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Abstract

Random geometric graphs (RGGs) are commonly used to model spatial graph data where con-

nectivity between the nodes is governed by the distance between them in an embedded space. One

class of RGGs that is of interest is soft RGGs, where the connectivity rule is given by a probabilistic

function of the distance. With a motivation to compress spatial graph data, we consider soft random

geometric graphs and study their information-theoretic compression limits. We address the lossless and

lossy compression of soft RGGs in two regimes, namely dense and sparse configurations. We provide

an asymptotic characterization of the entropy and the information-distortion function, and determine the

rate of convergence as the number of nodes goes to infinity. Our main result is that if the connection

function p is Hölder continuous, then the rate of convergence is given by O
(

logn
n

)
in dense regimes

and O
(

logn
nsn log(1/sn)

)
in sparse regimes, where n is the number of vertices and sn is the sparsity

parameter.

I. INTRODUCTION

Many real-world networks or graphs are spatial in nature. Examples include brain, wireless,

and social networks. For instance, two devices in a wireless network share a communication link
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if they are within a certain distance of each other. Similarly, two neurons are connected through

a synapse if they are sufficiently close to each other. In addition, graph-structured data, in which

entities are connected by edges based on shared properties, are also commonly in use today.

Such data sets can contain billions of nodes and trillions of edges; hence their compression, and

graph compression in general, is a particularly interesting and useful task.

In this work, we focus on the fundamental compression limits of soft random geometric graphs

(SRGG), a model that is commonly used to represent spatial networks. In a SRGG, n points

(nodes) are scattered uniformly and independently in a bounded domain in Rd, and two points

are connected by an edge with a probability that is a function of the distance between the points.

We address both lossless and lossy compression of such graphs.

The main objectives of graph compression, in general, are to store a graph efficiently by

utilizing less memory or to speed up an algorithm by running it on the compressed version.

Recently, there have been various works addressing different aspects of graph compression. In

[1], [2], the compression of marked graphs was studied using the framework of Bordenave-

Caputo entropy, providing universal compression algorithms for both dense and sparse regimes.

There have also been a number of works on different graph models focusing on lossless graph

compression, notable works include [3]–[8]. Entropy results have been characterized for Erdős-

Rényi (ER) graphs [3], stochastic block graphs [9], small-world graphs [8] and classical random

geometric graphs (with a deterministic connection rule) [10]–[12]. Limiting results and bounds

on SRGG entropy were first treated in [13], [14].

Due to storage limitations, it is also of interest to compress a large graph in a lossy way.

For example, upon reconstruction, we can allow a particular graph feature to be distorted within

prescribed limits. A natural framework in which to study this problem is classical rate-distortion

theory. As graph sources are arbitrary and the distortion functions could be complicated, the study

of lossy compression is a challenging task. For instance, [15] considered the lossy compression

problem of an ER random graph with a distortion measure on the degree of the nodes. In

that work, lower and upper bounds on the asymptotic rate of compression were derived. The

rate-distortion function for a source generating stochastic block graphs was studied in [16] for

cases where side information in the form of community labels was present and not. As it is

difficult to extend techniques used for non-spatial studies to SRGGs, we adopt an approach that

uses the information-distortion function. This is a natural analogue of entropy in the context of

lossy compression. Preliminary results on SRGGs that exploit the information-distortion function
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framework can be found in Vippathalla et al’s earlier work [17].

This paper significantly advances the work reported in [17]. We first study the entropy of a

soft random geometric graph by characterizing its asymptotic behavior for both dense and sparse

regimes. The proof uses tools from the theory of graphons along with the discretization of the

underlying domain. The main result is that the normalized entropy approaches the limiting

quantity as O
(
logn
n

)
and O

(
logn

nsn log(1/sn)

)
, in dense and sparse regimes respectively, if the

connection function p is Hölder continuous. Then, analogously, for the lossy compression, we

study the information-distortion function with Hamming distortion measure. For this, we first

identify the limiting quantity for the normalized information distortion function and then show

that the rate of convergence is still O
(
logn
n

)
and O

(
logn

nsn log(1/sn)

)
, in dense and sparse regimes

respectively, if the connection function p is Hölder continuous.

The rest of the paper is organized as follows. Section II provides the preliminaries by formally

defining SRGGs and graphons. In Section III, we present the results on the entropy of an SRGG

in the dense and sparse regimes. Section IV contains the results on the characterization of the

information-distortion function of an SRGG in these two regimes. The proofs of all results are

given in Section V and VI, and Section VII concludes the paper.

II. PRELIMINARIES

A. Random Geometric Graphs

Let Gn = (V,E) be a graph with the vertex set V = {1, 2, . . . , n} and the edge set E which

is a collection of unordered pairs of vertices. Throughout, we use the notation [n] to denote

{1, 2, . . . , n} for any positive integer n. For simplicity, we restrict ourselves to undirected and

simple graphs, where simple means that there are no self loops or multiple edges. With Gn

denoting the set of all simple and undirected labelled graphs on n vertices, a random graph

model is specified by a probability distribution PGn on Gn.

Random geometric graphs are commonly used to describe random spatial networks where

there is an underlying hidden spatial embedding of the nodes. In a random geometric graph

model, vertices are in a d-dimensional Euclidean space and the edge connectivity between a pair

of nodes is governed by the distance between them. Formally, the vertices are spatially embedded

in a bounded set K ⊂ Rd with unit volume with respect to the Lebesgue measure. We note that

our results can be extended to K with any strictly positive volume by rescaling the arguments

of the connection function. Let K ≜ supx,y∈K∥x − y∥2 be the diameter of the domain K. For
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a given connectivity function pn : [0, K] → [0, 1] and a fixed positive integer n, a soft random

geometric graph (SRGG) is obtained as follows. We first draw n points X = (X1, X2, . . . , Xn)

uniformly at random from K and independently of each other. The distance between two nodes

i and j is given by Rij ≜ ∥Xi − Xj∥2. We then form a graph Gn on the vertex set V = [n]

by drawing an edge between a pair of vertices i < j with probability pn(Rij). This induces a

probability distribution PGn on Gn.

It is often convenient to view a graph in terms of its adjacency matrix representation. The

(i, j)th entry Eij of an adjacency matrix indicates the presence or absence of an edge between

vertices i and j in the graph, i.e., Eij = 1 if i and j are adjacent, and Eij = 0 otherwise. As the

graphs are simple and undirected, this matrix is symmetric with zeros on the diagonal. It means

that Gn can equivalently be represented by the upper triangular entries Eij , i < j. Hence, the

probability of a random geometric graph Gn is completely specified by the joint distribution of

the collection {Eij : i < j}, and vice versa.

B. Dense and Sparse Regimes

We consider two regimes of interest, namely the dense and sparse regimes, based on the

average density of edges in a random graph. We consider a connectivity function pn of the form

sn · p, where {sn} is positive, non-increasing sequence of real numbers with sn ≤ 1 for every

n, and p is a function of distance r and it is independent of n. The average density of edges is

given by

E

[
1(
n
2

)∑
i<j

1{Eij=1}

]
= E [pn(R)] = snE [p(R)] ,

where R ≜ ∥X − Y ∥2 with X and Y being independent and uniformly distributed random

variables over K. In the dense regime, sn is chosen to be 1 to maintain a constant density1 of

edges. As density must go to zero in the sparse regime, the sequence of sn’s is chosen to satisfy

sn → 0. The interesting special case is when nsn → ∞, which ensures that each node has

infinitely many neighbors in the limit n→ ∞.

