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Abstract The perceived randomness in the time evolution of “chaotic” dynamical systems
can be characterized by universal probabilistic limit laws, which do not depend on the fine
features of the individual system. One important example is the Poisson law for the times
at which a particle with random initial data hits a small set. This was proved in various
settings for dynamical systems with strong mixing properties. The key result of the present
study is that, despite the absence of mixing, the hitting times of integrable flows also satisfy
universal limit laws which are, however, not Poisson. We describe the limit distributions for
“generic” integrable flows and a natural class of target sets, and illustrate our findings with
two examples: the dynamics in central force fields and ellipse billiards. The convergence of
the hitting time process follows from a new equidistribution theorem in the space of lattices,
which is of independent interest. Its proof exploits Ratner’s measure classification theorem
for unipotent flows, and extends earlier work of Elkies and McMullen.
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1 Introduction

Let (M, .#, v) be a probability space and consider a measure-preserving dynamical system
oM — M. (1.1)

A fundamental question is how often a trajectory with random initial data x € M intersects
a given target set D € .% within time ¢. If D is fixed, this problem has led to many important
developments in ergodic theory, which show that, if ¢’ is sufficiently “chaotic” (e.g., partially
hyperbolic), the number of intersections satisfies a central limit theorem and more general
invariance principles. One of the first results in this direction was Sinai’s proof of the central
limit theorem for geodesic flows [42] and, with Bunimovich, the finite-horizon Lorentz gas
[10]. We refer the reader to [2,15,21,47] for further references to the literature on this subject.
In the case of non-hyperbolic dynamical systems, such as horocycle flows or toral translations,
the classical stable limit laws generally fail and must be replaced by system-dependent limit
theorems [6-8,16,17,22]. If on the other hand one considers a sequence of targetsets D, € .7
suchthatv(D,) — 0as p — 0, then the number of intersections within time ¢ (now measured
in units of the mean return time to D,) satisfies a Poisson limit law, provided ¢’ is mixing
with sufficiently rapid decay of correlations. The first results of this type were proved by
Pitskel [36] for Markov chains, and by Hirata [25] in the case of Axiom A diffeomorphisms
by employing transfer operator techniques and the Ruelle zeta function. (Hirata’s paper was
in fact motivated by Sinai’s work [43,44] on the Poisson distribution for quantum energy
levels of generic integrable Hamiltonians, following a conjecture by Berry and Tabor [3,32]
in the context of quantum chaos.) For more recent studies on the Poisson law for hitting times
in “chaotic” dynamical systems, see [1,11,20,23,24,29,39] and references therein.

In the present paper we prove analogous limit theorems for integrable Hamiltonian flows
@', which are not Poisson yet universal in the sense that they do not depend on the fine features
of the individual system considered. The principal result of this study is explained in Sect. 2
for the case of flows with two degrees of freedom, where the target set is a union of small
intervals of varying position, length and orientation on each Liouville torus. In the limit of
vanishing target size, the sequence of hitting times converges to a limiting process which is
described in Sect. 3. Sections 4 and 5 illustrate the universality of our limit distribution in the
case of two classic examples: the motion of a particle in a central force field and the billiard
dynamics in an ellipse. In both cases, the limit process for the hitting times, measured in units
of the mean return time on each Liouville torus, is independent of the choice of potential or
ellipse, and in fact only depends on the number of connected components of the target set on
the invariant torus. The results of Sect. 3 are generalized in Sect. 6 to integrable flows with
d degrees of freedom, where unions of small intervals are replaced by unions of shrinking
dilations of k given target sets. The key ingredient in the proof of the limit theorems for hitting
time statistics is the equidistribution of translates of certain submanifolds in the homogeneous
space G/ I', where G = SL(d, R) x RY¥ and T = SL(d, Z) x (Z)*. These results, which
are stated and proved in Sect. 7, generalize the equidistribution theorems by Elkies and
McMullen [18] in the case of nonlinear horocycles (d = 2, k = 1), and are based on Ratner’s
celebrated measure classification theorem. The application of these results to the hitting times
is carried out in Sect. 8, and builds on our earlier work for the linear flow on a torus [34].

2 Integrable Flows with Two Degrees of Freedom

To keep the presentation as transparent as possible, we first restrict our attention to Hamil-
tonian flows with two degrees of freedom, whose phase space is the four-dimensional
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716 C. P. Dettmann et al.

symplectic manifold X'. (The higher dimensional case is treated in Sect. 6.) The basic exam-
ple is of course X = R? x R?, where the first factor represents the particle’s position and
the second its momentum. To keep the setting more general, we will not assume Liouville-
integrability on the entire phase space, but only on an open subset M C X, a so-called
integrable island. Liouville integrability [5, Sect. 1.4] implies that there is a foliation (the
Liouville foliation) of M by two-dimensional leaves. Regular leaves are smooth Lagrangian
submanifolds of M that fill M bar a set of measure zero. A compact and connected regular
leaf is called a Liouville torus. Every Liouville torus has a neighbourhood that can be para-
metrised by action-angle variables (@, J) € T? x U, where T? = R?/Z? and U is a bounded
open subset of R2. In these coordinates the Hamiltonian flow is given by

o TP xU T2 xU, O0,J)— @+t fU),J), 2.1

with the smooth Hamiltonian vector field f = VjH. In what follows, the Hamiltonian
structure is in fact completely irrelevant, and we will assume U is a bounded open subset of R™
(m > 1arbitrary), and f : U — R? a smooth function. We will refer to the corresponding ¢
in (2.1) simply as an integrable flow. Even in the Hamiltonian setting, it is often not necessary
to represent the dynamics in action-angle variables to apply our theory; cf. the examples of
the central force field and billiards in ellipses discussed in Sects. 4 and 5.

We will consider random initial data (@, J) that is distributed according to a given Borel
probability measure A on T2 x /. One example is

A = Lebp xA, (2.2)

where Lebr is the uniform probability measure on T2 and A is a given absolutely continuous
Borel probability measure on . This choice of A is ¢’-invariant. One of the key features
of this work is that our conclusions also hold for more singular and non-invariant measures
A, such as A = 89, x A, where 8p,, is a point mass at #o. The most general setting we will
consider is to define A as the push-forward of a given (absolutely continuous) probability
measure A on U by the map J — (0(J),J), where 0 : U — T2 is a fixed smooth map; this
means that we consider random initial data in T2 x U of the form (0(J), J), where J is a
random point in U/ distributed according A. This is the set-up that we use in the formulation
of our main result, Theorem 1 below. We will demonstrate in Remark 2.1 that this setting is
indeed rather general, and allows a greater selection of measures than is apparent; for instance
invariant measures of the form (2.2) can be realized within this framework.

We also note that the smoothness assumptions on f and 6 are less restrictive than they
may appear: We can allow discontinuities in the derivatives of theses maps, provided there
is an open subset U/ C U with A(U \ U') = 0, so that the restrictions of f and 0 to U’ are
smooth. Furthermore, the smoothness requirements are a result of an application of Sard’s
theorem in Theorem 11 and may in fact be replaced by finite differentiability conditions.

We consider target sets D), = Dg() that, in each leaf, appear as disjoint unions of k short
intervals transversal to the flow direction. To give a precise definition of D,, fix smooth
functions u; : U — st ¢j ‘U — T2, and i :U — R.o(j =1,...,k) which describe
the orientation, midpoint and length of the jth interval in each leaf. Set

k
DY = | Dw;. ¢;. pL)), (23)
j=1

where

24

D, ¢, ) = [(¢(J)+su(1)l,1) e T XU' - @ <8< @]
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with u(J)+ denoting a unit vector perpendicular to u(J). This yields, in each leaf T2 x {J},
a union of k intervals, where the jth interval has length p€;(J), is centered at ¢ i) and
perpendicular to u ; (J). As mentioned, we assume that each interval is transversal to the flow
direction, i.e. u;(J) - f(J) #Oforall j € {1,...,k} and all J € U; in fact we will even
assume u ;(J) - f(J) > 0, without any loss of generality.

Now, for any initial condition (@, J), the set of hitting times

T(0.J.Dp):={t >01]¢'(0.J) €Dy} 25)
is a discrete (possibly empty) subset of R ¢, the elements of which we label by
0<t1(0,J,Dp) <t2(0,J,Dy) <.... (2.6)

We call #; (0, J, D,) the ith entry time to D, if (8, J) ¢ D,, and the ith return time to D, if
(0,J) € Dy. A simple volume argument (Santalo’s formula [12]) shows that for any fixed
J € U such that the components of f(J) are not rationally related, the first return time to D,,
on the leaf T2 x {J} satisfies the formula

/ 11(0,J,D,)dvy(0) =1, (2.7)
Dy

where vy is the invariant measure on D, obtained by disintegrating Lebesgue measure on
T? x {J} with respect to the section D, of the flow ¢’. The measure vy is explicitly given by

k pl;()/2

/ gdw:Z u;(J)- f(J)/

D, — —pliJ)/2

(¢(J) +su()*t, J ) ds, VgeC(D,).

(2.8)

Recall that by transversality u;(J) - f(J) > 0. It follows that the mean return time with
respect to vy equals

k) 1
aJ) , where % )= T . 2.9
P zjzlej(-l)uj(-l)f(-])
If we also average over J with respect to the measure A, the mean return time becomes
0
Th . where el .= / O W) r@l). (2.10)
P u

We have assumed here that the pushforward of A by f has no atoms at points with rationally
related coordinates. This holds in particular if A is f-regular as defined below.
For J a random point in ¢/ distributed according to A, the hitting times #,(0(J), J, D

become random variables, which we denote by 1,5, ,),. Alsoa® (J) becomes a random variable,

which we denote by &®. In this paper, we are interested in the distribution of the sequence
(k)

(k))

of entry times 7,
time (2.9).
Finally we introduce two technical conditions. Note that f(J) # 0 for all J € U, by the
transversality assumption made previously. We say that A is f-regular if the pushforward of
A under the map
S

U— S, A 2.11
-~ Tl @1

o rescaled by the mean return time (2.10), or by the conditional mean return
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718 C. P. Dettmann et al.

is absolutely continuous with respect to Lebesgue measure on S'. We say a k-tuple of smooth
functions ¢, ..., ¢, : U — T2 is (0, M)-generic, if forallm = (my, ..., my) € zk \ {0}
we have

k
M et s D my(6,(0)—6W) eRFD+Q* 1) =0. (2.12)
j=1
The following is the main result of this paper.
Theorem 1 Let f : U — R* and 0 : U — T? be smooth maps, A an absolutely continuous

Borel probability measure on U, and for j = 1,...,k, letu; : U — st ¢, U~ T2 and
L : U — Rog be smooth maps. Assume u ;(J)- f(J) > Oforall] €U, j € {1,...,k}. Also

assume that X is f-regular and (¢, ..., ¢;) is (8, L)-generic. Then there are sequences
of random variables (1;)7° | and (7;)72, in R.q such that in the limit p — 0, for every
integer N,

pr® pr® ;

—i ) & @, (2.13)

h Ch
and (k) (k)

PTp PTNp d - -

(o—(k)’“" E(k) —> (T],...,TN). (2]4)

Note that if 7§ = oo then (2.13) is trivial, with 7; = 0 for all 7, since 7,

every fixed p. .

< 00 a.s. for

Remark 2.1 Recall that Theorem 1 assumes that the initial data is (8(J),J) with J € U
distributed according to A. This seems to exclude natural choices such as invariant measures
of the form (2.2). Let us demonstrate that this is not the case. The setting of Theorem 1 (as
well as its generalisation to arbitrary dimension d > 2, Theorem 2 below) in fact permits
random initial data (@, J) distributed according to any probability measure A on T¢ x I of
the form A = 1, X9, where A is an absolutely continuous Borel probability measure on an
open subset 4y C R™0 for some mq € Z*, and some smooth map ¢ : Uy — T x I{. Indeed,
such A can be realized within the setting of Theorem 1 by using

Uy, fo:= fopryor, Bg:=prjol, Ao (2.15)

in place of
u, f, 0, i, (2.16)

where pry, pr, are the projection maps from T¢ x U to T¢ and U, respectively. Of course,
for Theorem 1 to apply we need to assume that A is f-regular, and that (¢4, ..., ¢;) is
(@9, 1o)-generic.

