
ROUNDED TRIANGULAR BILLIARDS

CARL P. DETTMANN

Abstract. Fifty years ago, Leonid Bunimovich showed that convex
billiards could be hyperbolic, using billiards where the boundary consists
of straight segments and circular arcs such that the disks defined by
the arcs are contained in the billiard. Two well known examples with
C1 boundaries, the straight and tilted stadia, have families of neutral
periodic orbits, and hence are not fully hyperbolic. We present the
parameter space of the fully hyperbolic Bunimovich billiards formed
by rounding the corners of the three integrable triangular billards. By
construction these have C1 boundaries and are convex.

1. Introduction

Fifty years ago, Leonid Bunimovich showed that convex billiards could be
hyperbolic [4]. He considered a class of billiards now known as Bunimovich
billiards with boundaries consisting of straight lines and circular arcs such
that each disk is strictly contained in the billiard (the “B-condition”). In
fact, the disk inclusion may be replaced by the condition that the interval
between successive collisions with circular arcs is at least that of the relevant
chord [5, 15], and (for non-convex geometries) dispersing components, that
is, concave components or convex obstacles with nowhere zero curvature,
are allowed [3, 12, 15]. Other classes of chaotic billiards, generalising the
circular arcs to curves now called absolutely focusing, have been shown to
be hyperbolic [7, 18, 22, 28, 32]. Here we construct billiards using circular
arcs, but it would also be possible to use more general absolutely focusing
arcs, sufficiently separated.

Two very well known Bunimovich billiards are the straight stadium [1],
with two parallel straight sides and semicircular arcs, Fig. 1(a), and the
tilted stadium [20], with two straight but nonparallel sides, and two arcs,
one less than 180◦ and one greater than 180◦, Fig. 1(b). In each case almost
all trajectories reach both straight and curved components and hence are
hyperbolic, but there are families of nonhyperbolic period two orbits, in
the straight stadium between the parallel sides, and in the tilted stadium
as diameters of the larger arc. The first Bunimovich billiard [8], also with
non-hyperbolic periodic two orbits, was the truncated circle with an arc of
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Figure 1. (a) Straight stadium. (b) Tilted stadium. (c)
Truncated circle. (d) C0 stadium. Each of these is formed
from straight line segments and circular arcs. The thin lines
in (a,b,c) are non-hyperbolic periodic orbits.

greater than 180◦, Fig. 1(c), however unlike the (C1) stadia, it has only C0

smoothness.
Here, we seek billiard geometries that are fully hyperbolic, that is, do

not contain any nonhyperbolic orbits. Because they are convex, they do
not contain grazing collisions either. There are in any Bunimovich billiard
sliding orbits with many collisions on a single circular arc. However these
exist only for bounded continuous time, so whilst affecting the statistical
properties of the billiard map, they may allow strong properties, perhaps
exponential decay of correlations, for the flow.

Convex billiards without straight sides, and hence not satisfying the B-
condition, have also been considered. The asymmetric lemon, a C0 convex
billiard with two circular arcs, has been proved hyperbolic under some tech-
nical conditions [13]. Ref. [2] considers a family of C1 convex billiards with
four circular arcs. The authors discuss elliptic islands surrounding periodic
orbits for much of the parameter space, but also conjecture (with numerical
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evidence) that close to the limit of tilted stadia, where two opposite arcs
become straight, the dynamics is ergodic. For both Refs. [2] and [13] it is
possible that some parameters with all arcs less than 180◦ are fully hyper-
bolic. More recently, the case of many circular arcs has been considered
rigorously, showing properties characteristic of hyperbolicity, but on sub-
sets of phase space [17]. Beyond circular arcs, it is known that sufficiently
smooth (C6) boundaries of convex billiard lead to caustics accumulating at
the boundary and hence are not fully hyperbolic [23]. However, boundaries
should be comprised of a finite number of sufficiently smooth (C3) compo-
nents to avoid collisions accumulating in finite time [26].

One billiard with fully hyperbolic dynamics is that of a stadium with two
semicircles and straight sides that are not parallel and long enough that the
larger circle is contained in the billiard if the latter is reflected across its
straight sides, Fig. 1(d). However, this example has only C0 boundaries,
so that the dynamics cannot be continued for a trajectory that reaches a
corner. For this reason, and also to avoid corner effects in both the classical
and quantum dynamics, we now require C1 smoothness, as with the straight
and tilted stadia, and the highest possible for boundaries comprised of both
straight sides and circular arcs.