C. Graphons

The theory of graphons is useful in the study of the limit of theorems of the random geo-

metric graphs. For a probability space (X ,F , ν), a graphon is a symmetric, measurable function

1A constant density of edges is obtained for any sn ∈ Ω(1) such that sn ≤ 1, and we choose sn = 1 for convenience.
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W : X 2 → [0, 1]. Graphons are a relatively recent development, useful for studying graph limits

and large graphs, which is motivated by the following fact, which we state informally here. We

refer the interested reader to [18] for more detail. It can be shown that there exists a suitable

metric, called the cut metric which may be defined for both finite graphs and graphons, such that

the limit of any sequence of graphs that converges in the cut metric converges to a graphon. The

uniqueness of the limit holds up to ‘equivalence’, where we say two graphons are equivalent

if they have cut distance zero. Thus, technically the cut metric is a proper metric only on the

quotient space of graphons. We will not provide further detail here as we do not explicitly use

this property in this paper, but this justifies the use of graphons to study the limiting behaviour

of large graphs.

We will instead use the fact that for a given graphon W on [0, 1] (we will generalise to

arbitrary X in the next paragraph), it is simple to construct a sequence of graphs that converges

to W almost surely in cut distance. Define the W random graph as follows. Let X1, ..., Xn be

independent and uniformly distributed points on [0, 1], then Gn is the graph with n vertices, and

edge set formed by including each edge (i, j) independently with probability W (Xi, Xj). Then

it can be shown that the (random) sequence {Gn} converges almost surely in cut distance to W .

We denote the ensemble of W random graphs as G(n,W ).

It is clear from this construction that a W random graph is a generalisation of the SRGG on

[0, 1], where the SRGG is a W random graph where for x, y ∈ [0, 1], W (x, y) = p(∥x − y∥).

This can be extended to SRGGs on general X ⊂ Rd using what is known as the graphon

representation theorem [19], which states that every graphon W1 on a probability space (X ,F1, ν)

is equivalent to a graphon W2 on the probability space ([0, 1],F2, λ), where λ represents the

Lebesgue measure (i.e. the limit of a W random graph on [0, 1] with uniformly distributed

nodes). Thus, graphons may be used to study SRGGs on general domains with general node

distributions, and this gives a useful way to prove results about general domains using results on

[0, 1]. However, the representation of a general graphon on [0, 1] under the Lebesgue measure

does not necessarily retain its continuity properties, and so we will need to deal with graphons

on general spaces separately [20]. There have been several results on the limiting behaviour of

W random graph entropy using graphon entropy, which we will state in the next section. We

will then prove quantitative results related to these limits for finite n, for which we will focus
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on Hölder continuous graphons, defined as follows.

Definition 1 (Hölder continuous graphon). We say a graphon W : K2 → [0, 1] is α-Hölder

continuous, or Hölder continuous with exponent α if there exists an L (which we call the

Hölder constant) such that for every pair of points (x, y), (x′, y′) ∈ K2

|W (x, y)−W (x′, y′)| ≤ L∥(x, y)− (x′, y′)∥α2 . (1)

III. ENTROPY OF AN SRGG

Entropy is a fundamental quantity in the lossless compression of a random source. For a

random graph Gn with a probability distribution PGn on Gn, the entropy is given by

H(Gn) ≜
∑
gn∈Gn

PGn(gn) log
1

PGn(gn)
. (2)

where the logarithm is to base 2. It is well-known that the minimum expected length of a

prefix-free code l∗ is within 1 bit from the entropy [21], i.e.,

H(Gn) ≤ l∗ < H(Gn) + 1, (3)

and we also know that the minimum expected length of a one-to-one code ℓ∗ is also close to

the entropy [22], [9, Lem. 1]:

H(Gn)− log(H(Gn) + 1)− log e ≤ ℓ∗ < H(Gn). (4)

A characterization of the entropy will provide a limit on the minimum average number of bits

needed to represent a random graph. Unlike an independent and identically distributed (i.i.d.)

source, the underlying edge random variables of a graph source, in general, are correlated. So, it

is important to understand the scaling behavior of entropy as the number of vertices grow. The

following subsections address the asymptotic behavior of the entropy of soft RGGs.

A. Limit Theorems

We may now state the results that describe the entropy of the SRGG in the n → ∞ limit.

The limit in the dense regime comes as a Corollary of Theorem D.5 in [19].

Theorem 1 ([19]). The entropy of the SRGG in the dense regime satisfies

lim
n→∞

H(Gn)(
n
2

) = E[h2(p(R))]. (5)
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As a high-level summary, the proof uses the graphon representation theorem to work with

a graphon on [0, 1] instead of K. The space [0, 1] is discretised into m ∈ N intervals, and

then H(Gn) is bounded by conditioning on this discretisation. The entropy of the discretisation

is asymptotically sub-leading order, and so after dividing by
(
n
2

)
, taking the n → ∞ limit,

followed by taking the m → ∞ limit to increase the resolution of the discretisation until we

reach conditioning on the exact node locations, the limit is given by the entropy-per-edge of Gn

conditioned on the node locations, or equivalently the inter-node distances.

The limit in the sparse regime comes as a consequence of Proposition 2 in [2]. Using largely the

same proof strategy as above, they study specifically ‘normalised graphons’ which are graphons

W̃ : K̃2 → R≥0 that satisfy
∫ ∫

K̃2 W̃ (x, y)dxdy = 1, where we have used the temporary notation

K̃ to refer to a subset of Rd of any positive volume. Their proof can be easily adapted to our

setting, which yields the following result. We also note that in [2], the logarithm is taken to base

e, so our result has an extra factor of 1/ ln 2 to account for this change of base.

Theorem 2 ([2]). Let sn be a positive non-increasing sequence of real numbers converging to

0, bounded above by 1. Additionally assume nsn → ∞ as n → ∞. Then the entropy of the

SRGG with connection function pn = sn · p in the sparse regime satisfies

lim
n→∞

H(Gn)−
(
n
2

)
sn log(1/sn)E[p(R)](

n
2

)
sn

=
1

ln 2
E[p(R)]− E[p(R) log p(R)]. (6)

B. Bounds for Finite Graphs

After stating the limit theorems in the previous section, it is natural to ask how fast the

convergence occurs. That is, for a finite n, how can we bound the difference between the

normalized entropy and the limit? For the dense regime, we have the following result.

