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Anomalousturbulentvelocity scaling
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For the first time correctionsto classical2/3 scalingof thestructurefunctionof high Returbulenceareevaluatedfrom the
Navier—Stokesequation.Theprobability distributionfor thevelocityfluctuationsdevelopsincreasinglystretchedtailsat smaller
scales.Themethodemployedto analysetheNavier—Stokesequationis a spatially resolvedFourier—Weierstrassdecomposition.
To maketheequationsnumerically tractableweonly simulatea small portion of realspace,theother contributionsarerepre-
sentedby renormalizedcouplingconstants.

1. Introduction that the typeof local interactionapproximationem-
ployedin ref. [10] leadsto classicalscaling, if the

Turbulentfluid flow u (x, t) at veryhighReynolds Navier—Stokesinteractioniscorrectlyaccountedfor.
numberRe is characterized,among others,by the We recently introduced [13] a cascademodel
scaling exponents~(m) of thestructurefunctions which is stateddirectly in termsof thevelocity field.

u is decomposedinto modeslocalizedbothin k- and
D (r)=<<Iu(x+r,t)—u(x,t)I >>xr~ ~. (1)

x-space.Thosetypesof decompositionhavea long
~( >> denotesthe ensembleaverage,ideally trans- history [14], the first applicationto turbulenceto
lational invariantandisotropic.The classicalexpo- our knowledgebeing dueto Siggia [15]. Recentap-
nents ~ (m)= m/3 follow from a simple dimen- plicationsinclude the waveletanalysisof turbulent
sional argument, if one identifies the energy flow signals[161.
dissipationperunit masse astheonly relevantphys- Study of high Re numberturbulent flow by nu-
ical parameterin the inertial subrange[11. merical analysisof the Navier—Stokesequation is

Experimentally,thereare smallcorrections[2,31 possibleonly if the numberof admittedmodes is
~( m), due to intermittency,i.e. an increasingspa- properly restricted.The basic ideain our previous
tial spottinessof turbulentactivity at smallerscales. paper [121 is to selecta geometricallyscalingset of
So far thereis no acceptedtheoryof intermittency. momenta. The Fourier series then becomesof
While ~1(m) canbe derivedfrom meanfield type Weierstrasstype. Re~106 could be dealtwith. We
analyses[4,5] of the Navier—Stokesequation,in- now in additionintroducea correspondinggeomet-
termittencycorrectionshavebeenincludedby phe- rically refined spatial resolution. A pruning tech-
nomenologicalmodelswithoutdynamicaljustifica- nique keepsthe numberof modesstill tractable.
tion [6—9].A recentlypublishednumericalstudyof The space—momentumresolvingmodehierarchy
a dynamicalcascademodel [101 revealsintermit- and the equationsof motion resulting from the
tency, but the model only makes contactwith the Navier—Stokesequationare presentedin section2.
Navier—Stokesequationthrough energy conserva- The main results (section3) are: (i) The spatially
tion, which is knownto be insufficientto fix the ex- coherentturbulentsolutionsconsideredin ref. [121
ponents[11]. In fact, in ref. [121 we demonstrate are unstableagainstspatiallylocalizedperturbations
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leadingvia Navier—Stokesinteractionto enhanced, the I’s cascadelevel into boxesof linearextension
spotty fluctuations. (ii) The fluctuationsamplify 2xL x2’, eachof which is representedby indepen-
underrepeatededdydecay.(iii) Thisleadsto power dent local Fourieramplitudes.Let B, bethe setof!-
law corrections~( m)which agreewith experiment, boxes,having2~’elements.Denotethecharacteristic
(iv) Theprobability of small aswell asof largeye- functions of the boxesasx~’b(x), being 1 only if
locity deviationsis enhanced,the Gaussiandistri- 2itLx2’m~’~~<x,~<2ELx2’(m~1~+1), i= 1, 2, 3,
bution becomingexponential-typewith decreasing m ,(1) integer, 0~ m~ ~ 2 ~— 1, and zero elsewhere.
scale.This picture of intermittencyis supportedby Thevelocity field u, (x, t) is now expandedinto the
a very recentwaveletanalysisof a spectralsimula- space—momentumresolving Weierstrass—Fourier
tion of turbulentNavier—Stokesflow [17]. series

u(x, t)

2. The self-similar mode system N

5
=~ u1(p,m(O,t)~,~),,(x).

