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5G-PPP – 5G Network Vision

2
5G-PPP 5G Vision Document, “The next-generation of communication networks and services”, March
2015. Available: http://5g-ppp.eu/wp-content/uploads/2015/02/5G-Vision-Brochure-v1.pdf.
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The 5G (Cellular) Network Of  The Future
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 Buzzword 1: Densification

1. Access Points (Network Topology, HetNets)

2. Radiating Elements (Large-Scale/Massive MIMO)

 Buzzword 2: Spectral vs. Energy Efficiency Trade-Off

1. Shorter Transmission Distance (Relaying, Femto, D2D)

2. Total Power Dissipation (Single-RF MIMO, Antenna Muting)

3. RF Energy Harvesting, Wireless Power Transfer, Full-Duplex

 Buzzword 3: Spectrum Scarcity

1. Cognitive Radio and Opportunistic Communications

2. mmWave Cellular Communications

 Buzzword 4: Software-Defined, Centrally-Controlled, Shared, Virtualized

1. SDN, NFV, Network Slicing



Why Network Densification Is So Important ?

5
M. Dohler, R. W. Heath Jr., A. Lozano, C. Papadias, R. A. Valenzuela, “Is the PHY Layer Dead?”, IEEE
Communications Magazine, Vol 49, No 4, pp. 159‐165, April 2011.

… Increase in Capacity Over the Last Decade …

 2
BS w 2bit/sec/m B log 1 SINR 



This Talk: Poisson Point Processes and Beyond
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 Part I: Poisson Point Processes for Cellular Networks
 Why do we need Stochastic Geometry ?

 How to use Stochastic Geometry for performance evaluation ?

 Six years later… where are we now ?

 Part II: Beyond the Poisson Point Process
 Why to go beyond the Poisson Point Process ?

 What are the mathematical challenges of this generalization ?

 Inhomogeneous Poisson Point Processes – An approximation



… Part I …
(The PPP Saga)
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Why? - Densification of  Base Stations (your parents net)
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Why? - Densification of  Base Stations (your kids net)
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Modeling Cellular Networks – In Industry
The NTT DOCOMO 5G Real-Time Simulator

DOCOMO 5G White Paper, “5G Radio Access: Requirements, Concept and Technologies”, July 2014.
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Life of  a 3GPP Simulation Expert (according to Samsung)

Charlie Zhang, Simons Conference on Networks and Stochastic Geometry, October 2015, Austin, USA.



Modeling Cellular Networks – In Academia
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 Conventional approaches to the analysis and design of cellular
networks (abstraction models) are:

 The Wyner model

 The single-cell interfering model or dominant interferers model

 The regular hexagonal or square grid model
D. H. Ring and W. R. Young, “The hexagonal cells concept”, Bell Labs Technical
Journal, Dec. 1947. http://www.privateline.com/archive/Ringcellreport1947.pdf.



Modeling Cellular Networks – In Academia
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 Conventional approaches to the analysis and design of cellular
networks (abstraction models) are:

 The Wyner model

 The single-cell interfering model or dominant interferers model

 The regular hexagonal or square grid model
D. H. Ring and W. R. Young, “The hexagonal cells concept”, Bell Labs Technical
Journal, Dec. 1947. http://www.privateline.com/archive/Ringcellreport1947.pdf.

Reality
vs.

Abstraction
Modeling



The Conventional Grid-Based Approach
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Probe mobile terminal

Macro base station
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Probe mobile terminal

Macro base station
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The Conventional Grid-Based Approach
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… Signal-to-Interference-Plus-Noise Ratio (SINR) …
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The Conventional Grid-Based Approach
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Probe mobile terminal

Macro base station

            w 2
22 2

0 0
2, B log 1 SINR ,i ir rrC r 



The Conventional Grid-Based Approach
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Probe mobile terminal

Macro base station
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The Conventional Grid-Based Approach
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Simple enough… So, where is the issue?

