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Local coupling of shell models leads to anomalous scaling
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Abstract. We consider cascade models of turbulence whichby a mean energy flux, the only local scales available
are obtained by restricting the Navier-Stokes equation to loare the lengthr and e itself, which leads to the estimate
cal interactions. By combining the results of the method ofév ~ (er)Y/3 or

extended self-similarity and a novel subgrid model, we in- .(qss) _ 3 >
vestigate the inertial range fluctuations of the cascade. Siggp =p/3 @
nificant corrections to the classical scaling exponents aré\t the same time, one obtains an estimate for the Kol-
found. The dynamics of our local Navier-Stokes models ismogorov length

described accurately by a simple set of Langevin equations _ 1/4

proposed earlier as a model of turbulence [20]. This al-7 = (v°/€) @)
lows for a prediction of the intermittency exponents without where viscosity is important. However, it was only appreci-
adjustable parameters. Excellent agreement with numericated later [2] that in turbulence long-range correlations al-

simulations is found. ways exist in spite of local coupling. Namely, large-scale
_ fluctuations of the velocity field will result in a fluctuating
PACS: 47.27.Jv; 02.50.Ey; 47.27.Eq; 47.11.4] energy transfer, which drives smaller scales. As a result, the

statistics of the small-scale velocity fluctuations will be in-
fluenced by the energy transfer and fluctuations on widely
separated scales are correlated, violating the fundamental as-
sumption implicit in (2) and (3).

Indeed, Kolmogorov [3] and Obukhov [4] later proposed
the existence of corrections to the scaling exponents (2),

I. Introduction

Much of our intuitive understanding of turbulence is based
on the concept of interactions which are local in k-space(, =p/3+6¢, ,6¢, # 0 (4)

Physically, it is based on the notion that most of the distor- hich were subsequently confirmed experimentally [5-8]
tion of a turbulence element or eddy can only come from eg-nich W ubsequently : Xper Y X

dies of comparable size. Turbulent features which are mucI§Jn one hand, careful laboratory experiments have been per-

larger only uniformly translate smaller eddies, which does O;rr%ei?,teev\vlfﬁg{ﬁgﬁ%?gg?;fﬁa?us?;b[%rs7555a9é'tf; Z;hsuggzgs_
not contribute to the energy transfer. This immediately lead ' Y :

to the idea of a chain of turbulence elements, through whicl"';: '?O‘?I;rr?énﬁg?]gs?[argoonf];?ﬁ::;;s: ?_fSVISSng;iIE:ya:I’]lPC%?:SEEJ-
energy is transported to the energy dissipating scales. A?'/ioﬁs to classical scaling were found, a currently accepted

cepting such a cascade structure of the turbulent velocit alue for the so-called intermittency parametebeing [5]
field, it is natural to assume that the statistical average o yp 9

velocity differencesév(r) = v(x +r) — v(x) over a distance pu=—6(s=0.2, (5)

r| follows scaling laws L . . . .
i 9 which is a 10 % correction. The existence of corrections like

DO(r) = ([v(x +1) — v(X)[P) ~ 7 (1)  (5) implies that on small scales large fluctuations are much
more likely to occur than predicted by classical theory.

This “intermittent” behavior is thus most noticeable in
derivatives of the velocity field such as the local rate of
energy dissipation

in the limit of high Reynolds numbers. By taking velocity
differencesover a distance:, one probes objects of corre-
sponding size.

In addition to this assumption of self-similarity, Kol-
mogorov [1] also made the seemingly intuitive assumptione(x, ¢) = v (aui/axk +auk/axi)2.
that the local statistics of the velocity field should inde- 2
pendenbf large-scale flow features, from which it is widely Much of the research in turbulence has been devoted to the
separated in scale. Because the turbulent state is maintainetudy of the spatial structure afx,t¢) [3, 10], but which
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will not be considered here. The statistical average of thisare independent of the method of data analysis, we develop
quantity is what we simply calledbefore. Owing to energy a new subgrid model usinfuctuatingeddy viscosities [21].
conservation, it must be equal to the mean energy transferThe results are in excellent agreement with those found from
The local coupling structure of turbulence has inspiredESS. Finally, and perhaps most importantly, we use an an-
the study of so-called shell models, where each octave irlytical calculation [20] topredict the correction exponent
wavenumber is represented bganstantnumber of modes, without adjustable parameters. Again, we find the same val-
which are only locally coupled. This allows to focus on the ues within error bars. We show that the stochastic model
implications of local coupling for intermittent fluctuations, introduced in [19] gives an excellent description of a REWA
disregarding effects of convection and mixing. The modecascade, both in an equilibrium and non-equilibrium state.
representation of a single shell serves as a simple model foe compare the equilibrium properties to adjust a single free
the “coherent structures” a turbulent velocity field is com- parameter in the stochastic model.
posed of, and which to date have only been poorly charac- Thus we reach two objectives: first, we gain analyti-
terized, both experimentally and theoretically. cal insight into the origin of intermittent fluctuations in a
We caution that this leaves out two important aspects ofocal cascade. Second, we demonstrate for a simple exam-
turbulence, both of which have recently been proposed to ligle how equilibrium information about the interactions of
at the heart of intermittent behavior. First, we have assumedrourier modes can be used to compute intermittency expo-
that the coherent structures are simple in the sense that theents.
only possess a single scale. But experimental [11], numerical Unlike shell models with only one complex mode per
[12], and theoretical [13] evidence points to the importanceshell [22, 23, 24] exponent correctiodg, for REWA cas-
of long and skinny threads of vorticity. Although their real cades are quite small [17, 18]. Careful studies of inertial
significance to turbulence is not without dispute [14], theyrange fluctuations have found them to be significant [18],
have led to quantitative predictions of intermittency expo-but their numerical value is only about 1/20 of the numbers
nents [15], in excellent agreement with experiment. Secondfound experimentally [5]. This has lead to the idea that per-
nonlocal interactions are disregarded in shell models. On théaps the experimentally observed exponent corrections are
other hand it has recently been proposed [16] in the framenot genuine inertial range properties, but result from extrap-
work of perturbation theory that non-local interactions canolations of (1) into regimes where stirring or viscous effects
in fact be re-summed to yield correction exponents. are important [17, 18, 25]. Possible dynamical effects of the
Given the complexity of the turbulence problem, this viscosity have been explored in [26].
makes it all the more interesting to carefully assess the pos- We will not follow up on this idea here. However, we
sibilities for intermittent fluctuations in the case where bothnote that the REWA cascade misses an essential feature
effects are eliminated. Thus the aim of this paper is to com-of three-dimensional turbulence and thus can hardly be ex-
bine previous numerical [17, 18] and analytical [19, 20] ef- pected to yieldquantitativepredictions. Namely, in real tur-
forts to gain insight into intermittent fluctuations in models bulence, the number of modes within a shell proliferates like
with local coupling alone. We focus on a particular class of»—2 as one goes to smaller scales, while in cascade models
shell models, introduced in [17], which establishes a directthis number is constant. This can be remedied by allowing
connection with the Navier-Stokes equation. To this end thea particular shell to branch out into eight sub-shells, which
Navier-Stokes equation is projected on a self-similar selecrepresent eddies of half the original size. It has been argued
tion of Fourier modes, which enforce local coupling. We will [27, 19] that the competition between eddies of the same size
adopt the namd&EducedWave vector seApproximation is responsible for the much larger growth of fluctuations ob-
(REWA) here [18]. served in three-dimensional turbulence. The difficulty with
In the present paper, most of our effort is devoted tothis approach is that one also has to takevectionof spa-
separating inertial range fluctuations from other effects re4ially localized structures into account. Also, it is not obvious
lating to the fact that scale invariance is broken either by arhow to disentangle interactions which are localkitspace
external length scalé or by the Kolmogorov lengthy. In from those local in real space, as to systematically reduce
the neighborhood of either scale deviations from the powethe coupling of the Navier-Stokes equation ttree of tur-
law (1) are to be expected. However, for dimensional rea-bulence elements. Recently developed wavelet methods are
sonsL or n appears even for a pure power law as soon as promising step [28], but they have so far been used only
8¢, # 0. In the case of the stochastic model considered irfor data analysis [29].
[20], the form of ther-dependence of the structure function The paper is organized as follows: In the next sec-
was shown to be tion we introduce both the mode-reduced approximations of
_ 3 5Ch the Navier-Stokes equation and the corresponding Langevin
DO(r) = b0(ery’! /Ly, () models. The inertial range properties of the latter have only
where theb® are constants independent of Reynolds num-one adjustable parameter, as explained in the third section.
ber. This implies that the existence of an outer lenfjthas  This parameter is determined for a given selection of Fourier
to be taken into account in any calculation of the structuremodes by considering the equilibrium fluctuations of both
function, while dependences of power law form (6) need tomodels. We are thus able to predict intermittency exponents
be distinguished from nonuniversal effects. of the turbulent state without adjustable parameters. The re-
To this end we simulate extremely long cascades, covsult is compared with numerical simulations of the REWA
ering up to 5 decades in scale. To eliminate viscous effectgascades in the fourth section. Exponents are determined by
as much as possible, we use the method of extended sel€arefully examining various sources of error, and are in ex-
similarity (ESS) [6, 7]. In addition, to make sure our results cellent agreement with the theoretical prediction. In the fifth
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section, we investigate temporal correlations in REWA mod-
els to inquire further in the origin of intermittency in models 2 © O O O
with local coupling. This also sheds light on the reasons for
the success of the simple Langevin model used by us.
1 ® O ® ®
©) @) o O O
II. Two cascade models
k, 0 ) ® O ® 0 ® o
A. Reduced wave vector set approximation @) O O 0 @)
_ _ 1 ® ® 0 ®
The REWA model [17, 18] is based on the full Fourier-
transformed Navier-Stokes equation within a volume of pe-
riodicity (27L)3. In order to restrict the excited Fourier- 5 | o O 0 O
modes of the turbulent velocity field to a numerically trac-

