THE ASYMPTOTIC DISTRIBUTION OF FROBENIUS NUMBERS
JENS MARKLOF

ABSTRACT. The Frobenius number F'(a) of an integer vector a with positive coprime coef-
ficients is defined as the largest number that does not have a representation as a positive
integer linear combination of the coefficients of a. We show that if a is taken to be random
in an expanding d-dimensional domain, then F(a) has a limit distribution, which is given
by the probability distribution for the covering radius of a certain simplex with respect to a
(d — 1)-dimensional random lattice. This result extends recent studies for d = 3 by Arnold,
Bourgain-Sinai and Shur-Sinai-Ustinov. The key features of our approach are (a) a novel in-
terpretation of the Frobenius number in terms of the dynamics of a certain group action on the
space of d-dimensional lattices, and (b) an equidistribution theorem for a multidimensional
Farey sequence on closed horospheres.

1. INTRODUCTION

Let us denote by Z¢ = {a = (a1,...,aq) € Z% : ged(ay, . .., aq) = 1} the set of primitive
lattice points, and by Z <o the subset w1th coefficients a; > 2. leen ac Z>2, it is well known
that any sufficiently large integer N > 0 can be represented in the form

(1.1) N=m-a

with m € Z‘éo. Frobenius was interested in the largest integer F'(a) that fails to have a
representation of this type. That is,

(1.2) F(a) =maxZ\{m-a>0:m¢c 72 Sot-

We will refer to F'(a) as the Frobenius number of a. In the case of two variables (d = 2)
Sylvester showed that

(1.3) F(a) = ajas — a1 — as.

No such explicit formulas are known in higher dimensions, cf. [13], [14], [19]. The present
paper will discuss a new interpretation of the Frobenius number in terms of the dynamics
of a certain flow ® on the space of lattices T'\G, with G := SL(d,R), T’ := SL(d,Z). This
dynamical interpretation is a key step in the proof of the following limit theorem on the
asymptotic distribution of the Frobenius number F'(a), where a is randomly selected from the
set TD = {Tz : « € D}, with T large and D a fixed bounded subset of R%

Theorem 1. Let d > 3. There exists a continuous non-increasing function ¥q : R>o — R>q
with W4(0) = 1, such that for any bounded set D C ]R‘éo with boundary of Lebesgue measure
zero, and any R > 0,

F(a) vol(D)
14 lim — Z TD: = g .
a m rew{eeBanTD: oSy > Ry = 2w
Variants of Theorem 1 were previously known only in dimension d = 3, cf. [7], [21]; see also
[3], [4] for related studies and open conjectures, and [2], [7] for results in higher dimensions.

The scaling of F(a) used in Theorem 1 is consistent with numerical experiments [5, Section
5].
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We will furthermore establish that the limit distribution ¥4(R) is given by the distribution
of the covering radius of the simplex

(1.5) A={zecR' :z e<1}, e:=(1,1,...,1),

with respect to a random lattice in R4~!. Here, the covering radius (sometimes also called
inhomogeneous minimum) of a set K C R4~! with respect to a lattice £ C R9~! is defined as
the infimum of all p > 0 with the property that £ + pK = R4,

To state this result precisely, let Z9~1A be a lattice in R%~! with A € G := SL(d — 1,R).
The space of lattices (of unit covolume) is I'o\Go with I'y := SL(d—1,Z). We denote by pg the
unique Go-right invariant probability measure on I'g\Go; an explicit formula for g is given in
Section 3.

Theorem 2. Let p(A) be the covering radius of the simplex A with respect to the lattice
Z3=1A. Then

(16) \I/d(R) = Mo({A € Fo\GO : ,O(A) > R})

The connection between Frobenius numbers and lattice free simplices is well understood
[9], [16]. In particular, Theorem 2 connects nicely to the sharp lower bound of [1] (see also
[15]):

F
(a) with p, := inf p(A).

1.7 2 P
(1.7) (a1 ---ag)t/(@=1) =P A€To\Go

It is proved in [1] that p, > ((d — 1)!)Y/(@=1) > 0, and so in particular
(1.8) Uy(R)=1 for 0 <R < ps.