The answer: 
…this spatial expectation 

cannot be computed mathematically…

    
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The Conventional Grid-Based Approach
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… spatially-average metrics are difficult to
be formulated in mathematical terms …

↓
Monte Carlo Approximations (N → ∞)



The Conventional Grid-Based Approach: (Some) Issues
 Advantages:

 Dozens of system parameters can be modeled and tuned in such
simulations, and the results have been sufficiently accurate as to enable
the evaluation of new proposed techniques and guide field deployments

 Limitations:
 Actual coverage regions deviate from a regular grid
 Mathematical modeling and optimization are not possible. Any elegant

and insightful Shannon formulas for cellular networks?
 The abstraction model is not scalable for application to ultra-dense

HetNets (different densities, transmit powers, access technologies, etc…)

21



Let’s Change The Abstraction Model, Then…

22

Regular
deployment



Let’s Change The Abstraction Model, Then…
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Regular
deployment

Random
deployment

(PPP)



Stochastic Geometry Based Abstraction Model
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 A RANDOM SPATIAL MODEL for Heterogeneous Cellular
Networks (HetNets) modeling, analysis, and optimization

Stochastic Geometry 
emerges as a powerful tool for the
analysis, design and optimization

of  ultra-dense HetNets

A Tractable Approach
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Stochastic Geometry: Well-Known Mathematical Tool
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Stochastic Geometry: Sophisticated Statistical Toolboxes
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Stochastic Geometry: Sophisticated Statistical Toolboxes



PPP-Based Abstraction
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How It Works (Downlink – 1-tier)

Probe mobile terminal

PPP-distributed macro base station
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PPP-Based Abstraction
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How It Works (Downlink – 1-tier)

Probe mobile terminal

PPP-distributed macro base station

Intended link
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PPP-Based Abstraction
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How It Works (Downlink – 1-tier)
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PPP-Based Abstraction
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How It Works (Downlink – 1-tier)

Probe mobile terminal

PPP-distributed macro base station

Intended link
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PPP-Based Abstraction
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Are you kidding me? ... What makes it different?



How It Works: The Magic of  Stochastic Geometry (1/6)
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… understanding the basic math …
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How It Works: The Magic of  Stochastic Geometry (2/6)
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… understanding the basic math …
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How It Works: The Magic of  Stochastic Geometry (3/6)
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… understanding the basic math …
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… understanding the basic math …
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Trivial so far… where is the magic?
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… understanding the basic math …

Trivial so far… where is the magic?
Stochastic Geometry provides us with the
mathematical tools for computing, in closed-form,
the MGF and the PDF of the equation above
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… understanding the basic math …
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… understanding the basic math …
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… a relevant example: Interference-Limited regime …
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So Powerful and Just Two Lemmas Need To Be Used…
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… On Abstraction Modeling …

44

George Edward Pelham Box 
(18 October 1919 – 28 March 2013)

Statistician
Fellow of  the Royal Society (UK)

Director of  the Statistical Research Group 
(Princeton University)

Emeritus Professor
(University of  Wisconsin-Madison)

“…all models are wrong, but some are useful…”



Is This Abstraction Model Accurate?

45OFCOM: http://stakeholders.ofcom.org.uk/sitefinder/sitefinder-dataset/
ORDNANCE SURVEY: https://www.ordnancesurvey.co.uk/opendatadownload/products.html

 Methodology:



Is This Abstraction Model Accurate?

46OFCOM: http://stakeholders.ofcom.org.uk/sitefinder/sitefinder-dataset/
ORDNANCE SURVEY: https://www.ordnancesurvey.co.uk/opendatadownload/products.html

 Methodology:
 Actual base station locations from OFCOM (UK)

OFCOM:
London
“London 

Bridge area”



Is This Abstraction Model Accurate?