It is not possible for a Bunimovich billiard to be convex, C1 and fully hy-
perbolic with fewer than three straight sides. Zero sides is the integrable cir-
cular billiard, one side is the truncated circle, and two sides are the straight
and tilted stadia. Here we consider the case of three straight sides, the
rounded triangles, and give the parameter regions for which the rounded in-
tegrable right triangles satisfying the B-condition are fully hyperbolic. We
also show that rounded integrable quadrilaterals satisfying the B-condition
are never fully hyperbolic.

The use of integrable polygons is only to simplify the analysis of the
billiard orbits. There are many rounded polygons where either a proof that
all orbits touch a curved component, or a proof that there is a periodic orbit
that does not touch the curved component, is a finite computation. These
include perturbations of the examples given here, so form a positive measure
set of parameters.

It is not known whether all general polygonal (even triangular) billiards
contain a periodic orbit [30]. Each non-periodic orbit does however accu-
mulate to at least one corner [24], which allowed Chernov and Troubet-
zkoy [16] to conclude for convex polygons with all corners rounded that
orbits avoiding the curved components form a countable union of periodic
strips (continuous families of periodic orbits), improved in Ref. [19] to a
finite union. In our examples the set avoiding curved components is in fact
empty. If the B-condition is satisfied (as in our case), convex polygons with
all corners rounded are ergodic, as shown in Ref. [16] using results from
Refs. [11, 12, 14]; see also Refs. [6, 31].
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In the future it would be good to know the extent to which the B-condition
could be relaxed whilst retaining full hyperbolicity, similar to the lemon bil-
liard mentioned above. The three dimensional case is more challenging, with
astigmatism effects [10]. Known examples of proved [9] and numerical [25]
convex hyperbolic three dimensional billiards have non-hyperbolic orbits,
making quantum analysis more difficult [21]. Are there convex three di-
mensional billiards (C0 or C1) that are fully hyperbolic? In two dimensions
at least, quantum chaos can now be considered without the complications
of C0 corners and non-hyperbolic orbits. Are rounded triangular billiards
quantum unique ergodic [27]?
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2. Definitions

Angles are measured in degrees. Polygonal billiards where all angles are
of the form 180◦

n can be unfolded to R2, where their orbits are straight lines.
These are termed integrable (polygonal) billiards. They are the rectangle
(including square), 60-60-60 triangle, 45-45-90 triangle and 30-60-90 triangle.

Here, we replace the corners of an integrable billiard by circular arcs
tangent to the sides of the polygon. The Bunimovich condition (B-condition
see Refs. [4, 12]) is that the disks formed by continuing the circular arcs
are contained in the billiard, and is sufficient for hyperbolicity. For the
integrable billiards, the B-condition is equivalent to the requirement that
the radius of the arcs are all less than or equal to that of the incircle.
Clearly, there is a trivial exception in that if the resulting billiard is a disk
it is not hyperbolic. The rounded integrable billiards are depicted in Fig. 2.

We defer the case of quadrilaterals to Sec. 3 and only refer to integrable
triangles for the remainder of this section. We define the length of the longest
side to be 1. We label the vertices A, B, C in order of increasing angle
θa ≤ θb ≤ θc, and set a, b and c to be the distance from the relevant corner
of the triangle to the intersection of the arc with the side of the triangle.
Thus the radius of the arc at A is a tan θa

2 . Without loss of generality, we
take a ≥ b in the 45-45-90 triangle and a ≥ b ≥ c in the 60-60-60 triangle.

The B-condition is

(2.1) v tan
θv
2

≤ rin ∀v ∈ {a, b, c}

where rin is the inradius of the triangle. We denote the strict version of
this as the strict B-condition. In the case of equality, we refer to the arc as
maximal.
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Figure 2. Rounded integrable polygons: (a) Square (b) 60-
60-60 triangle (c) 45-45-90 triangle (d) 30-60-90 triangle. For
the rectangle, see Fig. 1(a). Each of these is formed from
straight line segments and circular arcs. The thin lines in
(a) are non-hyperbolic periodic orbits. The others are fully
hyperbolic.