table number, the Navier-Stokes equation is projected onto
a self-similar set of wave vectors?” = | J,.77;. Each of

the wave vector shells#; represents an octave of wave
numbers. The shelb%, describes the turbulent motion of Fig. 1. A two-dimensional projection of the-vectors in shellZ; for both

: : he REWA models considered here. The small s€t ¢ontains all vectors
the large eddies which are of the order of the outer Iengﬂ‘}With -1, 0, and 1 as components. The large §ef,(in addition, contains

scale L. This shell is defined byN wave vectorsk®:  compinations witht1/2 and-+2

Ty = {kﬁo) 24 =1,...,N}. Starting with the generating

shell .72y, the other shells7Z; are found by a successive ) .

rescaling of. 7 with a scaling factor 2:7%; = 2.%%. are investigated. The larger the numb¥rof wave num-

Thus each.7%, consists of theN scaled wave vectors bers, the. more effective the energy transfer. Usually one
20k©@ ;= 1 ... N. The shel.%; represents eddies at selects directions irk-space to be distributed evenly over

Ienétﬁ scales ~ 2-'L i.e. to smaller and smaller eddies as & sphere. However, there are different possibilities which
ema change the relative importance of intra-shell versus inter-

the shell index increases. At scales~ 7 the fluid motion shell couplings, In this paper, we are going to investigate
is damped by viscosity, thus preventing the generation of ) : v
P y v P 9 9 éwo different wave vector sets, witly = 26 and N = 74,

infinitely small scales. Hence we only need to simulate shells™ ™
Ty, < 0, wheret, ~ log,(L/7) is chosen such that the which we call the small and the large wave vector set, re-
it v 2 spectively. In Fig 1 a two-dimensional projection of both

amplitudes in.7Z;, are effectively zero. In this represen- is plotted. The | I .
tation the Navier-Stokes equation for incompressible fluidsS€ts IS plotted. The large wave vector set also contains some

o1ty o next-to-nearest neighbor interactions between shells, which
reads for allk € 72" = Uy Ze: we put to zero here, since they contribute little to the energy

1

B transfer. The small set allows 120 different interacting triads,
gy UKo 1) = —oMiji(K) > ujp, tyuk(a, 1) the large set 501 triads, 333 of which are between shells.
e Since in the models we consider energy transfer is purely

local, the shell energieBy(t), £=0,...,¢, only change in
2 ’ ) )
—vkTui(k, 1) + fik, 1) (72) response to energy influX,_; ., from above and energy
k-utk,t) =0. (7b)  outflux Ty_ ¢+1 to the Iovx(/;e_r ?hell. In addition, there is a rate
. _ of viscous dissipatiorif;****'(t) which is concentrated on
.. = . P. + . 4 -
The coup!lng tensori\/.gjk(k) [kjpz”?(k) kkp”.(k.)] _/2 small scales, and a rate of energy infit (¢), which feeds
with the projectorP;x (k) = 8;x —k; ki /k* is symmetric inj, k ;
AN () = — Moor(—K). The inertial part of (7 ist the top level only, cf. Fig. 2.
2][1 i ?riké(di)c_ir:terggti(o_ns).bet\(/av (Ieneenr Ir?wo%ags ?/v I(th i) SOEZ'S S From (7a) we find an energy balance equation which
They are the same as in the full Navier-Stokes equation f0|g;)verns the time evolution of the shell energied)
this triad. The velocity field is driven by an external force - _ +7(diss) gy 4 (in)
f(k, t) which simulates the energy input through a Iarge—scalethe(t) Temametl) = Tema O+ T2 (0 + T (D000-(9)

instability. The different transfer terms are found to be
Within this approximation scheme the energy of a shell .
" PP » Tomen(®) =20 Miju(k)ui (K, u;(p, yux(@.t)  (10a)
. o4