47OFCOM: http://stakeholders.ofcom.org.uk/sitefinder/sitefinder-dataset/
ORDNANCE SURVEY: https://www.ordnancesurvey.co.uk/opendatadownload/products.html

 Methodology:
 Actual base station locations from OFCOM (UK)

 Actual building footprints from ORDNANCE SURVEY (UK)

ORDNANCE
SURVEY:
London
“London 

Bridge area”



Is This Abstraction Model Accurate?

48OFCOM: http://stakeholders.ofcom.org.uk/sitefinder/sitefinder-dataset/
ORDNANCE SURVEY: https://www.ordnancesurvey.co.uk/opendatadownload/products.html

 Methodology:
 Actual base station locations from OFCOM (UK)

 Actual building footprints from ORDNANCE SURVEY (UK)

 Channel model added on top (1-state and 2-state with LOS/NLOS)

Mobile terminal

Base station (outdoor)

Base station (rooftop)
NLOS

LOS

NLOS

2-state: the location of MTs and BSs
and the location/shape of buildings
determine LOS/NLOS conditions

1-state: all links are either in LOS or
NLOS regardless of the topology



Practical Example of  Blockage Model (3GPP)
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... statistically modeling of  blockages using LOS/NLOS links …

Mobile terminal

Base station 

NLOS

LOS

3GPP



The London Case Study
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O2 + Vodafone O2 Vodafone

Number of  BSs 319 183 136

Number of  rooftop BSs 95 62 33

Number of  outdoor BSs 224 121 103

Average cell radius (m) 63.1771 83.4122 96.7577



The London Case Study
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The London Case Study
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The London Case Study
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PPP Accuracy: 1-State Channel Model

O2+VODAFONE O2 VODAFONE

 OFCOM: Actual base station locations, (actual building footprints), actual channels

 PPP: Random base station locations, (actual building footprints), actual channels



The London Case Study

54

PPP Accuracy: 2-State Channel Model

O2+VODAFONE

O2 VODAFONE



The London Case Study
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M. Di Renzo, W. Lu, and P. Guan, “The Intensity Matching Approach: A Tractable Stochastic Geometry
Approximation to System-Level Analysis of Cellular Networks”, IEEE Trans. Wireless Commun., Sep. 2016.
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Intrigued Enough? On Experimental Validation…
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W. Lu and M. Di Renzo, “Stochastic Geometry Modeling of Cellular Networks: Analysis, Simulation and
Experimental Validation”, ACM Int. Conf. Modeling, Analysis and Simulation of Wireless and Mobile
Systems, Nov. 2015. [Online]. Available: http://arxiv.org/pdf/1506.03857.pdf.
W. Lu and M. Di Renzo, “Stochastic Geometry Modeling of mmWave Cellular Networks: Analysis and
Experimental Validation”, IEEE Int. Workshop on Measurement and Networking (M&N) – Special
Session on Advances in 5G Wireless Networks, Oct. 12-13, 2015.



Intrigued Enough? On Mathematical Modeling…

57
M. Di Renzo, W. Lu, and P. Guan, “The Intensity Matching Approach: A Tractable Stochastic Geometry
Approximation to System-Level Analysis of Cellular Networks”, IEEE Trans. Wireless Commun., Sep 2016.



But, The PPP Is Not Always Accurate
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… Cauchy determinantal point process (spatially-repulsive) …

SINR [dB]

Solid lines: Simulations with R
Markers: Proposed approximation
Dashed lines: Poisson networks



But, The PPP Is Not Always Accurate: Rule of  Thumb
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… PPP: Lower-Bound – Grid: Upper-Bound …



Or, It May Not Necessarily Be The Best Choice
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Just an Example: Fully-Operational Cellular Networks



Or, It May Not Necessarily Be The Best Choice
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Just an Example: Epicenters of  a Natural Disaster



Or, It May Not Necessarily Be The Best Choice
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Just an Example: Partially-Operational Cellular Networks



Or, It May Not Necessarily Be The Best Choice
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Just an Example: Drone-Aided Cellular Networks



Or, It May Not Necessarily Be The Best Choice
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Just a Science Fiction Example: Drone-Aided Cellular Networks



Or, We Just Love Math 

65

I. Nakata and N. Miyoshi, “Spatial stochastic models for analysis of heterogeneous cellular networks with
repulsively deployed base stations”, Research Reports on Mathematical and Computing Sciences (ISSN
1342-2804), Oct. 2013, B-473.