Since none of the arcs have radius larger than the incircle, they also cannot
intersect, except possibly at their endpoints. All (including nonintegrable)
rounded triangles satisfying Eq. (2.1) are Bunimovich billiards, and hence
are hyperbolic, except where all three arcs are maximal leading to a circu-
lar billiard. Also, if two arcs are maximal, the result is a tilted stadium,
Fig. 1(b), and not fully hyperbolic. Thus for a Bunimovich billiard to be
fully hyperbolic, at most one arc can be maximal, and the others satisfy
the strict B-condition. The parameter space of fully hyperbolic Bunimovich
billiards is thus partitioned

(2.2) P = P0 ∪ PA ∪ PB ∪ PC ⊂ R3

where P0 is the set of {a, b, c} where each arc satisfies the strict B-condition
and PV for V ∈ {A,B,C} is the set where the V arc is maximal and the
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others satisfy the strict B-condition, and in all cases the billiard is fully
hyperbolic.

A rounded integrable billiard is fully hyperbolic if and only if when un-
folded to R2 there are no infinite trajectories that avoid a curved component
(“finite horizon condition”). Trajectories that touch the boundary of curved
components have singular derivatives as the boundary is only C1, and those
for which all nearby trajectories reach the interior of the boundary compo-
nents are allowed in fully hyperbolic billiards.

Unfolding each of the curved right angled triangles leads to a lattice of
stars, see Figs. 3, 4, 5 below. The star corresponding to a vertex of angle θv
has 360◦

θv
points. We refer to the stars using the relevant vertex, eg A-star.

For each lattice of extended obstacles, there are only a finite number (in-
cluding zero) of directions in which there are infinite straight line trajectories
that avoid the obstacles. For a lattice of stars, to show that a direction is
blocked, we may replace the stars by disks given by the incircles of their
convex hulls. The convex hull of a V -star (for V ∈ {A,B,C}) is a reg-

ular 360◦

θv
-gon of circumradius v and inradius v cos θv

2 . Then we apply the
following elementary proposition:

Proposition 2.1. Consider the square (respectively, triangular) lattice, with
lattice spacing d, and disks of radius r. The direction defined by a primitive
lattice vector, that is, by coprime integers (m,n) with length d

√
m2 + n2

(respectively, d
√
m2 +mn+ n2), is blocked if r > d

2
√
m2+n2

(respectively,

r > d
√
3

4
√
m2+mn+n2

).

The shortest primitive lattice vectors have m2 + n2 ∈ {1, 2, 5, 10, . . .} for
the square lattice and m2 + mn + n2 ∈ {1, 3, 7, 13, . . .} for the triangular
lattice.

In the remaining sections we deal with each of the integrable billiards in
turn, the quadrilaterals in Sec. 3, the 60-60-60 triangle in Sec. 4, the 45-45-
90 triangle in Sec. 5 and the 30-60-90 triangle in Sec. 6, deriving the set P
for each case. The results include some cases where c = 0 in which case only
two vertices are rounded and the billiard is C0 but still fully hyperbolic.

3. Quadrilaterals

For quadrilaterals, a maximal arc touches the midpoint of the shorter
side.

Theorem 3.1. Rounded integrable quadrilaterals satisfying the B-condition
are not fully hyperbolic.

Proof. The rectangle has a family of nonhyperbolic periodic orbits, even
when all arcs are maximal, as with the straight stadium, Fig 1(a).

For the square, we enumerate the possibilities regarding maximal arcs.
If all corners have maximal arcs, the billiard is a disk and not hyperbolic.
If three corners have maximal arcs, the billiard is a tilted stadium and not
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fully hyperbolic, Fig. 1(b). If two horizontally adjacent corners have non-
maximal arcs, there is a horizontal family of nonhyperbolic orbits between
these arcs and the horizontal line through the centre of the square, and
similarly for vertically adjacent corners. The remaining case, that of two
diagonally opposite maximal arcs, has a diagonal family of nonhyperbolic
orbits, depicted in Fig. 2(a). □

4. The 60-60-60 triangle

For the rounded 60-60-60 triangle we may assume without loss of gener-
ality

(4.1) a ≥ b ≥ c

In this section we show

Theorem 4.1. For the rounded 60-60-60 triangle,

P = PA

=

{
(a, b, c) : a =

1

2
,
1

4
≤ b <

1

2
,
1

2
− b ≤ c ≤ b

}
(4.2)

Proof. The unfolding of the 60-60-60 triangle with vertices A(0, 0), B(1, 0),

C(12 ,
√
3
2 ) is shown in Fig. 3. We label trajectories (m,n) with respect to the

basis {(32 ,
√
3
2 ), (

√
3, 0), } of the A-star lattice. The length of a lattice vector

is d
√
m2 +mn+ n2 where d =

√
3 is the lattice spacing.

