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We consider the non-linear dynamics governing the break-up of a two-dimensional strip of active
chiral fluid. We observe that the strip thickness goes to zero at the pinch off points as a power
law in finite time. Using slender body theory combined with a scaling analysis, we identify a new
class of scaling exponents and scaling functions characterizing the speed and shape of break-up in
these systems. The scaling analysis is in excellent agreement with direct numerical simulations of

the hydrodynamic equations.

The formation of drops is familiar to us all, and can
be seen when water pours from a kitchen tap [1, 2], or
when wax rises in a lava lamp. In both examples, the
driving mechanism is surface tension, which tries to re-
duce the surface area of the liquid by pinching off a drop
[3, 4]. While the initial, linear dynamics of the water and
wax look very similar, the non-linear dynamics just be-
fore break-up are quite different [5]. By studying droplet
formation we are thus able to test the limits of differ-
ent hydrodynamic theories by accessing their non-linear
regime.

While the break-up dynamics of passive fluids are well
understood [2, 3, 5], little is known when the fluid is
active. Active fluids, which are comprised of particles
that use energy to do work on their environment, show
a variety of novel collective phenomena not seen in nor-
mal liquids [6, 7], and unlike passive fluids, may drive
themselves unstable from the inside-out [6]. The effect of
activity on interface dynamics has typically been stud-
ied in the linear or near-linear regimes. For example,
small deviations from a flat interface [8] or in active phase
separation [9, 10] determining the long-time scaling and
size-distribution of stable droplets. Here, we look at the
highly nonlinear dynamics right near break-up of an un-
stable active film.

In particular, we examine a new type of fluid break-
up where the instability is not driven by surface ten-
sion, but rather the persistent spinning motion of the
constituent particles [11-16]. These chiral active fluids
behave much like ordinary fluids, except that they have
anti-symmetric terms in their stress tensor that drive the
local production of vorticity [17, 18]. The effect of these
chiral stresses on break-up were demonstrated in recent
experiments [11], on a two-dimensional incompressible
chiral fluid, in contact with a substrate, made of millions
of magnetic particles sedimented in water, and spun up
by rotating magnetic fields [19]. Taking thin strips of
this chiral fluid, they observed an asymmetric break-up
into drops driven by counter-propagating edge currents
at the strip boundaries (see Fig. 1(a)). A hydrodynamic
theory and a linear stability analysis confirmed that the
break-up was due to chirality. In this letter, we will go
beyond the linear regime and study the fully non-linear
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FIG. 1: (a) Experimental evidence of two dimensional
strips of chiral fluid breaking up asymmetrically, adapted
from Soni et al. [11]. The arrow marks the direction of
time, with the strip going unstable before breaking up
into drops. The whole process happens in only a few
seconds. (b) Sketch of a strip of chiral fluid undergoing
an instability leading to breakup. The top and bottom
surfaces are at z = +h*(z), the characteristic vertical
scale is hg, the horizontal scale is L, and their ratio is € =
ho/L. The dot-dashed orange line marks the centerline
of the strip at z = c(z).

dynamics involved in break-up.

Using asymptotics based on the strips slenderness, we
first derive one-dimensional equations for the strip evo-
lution. Using these, we show that the strip evolves self-
similarly near break-up, with the minimum thickness de-
creasing to zero as a power law in time. The correspond-
ing exponent is not given by dimensional analysis, mean-
ing we have self-similarity of the second kind [20]. The
exponent and scaling function controlling the shape of
the strip are determined through a scaling analysis, with
our predictions perfectly matching results from our full
PDE simulations.
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Hydrodynamics— Consider the strip of chiral fluid
shown in Fig. 1. In the fluid bulk, inter-particle forces
are balanced against the friction each particle feels from
the the glass substrate. Using o for the stress tensor and
u for the velocity, this gives

V.o—-Tu=0, (1)

where T is the friction coefficient of the substrate [11, 21,
22]. It is known [11, 23, 24], that these hydrodynamic
stresses can be described by a modified Newtonian stress
tensor

05 = T](Vﬂlj + Vjui) — p(sij + T]qu(QQ — w), (2)

where 7 is the usual dynamic viscosity, p is the pressure,
and g is the rotational viscosity [15]. The rotational vis-
cosity term captures the friction felt whenever the spin
rate of the particles, §2, is different to that of the sur-
rounding water w/2 = €;;V,u;/2 [23, 24]. In a passive
system the conservation of angular momentum ensures
these spin rates are equal and the rotational viscosity
term vanishes. Indeed, switching off the magnetic field
causes the magnetic particles to passively rotate at the
same speed as the surrounding water.