… The Ginibre Point Process …



We Are Lucky: Stochastic Geometry Is A Rich Toolbox

66

Y. J. Chun, M. O. Hasna, A. Ghrayeb, and M. Di Renzo, “On modeling heterogeneous wireless networks
using non-Poisson point processes”, IEEE Commun. Mag., submitted. [Online]. Available:
http://arxiv.org/pdf/1506.06296.pdf.

Matern Hard-Core PP
Take a homogeneous PPP and remove any 
pairs of  points that are closer to each other 

than a predefined minimum distance R



… Part II …
(Beyond The PPP)
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Non-PPPs: The Problem Statement Is The Same…
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And The Following Still Applies
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What About the MGF and the PDF Now ? 

      
       

0 0

00

2 1 1
cov

2 1 1

0

P E exp MGF

e Mxp GF PDF

agg

agg

r o oI r

rI r

T P r P Tr

T P P T d

 

 



    

 


 

 

 



And The Following Still Applies

71

What About the MGF and the PDF Now ?

- PDF  Contact Distance Distribution of  the PP
- MGF  Reduced Palm Distribution of  the PP

      
       

0 0

00

2 1 1
cov

2 1 1

0

P E exp MGF

e Mxp GF PDF

agg

agg

r o oI r

rI r

T P r P Tr

T P P T d

 

 



    

 


 

 

 



Example 1: The Ginibre Point Process (GPP)

72



Example 1: The Ginibre Point Process (GPP)

73



Example 1: The Ginibre Point Process (GPP)

74



Example 1: The Ginibre Point Process (GPP)

75



Example 1: The Ginibre Point Process (GPP)
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Example 2: The Determinantal Point Process (DPP)
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Example 3: The As-A-PPP (ASAPPP) Approach
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Let’s Step Back… And The Following Still Applies
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What About the MGF and the PDF Now ? 
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And The Following Still Applies  I-PPP
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… Inhomogeneous Poisson Point Processes …
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Why Inhomogeneous Poisson Point Processes ?
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 Mathematical tractability

 I-PPP are “unavoidable” for system-level analysis of HetNets
 The PP of the path-losses is a I-PPP [1]

 Modeling LOS and NLOS [2]

 Modeling the uplink [3]

 Repulsive ? Clustered ? Maybe just Inhomogeneous ?

… “it may be difficult to disentangle” … [4]

[1] B Blaszczyszyn et al., “Using Poisson Processes to Model Lattice Cellular Networks”, INFOCOM 2013.
[2] M. Di Renzo et al., “The Intensity Matching Approach: A Tractable Stochastic Geometry Approx. to
System-Level Analysis of Cellular Networks”, IEEE Trans. Wireless Commun., Sep. 2016.
[3] M. Haenggi, “User point processes in cellular networks”, IEEE Wireless Commun. Lett., Feb. 2017.
[4] A. Baddeley et al., Spatial Point Patterns – Methodology and Applications with R, Nov. 2015.



But, How To Define The Typical User ?
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 From empirical data, the BSs are modeled with stationary PPs
 Ginibre PP (see Martin’s paper)

 Determinantal PP (see Jeff ’s and Francois’s paper)

 …

 I-PPPs are non-stationary PPs
 How to define the typical user ?



But, How To Define The Typical User ?
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 From empirical data, the BSs are modeled with stationary PPs
 Ginibre PP (see Martin’s paper)

 Determinantal PP (see Jeff ’s and Francois’s paper)

 …

 I-PPPs are non-stationary PPs
 How to define the typical user ?