E(t) = k,t)[? ;

W= 2 MOF O 10 = Y Re(u ki) 1(k.n) (100)

SOy
ke T
and in the absence of any viscous or external driving the totabﬂ(diss) _ 2 2
: ; )= — K |u(k, )| 10
energy of the flow fieldE,,;(t) = Zf;oEg(t) is conserved. o Vk;;/ Jutk, &) (10c)
SOy

The choice of generating wave vectd(g) determines the o )
possible triad interactions. This choice must at least guaran- N (10a) ZA%’” indicates the summation over all next-
tee energy transfer between shells and some mixing within aeighbor triadsk = p + q with k € .7, p € .7+, and
shell. In [17, 18] different choices for wavenumber sét§ q € %\ T+
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Fig. 3. Log-log-plot of the structure functiofvf) = (Ey) versus level num-

ber for the small cascade. At large scales, where the influence of dissipation
is negligible, classical scaling is observed. At small scales the turbulent mo-
T, -3 tion is damped by viscosity. The Reynolds numbeRis= 4.2 - 10°
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Fig. 2. The structure of a local cascade. Eddies of sizew 2~ L are {Tooy Ve
represented by their total enerdy,. Only modes of neighboring shells
interact, leading to a local energy transfer_. ¢+1(t). The cascade is driven 10 : . .
by injecting energy into the largest scale with rag™(¢). The turbulent 0 1.0 2.0 3.0 4.0

vT

motion is damped by viscous dissipation at a mjéi“)(t)
Fig. 4. Time evolution of the energy transfé@f_.1(t) from shell .7 to

shell .7Z;. Typical excursions are large compared with the mean value
(To—1) = €. The time is given in units of " = (Ep) /€, where(Eyp) is the

The driving forcef(k,t) is assumed to act only on the mean energy of the top level

largest scales, and controls the rate of energy iﬂélﬁ)(t).

As in [17] we choosé(k, t) to ensure constant energy input

T =€ : the individual Fourier modes. Figure 3 shows the scaling of
the mean energy in a log-log plot at a Reynolds number of

cu(k, £) 4.2.10°. The inertial range extends over three decades, where

f(k,t) = , forallk € .7 (11a) a power law very close to the prediction of classical scal-
Nlu(k, )] ing is seen. Below the 10th level the energies drop sharply
f(k,t) = 0 for allk ¢ . 7. (11b)  due to viscous dissipation. In Sect. lll we are going to turn

our attention to the small corrections to 2/3-scaling, hardly

. , . _visible in Fig. 3. Still, there are considerable fluctuations in
This leads to a stationary cascade whose statistical propertiegis model. as evidenced by the plot of the energy trans-
are governed by the complicated chaotic dynamics of thge i Fig 4. Typical excursions from the average, which is
nonlinear mode interactions. Owing to energy consenvationnormajized to one, are quite large. Ultimately, these fluctu-
viscous dissipation equals the energy input on average. Thgiions are responsible for the intermittency corrections we

Reynolds number is given by are going to observe.
LU eI2 Thus within the REWA-cascade we are able to numeri-
Re=" = = (Eo) v’ (12)  cally analyze the influence of fluctuations on the stationary

statistical properties of a cascade with local energy transfer
sinceT = (Ey) /e sets a typical turnover time scale of the on the basis of the Navier-Stokes equation. In Fig. 5 we
energy on the highest level. We belie¥eto be of particu- plot the time evolution of the energy on the second level
lar relevance, since the large-scale fluctuations of the energgf the cascade. One observes short-scale fluctuations, which
will turn out to be responsible for the intermittent behavior result from the motion of individual Fourier modes within
we are interested in. In [18], for example, time is measuredone cascade level. However, performing a floating average
in units of L?/3¢=1/3, which typically comes out to be 1/10th reveals asecondtime scale, which is of the same order
of the turnover time of the enerdy. As we are going to as the turnover time of the top level. As we are going to
see below, this is rather a measure of the turnover times ofee in Sect. 1V, this disparity of time scales is even more
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Fig. 5. Energy of a shell{ = 2) as a function of time. The rapid fluctuations
come from the motion of individual Fourier modes. A much longer time

scale is revealed by performing a floating average over one turnover timgyra greater. If for examplé?g is Iarger

of the second level (bold line). The time is given in units1of (Ep) /e
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(stoch) 24\ M2 5/8
TN () = R ( ., > (Be() Besa(1))*/*€ena(t) - (13b)
Te(in)(t) = b0 (13C)
T4y = (2 1) ?E,. (13d)

The white noise is represented By, i.e. (¢,(t)) = 0 and
(&e@)Er (t')) = 26006(t — t'). We use Ito’s [31] definition
in (13b). To understand the dimensions appearing in (13a),

note thatu, ~ Ezl/2 is a local velocity scale ankd ~ 2°/L is

a wavenumber. Thus (13a) dimensionally represents the en-
ergy transfer (10a). In (13b) the powers are different, since
¢ carries an additional dimension of/time'/2. It follows
from (13a) that the sign of the deterministic energy transfer

depends on which of the neighboring energigsor Ey.1

T () is posi-
tive, depletingE, in favor of F,.1. Hence the deterministic
part tends to equilibrate the energy among the shells. The

stochastic part, on the other hand, is symmetric with respect

pronounced on lower levels. The physics idea is the samg, he two levels? and ¢ + 1. This reflects our expectation
as in the microscopic foundation of hydrodynamics, wherey,a; in equilibrium it is equally probable for energy to be
conserved quantities are assumed to move on much slowel.aitered up or down the cascade.

time scales than individual particles. This motivates us to
consider the energy as the only dynamical variable of eachy,;
shell, and to represent the rapid fluctuations of Fig. 5 by ay

white-noise Langevin force. In this approximation we still
hope to capture the rare, large-scale events characteristic
intermittent fluctuations, since the conserved quantity is th
“slow” variable of the system. Similar ideas have also bee

statistical mechanical system [30].

B. The Langevin-cascade

In this model we take a phenomenological view of the pro-
cess of energy transfer. The chaotic dynamics of the REWA

cascade is modeled by a stochastic equation. We make su

to include the main physical features of energy conserva
tion and local coupling. In particular, the dynamics is sim-
ple enough to allow for analytical insight into the effects of
fluctuating energy transfer [20].