At the strip boundaries the chiral fluid is free, and
inter-particle stresses are balanced by surface tension to
give

o-n=—y(V -n)n (3)

Here, n is the unit outward normal to the chiral fluid, ~
is the coeflicient of surface tension [18, 25], and V - n is
(twice) the mean curvature of the interface. Note that
the surface tension - is not that of the surrounding water,
but rather an effective tension arising from the magnetic
attraction of each particle [11]. The experimentally mea-
sured values of all above parameters can be found in Soni
et al. [11].

Using (z, z) for down and cross strip respectively, the
top and bottom free surfaces have position z = +h*(x)
(see Fig. 1(b)), and evolve in time according to the kine-
matic boundary condition

hi +uhf = +v (4)

z=dht’
where (u,v) = u, and subscripts denote derivatives. For
a passive fluid we would expect the strip to evolve sym-
metrically with AT = h~, but chiral stresses break this
symmetry. For later use we note that the height functions
are related to the strip center-line and half-thickness by
c=(ht —h7)/2 and h = (h™ + h™)/2 respectively.
One-dimensional reduction.— To understand chiral
break-up we must tackle the non-linear dynamics of h*
contained in equations (1), (3), and (4). This can be
difficult even with a sophisticated numerical method like
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FIG. 2: (a) Numerical solution of equations (5) over a
periodic domain of length nwfr. The light orange line
shows the initial profile, and the sequence of darkening
lines show the strip as time progresses. The black ar-
row indicates the direction of time. (b) The thickness
function h remains symmetric about x = 0 as time pro-
gresses. As the singularity is approached the minimum
strip thickness decreases until pinch off when it becomes
zero. In both plots lengths are measured in units of

lr =~(n+nr)/(MrY).

finite element. We will take an alternative approach, ex-
ploiting the slenderness of the strip to project the dy-
namics down into one dimension [3, 5, 26-29].

One-dimensional reductions have proven extremely
successful in other problems [26, 27, 30], and follow the
ideas of slender-body theory, expanding the dynamics in
a small parameter characterising the strip aspect ratio.
Leaving the derivation to the SI [31], we find
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which are two equations for the strip center-line and
thickness. Keeping the parameters makes clear the ori-
gin of each term—those proportional to {2 come from the



chiral stress, while others proportional to v come from
surface tension. Linear stability analysis of Eqns. (5)
reproduces, at small wavenumbers, exactly the same be-
haviour as the full equations [11].

While a stability analysis shows that equations (5)
capture the linear regime, we must numerically inte-
grate them to understand non-linearities. Our simula-
tions were done with periodic boundary conditions, using
a well tested finite difference method [5, 26, 32]. Spa-
tial derivatives were approximated to second order on
a highly refined grid, that is adapted to scale with the
pinch-region. We integrate forwards in time with a fully
implicit step-halving method, ensuring both stability and
second-order accuracy in time [33].

An example of non-linear evolution is shown in
Fig. 2(a), where the initial shape is drawn in light or-
ange, and a sequence of darkening lines shows the strip as
time progresses. The final shape, which we fill in orange,
pinches off at the origin. Somewhat surprising is that the
thickness function A is symmetric about the pinch-point,
with all asymmetry in the strip coming from the totally
anti-symmetric center-line. The global (anti-)symmetry
of these shapes is a result of the initial conditions, but
were seen to hold true locally for all initial conditions
we tried. The symmetry of h is demonstrated nicely in
Fig. 2(b), which shows a sequence of thickness profiles as
the break-up time is approached. Taking a closer look at
Fig. 2(b) we notice that the break-up is highly localised,
with the thickness decreasing rapidly near the origin but
changing slowly in the far-field. This suggests that a local
analysis of the pinch region will be sufficient.

Scaling theory.— The natural length and time scales
for break-up are found from Eqns. (5) as {g = v(n +
nr)/(|Qnnr) and tp = (3T /7, respectively. Measuring
dimensionless distances and times to the pinch-point at
(zo,t0) with &’ = (z — z¢)/lg and t' = (to — t)/tr, we
will assume the dynamics to be self-similar as t', 2’ — 0
[5], with

hz,t) = Lt f(2' /"),

6
col@,t) = =S+t g(z' /t'"). ©

The power law pre-factors tell us that the strip thickness
should decrease to zero as t'“, with a universal shape
given by the scaling function f. Following our simulation
results we assume that the center-line slope tends to a
constant value —S, with all spatial dependence sitting
in a scaling function that rides on top [34]. Note that
we could have written the scaling form in terms of the
center-line itself, but using the center-line slope is simpler

As we are interested in the final stages of break-up, we
substitute (6) into (5) and keep only the most dominant
terms as ' — 0. A dominant balance argument [35]

reveals these to be
4fe = ge, (7)

e~ af + (Ffeec)e =0, (®)

where the similarity variable & = a’ /#/ P ag=a,and B =
(1+a)/4. All other choices of 8 and s are inconsistent,
being less dominant as ¢ — 0. The exponent a remains
undetermined by dominant balance, but is found later by
solving the non-linear eigenvalue problem (8) [20].