Approach and Interpretation

- We still assume that the original PP is stationary
- We “create” the inhomogeneity based on how the typical user
of the original PP “sees” the network – “the user’s panorama”



How Does The Typical User “See” The Network ?
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 Let us try to understand it from the Homogeneous PPP (H-PPP)

 The typical user sees the network through:
 The distribution of the distance from the serving BS

 The distribution of the aggregate interference from the other BSs
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How Does The Typical User “See” The Network ?
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 Let us try to understand it from the Homogeneous PPP (H-PPP)

 The typical user sees the network through:
 The distribution of the distance from the serving BS

 The distribution of the aggregate interference from the other BSs

Proposed Approach

We introduce a new I-PPP such that the network “seen” by a
user located at the origin is the same as the network “seen” by
the typical user of the original stationary PP, where “seen”
means in terms of PDF and MGF (coverage, in general…)

       
00

2 1 1
cov

0

MGF PDe FP xp
agg rI rT P P T d     


  



How Does The Typical User “See” The Network ?
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 Let us try to understand it from the Homogeneous PPP (H-PPP)

 The typical user sees the network through:
 The distribution of the distance from the serving BS

 The distribution of the aggregate interference from the other BSs

Proposed Approach

       
00

2 1 1
cov

0

MGF PDe FP xp
agg rI rT P P T d     


  

       00

2 1 1
cov

0

MGF PDe FP xp agg rI rT P P T d     


  



Given a PP, What Determines The PDF And The MGF ?
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 The PDF is determined by the Contact Distance Distribution (or
F-Function):

 The MGF is determined, “at the first order”, by the Ripley’s K-
Function:

       Pr , 0 PrF r B u r u r     

       ! !E , Ex xK r B x r x r     
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 The PDF is determined by the Contact Distance Distribution (or
F-Function):

 The MGF is determined, “at the first order”, by the Ripley’s K-
Function:

       Pr , 0 PrF r B u r u r     

       ! !E , Ex xK r B x r x r     

Proposed Approach

We introduce a new I-PPP, i.e., we create the inhomogeneity,
such that the F-Function and K-Function of the original PP
“are the same” (in the mean square error sense) as those of
the approximating I-PPP



Is One I-PPP Sufficient ? Conflicting Trends…
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 F-Function

… The Ginibre Point Process as an Example of  Repulsive PP …

 
 

 

H-PPP

2

GPP

2

1

1 exp

1 1 ,
k

F r

r

F r

c
k r










  

  
    

  
 



Is One I-PPP Sufficient ? Conflicting Trends…
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 K-Function

… The Ginibre Point Process as an Example of  Repulsive PP …
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Is One I-PPP Sufficient ? Conflicting Trends…
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 F-Function

 K-Function:

   GPP H-PPPF r F r

… The Ginibre Point Process as an Example of  Repulsive PP …

   GPP H-PPPK r K r



Is One I-PPP Sufficient ? Conflicting Trends…
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 F-Function

 K-Function:

Proposed Approach

We introduce TWO CONDITIONALLY-INDEPENDENT
I-PPPs, the first one for approximating the F-Function and
the second one for approximating, conditioned on the
location of the serving BS, the K-Function

   GPP H-PPPF r F r

… The Ginibre Point Process as an Example of  Repulsive PP …

   GPP H-PPPK r K r



The Inhomogeneous Double Thinning (IDT) Approach
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 The 1st I-PPP determines the location of the serving BS:

 The 2nd I-PPP determines the locations of the interfering BSs:

The Essence of  the Proposed Approach

… To identify the two thinning functions reported above that
provide accuracy and mathematical tractability …

       GPP H-PPP=λ   such that  0F Fr t r F r F r  

… In Simple Formulas …

       GPP H-PPP=λ   such that  0K Kr t r K r K r  



IDT – How It Works
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What Is The “Magic” Thinning Function ? 
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 F-Function and K-Function
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 F-Function and K-Function
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… read the paper …
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 F-Function and K-Function
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… read the paper …