As in the REWA-cascade, the turbulent flow field is

described by a sequence of eddies decaying successivel

(Fig. 2). The eddies at length scales~ 2~‘L are rep-
resented by their energ¥f,(t). As before we restrict our-

The combined effect of (13a) and (13b) is that without
ving, energies fluctuate around a common mean value.
his equipartition of energy in equilibrium is precisely what

2, 33]. The only free parameters appearing in the transfer
re thus the amplitude® and R. If R is put to zero, the

l:Efs been predicted on the basis of the Navier-Stokes equation

: : 0 DE€Mmtion is purely deterministic, and one obtains the simple
advanced for the conservative dynamics of a non-equilibriumy

olution

2¢L 2/3
y)

This corresponds to a classical Kolmogorov solution with
no fluctuations in the transfer. The amplitudeof the de-
terministic part is a measure of the effectiveness of energy

EQ = c27@/3 with ¢ = ( (14)

transfer. On the other hand measures the size of fluctua-

fons. In [20] it is shown that a finité necessarily leads to
Intermittency corrections in the exponents. In the next sec-

tion we are going to determine the model parameters for the
two REWA cascades we are considering.

9. Determination of model parameters

The aim of this section is to explain the significance of the

selves to local energy transfer, and thus the time evolutiorP@rameters appearing in the Langevin model. We show that
of the shell energied,(t) is governed by (9). The crucial ©nly the combination?/D'? determines the nonequilib-
step is of course to choose an appropriate energy transféfUm fluctuations in the inertial range. But it is the same
Ty 1+1(t). For simplicity, we restrict ourselves to a Langevin cOmbination which also sets the width of teguilibrium
process with a white noise force. Thus the local transferd|str|but|0n of energies, if the chain of shells is not driven.

Ty—e+1(t) is split into a deterministic and a stochastic part
Toesa(t) = TS0 (&) + TS5 () where both parts should
depend only on the local length scale‘Z and the neigh-

boring energiesk;, and E,+;. The most general form di-

mensionally consistent with this has been given in [20]. For

simplicity, here we restrict ourselves to the specific form

®)

2@

532
L

T .= (BP0 - B (132)

Thus we are able to fix all the parameters necessary to de-
scribe the nonequilibrium state solely by measuring equilib-
rium properties.

The physical parameters of the turbulent cascade are the
length scalel of the highest level, the rate of energy input
¢, and the viscosity. The properties of the energy transfer
are determined by the dimensionless strength of the deter-
ministic partD and of the stochastic pai. In the previous
section we have seen thaf” = (2¢L./ D)?/3 sets an energy
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10 be level-independent. The large REWA cascade is compared

P(Eo/(Eo)) — REWA with a simulation of the Langevin cascade. Ori¢eDY? is
10't © Langevin ] adjusted, there is an almost perfect match between the two
models. This shows that the simple stochastic dynamics pro-
10°l ] posed here models the equilibrium distribution of the chaotic

fluctuations of Fourier modes very well. Most importantly,
" ] we have determined the only adjustable parameter of the en-

104 N ergy transfer of the Langevin cascade corresponding to the
1o ° two model systems we are considering:
— —1 —
o . . . pi2 = 1.729-10"* for the small cascade\ = 26), (16a)
0.5 0.75 1.0 1.25 15 R )
EoE,) D2 =9.968- 10 < for the large cascadeé\(= 74). (16b)

Fig. 6. Equilibrium distribution of the energy in the top level of the large  Ag seen from (16a), the REWA cascade with a Iarger num-

REWA-cascade [f' = 74), consisting of 7 shells. By adjusting the only a1 of modes has smaller fluctuations. This is not surprising,

parameterR/ D /2 the distribution of the Langevin cascade can be made . .

to agree within statistical error. The results fﬁ}/Dl/2 for both wave smc.e |arge ex_cur.s[ons of the,energy CorreSpond to a coherent

vector sets are given in (16) motion of the individual Fourier modes. The larger the num-
ber of modes, the harder this is to achieve, since the random

motion of individual modes tends to destroy correlations.

scale for the highest level, and this= E((,O)/e is a time In the next section, the fit (16a),(16b) will be used to
scale. Both scales can be used to non-dimensionalize (13a)pmpare nonequilibrium properties in the inertial range. All
giving information about possible differences between the small and

A (det) 1 (532 ~3/2 the large cascade has been condensed into a single number.
TZ—>Z+l(t) = Zé (E[ (t) - E[+1 (t)> (15a)

Titoeh) () = D]f/z 22/ B (1) Bpan ()Y € (1) (15b)  IV. Intermittency corrections

Té“”)(t) =1 (15c) We now turn to the inertial range fluctuations of the two
~(diss) () — _ o2t 17 cascade models. To allow for a direct comparison, we focus
) 27 (Re) " Ex. (15d) on the scaling of the energidg of one shell. The analogue

(15€)  of the moments of the velocity field usually considered in
Hence R/DY?2 is the only parameter characterizing the turbulence are the structure functions based on the energy

inertial range dynamics, which can be understood as foIIowsb(p) _ <Ep/2> 2=l (17)
At any level?, a timescale of deterministic transport is set ~ ¢ ¢ '
by rp ~ E¢/e ~ E;l/zr/D, where E, is a typical energy We concentrate on the small correctiong, to the scaling
scale and- = 27“L. This deterministic transport competes exponents as predicted on dimensional grounds. As seen in
with diffusion of energy introduced by the stochastic part Fig. 3, these corrections are extremely small, so that no sig-
of the energy transfer. Namely a timescale over which thenificant deviation from classical scaling is seen on the scale
energy E, can diffuse away is given byr ~ (FE,/A)?,  of the figure.
where A = RET_l/ZEj/A is the amplitude of the noise term. In order to know what to expect, we use the result of
Plugging in the expression from (13b) one ends up with[20] where we have computed the scaling behavior of a
~ rE-Y2/R2 and hence general class of stochastic models in a perturbation expan-
TR ~ B /RS, sion. To lowest order, the exponent corrections are given by
TR D the quadratic dependence

TD ~ RZ' = p
_ o o 66y =~ g0~ 3). (18)
In particular, the relative importance of deterministic trans- _ -
port and diffusion is independent of the level, and only de-Plugging the specific form of the energy transfer (15a), (15b)

pends on the combination d and R given above. into the formulae given in [20], we find

