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Prediction/retrospective assessment
influenza crisis in 2009

of H1N1

Results
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Why does it matter?

aggregate (i.e., static,

temporal net traditional) net

B

] [N\

time

v node A — node D (temporal path)
- node D — node A



time stamp ID1 ID2 duration
2009-01-01 14:13 1 3 1 min
2009-01-01 14:15 1 6 4 min
2009-01-01 14:15 5 26 1 min
2009-01-01 14:18 2 5 1 min
2009-01-01 14:19 1 13 4 min
2009-01-01 14:19 3 4 1 min
2009-01-01 14:24 1 22 1 min
2009-01-01 14:26 1 22 7 min
2009-01-01 14:26 3 6 1 min

(Takaguchi, Nakamura, Sato, Yano & Masuda, Physical Review X, 2011)
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1. Long-tailed distributions of
Inter-event times

(A) Original (activity of sex buyers)

p(T) X 77 = non-Markovian
(B) Exponential

LU

600 1000 1400 1800
time (day)

(Masuda & Holme, F1000Prime Rep. 2013)
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Less spreading on empirical
temporal networks
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® Results depend on
® data sets
® disease dynamics models

® parameters



Outstanding questions

® How does temporal information on networks
change epidemic dynamics?

e Data analysis
e Theory
e Numerical analysis

® on empirical data (and their
randomisations)

® on models

® (Can we make use of temporal information to better
inform prediction and intervention methods?
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SIR model
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Stochastic SIR dynamics

event rate 26
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Stochastic SIR dynamics
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Rejection method
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Rejection method

event 28At puiAt BAt

probability ‘ ‘ ’

ult 28At 0

e At has to be small

e Should avoid multiple events to occur in a single time window

e Huge computation time, yet non-exact



Superposition of Poisson
processes is a Poisson process

A=

|
)

A2 =

|
[

A A+ =3




Gillespie algorithm (1976)

eventrate 26

U
|
@

6

H 26 0
e total event rate = 56 + 2u

e 7. time to the next event

o pdf ¥(7) = (58 +2u)e” PP - 7= —Inu/(56 + 2u)
® Node 1 produced the event with prob 26/(56+2u) etc.
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Simulations with renewal
Processes

Consider a renewal process where inter-event
times (IETs) are distributed according to y,(z) for
the ith process.

Poisson processes if y,(7) is exponential
Independence between different IETs assumed
Not just for epidemic processes:

® |Interacting earthquakes

® Neuronal networks

® Financial transactions

® Crimes
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non-Markovian Gillespie algorithm
(Boguna et al. PRE 2014)

Waiting-time distribution for an isolated renewal process:
W(T’t-) _ ¢Z(tz + 7') o wz(t@ + 7')
LA Wi(t;) [, 4;(7/)dr’ survival probability

PDF with which the ith process fires after At:

N
Vi (t; + At)
O(AtL, i|{t; Y (At)t;) U (Atlt;)
( Z‘{ } ‘ j ]E#z | ( —|—At)
event rate no event for At
i ||
| | I<_>< >
past C li tor At future
J | le > :




S0, an extended Gillespie algorithm consists in:

1. Draw At by solving =u

)\i(ti + At)
z;\; )‘j (tj + At)

2. Select / with prob II; =

past | i T or At ' future




S0, an extended Gillespie algorithm consists in:

1. Draw At by solving = u «
Ai(t; + At)
>oim1 Aty + A

2. Select / with prob II; =

past | i T or At ' future




S0, an extended Gillespie algorithm consists in:

1. Draw At by solving = u «

2. Select / with prob II; =

Taylor expansion:

) S N(t) 1SN ()
where (L) =="F — ~ 32w,
Use At = —Inu/NA({t;}) Zf |
i - — |
past == LT » uiure
J | le > |




nMGA

Exact for large N

Still time-consuming to update the
iInstantaneous event rate upon each
event
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Laplace Gillespie algorithm

1. Given wi(1), determine the distribution of
the Poisson rate pi(Ai)

Pick the Poisson rate A; from pi(Ai)