Theorem 3. Let Gn be an SRGG in the dense regime with connection function p, which has

Hölder exponent α. Then for every n ≥ 2, define

∆dense
n :=

1(
n
2

) (H(Gn)−
(
n

2

)
E[h2(p(R))]

)
(7)

Then we have

0 ≤ ∆dense
n ≤ dn logm(

n
2

) + a1
logm

mα
+ a2

1

mα
+ a3

1

m
+ a4

1

m2
(8)

where m = m(n) = Cnγ for some γ > 0 where C ≥ L1/αℓ
√
2d is a constant, and ai,

i ∈ {1, 2, 3, 4} are constants dependent on d, α and K defined by a1 = αL
ln 2

(ℓ
√
2d)α, a2 =
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L(ℓ
√
2d)α

(
1− log

(
L(ℓ

√
2d)α

))
, a3 = 2|δK|ℓ and a4 = |δK|2ℓ2, where L is the Hölder

constant of p, ℓ is the side length of the largest d-cube covering K, and |δK| is the (d − 1)-

dimensional surface area of K.

Proof. See Section V.

The following theorem gives an analogous result in the sparse regime.

Theorem 4. Let Gn be an SRGG in the sparse regime with connection function pn = sn · p,

where p has Hölder exponent α, and nsn → ∞. Then for every n ≥ 2, define

∆sparse
n :=

H(Gn)−
(
n
2

)
sn log(1/sn)E[p(R)]−

(
n
2

)
1

ln 2
snE[p(R)] +

(
n
2

)
snE[p(R) log p(R)](

n
2

)
sn log(1/sn)

(9)

Then we have

−snE[p(R)
2] + s2nE[p(R)3]

2 ln(2) log(1/sn)
≤ ∆sparse

n ≤ nd logm(
n
2

)
sn log(1/sn)

+ a1
α logm+ log(1/sn)

mα log(1/sn)

+a2
1

mα log(1/sn)
+ a3

1
ln 2

+ log(1/sn)

m log(1/sn)
+ a4

1
ln 2

+ log(1/sn)

m2 log(1/sn)
(10)

where ai, i ∈ {1, ..., 4} are defined in Theorem 3, and m = m(n) = Cnγ for some γ > 0 where

C ≥ L1/αℓ
√
2d is a constant.

Proof. See Section V.

Remark 1. We point out that, in both Theorems, taking γ = 1
α

gives the optimal asymptotic

behaviour of the bound, that is ∆dense
n = O

(
logn
n

)
, and ∆sparse

n = O
(

logn
nsn log(1/sn)

)
, which goes

to 0 if nsn → ∞.

There has recently been work on quantifying the structural entropy of random graphs, which

is the entropy of the unlabelled graph Sn (e.g. [11], [23]). Since, for an n node graph, the

uniformly random labels have entropy log n! ∼ n log n, and the entropy of the SRGG with

sn ≪ 1 is H(Gn) ∼
(
n
2

)
sn log(1/sn)E[p(R)], we have that the structural entropy H(Sn) is

asymptotically equivalent to the topological entropy H(Gn) if
(
n
2

)
sn log(1/sn) ≫ n log n, which

is equivalent to nsn → ∞. This follows from the relation H(Gn)− n log n ≤ H(Sn) ≤ H(Gn).

Therefore, in the sparse regime the topological entropy is equivalent to the structural entropy.

IV. INFORMATION-DISTORTION FUNCTION OF AN SRGG

Similar to entropy in lossless compression, the information-distortion function plays a funda-

mental role in the theory of lossy compression. Given a distortion function dn : Gn×Gn → [0,∞)
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and a distortion level Dn, which specifies the cost of representing a graph with another graph,

the information-distortion function of a random graph Gn is defined as

IGn(Dn) ≜ min
PĜn|Gn

:E[dn(Gn,Ĝn)]≤Dn

I(Gn; Ĝn). (11)

It is well-known from the classical rate-distortion theory [21, Ch. 13] that for an i.i.d. source

{Xn}n≥1 and a per-letter distortion function d, the minimum rate of compression R(D) at an

(average) distortion level D is given by

R(D) = min
PX̂|X :E[d(X,X̂)]≤D

I(X; X̂). (12)

The right-hand side of (12) is the first order information-distortion function of the i.i.d. source

{Xn}n≥1. On the other hand, the distribution PGn of a random graph need not have the desired

independence structure. For such arbitrary sources [24, Ch. 5], the information-distortion function

can be used to study the lossy compression.

Consider the following variable-length lossy compression of random graphs. An encoder ϕn :

Gn → {0, 1}∗ maps a graph to a codeword, which is a binary string of finite (but arbitrary)

length. Here {0, 1}∗ denotes the set of all binary strings of finite length. We also assume that

the encoder satisfies the prefix condition. A decoder ψn : {0, 1}∗ → Gn maps a codeword to a

graph. The encoder and decoder pair is designed such that they satisfy the distortion constraint

E[dn(Gn, ψn(ϕn(Gn)))] ≤ Dn for a distortion level Dn. Let l∗n(Dn) denote the least average

codeword length E[l(ϕn(Gn))]. We can easily show that

IGn(Dn) ≤ l∗n(Dn). (13)

This follows from the observation that for a prefix code [21, Thm. 5.4.1]

l∗n(Dn) ≥ H(ϕn(Gn)), (14)

which is further lower bounded by H(ψn(ϕn(Gn))) ≥ I(ψn(ϕn(Gn));Gn), where the recon-

structed graph satisfies the average distortion condition, yielding (13). Though an upper bound

on the minimum optimal length l∗n(Dn) in terms of IGn(Dn) and Dn is not known for a fixed

n, asymptotically optimal results for the rate are known.

Define the asymptotic rate of the compression scheme for the distortion level Dn =
(
n
2

)
D to

be

R(D) = lim sup
n→∞

1(
n
2

) l∗n((n2)D). (15)
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A result on arbitrary sources [24, Thm. 5.7.1 and Remark 5.7.3] applied to graphs yield

R(D) = lim sup
n→∞

1(
n
2

)IGn

((
n
2

)
D
)
, (16)

under some reasonable assumptions on the distortion function and by allowing a stochastic

encoder instead of deterministic encoder. It was also noted in [24, Cor. 5.7.1] that the stochastic

encoder can be implemented without loss of optimality by randomizing between two deterministic

encoders.

The information-distortion function is also useful in the regimes where the order of the

distortion levels {Dn}n≥1 is not the same as that of the source entropy. For example, in the

result (16), a notion of rate is defined with respect to the scaling
(
n
2

)
with Dn =

(
n
2

)
D. But we

can consider other regimes that are of interest, say Dn = Dn log n and H(Gn) = Θ(
(
n
2

)
), where

the right scaling would be
(
n
2

)
. For the cases where we may not be able to define a useful notion

of rate, we can still work with IGn(Dn) owing to the inequality (13).

The effect of distortion on the information-distortion function can be made explicit through

the Lagrangian dual formulation

IGn(Dn) = sup
λ≥0

inf
PĜn|Gn

I(Gn; Ĝn) + λ
[
E[dn(Gn, Ĝn)]−Dn

]
(17)

For instance, in the case of H(Gn) = Θ(n2) and Dn = Dn log n, the distortion constraint con-

tributes only to the n log n term of the expression H(Gn)−H(Gn|Ĝn)+λ
[
E[dn(Gn, Ĝn)]−Dn

]
with the corresponding coefficient quantifying the effect of distortion on compression. With the

above motivation, we study the information-distortion function of random geometric graphs.