Remark 2.2 We describe the limit sequences (z;){, and (7;)72, in Sect. 3. A particular
highlight is that in the case of a single target (k = 1), or in the case of multiple targets with
the same lengths ¢; = ... = ¢; and orientiation u; = ... = uy, the distribution of (?i)l?’i]
is universal. This means that it is independent of the choice of U/, f, A, target orientations,
positions and sizes. In fact a weaker form of universality holds also in the general case, and for

both (z; ?;L and (ﬁl;’il. Indeed, let us define the target weight functions L = (L1, ..., L)
and L = (L1, ..., Ly) fromU to (R-g)F, through
Ly =5 ;(Du; - fU) 2.17)
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Explicit formula IB (S;
Random lattice F1(s)
08 \ Random lattice Fy(s)
0.0002
0.6 | 0.0001 1
ol J
04 1
-0.0001 | 1
-0.0002 . . 5 :
0.2 | 0 1 2 3 4 5 7
\
0 . . . I
0 1 2 3 4 5

Fig. 1 Numerically computed F) (s) and F;(s), compared with the exponential function e ™* and the explicit
formula (3.12) for Fj (s). The inset shows the difference between the numerically computed Fj (s) and (3.12)

and

L) =a®We;Du;d) - fU). (2.18)

Then the distribution of (z;){2, depends on the system data only via the distribution of L(J)
for J random in ¢/ according to A, and similarly (7;);2, depends only on the distribution of
L(J). Furthermore, both (7:)2, and (7;){2, yield stationary point processes, i.e. the random
set of time points {r;} has the same distribution as {t; — t} N R~ for every fixed ¢ > 0, and
similarly for {7;} (cf. Sect. 6).

Remark 2.3 Theorem 1 is stated for the convergence of entry time distributions. It is a general
fact that the convergence of entry time distributions implies the convergence of return time
distributions and vice versa, with a simple formula relating the two [33].

3 The Limit Distribution

We will now describe the limit processes (z; )171 and (T; )°°1 in terms of elementary random
variables in the unit cube. A more conceptual description in terms of Haar measure of the
special linear group SL(2, R) will be given in Sect. 6.

Pick uniformly distributed random points (a, b, ¢) in the unit cube (0, 1)3. The push-

forward of the uniform probability measure under the diffeomorphism

0,1} = F, (a,bc)— (sin(g(a — 1y, COS((_ab_)),n'c) 3.1)

yields the probability measure up = % y~2dx dy df on the domain

F={x.y0eR : x| <1 x?+y*>1y>00<0<n}. (3.2)
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720 C. P. Dettmann et al.

Forx, y,0 e Rwithy > 0and 0 < 0 < m, consider the Euclidean lattice

LZ(x,y,@):k@(ﬁ 0 )(1 O)ZZ, where kg ::(COS@ Sing). (3.3)

0 1//y)\x 1 —sin6 cos6
A Dbasis for this lattice is given by the two vectors
b=y Y2k, ()yc) and by = y %k (?) . (3.4)

Note thatdet(b;, by) = 1 and hence L(x, y, 0) has unit covolume. If we choose (x, y, 6) ran-
dom according to the probability measure p , then L(x, y, ) represents a random Euclidean
lattice (of covolume one). Similarly, for « € T2, the shifted lattice

L(x,y,0,a) =kg (\Oryl/(zfy) (i ?)(Zz—i-a) (3.5)

represents a random affine Euclidean lattice if in addition e« is uniformly distributed in T2.
For a given affine Euclidean lattice £ and ¢ > 0, consider the cut-and-project set

l 1
PLD:=1y1 >0: . eEL, —=— <y <= CR.y. 3.6)
y2 2 2
Let (x, y, z) be randomly distributed according to ur, a1, ..., o be independent and

uniformly distributed in T2, and J € U distributed according to A. Let L ;(J) be as in (2.17).
We will prove in Sect. 8 that the elements of the random set

k
UP(e@.y. 0.0, L;W)). (3.7)
j=1

ordered by size, form precisely the sequence of random variables (7;);2; in Theorem 1. This
sequence evidently only depends on the choice of target weight function L and the choice
of U, A. Similarly, replacing L ;(J) by L () (cf. (2.18)) in (3.7), we obtain the sequence
(T)2,. Note thatif £1 = ... = £y and u; = ... = uy, then Zj(J) = 1/k, and thus (7;){2,
is indeed universal as we stated below Theorem 1.

Let us describe in some more detail the distribution of the first entry times 7 and 77. In
the case of k holes, we have

P(zy > 5) = /u Fi(s; LU)) A(dJ), (3.8)
P(T > 5) = /u Fie(s; L) dD), (3.9)

with the universal function
Fi(s, 1) = ]P’(P(E(x, v.0,a;),l;)N(O0,s]=9 forallj =1,..., k), (3.10)
where (x, y, 6) is taken to be randomly distributed according to pur and ey, ..., a; inde-
pendent and uniformly distributed in T2, andl = (I, ..., lx). It follows from the invariance

properties of the underlying Haar measure (this will become clear in Sect. 6) that for any
h>0

Fk(%,hl) = Fi(s. D). G.11)

@ Springer



Universal Hitting Time Statistics. . . 721

In the case of one hole (k = 1), the function F;(s) := Fj(s, 1) appears as a limit in various
other problems; notably it corresponds to the distribution of free path lengths in the periodic
Lorentz gas in the small scatterer limit [4,34]. It is explicitly given by

3 5
Fi(9)=17

2 6 6+610g2 1810g2
—Z(E(s)—z(s/2))+—2510gs+(72g—2)s+ 22 (=),
T s s T

(3.12)

where E(s) for s > 0is defined by ”(s) = (1—s~")?log|l —s~!|and E(1) = E'(1) = 0.
In particular F;(s) has a heavy tail: One has

2 1
Fl(s):E+0(s—2) as § = 00. (.13)

The formula (3.12) was derived in [46, Sec. 8]; cf. also [4, Theorem 1] and [14]. We are not
aware of explicit formulas for the multiple-hole case k > 1. In this case we evaluate the right
hand side of (3.10) numerically using a Monte Carlo algorithm. That is, we repeatedly gener-
ate arandom tuple (x, y, 6, &1, ..., &y) as described above, and then determine the smallest
s > O such that for some j € {1, ..., k} there exists a lattice point (s, y2) € L(x, y,0, ;) in
the strip —/; /2 < y» < [;/2. In more detail, for given j, in order to determine the left-most
pointin the intersection of L(x, y, 6, o) and the strip R~ x (—[; /2, [;/2), one may proceed
as follows. Write L(x, y, 0, a;) = B+ Zb + Zbs with by, by asin (3.4) and B € R2. After
possibly interchanging b1 and b, and then possibly negating b, we may assume that the
line Rb, does not coincide with the x-axis and that the half plane R-ob; + Rb; intersects
the x-axis in the interval (0, +00). Now determine the smallest integer mg for which the
line B + mob; + Rb; intersects the strip R.o x (—[;/2,1;/2), and then successively for
m = mg,mg + 1, mg + 2, ..., check whether there is one or more integers n for which
B + mb; + nb; lies in the strip. Note that once this happens for the first time, say for
(s',y") = B+ m1b; + nby, we only need to investigate at most finitely many further m-
values m = my + 1, m; + 2, ..., namely those for which the line 8 + mb; + Rb; intersects
the box (0, s) x (—1;/2,1;/2).

Our calculation for F»(s) := F»(s, (%, %)) used 108 random lattices. The result is pre-
sented in Fig. 1. We tested the algorithm by using it to calculate Fi(s) and comparing the
resulting graph with the explicit formula (3.12).

4 Central Force Fields

The dynamics of a point particle subject to a central force field in R? takes place in a
plane perpendicular to its angular momentum, which is a constant of motion. We choose a
coordinate system in which the angular momentum reads (0, 0, L), L > 0. The equations of
motion for a particle of unit mass read in polar coordinates
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722 C. P. Dettmann et al.

2

. L . L
¢:r—2, r::l:\/Z[E—V(r)]—rz, 4.1)

where V (r) is the potential as a function of the distance to the origin, and E the total energy.
It will be convenient to set J = (E, L), although this choice does not represent the canonical
action variables in this problem. The equations of motion separate, and the dynamics in r is
described by a one-dimensional Hamiltonian with effective potential V (r) + ZLTZZ For a given
initial ro = ro(J), the dynamics takes place between the periastron r— = r_(J) < ro(J)
and the apastron ri = ry(J) > ro(J), the minimal/maximal distance to the origin of the
particle trajectory with energy E and angular momentum L. We will consider cases when
the motion is bounded, i.e., 0 < r— <r; < oo. Then these values are the turning points of
the particle motion, and thus solutions to V (r) + 2 === = E. The solution of the equations of
motion (r(¢), ¢ (¢)) with (r(0), ¢ (0)) = (ro, ¢o) and initial radial velocity 7/(0) > 0 is either
circular with 7(z) = O for all 7, or otherwise implicitly given by

/r(t) dr’
+nT (#(1) = 0)
noAE-Vel- L

t A o (4.2)
(/ +/ ) = +nT (7(t) <0),
no Do) E-ven - 5
where 7 is an arbitrary integer. The period is
ry(J) dr
T=T()=2 / (4.3)
- /2 20E =V ()] —
Also
r(t) e dr
90 + / e (1) = 0)
NO
@) = 4.4
/2 dr’
¢0+(/ [ ) _na (1) <0),
® \/2 E—V@)] —
with rotation angle
r+() Lar
a=ual)= 2/ L . 4.5)

D 2AE-Vil- L

The dynamics is described best by first considering the return map to the cross section
defined by restricting the radial variable to r = ro with non-negative radial velocity 77 > 0;
here ro = ro(J) is permitted to depend on J. This cross section is thus simply parametrized
by ¢ € R/2xZ. The corresponding return map is

¢ — ¢+ a(J) mod 2w, (4.6)

with rotation angle «(J) as in (4.5), and return time 7 (J) as in (4.3). We turn the map (4.6)
into a flow of the form (2.1) by considering its suspension flow

o TP xU—>T>xU, (0.]) (0 + T(t_]) (a(lj)) J) 4.7
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A comparison with (2.1) yields

1
fhH =1~ (M) : (4.8)

27

As to the hypotheses of Theorem 1, we see that a Borel probability measure A on U is
f-regular if the push-forward of A by the map

U—-=R, Jal), 4.9)

is absolutely continuous with respect to Lebesgue measure on R. Note that although this
condition can hold for most potentials V, it fails for the Coulomb potential and the isotropic
harmonic oscillator, where every orbit is closed.

A natural choice of target set in polar coordinates is

{(rn@) | r=rol)), —tp < ¢ < mp}, (4.10)
with no restriction on the sign of the radial velocity 7. We distinguish two cases:

@D Ifro(J) =ry) orro(J) = r—(J), the target set is of the form (2.3), where

'DE)I) = D(uh ¢17 ,0), uy = ((1)) ’ ¢l = (g) : (4.11)

In this simple setting ¢; = 0 is (6, 1)-generic if (recall (2.12))

,\([J el : 0() e R(@) +@2D =0. 4.12)
2

dn If r—(J) < ro(J) < r+(J), then the particle attains the value r = ro(J) with radial
velocity 77 < 0 before returning to the section (rg, 7 > 0). The traversed angle is

i) L ar
o (J) = 2/ L =, (4.13)
@ 2AE -Vl -4

and the corresponding travel time is

red) dr
T.(J) =2 / . (4.14)
oD J2AE — V()] -

The target set (4.10) has therefore the following angle-action representation, recall (2.3):

2
DY = Dwj. ;. p). (4.15)
j=1
with identical orientation
1
ui() =u(J) = (0) (4.16)
located at
0 T.(J) 0
= , o o . 4.17
$1() (0) e =705 ( m) (2<J>) (@.17)
Here the target location is (8, A)-generic if for all () 1 mz) e 7?2 \ {0}
, 0 1
x(‘]eu : my0(J) +m) (a*(,)) ER(M)-I—QZ}) =0 (4.18)
2w 2
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1 T y
\ Random lattice F5(s) ———
p=0.1 —
0.35 p=0.05
0.8
0.6
04 -
0.2
0 . . . .
0 1 2 3 4 5

Fig. 2 Numerical simulations for the entry time distribution (7] > s) for the potential V(r) = r — 1,
with different holes sizes p. We consider particles of mass m = 1 with initial position in polar coordinates
(ro, $0) = (1, —2), initial velocity v = 0.3, initial angles uniform in [0.5, 1] with a sample size 108. The
target is located at radius ro and angle interval [—p/2, p/2]. The deviation from the predicted distribution
F>(s) is shown in the inset

(indeed, set (m1, ma) = (m, —m}, —m}) in (2.12)).
For our numerical simulations of the first entry time, the relevant parameters used were
as follows. The potential is

T #£0)
In(r) (y =0),

where y € R, y > —2. The particle mass is m = 1, initial position in polar coordinates
(ro0, o) = (1, —2), initial velocity 0.3 with directions uniform in [0.5, 1] C [0, 27]
(the sample size is 108); the target is the angular interval [—p/2, p/2] located at radius
ro = 1. Figure 2 displays the results of computations with several values of p and fixed
y = 1, and Fig. 3 the corresponding results for fixed p = 10~ and various values of y .