BUT
… the final result is …



IDT Approximation Of  The Coverage Probability
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How Good Is The IDT Approach ?
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How Good Is The IDT Approach ? – GPP 
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How Good Is The IDT Approach ? – Lattice 
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How Good Is The IDT Approach ? – LGCP 
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How Good Is The IDT Approach ? – Two-Tier
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How Good Is The IDT Approach ? – LOS & NLOS
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How General Is The IDT Approach ? 
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 Single-tier repulsive and attractive PPs

 Multi-tier repulsive and attractive PPs

 Repulsive and attractive PPs with LOS/NLOS links

 Repulsive and attractive PPs with bounded path-loss models

 Repulsive and attractive PPs with elevated base stations

 and combinations of the above…

… We Tested it for a Variety of  Scenarios …



How To Use The IDT Approach ? 
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 Given a PP, you can use it as an approximation …

 Given some empirical data, you can estimate the F-Function, the
K-Function, and “match” them to two I-PPPs …

 You can use it as a new parametric approach for modeling
cellular networks, analyzing the trade-offs of different radio
access technologies, optimizing their performance, etc. …

 It provides, in addition, a simple and easy-to-compute approach
for estimating the “deployment gain” and for applying the
ASAPPP approach (repulsive PPs) …

… It is NOT Just an Approximation …



Intrigued Enough ? … Here Is The Paper…
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… final thoughts and takes …
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On The Role Of  Stochastic Geometry

128
S. Mukherjee: “Analytical Modeling of Heterogeneous Cellular Networks”, Cambridge University Press,
January 2014.



The Renaissance Of  (Network) Communication Theory

129
PLENARY PANEL: “The Impact of Communication Theory on Technology Development: Is the Best
Behind us or Ahead?”, IEEE Communications Theory Workshop, May 2010.

… IEEE TCOM Nov. 2011 – now … 



Stochastic Geometry For Commun. – Bottom Line
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 Stochastic geometry provides us with suitable mathematical models
and appropriate statistical methods for analyzing and optimizing
heterogeneous (future deployments) cellular networks

 It is instrumental for identifying subsets of candidate (feasible,
relevant) solutions based on which finer-grained simulations can be
conducted, thus significantly reducing the time and cost of optimizing
complex communication networks

 Its application to cellular network designs, however, necessitates to
abandon conventional and comfortable assumptions
 Poisson (complete spatially random) models

 Simplistic path-loss models

 Simplistic transmission schemes

 …

 Relying upon adequate approximations to avoid oversimplifying the
system model is not an option. CAUTION is, however, mandatory



Stochastic Geometry For Commun. – Bottom Line
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Stochastic Geometry For Cellular Nets – YouTube Video

132https://youtu.be/MB8IvOYYvB0



… System-Level Optimization …
(latest results – just submitted)
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System-Level Energy Efficiency Optimization
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System-Level Network Slicing Optimization (INFOCOM)
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Vincenzo Sciancalepore, Marco Di Renzo, Xavier Costa-Perez
NEC Europe Labs (Germany) & CNRS / Paris-Saclay University (France)



… back tomorrow about this …
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2 EU-Funded Ph.D. Scholarships Available
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 Ph.D. Scholarship CNRS-1:
“Modeling mmWave cellular communications via hyper dense small

cell deployments”
 This research project is concerned with assessing fundamental trade-offs

between spectrum and infrastructure sharing, by combining SDN and NFV
principles and to quantify the resulting network performance gains

 Ph.D. Scholarship CNRS-2:
“Device- or user-centric wireless access and multi-connectivity design

at mmWave frequencies”
 This research project is concerned with rethinking the cell-centric cellular

architecture by developing user-centric concepts that maximizes throughput
and minimizes power consumption, to enable multiple per-user connections
with several access points for infinite capacity and zero latency perception

… best way to apply …
email me: marco.di.renzo@gmail.com
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