A. Hamming Distortion Measure

While there are various distortion measures that one can work with depending on the context,

in this preliminary work, we consider the Hamming distortion measure dn between two graphs

Gn and Ĝn that counts the number of pairs of vertices whose connectivity in Gn differs from

that in Ĝn, i.e.,

dn(Gn, Ĝn) =
∑

i<j
1(Eij ̸= Êi,j). (18)

The Hamming distortion penalizes a reconstructed graph Ĝn that has many pairs of vertices with

mismatched connectivity relative to the original graph Gn.
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B. Main Results

In this section, we will present our result on the characterization of the information-distortion

function (11) of a random geometric graph with the Hamming distortion measure. For establish-

ing the result, we first study the information-distortion function with conditioning on the node

locations X, which is defined as

IGn|X(Dn) ≜ inf
PĜn|Gn,X:E[dn(Gn,Ĝn)]≤Dn

I(Gn; Ĝn|X). (19)

This quantity arises when X is available as side information to both the encoder and decoder. It

is worth noting that the information-distortion functions with and without conditioning satisfy

the following inequality.

Lemma 1 ([25]). For a pair (X, Gn) and Dn ≥ 0,

IGn|X(Dn) ≤ IGn(Dn) ≤ IGn|X(Dn) + I(Gn;X). (20)

Before we present our result, let us define a few quantities, which will simplify the notation

later on. Recall R ≜ ∥X − Y ∥2, where X and Y are independent and uniformly distributed

random variables over K. For Dn ≥ 0 and a connectivity function pn : [0, K] → [0, 1], define a

function q∗n : [0, K] → [0, 1] as follows:

q∗n(r) = min{pn(r), 1− pn(r), µn} (21)

with µn chosen to satisfy the condition(
n

2

)
E[q∗n(R)] = Dn if Dn ≤

(
n

2

)
E[min{pn(R), 1− pn(R)}],

and we set µn = 1
2

otherwise.

Theorem 5. Let Gn be a random geometric graph with X being the node locations and

pn : [0, K] → [0, 1] being the connectivity function. The information-distortion function of Gn

conditioned on node locations X at the Hamming distortion Dn is given by

IGn|X(Dn) =

(
n

2

)[
E
[
h2

(
pn(R)

)]
− E

[
h2

(
q∗n(R)

)]]
, (22)

where q∗n : [0, K] → [0, 1] is as defined in (21).

Proof. See Section VI.
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Lemma 2. 1) Let Gn be an RGG in the dense regime with a connection function p that is

Hölder continuous with the exponent α. Then for every n ≥ 2,

1(
n
2

)I(Gn;X) = ∆dense
n , (23)

where ∆dense
n is as defined in (7) and it is upper bounded as in (8).

2) Let Gn be an RGG in the sparse regime with the connection function pn = sn · p, where p

is Hölder continuous with exponent α and nsn → ∞. Then for every n ≥ 2,

1(
n
2

)
sn log(1/sn)

I(Gn;X) = ∆sparse
n +O(sn), (24)

where ∆sparse
n is as defined in (9) and it is upper bounded as in (10).

Proof. Both the statements can be argued by expressing the mutual information in terms of

entropy functions. By applying the chain rule of entropy and noting that Eij is independent of

the rest of the random variables given Xi and Xj for all i < j, we obtain

H(Gn|X) =
∑
i<j

H(Eij|Xi, Xj) =

(
n

2

)
E
[
h2(pn(R))

]
, (25)

where the last equality uses the fact that for i < j, conditioned on Xi and Xj , Eij is a Bernoulli

random variable with parameter pn(∥Xi−Xj∥2) = pn(Rij), so H(Eij|Xi, Xj) = E [h2(pn(Rij))].

As the distribution of Rij is the same for all vertex pairs, we replace it with the random variable

R = ∥X−Y ∥2, which is the distance between two random points X and Y uniformly distributed

in K. Therefore, we have

I(Gn;X) = H(Gn)−H(Gn|X) = H(Gn)−
(
n

2

)
E
[
h2(pn(R))

]
(26)

In the dense regime, pn is not a function of n. So, the first statement immediately follows

from the definition of ∆dense
n given in (7) and by applying Thm. 3.

In the sparse regime, pn is of the form sn ·p where sn is a sequence of real numbers converging

to 0. Here,

I(Gn;X) = H(Gn)−
(
n

2

)
E
[
h2(pn(R))

]
(27)

= H(Gn)−
(
n

2

)
E
[
sn log(1/sn)p(R) + snp(R)/ ln 2− snp(R) log p(R)

]
+O

((
n

2

)
s2n

)
,

(28)

where the last equality follows from the Taylor series expansion (50). By using the definition of

∆sparse
n given in (9) and by applying Thm. 4, we obtain the second statement.
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By combining Lemma 1, Theorem 5 and Lemma 2, we immediately obtain a characterization

of IGn(Dn).

Theorem 6. Let Gn be an RGG in the dense regime with a connection function p that is Hölder

continuous with the exponent α. Then for every n ≥ 2,

0 ≤ 1(
n
2

) [IGn(Dn)−
[
E
[
h2

(
p(R)

)]
− E

[
h2

(
q∗n(R)

)]]]
≤ ∆dense

n , (29)

where q∗n : [0, K] → [0, 1] is defined as in (21) with pn = p, and ∆dense
n is given in Theorem 3.

Theorem 7. Let Gn be an RGG in the sparse regime with the connection function pn = sn · p,

where p is Hölder continuous with exponent α and nsn → ∞. Then for every n ≥ 2,

0 ≤ 1(
n
2

)
sn log(1/sn)

[
IGn(Dn)−

[
E
[
h2

(
pn(R)

)]
− E

[
h2

(
q∗n(R)

)]]]
≤ ∆sparse

n +O(sn), (30)

where q∗n : [0, K] → [0, 1] is defined as in (21), and ∆sparse
n is given in Theorem 4.

Remark 2. As with the entropy, in both Theorems 6 and 7, taking γ = 1
α

gives the optimal

asymptotic behaviour of the bound, that is ∆dense
n = O

(
logn
n

)
, and ∆sparse

n = O
(

logn
nsn log(1/sn)

)
,

which goes to 0 if nsn → ∞.

V. PROOFS OF THEOREM 3 AND 4

Lemma 3. For x, y ∈ [0, 1],

|h2(x)− h2(y)| ≤ h2(|x− y|). (31)

Proof. Without loss of generality, we can assume 0 < x < y < 1 due to symmetry. First, rewrite

h(y)− h(x) in terms of the derivative of h2.

h2(y)− h2(x) =

∫ x

0

h′2(t)dt+

∫ y−x

x

h′2(t)dt+

∫ y

y−x

h′2(t)dt−
∫ x

0

h′2(t)dt (32)

=

∫ y−x

0

h′2(t)dt−
∫ x

0

h′2(t)dt+

∫ y

y−x

h′2(t)dt. (33)

With a change of variables, we can rewrite this as

h2(y)− h2(x) = h2(y − x)−
∫ x

0

[h′2(t)− h′2(t+ y − x)]dt (34)

≤ h2(y − x) (35)

since h2 is concave, and so its derivative is decreasing. Now, pick a, b ∈ [0, 1], and set x =

min{a, b, 1 − a, 1 − b} and y = x + |a − b|. Note that this implies that x < y and x < 1 − y.
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If x = a, y = a + b − a = b, and x < 1 − y by the construction of x. If x = 1 − a,

y = 1− a+ a− b = 1− b, so again x < 1− y. The same works by symmetry if x = b or 1− b.