We are now left to determin&/D/? from an experi- R \2
ment which is independent of the nonequilibrium state. Toy, = 0,42( 1 2) , (19)
that end we consider a long chain of shell elements, for DY

which energy input as well as viscous dissipation has beeFor the small cascade this leads o= 0.013, which is
turned off € = v = 0). As a result, the energy will perform about 1/10 of the experimental value accepted for three-
fluctuations around some mean val{fg,). Using a similar  dimensional turbulence [5]. Therefore, it is more than ordi-
argument as above, the probability distributie(®,/ (E;))  narily difficult to measure the scaling exponents with suffi-
for the shell energies will only depend d&/DY? for the  cient accuracy to obtain significant answers for the devia-
Langevin model. Figure 6 shows the probability distribution tions from classical scaling. On the other hand, the number
for one level of a cascade with 7 shells. Except for someof modes in a REWA cascade being greatly reduced as com-
end effects at the lowest level, the distribution turns out topared with the full Navier-Stokes equation, we are able to
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Fig. 7. Convergence of the structure functidb('® = <E}j> on the 11th log, (B /B)

step of the small REWA cascade. We show the evolutioﬁ)ﬁ@ as func-
tion of the averaging timdy,, in comparison with the stationary values
D{®=tat) which are calculated by integrating over all initial values in the
data set. The error bars give the statistical error of the data as estimated
(20). The averaging timé&,,, is given in units ofl’ = (Ep) /e

Fig. 8. Scaling of the structure function@ﬁf’) = <Ef/2> with p =
3 (O) and p = 18 () versus level number (Standard) in compar-
t;son with extended self similarity (ESS) scaling afff}s) (d) versus
523)/15(()3). The structure functions are normalized by their power law fits:
plpmerm) = HP) p#)2=rt) in the standard plot and® ™™™ =
D j(AW(D® ) D®)r /<) in the ESS plot. Refer to Table 1 for the val-
simulate cascades with up to 17 levels, corresponding to §és of the exponents. Ir_lth(-_:- ESS plot the scaling range is more than doubled.
decades in scale. The numerical calculation is performed for the small REWA cascade
To obtain reliable results within the accuracy needed,

it is essential to disentangle statistical errors from system-
atic errors, introduced through finite-size effects or viscouscade only gradually recovers from this suppression, which
damping. To that end we individually assign statistical errorsleads to a faster rise in the level of fluctuations and thus
to every average taken. Figure 7 shows the convergence ¢@ a decrease in the local scaling exponent as reported in
the 9th moment of the energy on the 11th step of the small18]. Note that we show a “scatter-plot” of the data around
REWA cascade, which is the lowest level relevant to ourthe power Iawaf’) ~ 2% which represents our best fit.
fits. We plot the mean value, averaged over the time givenThus deviations from this power law are hugely exagger-
Evidently the fluctuations of this mean value get smaller asated and would not be visible on a customary log-log-plot.
the averaging time/,,, is increased. To obtain a quantita- The absolute variation ab{*® over the range of the plot is
tive measure of the uncertainty of tffe-average of some 21 orders of magnitude. Owing to the extreme sensitivity of
quantity z, we also consider the ensemble of averages obour plot, viscous damping is visible below the fourth level,
tained with different initial conditions. The result for the even for a cascade with 17 shells, as seen in Fig. 8. This
mean value and variance of this ensemble average is plotte@stricts the inertial range to four levels. We employ two
as circles with error bars in Fig. 7, whek takes the place different strategies to improve on this situation: (i) We plot
of 2. The variance is found equivalently as an integral overthe higher order structure functions against the third order
the temporal correlation function [34]: structure function, as suggested by the ESS method. (ii) We

1 Tov (Tuo , eliminate viscosity altogether by introducing a fluctuating
o2(T,,) = - / / [@;(ﬁ)x(ﬁ» () }dﬁde. (20)  eddy viscosity instead.

av JO JO It is known [6, 7] that extended self-similarity leads to a
This variancer(T},,) is seen to give a reasonable approxima- very considerable improvement of the scaling of experimen-
tion to the fluctuations of the temporal average. The variancdal data. Without any viscous corrections, the scaling behav-
for the largest averaging time available has been taken as tHer is unaffected, as seen in Fig. 8 in the fitting range marked
statistical error of a measured temporal average. “standard”. Below the forth level, however, the third order

Next we consider systematic errors in the computationstructure function suffers viscous damping quite similar to

of the scaling exponents. Deviations from power law scal-that affecting the other structure functions. Thus by plotting
ing are expected to occur on both ends of the cascade anﬂff’) on the abscissa, both effects are hoped to largely can-
have been studied extensively [17, 35, 18]. First, fluctua-cel each other. This is indeed true for the REWA cascade as
tions on the highest level are suppressed, since there is neell, where the scaling range has been extended to almost
coupling to a higher level, but deterministic energy input three decades. In Table 1 we have compiled various scal-
instead. Second, in the viscous subrange the energy is inng exponents for the small cascade. Except for the smallest
creasingly depleted by viscosity, leading to even more drasmoment, highly significant corrections to the scaling expo-
tic effects on the spectra. Both effects are strongest for theents are measured. The errors are based on a least squares
highest moments, which are most sensitive to large fluctufit with weighted averages [36], based on the statistical er-
ations. The 18th order structure function for a typical runrors as explained above. To make sure the results do not
of the small cascade is plotted as diamonds in Fig. 8. Thalepend on our choice of the inertial range, we also made
average on the highest level is considerably lower than exfits in ranges other than the one marked “ESS” in Fig. 8.
pected from scaling, as fluctuations are suppressed. The calamely, we variously shifted the fitting range by one level
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Table 1. Correction exponents of the structure functioﬁép) for p = 3.0

2,6,12 and 18 for the small REWA cascade. The exponents in column
ESS are determined by plottirfgfzp) versusf)ff) as suggested by extended

self-similarity. To obtain the values in column EV, viscous effects have
been removed entirely by introducing a fluctuating eddy viscosity. In the =
last column the prediction based on the Langevin model is given 3

p 8¢y (ESS) 8¢p (EV) 8¢y (Theory)
2 1.51073+1.510"%  1.410°3+2.1074 1.410°3

d(k,t)/(d(k

1.0

20|

L) L.lh

i M

6 —1.3102+ 5103
12 —7.51072+ 1.10°2
18 —1.810"1+ 2.10°2

—1.31072+1.10°3
—7.4107242.10°3
—1.910 1411072

—1.3102
—7.6102
-1.9101

KU

0.0
up or down, or took an additional level into account on ei-

| il ‘n, N \i\
M ”’ U” [" i

i fl

0 10 20 30

YT

40 50

th.er. end. In eaCh.Case.’ the values o.f the exponent; Werlﬁg. 9. Time evolution of the amplitudé(k, t) of the eddy damping (21) for
within the errors glvgn in Table 1. Typlcal aVerag,'nQ times k = 2lmax(1, 1, 1). The fluctuations mirror the highly intermittent behavior of
were 100 turnover times of the largest scale. This is abouUthe velocity modes on the 14th level. The numerical calculation is performed
10 times as long as in [18], as we base the turnover time ofith the small wave vector set. Time is given in unitsBf= (Ep) /e