1=0 ,U)eKi ,m(

1)eBi

Westart with theFourierdecompositionintoplane
wavesexp(ip~x)asusual.With thebasicperiodicity (2)
box chosenas (2itL)3 the momentahavethe com- The u(p~’~,~ t) are the complex modeampli-
ponentsp = nL ‘ with n

1 = 0, ±1, ±2,etc. tudes;the modesthemselvesare
To dealappropriatelywith themanyscalespresent

in turbulentflow, we introduced[12] a hierarchical v4~2,(x)=(27tLx2~)3~’2

subsetK of wavenumbersp partitionedinto levels xexp(i,~°•x)X~,)(x). (3)
K,, K = U,K1, eachof which containswavenumbers
of approximatelyequalsize.Thesmallestwavenum- The modesare normalizedbut in generalnot mu-
hers (or largest scales) defining level 1=0 are tuallyorthogonal.ForanypairPi, P2of the restricted
Ko={p~°~ILp

t0~=±(2, 2, 2), ±(—1, 2, 2), ±(2, wavenumbersetK, however,theyareorthogonal(the
—1, —1), ±(1, 4, 4), ±(4, 1, 1), + all permuta- proofusing2~Lp~°integer).
tions}. Thelarger wavenumbers(or smallerscales) Insertingtheorthogonalspace—momentumresolv-
arecharacterizedby K,= {p (1) Lo ~ = 211, (0) (0) ~jç} ing Fourier—Weierstrassdecomposition(2) into the
The wavenumbersets K

1 are geometricallyscaled Navier—Stokesequationleadsto the coupledset of
replica of K0. The smallestscalelevel l=N~defines o.d.e.’sfor the mode amplitudes:
the inner scale ?1=(v

3/6)”4 of the flow by ‘i~1/ ôü.(p1 mU), t)
p(Ns) There are 13 wavevectorsper level cone-
spondingto 52 realmodeamplitudesperlevel [121.

The Navier—Stokesequation for incompressible
flow by (u’grad)u andpressuregradientdefinesan = ~ ( ~ t2

1~m
t0)ük(p—q,m~’~)q,p—qeIQ

interactionbetweentheFourieramplitudesu (p, t).

Itreads— 4~jk(p)>quj(q,t)uk(p—q,t),withM’,Jk(p) + ~ z2~(q,m (mt1~))ul,,(p—q, mU))
= [p

1P4~(p) +pkP~(p) }/2, P-’- beingthetransverse
projection. We now restrictthe interactionto those )
momentap, q, q’ =p—q which besidesconserving + ~ ~ ü(q,m + )ük(p—q, m

q,p—qeKi+ i

momentump = q + q’ all belongtothe representative m~ m (0)

hierarchicalsetK. Thisrestrictionautomaticallyim-
— vp~~

2ü
1(p~’~,m(1)) +~(j<’~,m(1)) (4)

pliesthat theinteractionis local in p-space:thevec-
torsof aninteractingtriadeithermustlie in thesame Theseequationsarevery similarto thepreviousones
or in two neighbouringlevels K1. [12]. Theonly butcrucialdifferenceis thatthe i-level

Next we want to include the physical fact that momentap ~ in an 1-level spatial box m arenow
smaller scalesshouldalso be finer resolvedin real allowedto interactwith the (1+ 1)-levelmomentaof
space.Wethereforedividetheperiodicityvolumeon all eight spatialsubboxesm~(m (1)) on (1+ 1)-level
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which branchoff m (1)~The first term is the inter- rangeof scales,i.e. with the numberof levels 1. To
actionwithin the 1-level, m~‘~-box;the secondone keepthe setof o.d.e.’stractablefor a sufficiently ex-
describesthe interactionwith thelarger predecessor tendedinertialsubrange(high Re)we introducenow
m— (m (1)), the third one that with the eight off- pruning. First, put v=0 (to simulatepure inertial
springsm + (m (1))~ Forconvenience,we introduced range)anddrainenergy on the smallestscalelevel
the scaledamplitudesz2,(pU), m~ ) = VT‘12u,(pa), I=N~only, by introducinginto (4) aneddyviscosity
m~’1)with thebox volume V,=(2,tLx2’)~.~is the (in analogyto ref. [15])
driving force, representingtheboundaryconditions,
non-statistical,and specified later. The contribu- v ~21y,

1(~p,m(1))

tions of the x-derivativesof the characteristicfunc-
= —DX2’lü(p~’~,m~)Ii2,(,~’~,~ (7)

tionswould generatebothinteractionsbetweenmore
distantlevelsas well as spatial interactionswithin a whichis negativedefinitein thebalanceequation(5)
level; they are neglected in the present approx- and of the samedimensionas the transfer terms.
imation. pV

1 refersto 2’ (—1, 2, 2), ~~1) to 2’ (2, 2, 2). D
The mode amplitude equationsimply balance will be chosenself-consistently.Eqs. (4) representa

equationsfor the energy tree structure,cf. fig. 1 a, so far. Secondlywe now
prunethe tree,seefig. lb. The numberof boxeson