Then because x < y and x < 1− y we have h(y) ≥ h(x),

|h2(a)− h2(b)| = h2(y)− h2(x) ≤ h2(y − x) (36)

by above, and then because y > x, finally

|h2(a)− h2(b)| ≤ h2(|b− a|) (37)

completing the proof.

Proof of Theorem 3. The proof follows the proof of Theorem 1 from [19], and we bound the

approximation error in each step. First, since conditioning reduces entropy, we condition on the

set of inter-node distances {Rij}i<j to give

H(Gn) ≥ H(Gn|{Rij}i<j) =
∑
i<j

H(Eij|Rij) =

(
n

2

)
E[h2(p(R))]. (38)

For this proof we will need to use the graphon formulation of the SRGG. Let W : K2 → [0, 1]

be defined for x, y ∈ K as

W (x, y) = p(∥x− y∥). (39)

Then the SRGG on n-nodes with connection function p is the same as the W random graph on

n nodes, which we denote by G(n,W ). We now construct an upper bound using the W random

graph formalism. Cover K with md disjoint, equally sized d-cubes of side length ℓ/m. We have

two cases, first, when K can be perfectly covered by d-cubes, and second where it cannot.

We will deal with the first case now, and the second case will follow by a minor modification

afterwards.

For each node i, denote by Mi ⊂ K the box that contains the position of Xi. Let M =

(M1, ...,Mn) be the vector collecting the boxes of each node. Then, we can write

H(Gn) = H(G(n,W )) ≤ H(G(n,W )|M) +H(M). (40)

Now since the nodes of the SRGG are uniformly distributed on K, and Mi is a deterministic

function of Xi, we have H(M) ≤ n logmd = dn logm. Now, by the independence bound we

can write

H(G(n,W )|M) ≤
∑
i<j

H(Eij|Mi,Mj). (41)
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To express the right-hand-side in integral form, we first must introduce the block-constant

approximation of W . For x ∈Mi ∩ K, y ∈Mj ∩ K, Wm(x, y) is given by

Wm(x, y) = E[W (X, Y )|X ∈Mi ∩ K, Y ∈Mj ∩ K]. (42)

That is, Wm(x, y) is the average value of W taken over all pairs (X, Y ) where X is in the same

box as x and Y is in the same box as y. Then

P(Eij = 1|Mi = mi,Mj = mj) = Wm(xi, xj), (43)

where xi ∈ mi, and xj ∈ mj . So it is clear by the definition of the binary entropy function that

H(Eij|Mi,Mj) =

∫ ∫
K2

h2(Wm(x, y))dxdy, (44)

and therefore we have(
n

2

)∫ ∫
K2

h2(W (x, y))dxdy ≤ H(Gn) ≤
(
n

2

)∫ ∫
K2

h2(Wm(x, y))dxdy + nd logm (45)

which implies

0 ≤ H(Gn)−
(
n

2

)∫ ∫
K2

h2(W (x, y))dxdy

≤
(
n

2

)∫ ∫
K2

h2(Wm(x, y))dxdy −
(
n

2

)∫ ∫
K2

h2(W (x, y))dxdy + nd logm. (46)

So to get the result, we need to bound∣∣∣∣∫ ∫
K2

h2(Wm(x, y))dxdy −
∫ ∫

K2

h2(W (x, y))dxdy

∣∣∣∣
≤
∫ ∫

K2

|h2(Wm(x, y))− h2(W (x, y))|dxdy

≤
∫ ∫

K2

h2

(∣∣Wm(x, y)−W (x, y)
∣∣) dxdy (47)

where we have used first the linearity of integration and second Lemma 3. Since Wm is the

mean of W on each box Mi×Mj = mi×mj , we have that the difference between Wm and W

evaluated at a pair of points (x, y) is upper bounded by the maximum difference of W evaluated

on the box, that is,

|Wm(x, y)−W (x, y)| ≤ sup
(x,y),(x′,y′)∈mi×mj

|W (x, y)−W (x′, y′)| (48)

≤ sup
(x,y),(x′,y′)∈mi×mj

L∥(x, y)− (x′, y′)∥α2 = L

(
ℓ
√
2d

m

)α

, (49)
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where we have used the Hölder continuity of W , and that the points furthest away from each

other on mi × mj lie on opposite corners. Next, note that the Taylor expansion of the binary

entropy function gives

h2(p) = −p log p+ p

ln 2
− 1

ln 2

∞∑
k=2

(
1

k − 1
− 1

k

)
pk (50)

≤ −p log p+ p

ln 2
,

which is a non-decreasing function of p on [0, 1]. Then using (49), and provided that m = m(n)

so that m(1) ≥ L1/αℓ
√
2d,

h2(|Wm(x, y)−W (x, y)|) ≤ −L

(
ℓ
√
2d

m

)α

logL

(
ℓ
√
2d

m

)α

+
L

ln 2

(
ℓ
√
2d

m

)α

≤ αL

(
ℓ
√
2d

m

)α

logm+ L

(
ℓ
√
2d

m

)α(
1

ln 2
− log

(
L(ℓ

√
2d)α

))
= a1

logm

mα
+ a2

1

mα
. (51)

So, ∫ ∫
K2

h2

(∣∣Wm(x, y)−W (x, y)
∣∣) dxdy ≤

(
a1

logm

mα
+ a2

1

mα

)∫ ∫
K2

dxdy.

Combining everything, we have

0 ≤ 1(
n
2

)H(Gn)− E[h2(p(R))] ≤
dn logm(

n
2

) + a1
logm

mα
+ a2

1

mα
(52)

We now must deal with the case where K cannot be perfectly covered. In this case, there will

be O(md−1) boxes that overlap the boundary of K. For this case, write

K ⊂ K̄m ∪ δKm (53)

where K̄m is the set of boxes Mi that are completely contained in K, and δKm is the set of

boxes that overlap a boundary. Then, if we take the convention that W (x, y) = Wm(x, y) = 0

when (x, y) /∈ K,∫ ∫
K2

h2

(∣∣Wm(x, y)−W (x, y)
∣∣) dxdy =

∑
i,j

(Mi,Mj)∈K̄2
m

∫ ∫
Mi×Mj

h2

(∣∣Wm(x, y)−W (x, y)
∣∣) dxdy

+
∑
i,j

(Mi,Mj)∈δK2
m

∫ ∫
Mi×Mj

h2

(∣∣Wm(x, y)−W (x, y)
∣∣) dxdy
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+2
∑
i,j

(Mi×Mj)∈K̄m×δKm

∫ ∫
Mi×Mj

h2

(∣∣Wm(x, y)−W (x, y)
∣∣) dxdy

(54)

The first sum can be bounded the same as the case where K can be perfectly tiled. For the

second two cases, we cannot guarantee Hölder continuity, and so the best bound we have is a

constant bound of 1. Let |δK| be the surface area of K. Then, since we can lower bound the

volume of the boxes Mi by (ℓ/m)d−1, we require at most |δK|(m/ℓ)d−1 boxes to cover the

boundary of K. Let |δKm| denote the number of elements in δKm. Then we can bound∑
i,j