Draw the time to the next event At = —Inu/37 | ),
A

Z;'V:1 )‘j

Draw a new rate A; according to pi(Ai). Also

update other pj and A; as necessary

Select / with probability 1L =

a &> w0 D

6. Repeat steps 3-5



Advantages

e [Exactforany N.

e |mportant for stochastic processes in
a population/network because the
number of active processes is often
small near the beginning/end of

dynamics.
e [aster computation

® No need to recalculate the
Instantaneous rate of each process.
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Theory

Distribution of inter-event times:

6(r) = [ pAe N
0
Survival probability:
0

(r) = / T () dr = / p(\)e=>Td)

Laplace transform!



Bernstein’s theorem (1929)

A function is the Laplace transform of a pdf
(on A = 0) iff

1. ¥(0) =1 « trivially satisfied
and

2. ¥'is completely monotone, i.e.,

d™"w
(—1)" 7) > (1>0,n=0,1,...)
drm
«— nontrivial forn =2 n=0: ¥(r)



Examples

Exponential distribution (Poisson process)

(1) = Aoe™ 7
P(A) = 0(A — Ao)



Power-law distributions

K )\(X—le—A/Ii

(1) = (1 + rr)at] p(A) (a)re

exponential p(A) with a=1

With an exponential tail

e—)\OT KOy 6—)\07'
i) = (1+ kT)“ (AO * 1+ KJT) \IJ(T) - (1 - /@7‘)0‘

['(a)

D e e e )
0 (0 <A< Ap)



Gamma distribution

a—1,—7/k

T €
L 0< A< k™)
P = { 1 (A=K7

MNa)T'(1—a)A(kA—1)«

= Note: 0 < a <1 only




Other examples

e Special cases of the Weibull distribution

o Mittag-Leffler distribution
e Survival function obtained as
e ntegral of a valid survival function

e product of survival functions



Y(T)

05 ¢

Limitations

Complete monotoneness

e (oefficient of Variation = 1 only
(Yannaros, Ann. Inst. Stat. Math. 1994)

e |nvalid examples: Pareto, one-sided
Cauchy, two-peak distributions

Pareto

10

Oo_pe—sided Cauchy




Applications

1. IET sequences with positive correlations

2. A stochastic epidemic process model
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1. IET sequences with positive correlations
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Laplace Gillespie algorithm

1. Given wi(r), determine the distribution of
the Poisson rate pi(A)

Pick the Poisson rate A; from pi(Ai)

Draw the time to the next event At =—Inu/>" | A
Z;'V:1 Aj

Draw a new rate A; according to pi(Aj) with
probability 1-q. Also update other p; and A;

as necessary

Select i with probability 1l =

o & w0 DN

6. Repeat steps 3-5
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Applications

2. A stochastic epidemic process model



SIR model

infecti —
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An SIR model

Poissonian recovery at rate 1

Power-law renewal process on each
node (same pdf)

An activated node selects a neighbour
with the uniform probability and infects it
(when it can)

Equilibrium renewal process



final size

regular random graph

(a) well-mixed population (b)
| . . . —— 1
08 08
06 t _g 06 I
04 | exponential E 04 r
a=1.5,g=
02 ¢t OL=1.5,q=0.2 ............. . 02 ¢t
a=1.5,4g=09 - i
O S ! ! ! O o s ! 1 1
0 1 p) 3 4 0 1 2 3 4
effective infection rate — 1 / < T> effective infection rate
—(a+1
Use ¥(7)=(1+r71) (a+1)
Observations:

e Power-law IET enhances the outbreak size
e Positive IET corr enhances the outbreak size



Conclusions

e [aplace Gillespie algorithm
e (Can treat renewal processes
e Faster than previous algorithms
e (Can produce positive correlation
e Completely monotonicity condition
® Explicit expression for p(A) in various examples
e No short-tail distributions, no Pareto
® |[ssues

® Somehow treat short-tailed distributions (e.g., recovery events in
epidemic processes)

® Applications?
e Probably not chemical reaction systems?

e Other social processes, earthquakes, operations research?
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