~ ü(p~°,m~°,t)12
pOe

wave number eddy size
reading

_______ /_.1+ IaE~(t) ~ ~ T~+~
11~

m +
21

— p ~ p
t’~2Iü(p~’~,m~’~)2 (5)

ph)
22

Here D~~ is the energytransferinto level 1, box
m (1)~Summingv,E~’~on m~ and1 givestheenergy 2~
carriedby the field (2), which for v=f=0 is con- a space —.~

served.
We will call eqs. (4) the “multifractal” approxi-

mationtotheNavier—Stokesequationsinceit allows wave number eddysize

for different typesof scaling in different regionsin
space.Correspondingly,our previous [121 approx-
imationwith spatialcoherencein theperiodicitybox
(but temporalchaos)will be termed“monofractal” 21

turbulence.
To completelydefinethe turbulentstatewe spec- 22

ify the deterministicforce
2~

J~(p(1) rn~’~) 2
b space —~

ü,(p, m)
= ~ (1),m (0)op (/>,p (0> 2 (6) Fig. 1. (a)Thecoupling structureof theo.d.e.setfor theNavier—141

Stokesequation.We indicatedonly two of the eight offsprings
K

1~is [12] a six-modesubsetof I(~.Theforcinghap- every box hasin threedimensions.The /th level has2~’boxes

penson the largestscaleonly andprovidesconstant (representedby bubbles)eachconsistingof 52 realmodeampli-
tudes.The interactionsarerepresentedby lines, thewavy lines

energyinput ratee. denotingdrainingby eddyviscosity. (b) The “pruned” version

Dueto thespatialbranchingthe numberof mode of (a). From all butonespatialbox theenergyis drainedby the
amplitudesin (4) increasesexponentiallywith the eddyviscosity(7), ccD.Only onebox is branchingagain,etc.
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eachlevel I now againis constant(namely,8, for all parentlyis of theorderof (turnovertime) —‘.

1>0),while thefull seriesof branchingsis still pres- Next we look at the independent,non-constrained
ent in anincreasinglysmallerportionof realspace. evolutionin all eight real spaceboxesovera longer
The eddy viscosity strengthD is uniquely deter- stretchof time, fig. 3. It is evidentthat the proba-
minedby adjustingtheaverageenergytransferto be bility for largeexcursionsfrom the meanvaluehas
the samethroughall brancheson eachlevel.Energy increasedin the individual boxes,while the average
drainingby eddyviscositythenequalsthe“natural” E”~overthe eightboxes,i.e. over thecompletepe-
drainingby the interlevel coupling.From our sim- riodicityvolume,resemblesthetoplevel,E~°~(scaled
ulationswe determinedD= 0.78. in magnitudeandtime). EU) resemblesthe mono-

fractalcase,wheretheabsenceof branchingenforces
an averagein space.

Letus addressnow thequestionif the fluctuations3. Spatialspottiness .

will tendto amplify whenthe branchingis repeated.
Theanswercomesfrom numericalsimulationof the

Solutionsof the “monofractal” set of modeam- pruned(cf. fig. lb) six-level“multifractal” cascade.
plitudeequationsare exactsolutions(with ü~(p ~), The valueof
m (1)) independentof m (1)) of the “multifractal”
equationsof motion (4). Wenow studywhat hap- L~tu~’1(t)= ~ [Re{a,(p(’),mU))}
pensif weslightly disturba spatiallyhomogeneous
solution of (4). This we do in a two-level system, x [cos(p~’1x2’) — 1]
oneboxwith 1=0,eightboxeswith 1=1,drainingthe
secondlevel by the eddyviscosity. The initial value +Im{u

1(p
t1,m”~)}sin(p~’~x2’)] (8)

of oneamplitudeoutof the 52 realmodeamplitudes wasrecordedfor all componentsi andeachbox m (1)

in onebox is disturbedby 0.1%.Thetime evolution of levelI, i.e. foreacheddyof size 1/p ~ Its phys-
of the othersevenboxesis kept identical,by sym- ical meaningalsois thesaddlepointapproximation
metry. Fig. 2 showshow thedifferencebetweenthe with respectto I of the longitudinal velocity differ-
energy of the initially perturbedbox to that of an- ence u(2 ‘e,) — u,(0). The time evolution of
otherbox evolvesin time. After about threelarge Esu~ (t) providesthe probabilitydistribution (pdf)
eddyturnovertimestheinitially minutedisturbance for thevelocity differencescomingfrom level 1 in any
hasreachedmacroscopicsize, the typical behaviour box m (1), i.e. on scale2—’.
of trajectorydivergencein nonlineardynamicalsys- As fig. 4 shows, the largesteddy level 1=0 hasan
tems. The correspondingLyapunov exponentap-