(Mi,Mj)∈δK2
m

∫ ∫
Mi×Mj

h2

(∣∣Wm(x, y)−W (x, y)
∣∣) dxdy ≤

∑
i,j

(Mi,Mj)∈δK2
m

∫ ∫
Mi×Mj

dxdy

≤ |δKm|2
(
ℓ

m

)2d

≤ |δK|
(
ℓ

m

)2

(55)

and similarly

2
∑
i,j

(Mi,Mj)∈δK̄m×Km

∫ ∫
Mi×Mj

h2

(∣∣Wm(x, y)−W (x, y)
∣∣) dxdy ≤ 2|δK|ℓ

m
. (56)

Then, define a3 = |δK|2ℓ2, and a4 = 2|δK|ℓ. This finally results in the bound

0 ≤ 1(
n
2

)H(Gn)− E[h2(p(R))] ≤
dn logm(

n
2

) + a1
logm

mα
+ a2

1

mα
+ a3

1

m
+ a4

1

m2
(57)

Finally, note that we can take m to be a function of n to tune the upper bound. For 0 <

α ≤ 1, lowest order is achieved when m(n) ∝ n1/α. The fact that ∆dense
n is non-negative

follows immediately from the fact that
(
n
2

)
∆dense

n = H(Gn)−H(Gn|X) is the mutual information

I(Gn;X) which is clearly non-negative.

Proof of Theorem 4. As in the proof of Theorem 3, by conditioning on the node locations, and

the box containing each node we arrive at the following bound:

H(Gn) ≤ H(Gn|M) + nd logm. (58)

We also have

H(Gn|M) ≤
(
n

2

)
E[h2(E[snW (X, Y )|M ])] (59)

= E[h2(snWm(X, Y ))]

= E
[
sn log(1/sn)Wm(X, Y ) +

sn
ln 2

Wm(X, Y )− snWm(X, Y ) logWm(X, Y )
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− 1

ln 2

∞∑
k=2

(
1

k − 1
− 1

k

)
(snWm(X, Y ))k

]
,

where W and Wm are defined as in (39) and (42). Recall that pn(·) = snp(·), and so it is clear

that pn(∥x− y∥) = snW (x, y), and similarly the ‘averaged’ graphon is given by snWm(x, y) in

the sparse case. From (58), it follows that

∆sparse
n =

H(Gn)−
(
n
2

)
sn log(1/sn)E[p(R)]−

(
n
2

)
sn
ln 2

E[p(R)] +
(
n
2

)
snE[p(R) log p(R)](

n
2

)
sn log(1/sn)

≤
H(Gn|M) + nd logm−

(
n
2

)
sn log(1/sn)E[p(R)]−

(
n
2

)
sn
ln 2

E[p(R)] +
(
n
2

)
snE[p(R) log p(R)](

n
2

)
sn log(1/sn)

(60)

By switching into the graphon notation and noting that p(R) = p(∥X − Y ∥) = W (X, Y ), the

quantity of interest, which is the right-hand side of (60) without the nd logm term, can be

bounded as follows:

H(Gn|M)−
(
n
2

)
sn log(1/sn)E[p(R)]−

(
n
2

)
sn
ln 2

E[p(R)] +
(
n
2

)
snE[p(R) log p(R)](

n
2

)
sn log(1/sn)

≤
E[h2(snWm(X, Y ))]− sn log(1/sn)E[W (X, Y )]− snE[ 1

ln 2
W (X, Y )−W (X, Y ) logW (X, Y )]

sn log(1/sn)

≤
E[sn log(1/sn)Wm(X, Y ) + sn

ln 2
Wm(X, Y )− snWm(X, Y ) logWm(X, Y )]

sn log(1/sn)

−
E[sn log(1/sn)W (X, Y ) + sn

ln 2
W (X, Y )− snW (X, Y ) logW (X,Y )]

sn log(1/sn)

≤ 1

sn log(1/sn)

∫ ∫
K2

|sn log(1/sn)(Wm(x, y)−W (x, y)) +
sn
ln 2

(Wm(x, y)−W (x, y))

− sn(Wm(x, y) logWm(x, y)−W (x, y) logW (x, y))|dxdy

=
1

sn log(1/sn)

∫ ∫
K2

∣∣∣ sn
ln 2

W (x, y)− snW (x, y) log(snW (x, y))

− sn
ln 2

Wm(x, y)− snWm(x, y) log(snWm(x, y))
∣∣∣dxdy

≤ 1

sn log(1/sn)

∫ ∫
K2

sn
ln 2

|W (x, y)−Wm(x, y)|

− sn|W (x, y)−Wm(x, y)| log(sn|W (x, y)−Wm(x, y)|)dxdy (61)

where we have used the fact that
∣∣ x
ln 2

− x log x− y
ln 2

+ y log y
∣∣ ≤ 1

ln 2
|x−y|− |x−y| log |x−y|

for x, y ∈ [0, 1]. Now, we perform the same decomposition of the domain K ⊂ K̄m ∪ δKm as
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before, and note that g(x) = x
ln 2

− x log x is an increasing function on [0, 1]. By combining this

with the Hölder bound, and provided that m = m(n) with m(1) ≥ L1/αℓ
√
2d,

|W (x, y)−Wm(x, y)| ≤ min

{
1, L

(
ℓ
√
2d

m

)α}
= L

(
ℓ
√
2d

m

)α

, (62)

we have that (61) is∫ ∫
K̄2

m

g(sn|W (x, y)−Wm(x, y)|)dxdy ≤
∫ ∫

K̄2
m

g

(
snL

(
ℓ
√
2d

m

)α)
dxdy

= g

(
snL

(
ℓ
√
2d

m

)α)∫ ∫
K̄2

m

dxdy

≤ g

(
snL

(
ℓ
√
2d

m

)α)

= sn
L

ln 2

(
ℓ
√
2d

m

)α

− snL

(
ℓ
√
2d

m

)α

log

(
snL

(
ℓ
√
2d

m

)α)

= a1sn
log(mα/sn)

mα
+ a2sn

1

mα
,

where a1 = L
ln 2

(ℓ
√
2d)α and a2 = L(ℓ

√
2d)α − L(ℓ

√
2d)α log(L(ℓ

√
2d)α), and we have used

the fact that
∫ ∫

K̄2
m
dxdy ≤

∫ ∫
K2 dxdy = 1. Then, for the integrals over δKm × K̄m and K̄2 we

again do not have Hölder continuity. However we have once again, g(x) ≤ 1 for x ∈ [0, 1] and∫ ∫
K2

g(sn|W (x, y)−Wm(x, y)|)dxdy =
∑

(Mi×Mj)∈K̄2
m

∫ ∫
Mi×Mj

g(sn|W (x, y)−Wm(x, y)|)dxdy

+
∑

(Mi×Mj)∈δK2
m

∫ ∫
Mi×Mj

g(sn|W (x, y)−Wm(x, y)|)dxdy

+2
∑

(Mi×Mj)∈K̄m×δKm

∫ ∫
Mi×Mj

g(sn|W (x, y)−Wm(x, y)|)dxdy.