the time scale of the energy. For comparison, we also supply
the value of the exponent correction as calculated from (18)15
and (19) on the basis of the known value®f D*/?, given

in (16a). There is no adjustable parameter in this comparison.o
with the theoretical prediction, since the noise strength was L

determined solely from thequilibrium fluctuations of the 05 |

REWA cascade. The excellent agreement found for all ex- ¢ «
ponents makes us confident that finite size corrections and® e R
viscous effects have been successfully eliminated, and we, ~ |
are measuring genuine properties of the inertial range. T
However, since there is no theory demonstrating that the, o | ~ A
ESS method leads to the correct inertial range scaling be- | - Kolmogorov scaling
havior, we have nevertheless attempted to eliminate viscous .5
effects by a second, and completely independent method. ~'*
This was done by putting = 0, and instead draining energy }
from the lowest shelZ;, ., using an eddy viscosity [37, 17]. Fig. 10. Anomalous scaling of the structure functicm(els), p = 18 for
In order to mimic inertial energy transfer into the subgrid :;‘/e Srﬁa” 'fr']fWA C;‘Sfa?eth Witg‘ the fddr{d"itshcosf_i:ty 321) on r”;e 'O‘l’)"eStl"i;{g'-

D(lS,norm) _
; ; { =
the equations as much as possible. We add a term fof comparison

D(k’t)z{—d(k,t)2‘“*|u(k,t)|u(k,t) : K € Fow

~ (18,norm) e
D; )

L log(

-10 -8 -6 -4 -2 0
-I=log,(r/L)

-12

0 : k¢ @Y
to the inviscid equation of motion (7a). The cut-off shell
Fhouty C T, cONtains all the wave vectors o¥,
which interact directly with modes of the shell which is
not resolved. The problem of this procedure is that (i) the
fluctuations in the subgrid scales are not accounted for, an ) .
(i) the amplitude to choose fai(k, ¢) is not known. Both Figure 10 shows the 9th moments of the energy as in

problems are addressed by using a method inspired by thgid- 8, but for the eddy-damped cascade. End effects at
work in [21]. The idea is to adjust(k, ) such that the small scales are very small, less substantial than on the

largest scales. Also shown are the error bars resulting from
the statistical estimate described before. The result of the fit
(22) ) o o ;

over the scaling range indicated is given in Table 1 for var-

which is valid exactly in a perfectly scale-invariant cascadelous moments. Again, the range of our fit was also varied,
[17]’ ana|ogous to the K0|mogorov structure equation [1] and the results are consistent with the errors given. The val-
The wave vectok’ € .7, 1 in (22) is a scaled copy of U€S of the exponent corrections are in excellent agreement
K € .F{out). In the long time limit, eacki(k, ) will converge with the values obtained from ESS. Furthermore, the error
to some average value, which is determined self-consistentl%5 even less than before, giving very significant deviations
from the dynamics of the cascade. But in that caseltitu- rom classical scaling. This is also seen from the dashed line
ationsof the subgrid scales would be missing. Therefore, well Fig. 10, which represents classical Kolmogorov scaling.
instead took the averages in (22) over just 10 turnover time&inally it should be noted that even for the long averag-
of the last resolved shell;,.... When{|u(k)[*) / {|u(k’)]*) ing times we use, some imbalances in the cascade remain,
was larger than 1/2, we increasék, t) by 5 %, otherwise =~ Which makeDf) deviate from its exact power law behav-
d(k,t) was decreased by the same percentage. Thus all ther of 2=¢. These deviations decrease in time and turn out

d(k,t) reflect the fluctuations occurring at the end of the
cascade, as seen in Fig. 9 for one of the amplitudes of the
small cascade. The average dk,t) becomes stationary

in the long time limit, but fluctuations are considerable, as
gxpected in an intermittent cascade.

1 . 1
(uP) = (Ju()) for k € Hjouny, k' = Ik,
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Table 2. Comparison of our best numerical estimate of of the intermittency 1.0 %5 T T o
. _ . . . g O =l

correctionu = 76'(6 for the RE_WA cascades W|th the_ theoretical prediction. % Re(CY (k1))/ Re(C™ (k,0)) g =1
In both cases, with the predicted exponents differing by a factor of three N O =2

. . 0.8
agreement is within error bars 2

u=-—6C 0.6 o
REWA: N=26 1.31072+1.1073 )
Langevin: R/DY?=1729.10~% 1.31072 04 I 3
REWA: N=74 5.3103+1.10°3 o
Langevin: R/D/2=9.968-10~2 4.2.10~3 0.2 o
B
0.00 PR 5 ' ’ 0.0 | mogo%dg@@@gmmmm:@oom
a B 8 . .
3G R g 0.0 0.1 0.2 0.3
=] -21/.
-0.05 | o ° g ] () /2%
o
. E Fig. 12. The real part of the autocorrelation functiof)(k,t) =
(u*(k, 0) - u(k, t)) normalized to its equal time valu€®(k,0) for the

040 | ° REWA:N=26 W . modek = 2¢(1, 1, 1) of the small cascade. Shown are the three top levels.

4 Langevin: R/D'/<=0.1729 ¢ The correlation function decays very quickly, reflecting the chaotic behav-

o REWA: N=74 ior of the velocity field. The time, given in units @f = (Ep) /e, is rescaled
015 | o Langevin: RD1/2=0.09968  *° 1 according to the classical predictio*) ~ 2-2/3 for the decay time
020 7 5 10 15 20 fluctuations of the cascade, their information about the dy-

namics responsible for these fluctuations is very indirect. So
. . . _ ultimately one has to look at temporal correlations as well

Fig. 11. Intermittency corrections for the two REWA cascades in compar- . . . .

ison with the prediction of theory. The error bars of the numerical valuest0 understand the dynamlcal origins of intermittency. In t_he

are based on a weighted least square fit, and are given exemplary for tHe@S€ Of the REWA cascade, one can look at the fluctuations

highest moment of the individual Fourier modes,

(K, t) = (u*(k,0)- u(k, 1)), (23)

not to be significant for many of our runs. However, we jyst as one does in studies of the full Navier-Stokes equation.
decided to normalize our results so as to substract remainye also expect the temporal correlations of the total energy
ing imbalances. So strictly speaking the values given for theyithin a cascade step to be of particular significance,

correction exponents in Table 1 are B) )
& p CE(t) = (BdO)E(t)) — (Er)?, (24)
es

= (s T3 since the conservation properties of the energy are respon-
. . sible for maintaining a turbulent state.
The same procedure has been adopted in previous work on The standard guess for the scale dependence of corre-

the subject [18]. L : :
Since the best error estimates are obtained by using a:i“on times is based on the Kolmogorov picture. Namely,