V() = (4.19)

S Integrable Billiards

The dynamics of a point particle in a billiard is integrable if there is a coordinate system
in which the Hamilton-Jacobi equation separates. All known examples in two dimensions
involve either very particular polygonal billiards, whose dynamics unfolds to a linear flow
on a torus, or billiards whose boundaries are aligned with elliptical coordinate lines (or the
degenerate cases of circular or parabolic coordinates). While many configurations can be
constructed from arcs of confocal ellipses and hyperbolas, the most natural and studied is
the ellipse billiard itself, of which the circle is a special case. Scaling of escape from a
circular billiard with a single small hole to a universal function of the product of hole size
and time was observed in Fig. 3 of [9]. We will here consider billiards in general ellipses,
where the target set is a sub-interval of the boundary. Action-angle coordinates for the billiard
flow have been described in the literature, for example in [45]. For our purposes it will be
simpler to formulate the dynamics in terms of the billiard map, which is the return map of
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1.2 T T
Random lattice F5(s) =1
=10 — ¥=2
¥=0 =3 ——

0.8

0.6

0.4

0.2

0 ‘ ‘ ‘ ‘
0 1 2 3 4 5

Fig. 3 Numerical simulations for the entry time distribution P(7; > s) for the potential V (r) = ’VT_I
(y #0)and V(r) = logr (y = 0). The hole size is p = 104, and all other parameter values as in Fig. 2.
The cases y = —1, 2 correspond to the Coulomb potential and isotropic harmonic oscillator, for which the

assumptions of Theorem 1 are not satisfied, and indeed the hitting probability is zero for our choice of initial
data. In the remaining cases the deviation from the predicted distribution F; () is shown in the inset

the billiard flow to the boundary; see [48] for a detailed discussion. The billiard domain is
confined by the ellipse {(b cos ¢, asing) | ¢ € [0, 27)} with semi-axes a > b, eccentricity
e = /1 —b%/a? and foci (0, +ae). The billiard dynamics conserves the kinetic energy
E = %ll& I (where & denotes the particle’s momentum) and the product L L_ of angular
momenta Ly = x1& — (x3 Fae)& about the foci. Note that a change in energy £ > 0 only
affects the speed of the billiard particle but not its trajectory, and we will fix E = % in the
following without loss of generality.

Each segment of the trajectory is tangent to a caustic given by a confocal conic of eccen-

tricity
2,2
= | —2C ¢ (e, 0. (5.1)
ae? + LyL_

For ¢ < 1 we have elliptic caustics, where the orbit rotates around the foci. For ¢ = 1 we have
the separatrix, where the orbit passes through the foci; this has zero probability with respect
to an absolutely continuous distribution of initial conditions. For ¢ > 1 we have hyperbolic
caustics, and the orbit passes between the foci. Solving Eq. (5.1) for & gives two solutions,
which for ¢ < 1 correspond to the direction of rotation of the orbit, and for ¢ > 1 are both
contained in the closure of a single aperiodic orbit.

Following [48] in our notation, we parametrize the billiard boundary by the new parameter
0 € T defined by

F(¢.¢)
9 = F(2n:€§) mOd }1 (8 < 1) (5 2)
—F(arcifr(léii{?;’s ) mod 1 (e >1),
where F is the elliptic integral of the first kind [35]
4 dt
F(¢p,k) = _— (5.3)
0 V1 —k2sin?¢
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The choice of branch for the arcsin (for ¢ > 1) depends on the choice of solution for & in
(5.1). The billiard map reads in these new coordinates

TT, 6+ 6+f() modl (5.4)
where
F(arccos /%,8)
£©) +2 F(Z#,s) (e<1) 55
£) = .
F(a.rccos /722(28322”,8_1
2 ForeT (e >1).

Here, the &+ (for ¢ < 1) again depends on the choice of solution for & in (5.1). The time
between collisions with the boundary, averaged over the equilibrium measure associated with

&, is given by
—p2 /2 2
| s oo 55
T 264 /1-€2/e2T1(e? /2,7 =1 -6)

K1)

where K (&) = F(Z,¢) = LF (27, ¢) and

2 / K dt
M(a®, k) = (5.7
0 (1—aZsin?t)v/1 —k2sin?¢

are complete elliptic integrals of the first and third kind respectively [35]. Even when f(¢)
is rational, hence the orbit is periodic (a set of zero measure of initial conditions), the mean
collision time is independent of the starting point, and hence given by the above formula [13].

We consider a single target set in the billiard’s boundary given by the interval ¢9 — % <
¢ < ¢do+ g. If ¢ > 1, we assume the target intersects the region covered by the orbit, i.e.,
esingg < 1. In this case a single target in ¢ corresponds to two equal-sized targets in 0

located at 6y = 051) and 9(;2) (which are functions of ¢ and ¢). If ¢ < 1, a single target in ¢
corresponds to a single target in 6.

For ¢ = ¢9 + s with |s| small and 6 (respectively 6y) the value defined by (5.2) for ¢
(respectively ¢o),

(e <1

S

/1—e2 sin2
9:90+S F(Q2m,¢) és sin” ¢
(e>1)

F(ZH,S*I)«/I—EZ sin? b0

+ 0(s?). (5.8)

Up to a small error, which is negligible when p — 0, the target becomes the interval
90—%‘Z <6 <90+%where
(e<1

1
/122 cin2
KZK(S): F(Q2m,e) is sin“ ¢ (8> 1) .

F(2n,£—1)«/1—52 sin? ¢

(5.9)

The circle is a special case, with ¢ = 0 and hence ¢ = 0. The constant of motion is the
angular momentum about the centre, L = x1& — x2&;. In this case

1 L 1
¢ —2/a2 - 12, (5.10)

0 =—, f(O)=x—arccos—, £=—,
2 b4 a 2

which is consistent with the above expressions for ellipses in the limit e — 0. For ellipses

of small eccentricity, this approach gives a systematic expansion in powers of e

~
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! Random lattice F‘1 (s)
Ellipse e=0.8 —
, Ellipse e=0.6
08l \ Circle e=0 |
0.6 \ 0.0004 4
0.0002 R
M
04 | 0 n‘g‘/:/ﬂ'«,v.ﬂwf ,
: -0.0002 | R
. -0.0004 ‘ ‘ ‘ ‘ 1 4
) 0 1 2 3 4 5
0 L L L L
0 1 2 3 4 5

! Random lattice F‘z(s)
Ellipse e=0.8 ——
Ellipse e=0.6
0.0004 .
0.0002 | 1]
of
04 r -0.0002 {7
AN -0.0004 | .
0.2 ¢ o 1 2 3 4 5 1
0 ‘ ‘ ‘ ‘
0 1 2 3 4 5

Fig. 4 Numerical simulations confirming that the entry time distribution P(7] > s) for an arbitrary ellipse
scales to the expected universal functions for initial conditions with ¢ < 1 (upper panel) and ¢ > 1 (lower
panel). The inset panels highlight the difference between the ellipse simulations and theoretical predictions
F1(s) resp. F»(s). The choice of initial data and target set is specified at the end of Sect. 5

Finally, we have for the mean return time (2.9)

l_ .
o (<1, ie k=1
e®e) = |70 _ ) (5.11)
ViG] (e > 1, ie. k=2).

For our numerical simulations of the first entry time, the relevant parameters used were
as follows: a = 10, b € {6, 8, 10} corresponding to e € {0.8, 0.6, 0} respectively. The target
was 2.8 —5x 107 < ¢ < 2.8+ 5x 107, ie. ¢9 = 2.8 and p = 10~*. The entry
time distribution P(7; > s) for the actual billiard flow was sampled by taking a fixed initial
point x = (3, 7) inside the ellipse, and 103 initial directions & € S! chosen randomly with
uniform angular distribution in the intervals [2, 2.6] or [3.8, 4.4] for the hyperbolic or elliptic
caustics, respectively. All the numerical curves are shown in Fig. 4 and are identical within
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numerical errors too small to see on the plot; differences between the ellipse calculations and
the theoretical predictions from Theorem 1 are shown in the inset panels.

6 Integrable Flows in Arbitrary Dimension

We now state the generalization of Theorem 1 to arbitrary dimension d > 2. The basic setting
is just as in Sect. 2, but with T¢ in place of T?: Let I/ be a bounded open subset of R for
somem € Z*,and let f : U — R4 be a smooth function. We consider the flow

O T xU—>TIxu, @.J)— @+t fU).J). (6.1)

Let A be an absolutely continuous Borel probability measure on U, and let # be a smooth
map from U to T¢. We will consider the random initial data (8 (J), J) in T¢ x U, where J is
a random point in ¢/ distributed according A.

We next define the target sets. Let us fix a map v — Ry, Sf_] — SO(d), such that

Ryv =e; forallv S‘li_l, and such that v — R, is smooth throughout S‘f_l \ {vo}, where
vo is a fixed point in S’ffl. Fix k € Z* and for each j = 1,..., k, fix smooth functions
uj U — S‘llfl, o U~ T and a bounded open subset Q; C R x 1. Set

k
D, =DY = | | D,(u;. ¢;. 2. (6.2)
j=1

where

Dy(u, ¢, ) := ‘((b(J) +oR (2) , J) eT! x| (x,J) e Qj]. (6.3)

Here we use the convention

0
X
0 X1 d
o= . € RY when x = . (6.4)
X Xd—1

Note that all points R, (11) (2) lie in the linear subspace orthogonal to u(J) in RY. We write

Q;(J) = {x e R ¢ (x,J) € Q;}, and assume Q;(J) # ¥ for all J € U. As in Sect. 2
we also impose the condition u;(J) - f(J) > O forall j € {1,...,k} and J € U, which
implies that each sub-target D, (u;, ¢ ;, §2;) is transversal to the flow direction. Note that the

target set Dék) defined here generalizes the one introduced in Sect. 2. Indeed, for d = 2, and
given smooth functions u; : U — Sl,(bj : U — T2, and Li:U—>Roo(j=1,...,k),
we recover the target set in (2.3) as Uljzl Dy(uj, ¢, Q) where Q; = {(s,J) : J €
U, —56;J) <s < 5L}

For any initial condition (8, J), let 7(6, J, Df)k)) be the set of hitting times, as in (2.5).
This is a discrete subset of R+ ¢, and we label its elements

0<#(0.J.DP) <n®.J.D) <.... (6.5)
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Again by Santalo’s formula, for any fixed J € U such that the components of f(J) are not
rationally related, the first return time to D, on the leaf T¢ x {J} satisfies the formula

/ 11(0,J,D,)dvy(0) =1, (6.6)

Dy

where vy is the invariant measure on D, obtained by disintegrating Lebesgue measure on
T¢ x {J} with respect to the section D, of the flow ¢'; explicitly

k
_ 0
gdvy = u;iJ) - f) / g(dﬁ-(J)—f—Ru_l ( ),J)dx, Vg € C(D,).
/Dp ;( ! ) p, \7 i \x .
6.7)
It follows that the mean return time with respect to vy equals
k)
T D here TP = — 1 L 68)
p Sk Leb(@; () u;) - fU)

with Leb denoting Lebesgue measure on R~ If we also average over J with respect to the
measure A (assuming that the pushforward of A by f has no atoms at points with rationally
related coordinates), the mean return time becomes

—(k)
T where 7 = / O D). 6.9)
pPe u

As in Sect. 2, for J a random point in ¢/ distributed according A, the hitting times
t,(O), J, Dg{)) become random variables, which we denote by r,g?); also a® (J) becomes
a random variable, which we denote by A say that A is f-regular if the pushforward
of A under the map

- fJ)
N (6.10)
! LF DI
is absolutely continuous with respect to Lebesgue measure on S‘li_l, and we say the k-tuple
of smooth functions ¢, ..., ¢, : U — T is (0, M)-generic, if forallm = (my, ..., my) €
zk \ {0} we have
k
x([] eU: Zm, (6;(H—0W) eRfFU) + Qd]) =0. (6.11)

j=1
The following theorem generalizes Theorem 1 to arbitrary dimension d > 2.