(63)

Next, note that since g is an increasing function on [0, 1], we have g(sn|Wm(x, y)−W (x, y)|) ≤

g(sn) = sn
(

1
ln 2

− log(sn)
)
. So by combining everything, we have∫ ∫

K2

g(sn|W (x, y)−Wm(x, y)|)dxdy

≤ a1sn
log(mα/sn)

mα
+ a2sn

1

mα
+ a3sn

(
1

ln 2
− log(sn)

)
1

m
+ a4sn

(
1

ln 2
− log(sn)

)
1

m2
,
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where a3 = |δK|
(

ℓ
m

)2, a4 = 2|δK| ℓ
m

, and we have used the same bound to count the number

of boxes required to cover the boundary of K as in the proof of Theorem 3. We then divide by

sn log(1/sn) to give

∆sparse
n ≤

a1sn
log(mα/sn)

mα + a2sn
1

mα + a3sn
(

1
ln 2

− log(sn)
)

1
m
+ a4sn

(
1

ln 2
− log(sn)

)
1
m2

sn log(1/sn)
+

nd logm(
n
2

)
sn log(1/sn)

=
nd logm(

n
2

)
sn log(1/sn)

+a1
α logm+ log(1/sn)

mα log(1/sn)
+a2

1

mα log(1/sn)
+a3

1
ln 2

+ log(1/sn)

m log(1/sn)
+a4

1
ln 2

+ log(1/sn)

m2 log(1/sn)

Then, setting m ∝ n1/α, we get

∆sparse
n = O

(
log n

nsn log(1/sn)

)
(64)

which will go to 0 if sn log(1/sn) ≫ logn
n

, which we can see is implied by nsn → ∞. Finally,

for the lower bound, note

0 ≤ H(Gn)−H(Gn|X)(
n
2

)
sn log(1/sn)

= ∆sparse
n +

E
[∑∞

k=2

(
1

k−1
− 1

k

)
(snp(R))

k
]

ln(2)sn log(1/sn)
(65)

⇒ ∆sparse
n ≥ −

E
[∑∞

k=2

(
1

k−1
− 1

k

)
(snp(R))

k
]

ln(2)sn log(1/sn)

= −
E
[
1
2
(snp(R))

2 +
∑∞

k=3

(
1

k−1
− 1

k

)
(snp(R))

k
]

ln(2)sn log(1/sn)

≥ −
E
[
1
2
(snp(R))

2 + (snp(R))
3
∑∞

k=3

(
1

k−1
− 1

k

)]
ln(2)sn log(1/sn)

= −snE[p(R)
2] + s2nE[p(R)3]

2 ln(2) log(1/sn)

as required.

VI. PROOF OF THEOREM 5

By conditioning on the node locations, the random geometric graph Gn becomes an inhomo-

geneous Erdős-Rényi graph, meaning that the conditional edge random variables are independent

with different edge probabilities. With this observation, we can follow the approach used in [21,

Thm. 10.3.1] to characterize IGn|X(Dn).
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A. Lower Bound on IGn|X(Dn)

Consider a conditional joint distribution PĜn|Gn,X
satisfying the constraint E[dn(Gn, Ĝn)] ≤

Dn. For this distribution, we have

I(Gn;Ĝn|X) = H(Gn|X)−H(Gn|Ĝn,X)

(a)
=
∑
i<j

H(Eij|Xi, Xj)−H(Gn|Ĝn,X)

≥
∑
i<j

H(Eij|Xi, Xj)−
∑
i<j

H(Eij|Êij, Xi, Xj)

=
∑
i<j

ER

[
H(Eij|Rij = R)−H(Eij ⊕ Êij|Êij, Rij = R)

]
(b)

≥
∑
i<j

ER

[
max

{
H(Eij|Rij = R)−H(Eij ⊕ Êij|Rij = R), 0

}]
(c)
=
∑
i<j

E
[
max

{
h2(pn(R))− h2(qij(R)), 0

}]
≥E
[
max

{(n
2

)
h2(pn(R))−

∑
i<j

h2(qij(R)), 0
}]

(d)

≥
(
n

2

)
E
[
h2(pn(R))

]
−
(
n

2

)
E
[
min

{
h2(qn(R)), h2(pn(R))

}]
In (a), we use the conditional independence of the edge random variables. In the inequality

(b), the bound H(Eij|Rij = r)−H(Eij ⊕ Êij|Rij = r) is useful only when it is greater than 0

because we already have H(Eij|Rij = r)−H(Eij⊕Êij|Êij, Rij = r) = I(Eij; Êij|Rij = r) ≥ 0.

In (c), we define

qi,j(r) ≜ min
{
P(Eij ⊕ Êij = 1|Rij = r),P(Eij ⊕ Êij = 0|Rij = r)

}
for r ∈ [0, K] and i < j. The inequality (d), where we set qn(r) ≜

∑
i<j

qi,j(r)

(n2)
for r ∈ [0, K],

follows immediately from Jensen’s inequality and the concavity of the binary entropy function:∑
i<j

h2(qi,j(r)) ≤
(
n

2

)
h2(qn(r)).

It immediately follows from the distortion condition that qn(r) satisfies the condition,
(
n
2

)
E[qn(R)] ≤

Dn.

By minimizing the lower bound in (d) over all functions qn(r) satisfying the condition(
n
2

)
E[qn(R)] ≤ Dn, we get

IGn|X(Dn) ≥
(
n

2

)[
E [h2(pn(R))]− max

qn:[0,K]→[0,1]:

(n2)E[qn(R)]≤Dn

E [min {h2(qn(R)), h2(pn(R))}]
]
. (66)
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The optimization problem in (66) is equivalent to solving the following problem:

A∗ ≜ max
qn:[0,K]→[0,1]:

qn(r)≤p̄n(r), (n2)E[qn(R)]≤Dn

E [h2(qn(R))] , (67)

where we use the notation f̄(r) to denote min{f(r), 1−f(r)} for a function f : [0, K] → [0, 1].

Let us consider two separate cases to solve this optimization problem by finding an optimizer

q∗n. In the case of
(
n
2

)
E[p̄n(R)] ≤ Dn,

A∗ = E [h2(pn(R))]

with q∗n(r) = p̄n(r) because E [h2(qn(R))] ≤ E [h2(pn(R))] for every qn(r) ≤ p̄n(r). Here,

q∗n(r) = min{p̄n(r), µn} with µn = 1
2
.

In the case of Dn ≤
(
n
2

)
E[p̄n(r)]. Consider the function q∗n(r) = min{p̄n(r), µn} with µn

chosen such that
(
n
2

)
E[q∗n(R)] = Dn. It is possible to choose such a µn depending on the value

of Dn because
(
n
2

)
E[min{p̄n(r), µn}] is a continuous2 and non-decreasing function of µn ∈ [0, 1

2
]

with the maximum value being
(
n
2

)
E[p̄n(r)], which is greater than Dn.

We will now show that A∗ = E [h2(q
∗
n(R))], i.e., E [h2(qn(R))] ≤ E [h2(q

∗
n(R))] for any q

that satisfies the constraints in the optimization problem (67). Assume that Dn > 0 (which

implies that µn > 0). On the other hand, if Dn = 0 then A∗ = 0 because E [h2(qn(R))] ≤

h2(E [qn(R)]) ≤ h2

(
Dn/

(
n
2

))
= 0.