The inradius rin =
√
3
6 , so that the B-condition Eq. (2.1) becomes

(4.3) a ≤ 1

2

We require that all trajectories touch a curved component. A trajectory
that avoids all curved components must lie along a lattice vector. As seen
in Fig. 3 the (0, 1) trajectory requires

(4.4) b+ c ≥ 1

2

and the (2,−1) trajectory requires

(4.5) a ≥ 1

2

The solution of Eqs (4.1,4.3–4.5) with at most one maximal arc is the set
Eq. (4.2) as claimed.

We now show that no other directions are relevant using Prop. 2.1. The
A-stars form a triangular lattice with spacing d =

√
3. The inradius of

the convex hull of the A-stars is r = 1
2 cos 30

◦ =
√
3
4 . All directions with
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Figure 3. Unfolding of the 60-60-60 triangle shown in
Fig. 2(b). The A-stars of radius a = 0.5, B-stars of ra-
dius b = 0.333 and C-stars of radius c = 0.167 each have
six points. The trajectories shown have lattice vectors (0, 1)
(vertical) and (2,−1) (horizontal).

m2 +mn + n2 ≤ 3 are equivalent to those considered above, and for m2 +
mn+ n2 ≥ 7 we have

(4.6)
d
√
3

4
√
m2 +mn+ n2

≤ 3

4
√
7
= 0.283 . . . < 0.433 . . . =

√
3

4

□
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5. The 45-45-90 triangle

For the rounded 45-45-90 triangle we may assume without loss of gener-
ality

(5.1) a ≥ b

In this section we show

Theorem 5.1. For the rounded 45-45-90 triangle,

P = P0 ∪ PA ∪ PC

(5.2)

P0 =

{
(a, b, c) :

√
2

4
< a <

1

2
,

√
2

2
− a ≤ b ≤ a,

√
2

2
(1− 2a) ≤ c <

√
2− 1

2

}

PA =

{
(a, b, c) : a =

1

2
,

√
2− 1

2
≤ b <

1

2
, 0 ≤ c <

√
2− 1

2

}

PC =

{
(a, b, c) :

√
2

4
≤ a <

1

2
,

√
2

2
− a ≤ b ≤ a, c =

√
2− 1

2

}

Proof. The unfolding of the rounded 45-45-90 triangle with vertices A(0, 0),
B(1, 0), C(1/2, 1/2) is shown in Fig. 4. We label trajectories (m,n) with
respect to the (usual) basis {(1, 0), (0, 1)}.

The inradius rin =
√
2−1
2 , so that the B-condition Eq. (2.1) becomes

(5.3) b ≤ a ≤ 1

2
, c ≤

√
2− 1

2
≈ 0.207

As in Sec. 4 a trajectory that avoids all curved components must lie along
a lattice vector. As seen in Fig. 4 the (1, 0) trajectory requires

(5.4) a+
c√
2
≥ 1

2

and the (1, 1) trajectory requires

(5.5) a+ b ≥
√
2

2

The solution of Eqs (5.1,5.3–5.5) with at most one maximal arc is the set
Eq. (5.2) as claimed.

We now show that no other directions are relevant using Prop. 2.1. The
A-stars form a square lattice with spacing d =

√
2. The inradius of the

convex hull of the A-stars is r = a cos 22.5◦ = a

√
2+

√
2

2 . All directions with

m2 + n2 ≤ 2 are equivalent to those considered above, and for m2 + n2 ≥ 5
we have

d

2
√
m2 + n2

≤ 1√
10

<

√
2

4

√
2 +

√
2

2
≤ a

√
2 +

√
2

2
(5.6)
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Figure 4. Unfolding of the 45-45-90 triangle shown in
Fig. 2(c). The A-stars of radius a = 0.427 and B-stars of
radius b = 0.280 have 8 points, while the C-stars of radius
c = 0.104 have four points. The trajectories shown have lat-
tice vectors (1, 0) (horizontal) and (1, 1) (diagonal).

using the lower bound for a from Eq. (5.2). □
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6. The 30-60-90 triangle

In this section we show

Theorem 6.1. For the rounded 30-60-90 triangle,

P =P0 ∪ PA ∪ PB ∪ PC

P0 =

{
(a, b, c) :