Theorem 2 Let f : U — R? and 0 : U — T be smooth maps, » an absolutely continuous
Borel probability measure onU, and for j = 1, ...k, letu; : U — S‘f_l and ;U — T¢
be smooth maps and 2 j a bounded open subset of R xU. Foreach j =1, ...k, assume
that

(1) k(u;l({vo})) = 0 (where by assumption v is the point in S‘ll_1 such that v — Ry is
smooth throughout S‘li_1 \ {vo}),
(i) u; (D) - fWU) > 0forall J €U,
(iii) ; has boundary of measure zero with respect to Leb X2,
(iv) Leb(2;(J))) is a smooth and positive function of J € U.
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Also assume that ) is f-regularand (¢, ..., @) is (0, X)-generic. Then there are sequences
of random variables (t;)72 | and (T;){2 in R~ such that in the limit p — 0, for every integer
N,
d—1_(k) d—1_(k)
T, P TN, d
5 ) > @), (6.12)
9 9
and (k) (k)
d—1 d—1
P 3] 0 P N P d ~ ~
., : —> (T1,...,TIN). (6.13)
( g sl

We next give an explicit description of the limit processes (z;){°, and (7;)7° | appearing
in Theorem 2. For a given affine Euclidean lattice £ in R? and a subset © c R~ consider
the cut-and-project set

PL, Q) = [r>o : (;) e, xe—Q]. (6.14)

Fix an arbitrary (measurable) fundamental domain F C SL(d, R) for SL(d, R)/SL(d, Z),
and let ur be the (left and right) Haar measure on SL(d, R) restricted to F, normalized to
be a probability measure. If we choose g € F random according to i then gZ? represents
a random Euclidean lattice in R? (of covolume one). Similarly, if « is a random point in T,
uniformly distributed and independent from g, then the shifted lattice (7% + a) represents
a random affine Euclidean lattice in RY.

Let us define

S d—1
J)=—"—¢€8S Jeli). 6.15
=g < VW 1>
For je{l,...,k}andJ e U we set ®;(J) = R,,(J)Ru_jlu) € SO(d), and let DT{j(J) be the

bottom right (d — 1) x (d — 1) submatrix of R;(J). In other words, R j(J) is the matrix

of the linear map x +— (SRJ-(J) (2)) on RY~! where u| = (up, ..., uy) € R~ for
1L

w=(uy,...,ug)' € R4, Noticing that %R ;(J) is an orientation preserving isometry of R4

which takes e; to R (J)(e1) and (R;)*I) onto (R;(J)(ey)) 1, we find that

detR;(J) = er - R;()(e1) = e1 - Ry (1) = u;(J) - v(J) > 0. (6.16)
For J € U we define
W) = @EP1IFON R ;0 c R 6.17)
and
Q0 = EPDIFDN IR ;W) c R 6.13)

Geometrically, thus, both ;) and Q ;j(J) are obtained by orthogonally projecting the sub-
target {x € T¢ : (x,J) € Dy(uj, $;,2;)} onto the hyperplane orthogonal to the flow
direction f(J) (which is identified with R?~! via the rotation Ry(j)), and then scaling the
sets with appropriate scalar factors, which in particular make Q; (J) and Q j(J) independent
of p.
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Now letJ, g and ¢, . .., &y be independent random points in U, F and T, respectively,
distributed according to A, r and Lebya. We will prove in Sect. 8 that the elements of the
random set

k
U Pe@! +a)p). Q0. (6.19)
j=1
ordered by size, form precisely the sequence of random variables (7;)72, in Theorem 2.
Similarly the elements of

k
U Pe@ +ap. Q). (6.20)
j=1

ordered by size, form the sequence of random variables (7;)?2,. We will also see in the proof
that, forany N € Z*, both (z1, ..., ty) and (71, . .., Ty ) have continuous distributions, that
is, the cumulative distribution functions IF’(T,, <T,forl <n <N)and ]P’(?n <T,forl <
n < N) depend continuously on (7}) € RQ’O.

One verifies easily that the above description generalizes the one in Sect. 3. Indeed, note
that the image of the set F in (3.2) under the map

Sy 0 10
(x,y,0)+—>k9(0 1/ﬁ) (x l) (6.21)

is a fundamental domain for SL(2, R)/SL(2, Z), and the pushforward of the measure ur
in Sect. 3 gives the measure ©r considered in the present section. Note also that for d = 2,
9 (J) is the 1 x 1 matrix with the single entry u ; (J) - v(J) (cf. (6.16)), and now one checks
thatif Q; = {(s,J) : J €U, —%Ej J) <s < %Ej (J)} then for any affine Euclidean lattice £,
the cut-and-project set P(L, Q () equals P(L, L;(J)), and similarly P (L, Q ;) equals
P(L, Lj(J)) (cf. (3.6) and (6.14)).

Finally let us point out three invariance properties of the limit distributions. First, both
()2, and (7;){2, yield stationary point processes, i.e. the random set of time points {;}
has the same distribution as {r; — ¢} N R~q for every fixed t+ > 0, and similarly for {7;}.
This is clear from the explicit description above, using in particular the fact that Lebesgue
measure on the torus T¢ is invariant under any translation. Secondly, by the same argument,
the distributions of (7;)72, and (7;){2, are not affected by any leaf-wise translation of any
of the sets 2, i.e. replacing 2; by the set {(x + g(J),J) : (x,J) € Q;}, where g is any
bounded continuous function from ¢/ to R¢~!. Thirdly, we point out the identity

(77 £ e = i 'pc @ 6.22
0 H ’ - (’ )’ ( )

which holds for any £ and €2 as in (6.14), and any H € GLy_1(R) with h = det H > 0.
Note also that the map

-1
¢SL(d, Z) > (ho 2;) ¢SL(d, Z) (6.23)

is ameasure preserving transformation of SL(d, R)/ SL(d, Z) ontoitself. Ford = 2 these two
facts immediately lead to the formula (3.11) in Sect. 3. For general d > 2, the same facts imply
forexample thatif u; = - - - = uy then the limit random sequences (7;)72 | and (7;){2 are not
affected if 2; is replaced by {(Hx,J) : (x,J) € 2} simultaneously for all j, where H; is
any fixed (d — 1) x (d — 1) matrix with positive determinant. Indeed, the given replacement has

@ Springer



732 C. P. Dettmann et al.

the effect thatbotha® (J) and*( ) are multiplied by the constant (det Hy) ™ L. thus both Q @)
and Q i(J) get transformed by the linear map H := (det Hy)~ 1/d— 1)9‘{ (J)H1£R (J) I
which has determinant 1 and is independent of j since u;(J) = --- = uk(J ); hence the
statement follows from the two facts noted above.

7 An Application of Ratner’s Theorem

In this section we will introduce a homogeneous space G/I" which parametrizes such k-
tuples of translates of a common lattice as appear in (6.19) and (6.20), and then use Ratner’s
classification of unipotent-flow invariant measures to prove an asymptotic equidistribution
result in G/ I, Theorem 3, which will be a key ingredient for our proof of Theorem 2 in
Sect. 8.

Let SL(d, R) act on (R%)¥ through

Mv=M®wy,...,vr) = (Mvy, ..., Mvy), (7.1)
forv= (vq,...,v) € (RY)* and M € SL(d, R). Let G be the semidirect product
G = SL(d, R) x (RDE,
with multiplication law
(M, &)(M', &) = (MM, § + ME).
We extend the action of SL(d, R) to an action of G on (R?)*, by defining
(M, &)v:= Mv+ & for (M,£&) e G, ve RH. (7.2)

SetT" = SL(d, Z) x (Z4)¥ and X = G/T. Let ux be the (left and right) Haar measure
on G, normalized so as to induce a probability measure on X, which we also denote by py.
We also set

D(p) =diag[p? ', p~',....p' 1€ SLWA.R), p >0,

and
Lo d—1
n_(x)= e SL(d, R), x e R
x 144

We view SL(d, R) as embedded in G through M +— (M, 0).

Theorem 3 Let M € SL(d, R); let U be an open subset ofRd_]; let¢p : U — (R be a
Lipschitz map, and let ) be a Borel probability measure on U which is absolutely continuous
with respect to Lebesgue measure. Writing ¢(v) = (¢, (v), ..., ¢, (v)), we assume that for
every w = (Wi, ..., W) € 7k \ {0},

k
_ 1
A([v cU : ij -¢;(v) e RM 1(_0) +Qd]) =0. (7.3)

j=1

Then for any bounded continuous function f : X — R,

gi_l)%/uf(D(p)nf(v)M(ld,¢(v)))d)x(v) Z/Xf(g)dux(g)- (7.4)
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Remark 7.1 For related results on equidistribution of expanding translates of curves, cf.
Shah, [40, Theorem 1.2].

Remark 7.2 The proof of Theorem 3 extends trivially to the more general situation when I

is a subgroup of SL(d, Z) x (Zd)k of finite index. In this form, Theorem 3 contains Elkies

and McMullen, [18, Theorem 2.2] as a special case. Indeed, applying Theorem 3 withd = 2,
_ x(v) +vy(v _

k=1m =07 o) = ( A )) and £(g) = fo(M~"g). where fo : X —

R is an arbitrary bounded continuous function, and noticing D(p)n_(v)M (12, ¢(v)) =

MD(p*I)(((l) _lv) , (igz;)) we obtain
. 1 —v x(v) _
Sll)ngo/ufo (D(S) ((O | )’(y(v)))) dx(v) —/Xfo(g) dux(g),

provided that
A{ved : x(v) eQ+Qu}) =0.

Our proof of Theorem 3 follows the same basic strategy as the proof of Theorem 2.2 in [18],
but with several new complications arising.

Remark 7.3 Theorem 3 also generalizes [34, Theorem 5.2], which is obtained by taking
k = 1and ¢(v) = ¢ a constant vector independent of v. Indeed note that (7.4) in this case is
equivalent with ¢ ¢ Q7. (To translate into the setting of [34], where vectors are represented
as row matrices and one considers I'\G in place of G/ I'; apply the map (M, &) — (M, §').)

We now give the proof of Theorem 3. Let M, U, ¢, X satisfy all the assumptions of Theorem
3. As an initial reduction, let us note that by a standard approximation argument where one
removes from U/ a subset of small A-measure, we may in fact assume that ¢/ is bounded, and
furthermore that there is a constant B > 0 such that A(A) < B Leb(A) for every Borel set
A C U. (We will only use these properties in the proof of Lemma 9 below.)

For each p > 0, let 11, be the probability measure on X defined by

tp(f) =/Mf(D(p)n—(v)M(1d,¢(v))) dr(v),  f € Ce(X). (7.5

Our task is to prove that j1,, converges weakly to 1 x as p — 0. In fact it suffices to prove that
Mo (f) — nx(f)holds for every function f in the space of continuous compactly supported
functions on X, C.(X). Recall that the unit ball in the dual space of C.(X) is compact in
the weak* topology (Alaoglu’s Theorem). Hence by a standard subsequence argument, it
suffices to prove that every weak* limit of (u,) as o — 0 must equal px. Thus from now
on, we let u be a weak* limit of (u,), i.e.  is a Borel measure (apriori not necessarily a
probability measure) on X, and we have Hp; (f) = u(f) for every f € C.(X), where (p;)
is a fixed sequence of positive numbers tending to 0. Our task is to prove u = px.

Let 7 : G — SL(d, R) be the projection (M, &) — M, this map induces a projection
X — X' := SL(d,R)/SL(d, Z) which we also call 7. Let puy’ be the unique SL(d, R)
invariant probability measure on X'.