The terms in equation (7) come from a balance of chi-
rality and tension in the center-line equation. The time
derivative term is negligible, and thus the center-line is
quasi-static in the pinch region. The second equation
(8) comes from balancing the time-derivative and the
surface-tension terms in the thickness equation, and in-
terestingly is equivalent to the Hele-Shaw equation when
converted to similarity variables [32, 36]. In the ordinary
Hele-Shaw problem true self-similarity is never seen as
the full equation in (x, t) variables is stable unless driven
from the boundary [32, 37, 38]. Here, the linear insta-
bility set in by the chiral stress is enough to kick-start
break-up and a true similarity solution is seen.

To find g we integrate equation (7), giving

g =4f + go, 9)

where go is a constant, zero in all our simulations. The
center-line and thickness are hence characterised by the
same scaling function f, which solves Eq. (8). This equa-
tion is fourth order with one free parameter, meaning five
boundary conditions are required for a unique solution.
Assuming symmetry about the pinch at £ = 0 yields the
first three

f0) =1, fe(0) =0, [feee(0) =0, (10)

where we have used a scale-invariance of Eq. (8) to set
the value at the origin to unity. The remaining degrees
of freedom are the exponent o and second derivative at
the origin fee(0), which parametrise a two-dimensional
solution-space. A unique solution is picked from this by
enforcing the matching condition

foc&? as ¢ = oo, (11)

which ensures that the thickness becomes static far from
the pinch region, with ¢’ dropping out of the scaling forms
as & = oo [5]. As shown in the SI [31], matching corre-
sponds to two conditions at infinity, and so Eq. (8) is now
fully specified. The resulting problem is solved with the
shooting method, yielding

a~1.2392, fe(0) = 2.7789, (12)

as well as the solid red curve in Fig. 3(b). Comparing this
scaling with results from our PDE simulations in Fig. 3(a)
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FIG. 3: (a) Scaling of the minimum strip thickness as a
function of the time to break-up, t’. The black line is from
the PDE simulation, and the red dashed line is the power
law ¢/"**. (b) The scaling function f. The solid red line
gives the prediction from our scaling theory; the dashed,
dot-dashed, and chain-dashed lines come from the PDE
simulation at ¢ = 7 x 107%,1.8 x 107%,7 x 10™*. The
agreement between the PDE results and theory improves
as break-up is approached.

we see excellent agreement, with the strip thickness go-
ing to zero like ¢/ 124 The scaling function found from
shooting also matches simulations, with the PDE results
shown as dashed lines in Fig. 3(b) collapsing onto the
predicted red curve as t' — 0.

Our scaling analysis leads to the following understand-
ing of chiral break-up. The initial linear instability sets
the system in motion and twists the center-line, result-
ing in a center-line-slope grows like z* for positive k far
away from the pinch. The balance of chiral and surface
tension forces in (7) means that the thickness also grows,
with h ~ 2¥ /4. Substituting this into (8) we see that the
power law causes a surface-tension driven mass current
that grows like k(k — 1)(k — 2)2%*~2, pumping fluid out
of the pinch only if £ > 2. This agrees with the results
from our scaling theory, as the matching condition (11)
gives k = o/ =~ 2.2.

To conclude, we have studied the asymmetric break-

up of a strip of active chiral fluid using both asymptotics
and simulations, showing that the strip thickness goes to
zero as a power law in finite time with a new class of ex-
ponents. While odd-viscosity was not required to explain
the experimental results that motivated this study [11],
it could be added to our picture if needed. A related
problem to the one we have studied here is the coales-
cence of chiral droplets [11]. We leave all this for future
work.
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DERIVING THE EQUATIONS

To derive the one-dimensional equations from the full hydrodynamics we introduce characteristic horizontal and
vertical scales L and hg, with ratio € = hg/L. Assuming that this parameter is small, we non-dimensionalise all
quantities according to

z~L, z~el, hT~eL,
U + nr
U ~ U, UV ~ €Uy, p~ 70(7711 Ui )7 (Sl)
nuo nuo . Ug
~N — = — t ~ —
o L ) /7 € 77 L?

where ug is a velocity scale to be set later. The scaling of surface tension is chosen to ensure it comes in at leading
order [27]. Substituting these into the Stokes equation, we pick a vertical scale hg = /(1 +nr)/I' to ensure that
friction comes in to balance viscosity. The resulting equations are

(€202 + 0%)u — 20,p —u = 0, (S2a)
(€02 +0*)v—0.p—v =0, (S2b)
Ozu~+ 0,v =0, (S2¢)

where all variables and coordinates are now dimensionless.
Assuming that the velocity scale is set by the rotation rate of the cubes we choose ug = Qhg, yielding non-
dimensionalised stress components

Oze = 20zu — p(1 + R),

0. =20.v —p(1+ R),
Op =€ (1 4+ R)D,u + e(1 — R)Opv — 2Re ™,
0. =¢ (1= R)O,u+e(l+ R)Dv—2Re L.