P

eddy-damped cascade, we are using this method for our fin ssuming that_the_typ|cal correlation tlm? is a local quantity,

. ’ . ; . the only combination of the length scale‘Z and the mean
comparison between numerlcal simulations and the _theoretlénergy transfer having dimensions of time leads to

cal prediction of the Langevin model. The result of this com-

parison foru = —6¢s is found in Table 2 for the small and the ., [(27'0)%/e] 3 (25)
large cascade. In both cases, numerics of the REWA cascade o ) ]

and theory agrees within error bars, the size of the exponeri{Ve test this idea by computing the temporal correlation (23)
corrections differing by more than a factor of three betweenOf @ particular mode of the REWA cascade, for three dif-
the small and the large cascade. This underscores the coffrent shells, as plotted in Fig. 12. The abscissa is rescaled
sistency of our results and demonstrates that the Langevificcording to (25), which makes all three correlation func-
model captures all the essential physics responsible for thions fall atop of each other. So it seems that if corrections
build-up of fluctuations in a local cascade. The same mestO (25) exist, they are so small that they need more sophis-
sage is contained in Fig. 11, which summarizes the exponeritcated methods to be revealed. .

corrections for both models. A better understanding of why ~ Next, we look at the temporal correlations of the energy
a model, which has the energy as its only mode works s@®n the highest level, plotted in Fig. 13. Apart from differ-
well, is supplied by a study of tiemporalcorrelations. At~ €nces in shape, the remarkable feature is that the typical

the same time it gives insight into the origin of intermittency decay time is more than 10 times as long as that of individ-
itself, at least in models with local coupling. ual Fourier modes. The temporal correlation is apparently

dominated by the long-time fluctuations of the energy al-

ready noted in Fig. 5. The rapid fluctuations representative
V. Temporal correlations of the individual Fourier modes appear to be completely un-

correlated. The physical reason is that many different modes
In the previous sections we have looked only at equal timewithin a shell contribute to these rapid fluctuations, which
correlations. Although they contain information about the are de-correlated through many random “collisions”. Just
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Fig. 13. The autocorrelation functio©™)(¢) of the energy on the top Fig. 15. Scaling of the correlation timeséE) of the energy correlation

level, normalized to its equal time V&|L@é )(0) for the small cascade.  fynction Cf,E)(t) for the small cascade. The fit corresponds‘rﬁ) ~
The energy decorrelates by more than a factor of 10 more slowly than &—o0.00# \hich is a very small decrease compared to the classical prediction
single velocity mode. The time is given in units Bf= (Ep) /e of (B ' 0—20/3

3~

4.0
loga (e} /5™) and are found to corroborate the scaling | i
20 | g law (26). As in the
o case of the top level of a Kolmogorov cascade, the correla-
0.0 7 tion time of the energy is slower compared to an individual
. ° Fourier mode.
2.0 . /,/’o This changes fundamentally when looking at lower shells
w0 o of a non-equilibrium cascade. For a turbulent cascade, one
: /,/’ o ® expects to recover th_e sca_lllng (25), since the cor_relatlon of
60| o o] the energies are defined in terms of local quantities only.
/ But remarkably, the scaling law (25) does not even approxi-
-8.0 . . . . . . mately describe the scaling @j‘E), which rather follows the
7 6 5 -4 -3 2 - 0 power law
-I=log»(r/L)
Fig. 14.Correlations times-z(“’E) for the small cascade in equilibrium, as a TéE) ~27% =009+ 0.02 (28)

function of the level number. The dashed line corresponds to the theoretical . . . .
prediction of (26). The time scale of the energy is longer than that of an@S S€€n in Fig. 15. This means the time scale of the mo-

individual mode by a factor of 4 on all levels tion of the energy hardly gets shorter at small scales. The
reason lies within the non-equilibrium properties of the cas-
cade: Once a large fluctuation of the energy has built up
like in a gas of particles, the complicated interaction betweeron the highest level, it can only relax by being transported
many modes tends to randomize the individual motions. to a lower level. Thus the same long time dependence is

If the small-scale fluctuations were a true random walk,imprinted on the lower level, which again can only be trans-
the energy would slowly diffuse to take arbitrary values. Butferred to the next level. Thus on a given leval| time
eventually the tendency of the dynamics to restore equilib-scales of the levels lying above appear, and apart form the
rium will drive the energy back to its mean value. This re- single rescaling (28) thehapeof the correlation function
guires a coherent motion of many individual Fourier modes,changes as well. This corresponds directly to the origin of
whose correlations need some time to build up. Thus théntermittent fluctuations itself: fluctuations amplify because
long time scale in the motion of the energy. So far the samdower shells are driven by slowly varying energy input of
argument would apply for a cascade in equilibrium, in thethe higher shells. Consequently fluctuations “ride” atop of
absence of driving. This is shown in Fig. 14 for a cascade ofthe long-scale fluctuations and amplify. By looking at cor-
8 shells, which all perform fluctuations whose static distri- relations between individual Fourier modes like (23) none
bution was shown in Fig. 6. Since the energies of all shellsof these long-range correlations are revealed. Correlations
fluctuate around some common valié,, and the local between the coherent structures of a turbulent velocity field
length scale is 2°L, for dimensional reasons the time scale will always be masked by the incoherent fluctuations of the
must be individual modes.

We checked the behavior of temporal correlations for
other mode selections as well, in particular for the large cas-
. . N cade with/N = 74 modes instead of 26. All the above obser-
The correlation times shown in Fig. 14 for both the energyyaiions on correlation times apply equally well. In fact the
and one of the velocity modes is calculated according 10 gisparity between the time scale of the Fourier modes and of

2 () (4) gt the energy is even greater on the highest. Ieye], since there
TLEE’U) - Joo G g 27) are more interactions to de-correlate the individual modes.
c{F (o) Our best fit for the correlation times of the energy leads to

