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Pick something that interests you
fill in details and expand
We will work on R you can adapt
to other spaces e.gs
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É lsnd

the F of f

Fcy 5 f y FG e xy dx
IR

with e x earix

Define nine product and never

f f
a
F x f x dx UFU FA

Thull
i F L R L or is unitary

i e

fi f f f
ii F PF FP Pf e f x

explicitely g 1
f x fan f y e x y dy

Pref DIY In
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In particular i A F f U HF
Also note Ella AFU

Ya 1 ft ett y de

Now restrict to Schwartz class T IR

f e c IR ftp.psoo BEZ o

with seminorm CastinteBog but If 0 f 0

If a z sup
elan

DB FG

T xt Do D D

B multi wider D art
1 9 t tn

Also define multiplication operator M
by Mj f x f x

m f x T f x

with this

If lo 11MtDP F has

Note J R C LP R 1 1

I p as
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Thints a s a

i fe Y R Mjf D f F FEY OR

ii f f E Y OR AD fife T OR

Proof
i a D f E J IR follows from def
i s Mjf Y OR follows from the

commutation relation Heisenberg

D M D ME MD i 2

Repeated application allows us to
write

D My D Mj D art

Mj D poly Dj
Claim now follows from def

use Δ inequality

i c To prove FF E Y ARD note that
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Mj D f f y
u

y f x f x e x y dx

12

i y fun Mpif x e x y de

by parts i D Mj f e e ey d

I F D M f y
Thurs

MT DP F I IDT MP 1 3

This yields
A MTDP F F has 115 DoMP f Has

11 D MPF 11 as

TCU by a b

ii Use Leibniz rule
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Convolution
f f x f x x f x dx

K

5 f if Ff Ffa 1 4

Proof
fife x f y f y e x y ye dydyz

Sf y ya f ya e x y dy dy
5 1 Ff Ffa x Da

Example Gaussian

Q Man R symmetric pos def

f x e
t Qx

5 f y If e y a y

or more symmetrically

f x deta e
x Qx

Ff y
det Q

1
e ry Q y
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Proof

F y e
Tx Qx 2T x y de

complete the square

Jm e
t x iQ'y Q x iQ'y ty.Qlyg

e ty.Qyf
tw.Qw dw

R

diagonaliseIe qwit.tqnwi dw

9570 ev's of Q

I éᵗᵗ dt

1 t
in I

o
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Tempfhht.fi yiciryanaltoY R

Y IR biew maps Y IR

f f u f u f
in 9 IR in

Define topology on Y R by
uj u if u f u f FESAR

Define More Don Fu Y IR

by Mtu f u MTF fET R

D a f 1 u Df
Fu f u Ff

It is helpful to identify a with a

function via

m f f x g x dx
42

More Mtg
D're D g
In F g
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Exclet Divac measure u f f x

5 f s F F f f y el xy dy

Example 2 miagniary Gaussian exercise

F Man R symmetric det Q 0

u f fk g x dx g x e x Qx sgn Q

ÉᵗsgnQ tens
5 g y e Y Q y evs
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IE m
Do in

Recall 1.3 which says in particular

Mt I F DT DP F 1 F MP 2 1

This means that the Fowier transform
intertwines multiplication by and

differentiation

What about multiplication by e p e

Define
59 f x f x g 2 2

TP f x e p x f x

Their

TP F F SP SP f It p 2 3
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Proof
FF f y e p y FG e Exoy dx

f f x e x p y dx

f xip efx y dx

f s f e eft y de

F's f y
Mse

Therefore formally

TP e p M M Yun

59 5 9

e g D
D

What about the analogue of Heisenberg's
commutation relations
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TP 59 f x e p x F x g

59 P f x TPF x g

e px pq f x g
and so

59 TP e p q PS9
or more symmetrically

e 9 TP 59 e IP 59 TP 2 4

So far we considered multiplication
by and by e p x and

the corresponding differentiation and
translation operators

Aim to each a T 1122 symbol
associate operator Op a quantisation
such that formally but see discussion

of tempered distributions

a x y e px Op a TP
a x y e gy Op a 59
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Fourier expand

a x y a p q e px gy dp dg

I
Op a a p q e E TP 59 dp dg

Weyl quantisation
could use other conventions

Consider action on f E Y IR

Op a f x

p q e 18 p x f g dpdg

4 1
2nd P y x e 4 p f y dpdy

2 y e x y y f y dy dy

This is the usual formula for the Weyl
quantisation of the symbol a

2 4



Tunnel Let ae SCIR Tuan Op a

can be extended to a contrinous map

Op a Y R Y IR

with
Op a Op a 2 5

So real symbols correspond to formally self adjoint ops

Proof
op a FG Kalty f y dy

R
with kernel

Kalty y e k y y dy

I a x y

Kal Y IR x IR 2.6

Define Op a w with me 8 IR by

Op a a f f u Kalx f x dx
112

set h x a Ka x 2.7
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Tuen th e Y IR by 2 6 and the

linearity of u Hence Op a maps

Y IR to 9 IR

To establish the continuity of this

mapping assume up U i e

uj f u f f e y Irn

But then hj x h x XEIR

where hit kj Ka x and

g as above

For the proof of 2 5 note that the Kernel

of Opt a is

Kalyst Ka x y Kernel of Op a

Re

We now turn to Op a corresponding to

tempered distributions

2 6



For me 9 R identify with fet a

via

u f f x y a x y dedy
Define 1122

Op a f x Kalt y f x dx
112

where Ka corresponds to

Ua E J IR x IR deferided by
Ua F F x y Ka x y dedy
F E Y IR Rk

Hence for F E G IR Op a f
defies an element in 5 IR and

we obtain

T.hu 2 LetaeY IR Then Op a

can be extended to a continuous map

Op a Y IR 9 IR
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We conclude this lecture by generalising
the commutation relations 2.3

set 3 i e 5

Fyfe
let a e 9 1122 or e g Rn

Op a F 5 Op a 03 2 8

Proof Recall

Op a a p q e E TPS dp dg

So Op a F

L a p q e E TP 59 F dp dg

Ée E FSPT 9FE.ae ft 9g

5 Jan a q p e E P 59 dpdg
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Op ao

suice

a o x y a y x

fat p q e py q x dg dp

Ja q p e px gy agdp

no
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EIE.EEatoyintegratsandsSemiclassicaIFouriertr
ansforms