Lemmad m,.u = puy.
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Proof Forany f € C.(X') we have
T (f) = ]113;0 Mp; (f om) = jlgl;o/u F(D(pj)n_(0)M) dr(v) = pux (f). (7.6)

For the last equality, cf., e.g., [28, Prop. 2.2.1]. (The point here is that f is averaged along
expanding translates of a horospherical subgroup, and such translates can be proved to become
asymptotically equidistributed using the so called thickening method, originally introduced
in the 1970 thesis of Margulis [31].) ]

Lemma 5 p is invariant under n_(x) for every x € R?~1,

Proof (Cf. [18, Theorem 2.5].) Let A’ € L' (R?~!) be the Radon-Nikodym derivative of A
with respect to Lebesgue measure (thus A’ (v) = 0 forv ¢ U). Let f € C.(X) andx € RI-1
be given, and define f; € C.(X) through fi(p) = f(n_(x)p). Then our task is to prove
that w(f1) = w(f), viz., to prove that the difference

/M.f(n—(X)D(pj)n—(v)M(ld,¢(v)))k’(v)dv

- / F(Dtopn-@)M (14, pw)) () dw
u

tendsto O as j — oo. Usingn_(x)D(p;) = D(pj)n_(,o;ix) and substituting v = w — p;lx
in the first integral, the difference can be rewritten as

/<M+ 96U (f(D(pf')”*(w)M(ld» $(w — pix)))
ofx

~ F(D(pn-(@)M (1, p(w)) )3 (w) dw

+ /u L F(Dpn—w)M g, ¢w — pfx))) (' (w — pfx) = 2 (w)) dw
+p§x

—/ F(D(pjn_(w)M (14, p(w))) 2 (w) dw. (1.7)
UNU+px)
The absolute value of this expression is bounded above by

swp | F(D(opn-@M (14, $w = plx)) = £ (Dlpn—()M (1, p(w))]
we(u-&-p;-lx)ﬂu

+ (sup |f|)/ |/ (w — pix) — ¥ (w)] dw. (7.8)
X R~

By assumption, there exists C > O such that ||¢(w’) —¢(w)| < C||w’—w| forallw, w’ € U,
where in the left hand side || - || is the standard Euclidean norm on (R?)*. In particular for
any w € (U + pjlx) N U we have ¢p(w — p;?x) = ¢(w) + n for some § = p(w, j) € (RH*
satisfying [[g]| < Cp? x|, and thus

D(pj)n_(w)M(lg, p(w — p{x)) = D(pj)n_(w)M(14, p(w) + 1)
= (4. D(pj)n_(w)Mn) D(pj)n_(w) M (14, (w)).

Now if My = (y},..., ;) and 5, = ('72,1’ e né,d)t for each ¢, then the £th component
d
of D(pj)n_(w)Mn equals ,oj_ln"zq1 ('(;ﬁ) + pj_l((), Moo > 1y g)'s Now Myl <c.m

@ Springer



Universal Hitting Time Statistics. . . 735

p;’||x||, and thus the element (14, D(p;)n—(w)Mn) tends to the identity in G as j — oo,
uniformly over all w € (U4 + de.x) N U. But f is uniformly continuous since f € C.(X);
hence it follows that the first term in the right hand side of (7.8) tends to zero as j — oo.
Also the second term tends to zero; cf., e.g., [19, Prop. 8.5]. This completes the proof of the
lemma. m]

Since p is n_ (R4~ 1)-invariant, we can apply ergodic decomposition to u: Let £ be the
set of ergodic n_ (R?~!)-invariant probability measures on X, provided with its usual Borel
o -algebra; then there exists a unique Borel probability measure P on £ such that

,u=/vdP(v). (7.9
&

Cf, e.g., [49, Theorem 4.4]. Note that (7.9) together with Lemma 4 implies uxy = m,u =
fg wxvdP(v), and for each v € &, m,v is an ergodic n_ (R4~ Y-invariant measure on X’.
Hence in fact v = puy- for P-almostall v € £, by uniqueness of the ergodic decomposition
of wy.

Now fix an arbitrary v € & satisfying m.v = px. We now apply Ratner’s classification
of unipotent-flow invariant measures, [38, Thm 3], to v. Let H be the closed (Lie) subgroup
of G given by

H={geG : gw=v},

where g.v denotes the push-forward of v by the map x — gx on X (viz., (g4«v)(B) =
v(g’1 B) for any Borel set B C X). Note that

n_(RY c H, (7.10)

by definition. The conclusion from [38, Thm 3] is that there is some go € G such that
v(Hgol'/T) = 1. Note that in this situation the measure vy := g(;klv is gy 'H go invariant
and v (g, 'H gol'/ ') = 1. Hence under the standard identification of g, 'H gol'/ I" with the
homogeneous space gal Hgy/(T ﬂgal Hgo) (viz., hI' — h(I" ﬂgal Hgo) forh € gal Hgp),
Vg is the unique invariant probability measure on g, 'H go/(I'N gy 'H 80), induced from a
Haar measure on g, 'H go. In particular " N gy 'H go is a lattice in gy 'H 20, and both
g 'H gol'/T"and HgoI'/ I are closed subsets of X (cf. also [37, Theorem 1.13]); furthermore
supp(v) = Hgol'/ T

Lemma 6 In this situation, m(H) = SL(d, R).
Proof (Cf. [18, Theorem 2.8].) We have 7 (supp v) = supp w4V, since 7 : X — X’ has

compact fibers, and supp w,v = X', since we are assuming w4,V = y/. Also suppy =
Hgol'/T". Hence w (H)m (go) SL(d, Z) = SL(d, R), and thus 7w (H) = SL(d, R). ]

In the next lemma we deduce from (7.10) and Lemma 6 an explicit presentation of H. For
E=(&,,....&) e RD*andu = (uy, ..., u;) € R¥, let us introduce the notation

k
E-u::Zujf;‘j eRY.
Jj=1

Given any linear subspace U C R¥, we let L(U) be the linear subspace consisting of all
£ € (RY)* satisfying & - u = 0 for all u € UL, where U is the orthogonal complement of
U in R with respect to the standard inner product. (It is natural to identify & = (&,, ..., &)
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with the d x k-matrix with columns &, .. ., &;; then & - u is simply matrix multiplication, and
L(U) is the space of all d x k-matrices such that every row vector is in U.) Note that L(U)
is closed under multiplication from the left by any SL(d, R)-matrix. Hence the following is
a closed Lie subgroup of G:

Hy :=SLd.R) x L(U).

Lete; = (1,0,...,0)' € RY. Then ef ={(0,&,....&)" : & € R}, and (ef-)k is a linear
subspace of (RY)¥.

Lemma 7 There exist U C RN and & € (e1)* such that H = (14, &)Hy (14, §)".

Proof Set V = {£ € RH* : (14, &) € H}; this is a closed subgroup of ((R?)¥, +), and it
follows using Lemma 6 that V is SL(d, R)-invariant, i.e. M§ € V whenever M € SL(d, R)
and & € V. Letsl(d, R) be the Lie algebra of SL(d, R), i.e. the Lie algebra of d x d matrices
with trace 0. Then forevery § € V, A € sl(d, R) and n € Z* we have n(exp(n_lA)E —&) €
V,and since V is closed, lettingn — oo we obtain A§ € V. Using the formula E;; E j; = E;;,
where E;; denotes the d x d matrix which has (i, j)th entry 1 and all other entries 0, the last
invariance is upgraded to: A§ € V for any real d x d-matrix A and & € V. This is easily
seen to imply V = L(U) for some subspace U C R¥. Thus

N=Hnra '({1a}) = {14} x L(U).

This is a normal subgroup of G. Given any M € SL(d, R), by Lemma 6 there exists some
£ € RY)X such that h := (M, &) € H, and then H Nz~ ({M}) = Nh. Using also the
fact that (R)* = L(U) ® L(U%) it follows that for each M € SL(d, R) there is a unique
n € L(U™) such that (M, ) € H. Hence if we let H' be the closed Lie subgroup of Hy.
given by

H/ = HmHuL,

then H’ contains exactly one element above each M € SL(d,R), and H = NH' = H'N.
Note that the unipotent radical of Hy;1 = SL(d, R) x L(UJ-) equals {14} x L(U%L), and
thus H' is a Levi subgroup of Hy;1. Hence by Malcev’s Theorem ([30]; [26, Ch. II1.9]) there
exists some € € L(UL) such that H' = (14, &) SL(d, R)(14, &)~ '. (Recall that we view
SL(d, R) as embedded in G through M +— (M, 0).) Hence

H=NH = 4,8 Hy(lg, 8"

Finally using (7.10) we see that § must lie in (e7)*. O
Next, for any linear subspace U C R¥, g € Z* and & € (ef-)k, we set
Xyge=1e0 1 g€G, g6 LWU)+q ' ZH" ) X. (7.11)

Note here that the set L(U) + ¢~ (Z?)* is invariant under the action of I'; hence if =
L(U)+q~ " (Z%* thenalso (gy)~'& € L(U)+q~ " (24)* forevery y € T'. Note also thatif U
intersects Z¥ in a lattice (viz., Z¥ NU contains an R-linear basis for U), then L(U) —i—q‘l (Z4Hk
is a closed subset of (R?)¥, and it follows that Xy , ¢ is a closed subset of X.

Lemma 8 There exist ¢ € 7" and & € (ef‘)k, and a linear subspace U C R* which
intersects ZF in a lattice, such that supp(v) = Hgol'/T" C Xy 4.¢.
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Proof Take U C RFand & € (ef-)k as in Lemma 7; then H = (14,&)Hy (14, —&). Now
I" intersects g, 'H go in a lattice; hence if g = g, l(ld, &) then g~ 'I'g intersects Hy in a
lattice. Set §' = go_lg; then g = (M, &) = (14, )M for some M € SL(d, R), and since
M normalizes Hy, it follows that T' := (14, £&)"'T'(14, £&) N Hy is a lattice in Hy. By [37,
Cor. 8.28], this implies that T, := {v € L(U) : (14,v) € '} = (Z9)* N L(U) is a lattice in
L(U), and JT(F) is a lattice in SL(d, R). The first condition implies that 7k N U contains an
R-linear basis for U, i.e. U intersects Z¥ in a lattice. Next we compute

7(T) ={y € SL(d,Z) : (14— y)& € L(U) + 2z}

This is a subgroup of SL(d, Z) and a lattice in SL(d, R); hence n(F) must be a subgroup of
finite index in SL(d, Z). Now fix any y € rr(f) for which 15 — y is invertible (for example
we can take y as an appropriate integer power of any given hyperbolic element in SL(d, Z)).
Then 15—y € GL(d, Q), and we conclude £’ € (15—y)~ " (L(U)+(Z4)*) C L(U)+(@Q%)F,
ie. & =u+q 'mforsomeu € L(U),q € Z-oand m € (Z)*.

Now for every g € Hgol' we have (14, —&)goTg '(14,&) N Hy # ¥, ie. there
is some y € T such that (14, —&)goyg '(14.&)0 € L(U), or equivalently g~'& €
v~ 'go ' (14, ©)L(U). But we have gy ' (14,§) = (M, &) = (M,u + g~'m) and hence
yley 14, )LW) =y HLWU) + g 'm) C LU) +q~ " (Z4)*. Hence every g € Hgol'
satisfies g7'& € L(U) 4+ ¢~ (Z%)*, i.e. we have HgoI'/T C Xug.t- O

Recall that we have fixed p as an arbitrary weak™® limit of (u,) as p — 0. The proof
of the following Lemma 9 makes crucial use of the genericity assumption (7.3) in Theorem
3; later Lemma 9 combined with Lemma 8 will allow us to conclude that in the ergodic
decomposition (7.9), we must have v = px for P-almost all v.

Lemma9 Let ¢ € Z+ and let U be a linear subspace of R* of dimension < k which
intersects ZF in a lattice. Then M(Uge(ef)k Xu,q,g) =0.