T RARENY ol 7 (26)
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«a =0.11+0.02 for the large cascade, which agrees with theeven farther from equilibrium than a Kolmogorov cascade,
small cascade within the error. Further evidence for the corthe two models still compare quantitatively. This allows for
relation exponent of the energies being very small comparedn analytical description of the singularities of the Euler
with the Kolmogorov estimate is provided for by a simula- equation [41] in the approximation of local coupling.
tion of the Langevin cascade. Here we fing= 0.18+ 0.04, The second central point of our paper is to demonstrate
with no significant dependence on the value RfD/2. that intermittency exponents can be calculated for a com-
The smallness ofv is thus a fundamental property of such plex cascade with nonlinear, chaotic dynamics by analytical
a turbulent cascade, at least in the case of a linear chain afieans. The only piece of information one needs about the
turbulence elements. Only a cascade which also allows foturbulent flow concerns thimcal energy transfer. With this
a spatial resolution could potentially de-correlate through information, the global non-equilibrium properties determine
the interaction of turbulence elements with its neighbors inthe intermittency exponents, which is taken care of by the
space. analytical calculation. In a very interesting paper, Olla [42]
It is interesting to note that in a numerical simulation has recently carried out the same program directly from the
of isotropic turbulence Yeung and Pope [38] have foundNavier-Stokes equation. He assumes that the broadening of
very strong deviation from classical scaling as well. Theythe distribution of the velocity field from a scaleto r/2
looked at the Reynolds number dependence of the accelers adequately described in a Gaussian approximation. Thus
ation variance, which is a Lagrangian quantity. Like in our he is able to determine the analogue of the noise strength
case, including fluctuations of the energy transfer according?/DY? from perturbation theory. However, a major prob-
to Kolomogorov's refined similarity hypothesis [3] cannot lem of Olla’s work is that he also does not deal adequately
account for the corrections found. However, a meaningfulwith the spatial structure of turbulence, but rather maps the
definition of a Lagrangian quantity within our local approx- problem on the same linear cascade structure we are consid-
imation is difficult, since convection cannot be describedering here.
properly. Therefore we do not know how to relate our find- A remarkable feature of the cascades studied here is the
ings with the results of [38] directly. very slow de-correlation of the energy. This is surprising be-
The second consequence of the extremely slow deeause intermittency corrections are quite small, so one might
correlation of the energy is that the ratio of time scales ofhave expected to find all temporal correlations to be at least
the energy and that of individual modes rapidly becomesapproximately described by Kolmogorov theory. Instead, the
larger on smaller scales. In the Langevin description theexponent for the decay time of the energy was typically five
white noise term represents the irregular motion of indi-times smaller than the value predicted by classical scaling.
vidual Fourier modes, while our main interest lies with the In perturbative analyses of the Navier-Stokes equation [33]
large-scale fluctuations of the energy. In the scaling limitdecay times of Fourier modes are usually approximated by
we are interested in the disparity between these scales bér?/e)/2 as in (25). Our simulations of the REWA cascade
comes infinitely large. Thus a white-noise description shouldconfirm that this is a good guess. But by restricting attention
become better and better in the relevant limit. to individual Fourier modes, one is missing other very long
time scales of the system, like the decay time of coherent
structures, which may be dynamically important.
VI. Discussion The most pressing problem remaining with the present
mode representations is that the intermittency effects are
We have investigated mode-reduced approximations of theuite small. Thus some important physical features are still
Navier-Stokes equation and found them to have anomaloumissing. The most likely reason is the fact that a given eddy
scaling exponents in the inertial range. Intermittent fluctu-only feeds a single substructure, instead of branching out
ations come about through rare excursions of the energyo several smaller structures overlapping with it in physical
from its mean value, which originate from the top levels space. It has been shown [27, 19] that such a tree struc-
of the cascade. They are thus well described by a whiteture may strongly enhance intermittent fluctuations, owing
noise Langevin process, whose random forcing represent® competition between different eddies on the same level.
the motion of individual Fourier modes. The analytical so- The procedures of the present paper can be carried over di-
lution shows [20] that such a Langevin cascade necessarilyectly to this physical situation, as analytical solutions of
exhibits corrections to the classical scaling exponents. It ighe Langevin model with tree structure are available as well
thus hard to see hoany cascade with local coupling could [43]. Unfortunately, there is no technique available which
avoid intermittency corrections in the inertial range, since forwould link the Navier-Stokes equation to a cascade coupled
a chaotic motion there will always be fluctuations, and thuslocally in real and ink-space in a rational way. Since the
R/DY? £ 0. In fact, as pointed out by Kraichnan [39], the value of intermittency exponents depends significantly on
only mechanism by which such fluctuations coulddveided  the properties of the local couplings [35], no quantitative
is by sufficiently strong mixing in space, which inspace prediction for real three-dimensional turbulence is possible
would be represented by non-local interactions. The fact thatising the more general tree structure.
our simple Langevin model gives an excellent description of ~ An interesting fact revealed by our analysis is that the
a complicated network of Fourier modes is also highlightedvalue of the correction exponents depends considerably on
by the excellent agreement in an equilibrium state. We havehe mode selection. There is a tendency, observed earlier
recently extended the comparison between the Langevin anfd 8], for the size of fluctuations to decrease with the num-
the REWA model to the formation of singularities in the ab- ber of modes per shell. In [18], mode systems with up to 86
sence of viscosity [40]. In this case, which represents a statemodes per shell have been considered, which also allow for
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more distant interactions between shells. Although it is inter- 2.
esting to look at the significance of more distant interactions,
it does not remedy the fundamental problem of the present3:
approximation, which is that the number of modes does not 2
proliferate on small scales. In terms of interactions, there
is still no competition between modes of the same scale.g.
Thus no conclusions about the true intermittency exponents
can be drawn from including more modes, as long as the7.
spatial structure is not respected. In fact for a tree struc-
ture the number of localized boxes would increase like 2
each with a constant number of mod&s Comparing that
with the total number of Fourier modesa(3)(2® — 1)2% 11
within a shell for three-dimensional turbulence, one obtains
the estimateV ~ 28, which is close to the numbey¥ = 26 12.
of our small cascade [44]. Thus the small cascade alread}?:
represents a physically reasonable choice for the number Qlf4
locally interacting Fourier modes. ’
Finally we mention the so-called GOY model [45, 46], 15,
which contains only one complex mode per shell, and whichise.
has attracted considerable attention recently. Although it has
no spatial structure, the intermittency exponents are compat’-
rable to those of real turbulence, which seems to contradic
our above observations. We believe that the mechanisms gg'
work are somewhat different here, since there exist pulses;.
which run down the cascade. These global coherent moz2.
tions are much more effective in transporting fluctuations to23.
smaller scales than in REWA cascades, where such structuré$:
are destroyed by intra-shell mixing. A separation of time
scales between the total energy and the individual modes of;
a shell evidently does not exist. Another fact which pointsg.
to global structures is the dependence of intermittency ex=29.
ponents on the form of viscous dissipation [46]. Still, this 30.
simple model remains interesting in particular in view of the
analytical theory which has been developed for its inertial
range properties [47], and which has a number of similarities;,
with the one developed for the Langevin model [19, 20].
To conclude, we have investigated in detail how local
coupling leads to intermittent fluctuations. In spite of many
other interesting proposals, Landau’s and Kolmogorov's34:
original arguments remain among the most powerful for their
understanding.
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