(S3)

where R = ng/n is the ratio of the rotational and dynamic viscosities. The dimensionless dynamic boundary condition
is given by

eo-nt = —F(V-nF)nt, (S4)

while the kinematic condition remains the same.
We solve equations (S2) perturbatively in the small parameter €, expanding the fields as a series in €2,

u=ug+euy + ..., (Sha)
pP=po+€Dp2t ., (S5b)

while assuming h* are O(1). At leading order for uy we have

afuo — Ug, (SGa)
—2R

— b
z=+h* 1 + R’ (S6 )

8zuo

where the boundary condition comes from the balance of tangential stresses along the free surface. Solving these gives
the zeroth order velocity as

2R
1+ R

ug = — sech (h) sinh(z — ¢). (S7)



Combing this with the incompressibility condition, the other component of the Stokes equation and the normal stress
boundary conditions, we can compute vy and pg. The results are quite lengthy, but simplify tremendously when
substituted into the kinematic boundary conditions (4). The resulting equations of motion for the center-line and
thickness are
ht = 07
4Rsech(h)2hw N YCoz (S8)
(1+ R)%h (14+R)h’

Ct =

where subscripts denote derivatives. The thickness remains quasi-stationary at this order, which we soon see is because
its equation is higher order in a derivative expansion. Pushing the calculation to next order in € is conceptually easy,
but technically difficult due to the complicated algebra. The next-order velocities and pressures were computed with
mathematica and take many pages. Thankfully they simplify when plugged into the kinematic condition (4) to give

_ ARcy tanh(h) | 7 (3 +h3 — 2hhay)
(1+ R)? 2(1+R) ’

rxr

ht = 62 (89)

with the dynamics of the center-line given by (S8). The two equations (S8) and (S9) constitute a one-dimensional
reduction of the full equations (1), (3), and (4), valid when the strip is slender. The equations of the main text are
found by expanding the hyperbolic functions for small h, which is valid when the strip is thin, and then returning
back to dimension-full coordinates.

We have checked that simulations of the full equations, including the hyperbolic functions obey the same scaling
relations as the simplified equations from the main text.

STABILITY AND SELECTION OF THE SIMILARITY EQUATIONS

In the main body of the text we stated that the solution depended on two parameters o and feg(0), and that they
had to be tuned to satisfy the matching condition f oc £%/# at infinity. The dependence on two parameters follows
from calculating the power series expansion of f near £ = 0. I.e. we substitute the expansion

f=1+4)an€™, (S10)
n=1

into the equation and solve for all the coefficients a,. This can be done to arbitrarily high order using, say, mathe-
matica, and it shows that all the coefficients depend on « and a1 = fe(0)/2. For example, the first two coefficients
are

az = /24, a3z = —ai(1l+ 5a)/720. (S11)

To demonstrate that a tuning of the two parameters amounts to a selection of the right solution we now perform a
stability analysis, perturbing around the far-field behaviour by setting

f=€7016P(6), (512)

and keeping terms linear in §. The perturbations P will fall into two classes: unstable perturbationsd that grow faster
than €%/ at infinity, and stable perturbations that are constant or decay [5]. Although the perturbations P cannot
be found exactly, a WKB analysis is sufficient to understand the stability at infinity. Upon substitution of P = eX
into the equation, we keep the most dominant terms as £ — oo to get

14+«
— X = =0 (S13)
where ’ = 0¢. Solving this equation we find four modes P; = eX¢, where
4/3
3/1
X1~ const., xa~ — (Z“) ¢4/ (3+30), (S14)

4/3 4/3
X3 ~ % (lza) VBTN 4V/3),  ya g (1 Z a) g B3 (1 — /33). (S15)



The first mode P; corresps to a shift in the parameters of the solution. The second mode P, is exponentially decaying
at infinity and is stable. The remaining modes P3; and P, are oscillatory, exponentially growing modes whose pre-
factors must be tuned to zero to hit the matching condition. Because the whole solution depends only on « and a;,
this tuning is enough to select the solution in the main text.

Unfortunately the exponential growth is extremely weak, being approximately e Numerically, this means we
have to shoot to quite large values of £ to attain convergence in « and ay.
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