Proof Let Bg be the closed ball of radius C in RY centered at the origin. It suffices to prove
that for each C > 0, the set

Xyge= |J AvgscCX (7.12)
ge(BLnet)k

satisfies M(Xu’q’c) = 0. Let \V be the family of open subsets of G containing the identity
element. Then for any Q € NV, QAy 4 ¢ is an open set in X containing Xy 4 c. Hence, since
i is a weak™® limit of (11,,) as o — 0 along some subsequence, it now suffices to prove that
for every ¢ > 0 there exists some € € A such that lim SUp,_,0 Hp (XY q,c) < &. We have
gl € Ay 4,c if and only if the set g(L(U) + q’l (Z%*y in (RY)¥ has some point in common
with (Bg n ef-)k. The latter is a compact set, which for any n > 0 is contained in the open
set V,;‘, where (after increasing C by 1)

Vp = {G1 .. 8" s &l <n, &, &)l < C} CRY (7.13)
Hence for every n > 0, there exists some € N such that
QXy.q.c C Xugen:=1{gT : gLU)+q ' @H*) NV} 0} (7.14)

Hence it now suffices to prove

lim lim sup 1, (Xy 4,c,p) = 0. (7.15)
0

n— p—

@ Springer



738 C. P. Dettmann et al.

By the definition of u, we have u,(Xv 4,c,n) = A(T,), where
T,={vel : D(p)n_(v)M(ly, $(v)) € Xy 4.c.n}
={veu : D(PIn_MLU)+q "ZH* +¢@) NV} £ 0}.

It follows from our assumptions on U that there exists some w € Z* \ {0} such that U is
contained in w, the orthogonal complement of w in R¥. Now every & € L(U) + ¢~ (ZH)*
satisfies &€ - w € ¢~1Z¢, and hence for any v € U, every & in the set D(p)n_(v)M(L(U) +
g 1 (ZH* + ¢ (v)) satisfies

£ -we Dn_(VM@ 2+ ¢(v) - w). (7.16)
But on the other hand, for every & € VX we have
E-welw|V,={G,....e)" : |&1] < |wlln, IG2. ... &)l < llwlC}.  (7.17)
Hence
T, c{veld : D(p)n_@M(g "2 + ¢(v) - w) N [w]|V, # B} (7.18)

Therefore, if we alter the constant “C” appropriately in the definition of V;), we see that it
now suffices to prove that

lim lim supA( U f;”) =0, (7.19)
n—0 p—0 1d
meq~'Z
where
T;” T= {v eU : D(p)n_(v)M(@m + ¢(v) - w) € Vn}~ (7.20)
Forve R andu = (uy, ..., ug)' € RY letus write uy := (ua, ..., ug)' € R~ and
y(u) =ujv+u, € R4~! 5o that n_(v)u = (zl('u';)' Then the set f;" can be expressed
as ’
T;” = X:)” N Y[’)", (7.21)
where
Xm = {v U : Ly(M(m+¢®)-w)) € Bé;l}
and

v ={veu e M+ w e (', np'= ).
Let us note that the genericity assumption (7.3) in Theorem 3 immediately implies that

lim A(X") =0  foreach fixedm € ¢~'2%. (7.22)
p—0

Next, since ¢ is Lipschitz and I/ is bounded (after the initial reduction at the start of the proof
of Theorem 3), there exists a constant C; > 0 such that for any p > O andm € ¢~'Z¢,

le1 - Mm| > C1 = Leb(X7') < p?~'ley - Mm|'~%. (7.23)

@ Springer



Universal Hitting Time Statistics. . . 739

(Here and in the rest of the proof, the implied constant in any < bound is allowed to depend
onC, g, M, w, ¢,butnot onm, n, p.) Furthermore, increasing C if necessary, and assuming
that p is so small that npl_d > land Cp < 1, we see that

ler - Mm| > Cinp' ™ = Y =0 (7.24)
and
[(Mm) || = Ci(1+ |[mM -ei]) = X' =0.
Hence if we set
d}.

)

Ay ={m € q_IZd Dlep - Mm| < Clnpl_
Ay ={m € q’IZd D ey -Mm| > Ci};
As=1{meq'Z% : |mM) L] < Ci(1+ e - Mm))),
then forany0 < n < land0 < p < min(C~1, n1/@=D)  we have
A( U f;”) < > oaxm< D> e Mm' > .
meq—17d meAINA; meAINAINA3 meAz\ Ay

(In the last bound we used the fact that L(A) < Leb(A) uniformly over all Borel sets A C U,
because of our initial reduction at the start of the proof of Theorem 3) Here A3 \ A3 is a
finite set, and hence the last sum above tends to zero as p — 0, by (7.22). Finally the set
A1 N AN A3 can be covered by the dyadic pieces Dy = A3N{2°Cy < |e; - Mm| < 2“+1C1}
with s running through 0, 1, ..., S := [logz(npl_dﬂ. Here #D; < 2°¢ and so

S
Z o4 ey - Mm|'~ « pd-! Zzsd 3(=d) o pd=19S .
meAiNANA3 s=0
Taken together these bounds prove that (7.19) holds, and the lemma is proved. O

We are now in a position to complete the proof of Theorem 3.

Conclusion of the proof of Theorem 3 We wish to prove that our arbitrary weak* limit p
necessarily equals ptx. Assume the contrary; ;& # wyx; then in the ergodic decomposition
(7.9) we have P(E \ {x}) > 0. Using then Lemma 8, and the fact that there are only
countably many ¢ € Z*, and countably many subspaces U C R¥ intersecting Z* in a lattice,
it follows that there exists some such subspace U of dimension < k, and some ¢ € Z™T, such
that (U {Xv.q6 : & € (e7)*}) > 0. This contradicts Lemma 9. Hence Theorem 3 is
proved. O

Next we note the following consequence of Theorem 3.

Corollary 10 Let M € SL(d, R), letU C R4 be an open subset and let E1 : U — SO(d)
be a smooth map such that the map x — E{(x)"'e; from U to S‘li_1 has a nonsingular
differential at (Lebesgue-)almost all x € U. Let ¢ : U — (R¥ be a Lipschitz map, and
let A be a Borel probability measure on U, absolutely continuous with respect to Lebesgue
measure. Assume that for every w = (wq, ..., Wg) € zk \ {0},
k
k([x €U : D wi-¢;(x) eRM Ei(x) e + @d]) =0. (7.25)

Jj=1
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Then for any bounded continuous function f : X x U — R,
lim / F(DPE1(x)M (14, $(x)), x) dr(x) =/ f(g, x)dpux(g)dr(x). (7.26)
=0 Jy X xU

Proof Let us first note that if (7.4) holds for every bounded continuous function f : X — R,
then by a standard approximation argument (cf. [34, proof of Theorem 5.3]), also the following
more general limit statement holds: Foreach small p > 0,let f,, : X xU/ — Rbe acontinuous
function satisfying | f,| < B where B is a fixed constant, and assume that f, — fasp — 0,
uniformly on compacta, for some continuous function f : X x ¢/ — R. Then

/}igb/ufp(D(p)n—(v)M(ld,¢(v)), v) di(v) =/ f(g.v)dux(g)dr(v). (7.27)

XxU

Now Corollary 10 is proved by a direct mimic of the proof of [34, Cor. 5.4], using (7.27) in
place of [34, Theorem 5.3]. (Recall that we translate from the setting in [34] by applying the
transpose map, which also changes order of multiplication. Following the proof of [34, Cor.
5.4], the task becomes to prove that D(p)n_(X)E1(xo)M (14, ¢(x)), for x in a fixed small
neighborhood of an arbitrary point xo € U/, becomes asymptotically equidistributed in X as

C(")) — E1(x0) E1(x) ey

p — 0.Herex = —c(x) 'o(x) with c(x) and v(x) given by (v(x)

The condition for equidistribution, (7.3), then becomes

k
A([x c > wj¢(x) e RMTE (x0) ! (_1}) +Qd]) =0,

Jj=1

or equivalently, (7.25).) ]

Finally from Corollary 10 we derive the following equidistribution result, which is more
directly adapted to the proof of Theorem 2. Recall from Sect. 6 that we have fixed the map
vV Ry, S‘ll_1 — SO(d), such that R,v = e for all v € S‘ll_l, and such that v — R,

is smooth throughout S’li_1 \ {vo}. Note that since the proof below involves using Sard’s
Theorem, the proof does not apply to arbitrary Lipschitz maps.

Theorem 11 LetU be an open subset of R™ (m > 1), let ) be a Borel probability measure on
U which is absolutely continuous with respect to Lebesgue measure, andlet f - U — R bea
smooth map. Assume that f (J) # 0 forall J € U and ) is f-regular. Also let ¢ : U — (R?)¥
be a smooth map such that for everym = (my, ..., my) € /s \ {0},

k
A([JeM:ij(bj(J)eRf(J)—l—Qd])=0. (7.28)

j=1

Then for any h € Cp(X x U), writing v(J) := | DI~ £,

lim/h(D(P)Rv(J)(ld,¢(J)),J)d)»(J)=//h(p,J)dMX(P)d?»(J). (7.29)
=0 Jy uJx

Proof Note that v is a smooth map from U/ to S‘]Fl, and the fact that A is f-regular means
exactly that v, ()) is absolutely continuous with respect to the Lebesgue measure on Sf_l.
Hence m > d — 1, and by Sard’s Theorem the set of critical values of v has measure zero
with respect to v, (A), and so the set of critical points of v has measure zero with respect to
A. For each point J € U which is not a critical point of v, there exists a diffeomorphism ¢
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from the unit box (0, 1)" onto an open neighborhood of J in ¢/ such that v(¢(x)) depends
only on (x1, ..., x4_1), and this function gives a diffeomorphism of (0, 1)?~! onto an open
subset of S‘]lfl. Hence by decomposition and approximation of A, it follows that it suffices to
prove Theorem 11 in the case when A is supported in a fixed such coordinate neighborhood.
Changing coordinates via the diffeomorphism ¢, we may assume from now on that &/ =
(0, )™ and that v(x) depends only on (x1, . .., x7—1) and gives a diffeomorphism of (0, 141
onto an open subset of S‘ll_l.

Let us first assume m = d — 1. Then v is a diffeomorphism of 2/ = (0, 1)~ onto an open
subset of S‘f_l. Recall that v — R, is smooth throughout S‘f_l \ {vo}. If vg is in the image
of v, then we replace U by U \ v~ (vg). Now the map x > Ry(y) is smooth throughout I/,
and x — Rv_&)el = v(x) has everywhere nonsingular differential. Now (7.29) follows from
Corollary 10 applied with M = 14 and E1(x) = Ry(x).

Itremains to consider the case m > d — 1. We are assuming that X is absolutely continuous;
hence X has a density A’ € L0, ), dx). Now (7.28) says that

k
/ 1(2 mj¢;(x) € Ro(x) + Qd) A (x)dx = 0.
.1 \iD

Decompose x as (x1,x2) € R x R™=4=1 and recall that v(x) only depends on x1, i.e.
we may write v(x) = v(x1). It follows that for (Lebesgue) a.e. x5 € (0, pm—d=1,

k

/01 -1 I(ij‘bj(xl,xz) € Rv(xl)-i-(@d) A (x1,x2)dx; =0.
0,4~ i
j=1

Furthermore f(o,l)m A'(x1,x2)dx| dx> = 1; hence for a.e. xo we have f(o,l)fH A(x1,x2)

dx| < oo. For each fixed x, € (0, 1)"~¢~1 which satisfies both the last two conditions, our
result for the case m = d — 1 applies, showing that

lim hi(D(0)Roxy(La, §(x1,%2)), (x1,x2)) A (x1, x2) dx
p—0 (0,1)d~1

=/ hi(p, (x1,x2) X (x1,x2) dx 1 dpx (p).
0,1)4-1xXx

Now (7.29) follows by integrating the last relation over x, € (0, 1) ¢!, applying
Lebesgue’s Bounded Convergence Theorem to change order of limit and integration. O

8 Proof of Theorem 2

We now give the proof of Theorem 2. We will only discuss the proof of (6.13) in detail.
The proof of (6.12) is completely similar; basically one just has to replace a® (J) with the

constant Ef\k) throughout the discussion; cf. Remark 8.1 below.
Recall that

i)
DI

We start by making some initial reductions. First, the assumptions of Theorem 2 imply
that the open subset

v(J)

es{™'  Jeuw. (8.1)

el : v(l) # vy, u;(J) # vy V) (8.2)
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has full measure in ¢ with respect to A, and so we may just as well replace I/ by that set.
Hence from now on Ry(j) is a smooth function on all ¢/, and the same holds for Ry (y) for
each j € {1, ..., k}. Next let us set, for n > 0,

Uy:={J el : |lg;(J) — (DIl >nVj # L}, (8.3)

where || - || denotes distance to the origin in T (viz., | x| = inf,,cz4 [|IX —m)|| forany x € T,
where X is any lift of x to R?). Note that the fact that (b1, ..., @) is (0, 1)-generic implies
that for any j # ¢, ¢ ;(J) # ¢,(J) holds for A-a.e. J € U. Hence A(Uy) — 1asn — 0,
and thus by a standard approximation argument (cf., e.g., [27, Theorem 4.28]), it suffices to
prove that for all sufficiently small > 0, the convergence (6.13) holds when ¢/ is replaced
by U, and A is replaced by )L(Z/ln)’l)qun. In other words, from now on we may assume that
there exists a constant 0 < n < 1 such that ||¢j(J) — ¢, >nforall j #fandJ € U.