F f y 4 f x en x y dx

with en x e E eatt
Define dilation An f x 4ᵗʰ f hx

Note MA n f U If 4 i e

An is unitary
Furthermore

Fn A if Fan 3 1

Proof
Ai Ff y 6 F F Wy

4 fuf x enl x y dx

4ᵗʰ Jan f hx e xy dx
3 1 FIFE



3 1 Fn is unitary sice and An are

Note also

D An An hD KM An AnMj 3 2

Proof
D An f x L D f h x h An Djf x

M An F x Li hx h f hx 4 A M f x

E
which in turn implies cf 2 1

Mj Fu F h L D Fu Fu Mj 3 3

Proof

Mj Fu M FA F D An Fan hDj
4 D Fn h Dj F An h F M An FyMj

Re
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Heisenberg
Twn3I uncertainty principle
For f E L Rm with If U 1

11M f 11 Mj Fuf 11 t

Proof
11M f 1,11 Mj Fuf 11 11 Mif 11 11 Fu h D Fl

Fn unitary
h 11M FU 11 D F U

Candy Schwerz
11M f U H D FU 1 Mjf D f 1

1m Mjf Dif
Now

Mjf D f f M D f
and also use int by parts MIDI fD M f f

Et M D f f

tri fMjDjF7
Take average of these two expressions
Then Im Mjf Dif Ee

3 3



The uncertainty principle says that a

fat f and its semiclassical FT fuf
can't be smiltoniously highly localised

ÉÉÉ 4 4 x IETC.IR 11412 1

Then If 12 1

and 70 3 DEC IR compact sit

J f x Pdx 1 e

4K localised in 4 The
On the other hand
F f y Jan 4 h x entry dx

L I ut dy
is localised in 41 6

ye
best simultaneous
localisation for
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Asympotics as h 0

let f E J R YEIR 770ʰ

iTf f y ly t 11 D f 111 4101

That is Fu f y Cn h N 1
P depends on y f

Proof F f y An Ff y 4 Ff Wy

5 f Wy w 1 1 Iffy
FD f city
11 D f 111

Special case of oscillatory integral
here with biear phase

We consider more general phase functions
in 54
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Setationaryphase
For fe C IR f E C IR 4 0

define the oscillatory integral

In In f 4 f x e 4G do

11 1 x x it tt

That Non stationary phase
Assume Ifupp1044711 0

Then N 3 Cn S.t

In f g Ca 4N

Proof Define brier operator L by

Lga Htp DYE D g x

1

Then for gu t en 4K
we have L gu L gu

Work out the adjoint of L
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In FG g x ax

File Big a

DjFj x g x dx

112

Sin F G g x dx

D LA f x D FG

and f Y N

suice ID f x 1 D 4G is in C IR

Now

In Spn FG gu x dx

Nfpa f G Lugu G dx

4N E f G guk dx

WALE FU Me
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What if DYK 0 for some

stationary phase

We start with the special case of the

quadratic phase f x x Qx

Note 24k Qx
detQ 0

Q Q
real

so DYK 0 x 0

sice def Q 0
to 2

Twn4.2 Quadratic stationary phase

ei sgnQ
In f 4 4

I

ÉÉ D Q'D f o Of V

For explicit
dependence on

f see proof
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Proof Example 2 in 1 yields
we also

In f 9 SFG en ax de
É

L Sftp ec Ey a y dy

I
f

Julf ÉÉ i Fly y.at dy

T

Ru.NET
error term

Fly yay ay JM.ci f y

dyMFEDD.Q'DYF O

D.Q'D F o

Now replace f F to get formula

for In f y
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Error term

Ru N f h t

nfT y ay et E y Q'y dy dt

So

I Run f it i t at

n
F y y.Q.ly dy

TE

NI

C
yqzn n

of 111

suice 11 w̅ 111 A year
11Dec 11
Exercise
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Def f E C IR IR has non

degeneratecritical point at toe 12 if

29 to 0 and detay to 0

2 2
2g

syn 224 x t ve evs ve evs

Thm4.2_ Morse Lemma

IE CP IR IR with non deg crit pt
at Xo Then I neighbourhoods O E UC IR

to E V C IR and a differ
r v re

s.t

yo f
1

x 96 x Qox

where 0

Qo
n

1mn
r ve us of 2 Y to

Proof See Zworski Theorem 3.15
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Tu4.3_ General stationary phase
Let f e CP U2 to non deg crit.pt
of 4 24 x 0 suppf to

Then there exist diff opperators Azu

of order 2k sit

In f 4 Ack f Ko 4ktE en Y o

Of q 4N E

where

Y i
Proof W 1

og Xo 0 Y o 0 24 o 0

Let X E CE IR sit supp X CU and

x 1 in a neighbourhood of 0

In f 9 In X f 4 In 1 x f y

apply Thn4 tl

Q LM
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In e f 4 f x e 44 do

I r x

F r x en Y r x det 2 5k ok

HEY F x en ix Qo x de

Fk F r x det 2 re

Now apply quadratic stationary phase
Theorem 4 2
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