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This paper contains five questions
A candidate’s FOUR best answers will be used for assessment.
Calculators are not permitted in this examination.

Do not turn over until instructed.
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1. Let ((s) denote the Riemann zeta function.

(a) i (2 marks) Define the divisor function 7(n).
ii. (4 marks) Show that

Z%zlogququO(l/m) (x >1)

n<x

for some v € R.
iii. (6 marks) Show that

ZT(TL) = zlogz + (27 — 1)z + O(z'/?),
n<x
for some v € R.
(b) Recall that the Mébius function is given by

1, ifn =1,
pu(n) =< (=1)*, if nis a product of k distinct primes

0, otherwise.

i. (3 marks) Show that
1, ifn=1

d) —
ZM( ) {0, ifn>1.
dn

ii. (2 marks) Ignoring issues of convergence, show that

C(S>—1 _ Z [L(?”L)

ns
n=1

(¢) i. (2 marks) Define Euler’s totient function p(n).
ii. (3 marks) Show that
p(n) = > uld)=.
djn
ili. (3 marks) Ignoring issues of convergence, show that

() _C(s—1)

n® ¢(s)

n=1
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2. (a) The Gamma function, denoted by I'(s), is defined for Re(s) > 0 by

['(s) —/ ¥ e dx.
0

i. (2 marks) Using the identity

* 1 2
— e Y2y = 1,
/oo V2T Y

or otherwise, show that I'(1/2) = /x.
ii. (4 marks) Explain why T'(s) is analytic in the region {s € C : Re(s) > 0}.
ili. (2 marks) Show that

I'(s)=T(s+1)/s (Re(s) > 0).

(b) i. (4 marks) Show that I'(s) can be extended to a meromorphic function on C.
Where are its poles?

ii. (2 marks) Show that I'(s) has a simple pole at s = 0 with residue 1.

(c¢) One can define an entire function £(s) by
1 —s/2
£(s) = gs(s — D" 2L(s/2)C(s).
It satisfies the functional equation

§(1 —s) = &(s).

i. (6 marks) Show that
¢(0) = —1/2.

ii. (5 marks) Using the functional equation, determine (with proof) all zeros of ((s)
that lie outside of the region

{s € C:0 < Re(s) <1}.

Continued. ..
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i. (4 marks) Let a,b € Z with a < b, and let f(z) be a function with a continu-

ii.

ous derivative in the interval [a,b]. Recall that the Fuler—-Maclaurin summation
formula states that

> s = [ s@ia+ [ (o} = D@+ 500 - )

a<n<b

where {z} denotes the fractional part of z. Use this to prove that

1
C<S):S—1 1 {x}5+12d +§

for Re(s) > 1
(6 marks) Let D = {s € C: Re(s) > 0}. Prove that the equation in (i) gives an
analytic continuation of (s — 1)((s) to the region D.

(b) Let m(z) be the number of primes p < z. Chebyshev’s functions are given by

Zlogp and  ¥(x ZA

p<z n<x

where the summation in 6(z) is over primes p < x and A(n) is the von Mangoldt
function.

i. (5 marks) Show that ¢(z) = 6(z) + O(z'/?log z).
ii. (5 marks) Use partial summation to prove that

m(z) = M—l—/: o)

log x t(logt)?

iii. (5 marks) Let E(z) be an increasing function of x with E(x) > 2'/2log x, such

that ¥(z) = x + O(E(x)). Use (i) and (ii) to show that

m(z) = L(z) + O(E(x)),

x Toodt
L(z) = .
(z) log x * /2 (log t)?

where

Continued. ..
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4. Suppose that ¢ is a positive integer and let ¢(q) be the Fuler totient function.

(a) (2 marks) Define what it means for a function y : Z — C to be a Dirichlet character
modulo q.

(b) (5 marks) Let a be an integer which is coprime to ¢ and let n be an integer such that
n % a mod ¢q. Show that

x mod ¢
where the summation is over all Dirichlet characters modulo g.

(c) i (8 marks) State the Pélya—Vinogradov inequality. For any odd prime p use it to
prove that the interval [1,z] contains

p—1
2p

x4+ 0 (p1/2 logp)

integers coprime to p which are quadratic residues modulo p.
ii. (4 marks) Let y be a non-trivial Dirichlet character modulo g. For any s € C
with Re(s) > 0 and any = > 1, show that

L(%X%Z%JFO(M),

ox?
n<x

where o = Re(s).
iii. (6 marks) Prove that for any o > 1/2,

> Lio,x) = ¢(q) + O (¢ + ¢** " logyq) ,
XFX0

where the summation is over all non-trivial Dirichlet characters modulo q.

Continued. ..
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5. The Ramanujan sum is defined to be

q

Z e(an/q),

a:l
a =

,q)=1

for positive integers n and ¢, where e(x) = exp(2mizx).

(a) Let

q

g9(q) = e(bn/q)

b=1
for positive integers n and q.

i. (4 marks) Show that

q, ifgq|n,
g<q>={ I

0, otherwise.

ii. (4 marks) By extracting common factors between b and ¢, show that

9(a) = cqraln).

dlq

iii. (5 marks) Use Mobius inversion to deduce from (i) and (ii) that

= ) dulg/d).

d|(n,q)

iv. (2 marks) Show that
q

wa) =Y ela/q),
a=1
(a,9)=1
for any positive integer q.

(b) 1. (5 marks) Let [q1, 2] = ¢192/(q1, ¢2) denote the least common multiple of positive
integers ¢, q2. Show that if ¢; # g2 then

[q1,92]

Z Cqr(n)cg,(n) = 0.

n=1

ii. (5 marks) For any positive integer ¢ show that

Zcq 2 = qp(q).

End of examination.
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