Forany j € {1,...,k}, p > 0, T > 0, we introduce the following “cylinder” subset of
RY x U:

oo () )

For any subset A C RY x U and J € U, we write A(J) := {x € R? : (x,J) € A}. Letus set
C:=sup{llx|| : je{l,....k}, (x,J) € Q;}; (8.5)

x,)eQj, 0<t< TE(’C)(J)p“"]. (8.4)

this is a finite positive real constant, since each €2; is a non-empty bounded open set.

Lemma 12 Forany 0 < p < n/(10C), (0,J)) € T¢ x U, n € Z* and T > 0, the following
equivalence holds:

d—1 (k) k
,0 tﬂ(ov-,vD )
70 —=T & JZ:;#(A./,/),T(J) N@;,D—0+2H)=n.  (86)

(In (8.6),¢;(J) — 0 + 74 denotes a translate of the lattice Z¢, i.e. a subset of R?. Note that
this set is well-defined, i.e. independent of the choice of lifts of ¢ j (J) and 0 to Rd.)

Proof Let p, (0,J),n and T be given as in the statement of the lemma. Note that the given
restriction on p implies that each target set,

- 0
Dy, ¢;, Q) = |¢,-(J) +oR, ) (x) xe ij] c 1 8.7)
is contained within a ball of radius < 7/10 < 1/10, centered at ¢ ;(J). In particular each

target is injectively embedded in T¢, and the targets for j = 1, ..., k are pairwise disjoint,
since ||¢j ) —¢,(D)|| > nforall j # £. Hence the left inequality in (8.6) holds if and only
if

k

Z#(r € (0,750 ] : 0 +1fU) €Dyuj, ¢, sz,-)(J)] > n. (8.8)
j=1

Note that each set in the left hand side is a discrete set of 7-values, since the target set
Dy(uj, ¢j, 2;)(J) is contained in a hyperplane orthogonal to u;(J),and u;(J) - f(J) > 0
by assumption. Lifting the situation from T¢ to R? we now see, via (8.7) and (8.4), that for each
J the corresponding term in the left hand side of (8.8) equals#(A , 7 (/)N (¢ ; (J) —0+Z)).
Hence the lemma follows. m]
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Next we prove that the linear map D (p) Ry (y) takes the cylinder A; , 7(J) into a cylinder
which is approximately normalized, in an appropriate sense. Indeed, for any real numbers
Y < Z,define Ajy z C R? x U through

~ . ~l
e ((EHNE)

where R j(J) is as in Sect. 6. We then have the following lemma.

@, D) e, dPWIfFDIY <t <a®WIFDIZE,
(8.9)

Lemma 13 Given ¢ > 0 and T > O, there exists pg > 0 such that for all p € (0, po),
je{l,....klandJ € U,

Zj,a,Tfa(J) C D(p)RypAjprJ) C gj,fs,T+a(J)

Proof By direct computation,

D(p)RuyAj,p,r(J)

= [m — pD(P)R; () (2) xeQ),0<t< H(k)(J)IIf(J)IIT]-

Using pD(p) = diag(,od, 1,..., 1) and (8.5), it follows that for every x € ;(J),

pD(p)R; () (2) = (5%; (rj)x)

where |r| < Cp?. Note also that, by (6.8),

k
EODIFDI) " = D Leb(@;)u; () -2

j=1
and this sum is bounded from above by a constant independent of J, since each set 2; is
bounded. The lemma follows from these observations. O

Let G = SL(d, R) x RY. This is the group “G for k = 1”; in particular G acts on RY (cf.
(7.2)). Forg = (M, (§,....&)) € Gand j € {1,... k} we write gl/l := (M. &) € G|.
We also introduce the short-hand notation N := {1, ..., N}. Given real numbers ¥, < Z,
forn € N, we define B[(Y,,), (Z,)] to be the following subset of X x U:

k
BL(Y,), (Z)] = [(gF,J) eXxU: > #(Ajy,z,D)Ng"@)) =n Vne N].
j=1
(8.10)

In the following the Lebesgue measure in various dimensions will appear within the same
discussion; for clarity we will therefore write Leb,, for the Lebesgue measure in R™.
The following is a “trivial” variant of Siegel’s mean value theorem [41]:

Lemma 14 Forany j € {1, ..., k}and f € L'(RY),

/ > @V my)dux(g) = / fx)dx. (8.11)
mezZd R?

In particular for any Lebesgue measurable subset A C R?,

nx({fg € X : gVNz%) N A # B}) < Leby(A). (8.12)

@ Springer



744 C. P. Dettmann et al.

Proof (Cf., e.g., [46, proof of Lemma 10].) In the left hand side of (8.11) we write g =
(M, (&;,...,&;)), integrate out all variables &,, £ # j, and then substitute Sj = Mp; this
gives

|3 s amndex = [ [ S s dnapon.  ©.13
XmeZd £J10

|
e meZd

where F' C SL;(R) is a fundamental domain for SL;(R)/ SL;(Z) and w is Haar measure on
SL;(R) normalized so that u(F) = 1. Now (8.11) follows since the inner integral in (8.13)
equals fRd f(x)dx for every M. The last statement of the lemma then follows by noticing
that the left hand side of (8.12) is bounded above by the left hand side of (8.11) with f equal
to the characteristic function of A. o

Lemma 15 The number (uy X ) (B[(Y,,), (Zn)]) depends continuously on ((Yy), (Zy)).

(Here we keep ((Y,), (Z,)) € RY x RN subjectto ¥, < Z, for all n € N, as before.)

Proof Let ©(J) € SL(d, R) be the diagonal matrix

D) = diag| @O DIFDN) " EODIFDN L EPO DDV
Using the fact that iy is G-invariant (thus invariant under gI" = ©(J)gI') we see that
(x x X)(BI(Yn), (Zw)]) = (ux x M) (B'[(Yn), (Zn)]), (8.14)

where B'[(Y,), (Z,)] is the set obtained by replacing Kj,y,Z(J) by X’].’Y’Z(J) =

@(J)Xj’y’z(.]) in the definition (8.10). Hence it now suffices to prove that (ux X
A) (B/[(Yn), (Zn)]) depends continuously on ((Y,), (Z,)). Note also that

- |(1)

where §~2j (J) is as in (6.18). o
To prove the continuity, consider any real numbers Y,,, Z,, ¥, Z,, forn € N, subject to

ns Ly
Yy < Z,and Y] < Z;. Writing A for symmetric set difference, we have

x e Q). Y<t§Z], (8.15)

B'[(Ya), (Z)] & B'[(Y,), (Z,)]

k
<cUU [(gF,J) eXxU: (A)y 7 (DAA,y (D) Ng@) @],
neN j=1
and hence by (8.12) and (8.15),

(x x 2)(B'[(Yn), (Zn)] & B'[(Y,), (Z)])

k
=>> /u Leba (A’ y, 7, (D A A, 31 (D) dA()

neN Jj=1

k
<> Z/ Lebi (Yo, Zal A (¥, Z}1) Leby—1 (@, () D).
nen j=1"4
However it follows from (6.16) and (6.18) that

Leby—1(2;(J)) =% () Leba—1 (2; () u; (J) - £,
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and using also (6.8) it follows that

k
> Leby_1(2;() =1 (8.16)

J=1

for all J € U. Hence we conclude

[Gx x W(BI, Z)]) = Gax x DB Z)| = D [¥ = V1| + | Za- 7).

neN neN

This proves the desired continuity. O

We wish to prove that the limit relation (7.29) in Theorem 11 holds with & equal to the
characteristic function of B = B[(Y}), (Z,)]. For this we need to prove that the boundary,
d B, has measure zero with respect to 1y x A. Here by d B we denote the boundary of B in
X x U, and similarly 8; j.Yn, 7, denotes the boundary of A . ¥p.z, inRY x U. (The alternative
would have been to consider the boundaries in X x R” and R? x R, respectively.)

Lemma 16 Forany B = B[(Yy,), (Z,)), if (¢T, J) € 8B then gUNZ)YN DAy, 2,)(J) # 0
for some j € {1,...,k}andn € N.

Proof Assume (gI', J) € dB. Then there exist sequences {(g, ", J,»)} and {(g,, T, .7,,,)} in
X x U such that both (gnT, Jm) — (gT,J) and (g, Jm) — (g, J) as m — oo, and
(gmD,Jm) € B and (g, T, jm) ¢ B for all m. In particular for each m there is some n € N
such that

k
> #(Ajy,2,Tm) N8 @) < n. (8.17)
j=1
By passing to an appropriate subsequence, we may in fact assume that n is fixed in (8.17),
i.e. n does not depend on m. On the other hand (g,,I", J,») € B for each m, and thus

k
> #(Ajy,z,Um) N gt (@) = n. (8.18)
j=1
Hence for each m there is some j € {1, ..., k} such that
#(A} vz, T) N EREZD) < #(A}y,.2,Tm) N g (@)). (8.19)

By again passing to a subsequence we may assume that also j is independent of m. We
have g,,I' — gI" as m — 00, and by choosing the g,,’s appropriately we may even assume
gm — g, similarly we may assume g,, — g. Using now g,, — g and J,, — J together
with the fact that ©; is bounded, it follows that there exists a compact set C C R? such
that (gU J) 14; j,Yn,Zy Im) C C for all m, and in particular the cardinality of A; 3 Y Zy Tm) N
gm (Zd) remains the same if we replace 74 with the finite set C N Z9. Now (8.19) implies
that for each m there is some ¢ € C N 74 such that ~m(q) ¢ AJ Yo Zn (Jm) but g[]](q) 1S
A; .Y, Zy (I m); and since C N 74 is finite we may assume, after passmg to a subsequence, that
q is independent of m. Taking now m — oo it follows that (g (q) J) € A}y, z,, and the
lemma is proved. o

Lemma 17 Every set B = B[(Yy), (Z,)] satisfies (ux x A)(dB) = 0.

@ Springer



746 C. P. Dettmann et al.

Proof In view of Lemma 16 and (8.12) in Lemma 14, it suffices to prove that for every
jel{l,....,k}andn € N, Ay, 7, has measure zero with respect to Leb; xA. Recalling
(8.9) we see that, for any ¥ < Z,

0Ajy.z= [ ((_%jtu)x) ’J)
U l((_sﬁ jt(J>x) ’J)

Now the claim follows by Fubini’s Theorem, using the assumption from Theorem 2 that 92
has measure zero with respect to Leby_1 xA. O

x, )ed;, OWDIFDIY <t <aOWDIFWDI Z]

@, e, te{d®WDIfDIY.a®WIrDl Z}].

We are now ready to complete the proof of Theorem 2.
Conclusion of the proof of Theorem 2 Let a ‘U — (RY)¥ be the map
T (6D =00, ... () — OD)).

Then Theorem 11 applies for our U, A, f and $§ in particular, the condition (7.28) holds
for ¢ since we assume that (¢, ..., ¢;) is (0, )-generic. Now for any fixed set B =
B[(Yy), (Z,)], since (ux x A)(dB) = 0 by Lemma 17, a standard approximation argument
(cf., e.g., [27, Theorem 4.25]) shows that the conclusion of Theorem 11, (7.29), applies also
for h = 1 p, the characteristic function of B. In other words,

;Ln})k({J eU : (D(P)Ruy)(1a, W), J) € B}) = (ux x M)(B). (8.20)

Combining this with the definition of B = B[(Y},), (Z,)], (8.10), we conclude:

k
pli_)mo)»([J 2 D #(Ay,2, (D) N D) Ry ($,(1) —0U) +27)) = n Vn e N])

j=1
= (ux X A)(B). (3.21)
Now let positive real numbers T, ..., T, be given, and consider a number ¢ subject to

0<e< %min(Tl, ..., ITy). Applying (8.21) with ¥,, = ¢ and Z, = T,, — ¢ we get, via

Lemma 13:

k
nggx([J : ;#(A,-,p,nu) N, -0 +2%))=n Vne N])
> (ux x M) (Bl (T, —)}_,1). (8.22)

Similarly if we take Y¥,, = —e and Z,, = T}, + ¢ then we get

k
lim supk(‘] C > #(Aj e, (DN (9, -0 +2%) =n Vne N])
p—0 i
j=1
< (ux x M)(Bl(=e))_,. (T, + &))_1). (8.23)
These relations hold for all sufficiently small ¢ > 0; letting ¢ — 0 we get, via Lemma 15,
when also rewriting the left hand side using Lemma 12:

(’ p9=11,0.7.DF)
J
AN )]

lim A

lim, <T, Vne N]) — (ux x M(BION_,, (ToN_1).

