N 4 m]) Jy] + N |m]) dF(y)

=E(Y?) + (N +|m)E(]Y]) + N |m|

.

A\



Therefore, by Fubini’s theorem, we can interchange the order of integration in Iy to
obtain

o0

= [+ M-mar) - [

N

o0

(y — m)PdF(y) + (m + N) / (v — m)dF(y).

N N

Note that, since

/ y2dF(y) < 00

we have, as N — oo

/Oo(y —m)dF(y) — /OO (y —m)dF(y) =0,

—-N

| w=mpare) > [ - mparm) - o

—-N

N‘/ (y —m)dF(y ‘ N’/ (y —m)dF( )‘

< NE(|Y|1{]Y| > N}) + NmP(|Y| > N)

and

< N\/E(v2),/P(]Y] 2 N) + NmP(|Y| > N)

— 0.

In the very last step we use that
E(Y?) <oco = lim N°P(|Y|>N) =0,
N—o0

which is a straightforward consequence of Markov’s inequality.

Putting all these together we get

I:= lim Iy = o2
N—o0

Note, that one couldn’t apply Fubini’s theorem and couldn’t interchange the order
of integration directly in I, without the truncation at —N. O]

11