As a consequence of the concavity of the binary function, we have the following relation:

h2(qn(r))− h2(q
∗
n(r)) ≤ [qn(r)− q∗n(r)]h

′
2(q

∗
n(r)),

for any qn(r) ∈ [0, 1] and q∗n(r) ∈ (0, 1) with h′2(q
∗
n(r)) = log2

(
1−q∗n(R)
q∗n(R)

)
. If q∗n(r) = 0 then

p̄n(r) = 0 (because µn > 0), which means that qn(r) ≤ p̄n(r) = 0. By using these observations,

we can write

E [h2(qn(R))− h2(q
∗
n(R))] ≤ E

[
[qn(R)− q∗n(R)] log2

(
1− q∗n(R)

q∗n(R)

)
1q∗n(R)>0

]
. (68)

Let A = {r : µn ≤ p̄n(r)}. On A, q∗n(r) = µn, and on Ac, q∗n(r) = p̄n(r). Since
(
n
2

)
E[qn(R)] ≤

Dn =
(
n
2

)
E[q∗n(R)], we have

0 ≥ E[qn(R)− q∗n(R)]

2As min{p̄n(r), µn} is bounded from above by p̄n(r), which is an integrable function, the continuity immediately follows

by applying the dominated convergence theorem (DCT) for any convergent sequence µn → µ.
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= E
[
[qn(R)− q∗n(R)]1q∗n(R)>0

]
= E

[
[qn(R)− q∗n(R)]1q∗n(R)>01A

]
+ E

[
[qn(R)− q∗n(R)]1q∗n(R)>01Ac

]
. (69)

Using the above observations, we can bound (68) as follows:

E [h2(qn(R))− h2(q
∗
n(R))]

≤ E
[
[qn(R)− q∗n(R)] log2

(
1− q∗n(R)

q∗n(R)

)
1q∗n(R)>0

]
= E

[
[qn(R)− q∗n(R)] log2

(
1− q∗n(R)

q∗n(R)

)
1q∗n(R)>01A

]
+ E

[
[qn(R)− q∗n(R)] log2

(
1− q∗n(R)

q∗n(R)

)
1q∗n(R)>01Ac

]
= E

[
[qn(R)− q∗n(R)] log2

(
1− µn

µn

)
1q∗n(R)>01A

]
+ E

[
[qn(R)− q∗n(R)] log2

(
1− p̄n(R)

p̄n(R)

)
1q∗n(R)>01Ac

]
= log2

(
1− µn

µn

)
E
[
[qn(R)− q∗n(R)]1q∗n(R)>01A

]
+ E

[
[qn(R)− q∗n(R)] log2

(
1− p̄n(R)

p̄n(R)

)
1q∗n(R)>01Ac

]
(e)

≤ − log2

(
1− µn

µn

)
E
[
[qn(R)− q∗n(R)]1q∗n(R)>01Ac

]
+ E

[
[qn(R)− q∗n(R)] log2

(
1− p̄n(R)

p̄n(R)

)
1q∗n(R)>01Ac

]
= E

[
[qn(R)− q∗n(R)]

[
log2

(
1− p̄n(R)

p̄n(R)

)
− log2

(
1− µn

µn

)]
1q∗n(R)>01Ac

]
= E

[
[qn(R)− p̄n(R)]

[
log2

(
1− p̄n(R)

p̄n(R)

)
− log2

(
1− µn

µn

)]
1q∗n(R)>01Ac

]
≤ 0,

where (e) follows from (69), and the last inequality is due to the fact that qn(r) ≤ p̄n(r) and

the fact that on the event Ac, p̄n(r) ≤ µn, which implies that log2
(

1−p̄n(r)
p̄n(r)

)
≥ log2

(
1−µn

µn

)
as

the derivative of binary entropy function is non-increasing. This shows that A∗ = E [h2(q
∗
n(R))],

with q∗n(r) being an optimizer. Hence we have

IGn|X(Dn) ≥
(
n

2

)[
E [h2(pn(R))]− E [h2(q

∗
n(R))]

]
, (70)

where q∗ : [0, K] → [0, 1] and q∗n(r) is defined as above.
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B. Upper Bound on IGn|X(Dn):

Let q∗n(r) be the optimizer in (70). Consider the conditional probability distribution PĜn|Gn,X

(or equivalently, P{Êij}i<j |{Eij}i<j ,X
) of the form

P{Êij}i<j |{Eij}i<j ,X
=
∏
i<j

PEij |Êij ,Xi,Xj
PÊij |Xi,Xj

PEij |Xi,Xj

,

where PEij |Êij ,Xi,Xj
(·|·, xi, xj) is a binary symmetric channel with the crossover probability

q∗n(rij), PÊij |Xi,Xj
(1|xi, xj) =

pn(rij)−q∗n(rij)
1−2q∗n(rij)

and PÊij |Xi,Xj
(0|xi, xj) =

1−pn(rij)−q∗n(rij)
1−2q∗n(rij)

, which

are non-negative by virtue of the way the q∗n(rij)’s are defined. We can easily see that this

distribution satisfies the distortion criterion:

E[dn(Gn, Ĝn)] =
∑
i<j

P(Eij ⊕ Êij = 1) =
∑
i<j

E
[
q∗n(R)

]
= Dn,

which implies that

IGn|X(Dn) ≤ I(Gn; Ĝn|X) =

(
n

2

)
[E[h2(pn(R))]− E[h2(q

∗
n(R))]] . (71)

By combining (71) and (70), we prove Theorem 5.

VII. CONCLUSION

In this work, we studied the fundamental limits of lossless and lossy compression of soft

random geometric graphs. We considered two regimes of interest, namely dense and sparse. In

both these regimes, we gave an asymptotic characterization of the entropy of an SRGG. The

proof involves the use of tools from the theory of graphons along with the discretization of the

underlying domain. The main result is that the normalized entropy approaches the limiting

quantity as O
(
logn
n

)
and O

(
logn

nsn log(1/sn)

)
, in dense and sparse regimes respectively, if the

connection function p is Hölder continuous. Similarly, we derive an asymptotic characterization

of the information-distortion function of an SRGG with Hamming distortion measure. As with

entropy, the normalized information-distortion function also converges to its limiting quantity

as O
(
logn
n

)
and O

(
logn

nsn log(1/sn)

)
, in dense and sparse regimes respectively, if the connection

function p is Hölder continuous. A future direction for the lossy compression work would be

to consider various distortion measure that take into account graph features such as clustering,

transitivity and so on. Another interesting future research direction is to quantify the structural

entropy rate of the SRGG in the regime where nsn is constant, or even decreasing. This will
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likely require different proof techniques, as the idea of discretising the space now introduces

too much entropy into the upper bound (see the proof of Theorems 3 and 4). In the regime

nsn → 0, the expected degree of each node tends to 0, and the graph is disconnected with high

probability (since there is a node with degree 0 with high probability), and so it would also be

interesting to understand the influence of the connectivity of the graph on the entropy.
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