(8.24)
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The fact that (8.24) holds for any Ty, ..., Ty > 0 implies that (6.13) in Theorem 2 holds. O

Remark 8.1 As mentioned, the proof of (6.12) in Theorem 2 is completely similar; in princi-
ple one only has to replace & ¥ (J) with the constant E(k) throughout the discussion. However

gl — = 00; however in

this case (6.12) is trivial, with ; = O for all ;. Hence from now on we assume 0 < af\k) < 00.
Secondly, the last steps of the proofs of Lemmata 13 and 15 do not carry over verbatim. One
way to manage those steps is to assume from start that0 < n < || f ()] < n~forallJ € U;

this is permissible by the argument given below (8.3), but with I4,, replaced with

Up:={J €U : ll$;() — DIl >nVj#€and n < | fDI <n"). (8.25)

a couple of extra technicalities appear. First of all, it may happen that o,

With this assumption, we have (o’ )||f(J)||) < (Uf\k)n) "for all J € U, and using this
the proof of Lemma 13 extends to the present situation. Furthermore, by (6.17) and (6.16),

Lebs—1 () = (@ u;(J) - £U) Leba—1(2;(N) < 73 57" Leba—1 (2, (),

which is bounded from above by a constant independent of J, since the set €2; is bounded.
Using this fact, the proof of the continuity in Lemma 15 carries over to the present situation.

Concerning the distribution of the limit variables (71, ..., Ty ), we see from the above
proof of (6.13) that for any 71, ..., T, > 0,

P(% < Ty VneN) = (ux x 2)(BLO_, (T, ). (8.26)
Combining this with (8.14) and (8.15), we get

P(T, <T, VneN)
k
= (uy X A)(’(gl’,]) : Z#[(;) eglz? :0<t<T,, xe —521-(])

j=1
Vn e ND (8.27)

Hence the limit variables (7;);2, may be described as follows. Recall (6.14). Let J be a
random point in ¢/ distributed accordmg to A, and let gI" be a random point in X distributed
according to py, and independent from J. Then (7;){2, can be taken to be the elements of
the random set

k
U Pe @), @;a)). (8.28)

j=1

ordered by size. Similarly, (7;)72, can be taken to be the elements of the random set

k
U Pe@h, @;u, (8.29)
j=1
ordered by size. This description clearly agrees with the one in (6.19) and (6.20). Let us also
note that it follows from (8.26) and Lemma 15, and the O'( )—analogues of these, that the
distribution functions ]P’(r,, <T, YneN ) and ]P’(tn <T, Vne N) depend continuously
on (T,) € R>0, as stated in Sect. 6.

@ Springer



748 C. P. Dettmann et al.

Acknowledgements The research leading to these results has received funding from the European Research
Council under the European Union’s Seventh Framework Programme (FP/2007-2013) / ERC Grant Agreement
n. 291147. CPD is supported by EPSRC Grant EP/N002458/1. AS is supported by a grant from the Goran
Gustafsson Foundation for Research in Natural Sciences and Medicine, and also by the Swedish Research
Council Grant 621-2011-3629.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 Interna-
tional License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and
reproduction in any medium, provided you give appropriate credit to the original author(s) and the source,
provide a link to the Creative Commons license, and indicate if changes were made.

References

1. Abadi, M., Saussol, B.: Hitting and returning to rare events for all alpha-mixing processes. Stoch. Process.
Appl. 121(2), 314-323 (2011)
2. Balint, P., Chernov, N., Dolgopyat, D.: Limit theorems for dispersing billiards with cusps. Commun.
Math. Phys. 308(2), 479-510 (2011)
3. Berry, M.V,, Tabor, M.: Level clustering in the regular spectrum. Proc. R. Soc. A 356, 375-394 (1977)
4. Boca, F.P.,, Zaharescu, A.: The distribution of the free path lengths in the periodic two-dimensional Lorentz
gas in the small-scatterer limit. Commun. Math. Phys. 269, 425-471 (2007)
5. Bolsinov, A.V., Fomenko, A.T.: Integrable Hamiltonian Systems. Geometry, Topology, Classification.
Chapman & Hall/CRC, Boca Raton (2004)
6. Bufetov, A.: Limit theorems for translation flows. Ann. Math. 179, 431-499 (2014)
7. Bufetov, A., Solomyak, B.: Limit theorems for self-similar tilings. Commun. Math. Phys. 319, 761-789
(2013)
8. Bufetov, A., Forni, G.: Limit theorems for horocycle flows. Ann. Sci. Ec. Norm. Supér. 47(5), 851-903
(2014)
9. Bunimovich, L.A., Dettmann, C.P.: Open circular billiards and the Riemann hypothesis. Phys. Rev. Lett.
94, 100201 (2005)
10. Bunimovich, L.A.: Sinai, Ya.G.: Statistical properties of Lorentz gas with periodic configuration of scat-
terers. Commun. Math. Phys. 78(4), 479—497 (1980)
11. Chazottes, J.-R., Collet, P.: Poisson approximation for the number of visits to balls in non-uniformly
hyperbolic dynamical systems. Ergodic Theory Dyn. Syst. 33(1), 49-80 (2013)
12. Chernov, N.: Entropy, Lyapunov exponents, and mean free path for billiards. J. Stat. Phys. 88(1-2), 1-29
(1997)
13. Crespi, B., Chang, S.-J., Shi, K.-J.: Elliptical billiards and hyperelliptic functions. J. Math. Phys. 34,
2257-2289 (1993)
14. Dahlqvist, P.: The Lyapunov exponent in the Sinai billiard in the small scatterer limit. Nonlinearity 10,
159-173 (1997)
15. Dolgopyat, D., Chernov, N.: Anomalous current in periodic Lorentz gases with an infinite horizon. Russ.
Math. Surv. 64(4), 651-699 (2009)
16. Dolgopyat, D., Fayad, B.: Deviations of ergodic sums for toral translations I. Convex bodies. Geom.
Funct. Anal. 24, 85-115 (2014)
17. D. Dolgopyat and B. Fayad, Limit theorems for toral translations. Hyperbolic dynamics, fluctuations and
large deviations, 227-277, Proc. Sympos. Pure Math., 89, Amer. Math. Soc., Providence, RI, 2015
18. Elkies, N.D., McMullen, C.T.: Gaps in 4/n mod 1 and ergodic theory. Duke Math. J. 123, 95-139 (2004)
and a correction in Duke Math J. 129, 405-406 (2005)
19. Folland, G.: Real Analysis. Wiley, New York (1999)
20. Freitas, J.M., Haydn, N., Nicol, M.: Convergence of rare event point processes to the Poisson process for
planar billiards. Nonlinearity 27(7), 1669-1687 (2014)
21. Gouézel, S.: Limit theorems in dynamical systems using the spectral method. Hyperbolic dynamics,
fluctuations and large deviations, pp. 161-193, Proceedings of Symposium on Pure Mathematics, vol.
89, American Mathematical Society , Providence, RI (2015)
22. Griffin, J., Marklof, J.: Limit theorems for skew translations. J. Mod. Dyn. 8(2), 177-189 (2014)
23. Haydn, N.: Entry and return times distribution. Dyn. Syst. 28(3), 333-353 (2013)
24. Haydn, N., Psiloyenis, Y.: Return times distribution for Markov towers with decay of correlations. Non-
linearity 27(6), 1323-1349 (2014)
25. Hirata, M.: Poisson law for Axiom A diffeomorphisms. Ergodic Theory Dyn. Syst. 13(3), 533-556 (1993)

@ Springer



Universal Hitting Time Statistics. . . 749

26.

27.
28.

29.
30.

31.

32.

33.
34.

35.

40.

41.
42.

43.

44.

45.

46.

47.

48.

49.

Jacobson, N.: Interscience Tracts in Pure and Applied Mathematics. Lie algebras, vol. 10. Interscience
Publishers (a division of John Wiley & Sons), New York-London (1962)

Kallenberg, O.: Foundations of Modern Probability, 2nd edn. Springer, New York (2002)

Kleinbock, D., Margulis, G.: Bounded orbits of nonquasiunipotent flows on homogeneous spaces. Am.
Math. Soc. Transl. 171, 141-172 (1996)

Lucarini, V,, et al.: Extremes and Recurrence in Dynamical Systems. Wiley, New York (2016)

Malcev, A.: On the representation of an algebra as a direct sum of the radical and a semi-simple subalgebra.
C. R. (Doklady) Acad. Sci. URSS 36, 42-45 (1942)

Margulis, G.: On Some Aspects of the Theory of Anosov Systems, Springer Monographs in Mathematics.
Springer, Berlin (2004) (A translation of PhD Thesis, Moscow State University, 1970)

Marklof, J.: The Berry—Tabor conjecture. European Congress of Mathematics, Vol. II (Barcelona, 2000),
pp. 421427, Progress Mathematics, vol. 202, Birkhéduser, Basel (2001)

Marklof, J.: Entry and return times for semi-flows, arXiv:1605.02715

Marklof, J., Strombergsson, A.: The distribution of free path lengths in the periodic Lorentz gas and
related lattice point problems. Ann. Math. 172, 1949-2033 (2010)

Olver, EW.J. (ed.): NIST Handbook of Mathematical Functions. Cambridge University Press, New York
(2010)

Pitskel, B.: Poisson limit law for Markov chains. Ergodic Theory Dyn. Syst. 11(3), 501-513 (1991)
Raghunathan, M.S.: Discrete Subgroups of Lie Groups. Springer, New York (1972)

. Ratner, M.: On Raghunathan’s measure conjecture. Ann. Math. 134, 545-607 (1991)

Rousseau, J.: Hitting time statistics for observations of dynamical systems. Nonlinearity 27(9), 2377-2392
(2014)

Shah, N.: Expanding translates of curves and Dirichlet-Minkowski theorem on linear forms. J. Am. Math.
Soc. 23, 563-589 (2010)

Siegel, C.L.: A mean value theorem in geometry of numbers. Ann. Math. 46, 340-347 (1945)

Sinai, Ya.G.: The central limit theorem for geodesic flows on manifolds of constant negative curvature.
Soviet Math. Dokl. 1, 983-987 (1960)

Sinai, Ya.G.: Mathematical problems in the theory of quantum chaos. Geometric Aspects of Functional
Analysis. Lecture Notes in Mathematics, vol. 1469, pp. 41-59. Springer, Berlin (1991)

Sinai, Ya.G.: Poisson distribution in a geometric problem. Dynamical Systems and Statistical Mechan-
ics (Moscow, 1991). Advances in Soviet Mathematics, pp. 199-214. American Mathematical Society,
Providence, RI (1991)

Strutinsky, V.M., Magner, A.G., Ofengenden, S.R., Dgssing, T.: Semiclassical interpretation of the gross-
shell structure in deformed nuclei. Z. Phys. A 283, 269-285 (1977)

Strombergsson, A., Venkatesh, A.: Small solutions to linear congruences and Hecke equidistribution.
Acta Arith. 118, 41-78 (2005)

Szész, D., Varjd, T.: Limit laws and recurrence for the planar Lorentz process with infinite horizon. J.
Stat. Phys. 129(1), 59-80 (2007)

Tabachnikov, S.: Geometry and Billiards. Student Mathematical Library, vol. 30. American Mathematical
Society, Providence, RI (2005)

Varadarajan, V.S.: Groups of automorphisms of Borel spaces. Trans. Am. Math. Soc. 109, 191-220 (1963)

@ Springer