3
√
3− 3

8
< a <

√
3 + 1

4
,

√
3− 1

8
< b <

3−
√
3

4
,
1

2
− a ≤ b,

max

(
0,

√
3− 4a

2
√
3

,
1− 4b

2
√
3

)
≤ c <

√
3− 1

4

}

PA =

{
(a, b, c) : a =

√
3 + 1

4
,

√
3− 1

8
< b <

3−
√
3

4
,(6.1)

max

(
0,

1− 4b

2
√
3

)
≤ c <

√
3− 1

4

}

PB =

{
(a, b, c) :

3
√
3− 3

8
< a <

√
3 + 1

4
, b =

3−
√
3

4
,

max

(
0,

√
3− 4a

2
√
3

)
≤ c <

√
3− 1

4

}

PC =

{
(a, b, c) :

3
√
3− 3

8
≤ a <

√
3 + 1

4
,

max

(√
3− 1

8
,
1

2
− a

)
≤ b <

3−
√
3

4
, c =

√
3− 1

4

}

Proof. The unfolding of the 30-60-90 triangle with vertices A(0, 0), B(32 ,
1
2),

C(
√
3
2 , 0) is shown in Fig. 5. We label trajectories (m,n) with respect to the

basis {(
√
3, 0), (

√
3
2 , 32)} of the A-star lattice. The length of a lattice vector

is d
√
m2 +mn+ n2 where d =

√
3 is the lattice spacing.

The inradius rin =
√
3−1
4 , so that the B-condition Eq. (2.1) becomes

a ≤
√
3 + 1

4
≈ 0.683

b ≤3−
√
3

4
≈ 0.317(6.2)

c ≤
√
3− 1

4
≈ 0.183
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Figure 5. Unfolding of the 30-60-90 triangle shown in
Fig. 2(d). The A-stars of radius a = 0.342 have 12 points, the
B-stars of radius b = 0.159 have 6 points and the C-stars of
radius c = 0.106 have 4 points. The trajectories shown have
lattice vectors (1, 0) (horizontal), (−1, 2) (vertical), (1, 2) (di-
agonal).

Trajectories with lattice vector (1, 0) give the inequalities

(6.3) a+ b ≥ 1

2
, b+ c

√
3

2
≥ 1

4

Trajectories with lattice vector (−1, 2) give the inequality

(6.4) a+ c

√
3

2
≥

√
3

4
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The solution set of Eqs (6.2–6.4) with at most one maximal arc is Eq. (6.1)
as claimed.

We now show that no other trajectories are relevant. All trajectories
(m,n) with m2 + mn + n2 ≤ 3 are equivalent to the above by symmetry.
Other trajectories have m2 + mn + n2 ∈ {7, 13, . . .}. We apply Prop. 2.1
as before. The A-stars form a triangular lattice with spacing d =

√
3. The

inradius of the convex hull of the A-stars is r = a cos 15◦ = a1+
√
3

2
√
2
. For

m2 +mn+ n2 ≥ 13 we have

d
√
3

4
√
m2 +mn+ n2

≤ 3

4
√
13

<
3
√
2

16
≤ a

1 +
√
3

2
√
2

(6.5)

using the lower bound for a from Eq. (6.1).
However, the inequality, Eq. (6.5) fails for m2 +mn + n2 = 7. All such

trajectories are equivalent by symmetry to the line y =
√
3
2 x + C shown in

Fig. 5. Now, we use an exact calculation, not approximating by a disk. The

A-star at (0, 0) has vertex closest to the line at an̂a where n̂a = (−1
2 ,

√
3
2 ),

intersecting if C < a3
√
3

4 . The A-star at (
√
3
2 , 32) has vertex closest to the

line at (
√
3
2 , 32) − an̂a, intersecting if C > 3−3

√
3a

4 . These intervals overlap if

a >
√
3
6 . The B-star at (

√
3, 2) has vertex closest to the line at (

√
3, 2)− bn̂b

where n̂b = (−
√
3
2 , 12), intersecting if C > 2−5b

4 . The B-star at (3
√
3

2 , 52) has

vertex closest to the line at (3
√
3

2 , 52) + bn̂b, intersecting if C < 1+5b
4 . These

intervals overlap if b > 1
10 . We know from Eq. (6.3) that a + b > 1

2 , thus

at least one of a >
√
3
6 and b > 1

10 is true, and so these trajectories always
reach a curved component as required. □
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[23] R. Douady, Applications du théoreme des tores invariants, These de 3eme cycle (Doc-
toral dissertation, PhD thesis, Université Paris VII, 1982).
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