.~ ~°~° I /
o ~ \ / 10

I I

0 2 4 6 8 Fig. 3. The time evolutionof a two-levelsystem.Shownis from

Fig. 2. The time evolutionof a subboxsubjectto a small initial top to bottom:theenergyof thehighestlevel (onebox), fed by
perturbation.Drawnis thedifferenceinenergybetweentheper- constantenergyinput; theaverageenergyof theeight subboxes
turbedbox m (I> = (1,0, 0) andoneof itssevenidenticalsiblings, (level I); theindividual energiesof two of the subboxes.The
m = (0, 1, 0). The time unitsare (and henceforthwill be) meanvaluesare 14.48for theupperand8.51 for thethreelower
turnovertimes(L2/c) I,’3 of thelargesteddy. signals.
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0 I~’I’’I~I’~I~ ing exponentsare alreadyconvincing,b is not yet.

log1o(pdf~f’\
-‘ scales,

1=6 4. Discussion.1/ smallest

- In view of the equationsof motion (4) for the
largest 1=3 modeamplitudesof theNavier—Stokesvelocity field

es~ the following picture of the mechanismfor inter-

-6 I I I II mittency arises.Theenergyof an 1-leveleddyhasto
-6 -3 0 3 AU ki I be sharedby eight offsprings.Theseare in compe-

Fig. 4. The probabilitydistributionsof thevelocity difference(8) tition. If by chancethe energytransferinto onesub-
for threedifferentscales2—’, 1_—0, 3, 6. Thedataaretakenfrom box is high, thereis lessenergyfor the others.Such
asimulationof thesix-level systemover 16000turnovertimes. privilegein energytendstoamplify sincethetransfer
All pdf’sarenormalizedandscaledto unit variance. . . .

rate is bilinear (or autocatalytic ) in the ampli-
tudes.Thereforeprivilegedsubeddiesgain evenmore

almostGaussianpdf, while the smallereddies’pdf’s intensity, nonprivilegedones loose. The result is
developincreasinglystretchedtails. Theseexponen- spottiness.Dueto thespecific nonlinearinteractions
tial-type tails are one of the trademarksof experi- thesystemdoesnottendto thesurvivalof thefittest
mental identificationof intermittency [3,18]. but showsa deterministicchaoticbehaviour.Thus,

We computed the moments of Au /) (time simultaneouslywith creatingspottinessof the active
averaging). As an exact consequenceof Kolmo- region the Navier—Stokesinteraction (whoseGali-
gorov’s structureequation it is D (3) (r) ccr, thus lean invariance,i.e. whoseLagrangiancharacterof
log2( << I Au~ I s>>) shouldscalelike 1. Numerically, fluid flow, is kept[121) createsthe stochasticsofthe
this is not exactly satisfied.We thereforerescaled turbulentfield.Thereisno artificialstochasticsadded

oncefor everyscaleI as to reproducethe cor- by forcing with noise,no adjustablemodel param-
rectscalingof the third moments(ccl). The other eter(asin previousintermittencymodels[6—9]) is
momentsof ordermyield the~(m).Theirvaluesare free. Having selected the modes everything is
summarizedin table 1. Comparisonwith the data Navier—Stokesdetermined.
[21 is quite satisfactory. We found in ref. [121 that theNavier—Stokesin-

We finally reporton the numericalvalueof b in teractionseemsto enforceclassicalscaling~ = m/3.
the second order structure function D (2) (r) = Since the samep-spaceinteractionsare kept in the
b(er)

213(r/L)~2~.In the “monofractal” case [12] “multifractal” analysisit is only thebranchingof the
with 52 realamplitudesper level we had&~(2) 0 cascadethat inducessmall deviations&~(m).
and b 300. The branchingof the “multifractal” Thereare variousrefinementsof our theory. For
equationsenhancesthe energytransportleading to instance,with finite viscosity v we expectD to be-
b~150 (experimentallybexp8.4). While the scal- comea function of both v andlevel 1, D=D(v, 1).

Table 1
The structurefunctionexponents~(m) for m=2, 4, 6 and8. A leastsquaresfit wasmadeto thefirst five levelsof six levelssimulated.
Given is thestatistical (y2-) error.Thesecondline containstheexperimentalresultsof Anselmeteta!. [2]. This is thefirst comparison
betweendataandNavier—Stokesbasedtheoreticallycomputed~(m).

Exponent ~(2) ~(4) ~(6) ~(8)

6-level 0.6982 1.2688 L7028 1.9874
calculation ±0.0003 ±0.001 ±0.01 ±0.04

experiment[2] 0.71 1.33 1.80 2.22
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