An explicit formula for ¥4(R) has recently been derived in dimension d = 3 by different
techniques, cf. [21]. In this case p, = v/3.

It is amusing to note that all of the above statements also hold in the trivial case d = 2,
except for the continuity of the limit distribution: By Sylvester’s formula (1.3)

1 (R<1)
(1.9) Vs(R) {0 (R>1).
The covering radius of the simplex A = [0, 1] with respect to the lattice Z is p(1) = 1. Z is
of course the unique element in the space of one-dimensional lattices of unit covolume, and
hence (1.9) follows also formally from (1.6).

We now give a brief outline of the paper. Section 2 explains the aforementioned dynam-
ical interpretation of the Frobenius number in terms of the right action of a one-parameter
subgroup ®' on the space of lattices I'\G: We show that there is a function W5 of I'\G
that produces, when evaluated along a certain orbit of ®', the Frobenius number F(a). This
observation is the crucial step in the application of an equidistribution theorem for multidi-
mensional Farey sequences on closed horospheres in I'\G, which is proved in Section 3. A
useful variant of this theorem is discussed in Section 4. Section 5 exploits the equidistribution
theorem to give upper and lower bounds for the lim sup and lim inf of (1.4), respectively, and
the purpose of the remaining Sections 6 and 7 is to show that the lim sup and lim inf coincide.
This is achieved by relating the limit distribution W4(R) to the covering radius of a simplex
with respect to a random lattice (Section 6), and proving that ¥;(R) is continuous (Section
7).

The results of Sections 3 and 4 provide a new approach to Schmidt’s work [17] on the dis-
tribution of (primitive) sublattices of Z¢. Appendix A illuminates this connection by deriving
a generalization of Schmidt’s Theorem 3 in the case of primitive sublattices of rank d — 1.
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2. DYNAMICAL INTERPRETATION

Let G := SL(d,R) and I' := SL(d, Z), and define
lg-1 0 lg1 ‘'z e g ‘0
(2.1)  ny(x)= < dml 1) ) n-(zx) = < d01 1> ) o' = < Od ' e(d—l)t) :

The right action
(2.2) NG —TI'\G, M~ TM®

defines a flow on the space of lattices I'\G. The horospherical subgroups generated by n (x)
and n_(x) parametrize the stable and unstable directions of the flow ®¢ as t — co. This can
be seen as follows. Let d : G x G — R>q be a left G-invariant Riemannian metric on G, i.e.,
d(hM,hM") = d(M, M) for all h, M, M’ € G. We may choose d in such a way that

(2.3) d(n=(z),ns(2)) < llz -2,

where || - || the standard euclidean norm. Note that n_(x)®* = ®'n_(e®x). Hence, for any
M e @G,

(2.4) d(Mn_(z)®', M®") = d(M@tn_(edtw),Mq)t) = d(n_(edt:n), 1q) < x|,

which explains the interpretation of n_(x) as an element in the unstable horospherical sub-
group. The argument for n, (x) as the stable analogue is identical.

In the following we will represent functions on I'\G as left I'-invariant functions on G, i.e.,
functions f : G — R that satisfy f(yM) = f(M) for all v € T'. The left G-invariant metric
d(-, -) yields thus a Riemannian metric dp(-, -) on I'\G by setting

(2.5) dr(M,M") := milgld(M,'yM/).
e

Indeed, the left G-invariance of d implies dp(yM,M') = dp(M,M') = dp(M,yM') for any
vyel.

The aim of the present section is to identify a function Ws on I'\G that, when evaluated
along a specific orbit of the flow ®!, produces the Frobenius number. (As we shall see below,
the situation is slightly more complicated in that W also depends on additional variables in
Rd_l.)

We will assume throughout that a € i%Q Following [8], [18] we reduce the Frobenius
problem modulo ag4. For r € Z/a4Z set

(2.6) F.(a) =max(r+aqZ)\{m-a>0:m¢c Z‘éo, m-a=rmodag}
Then
(2.7) F(a) = max F,(a).

r mod ag

Consider the smallest positive integer that has a representation in r mod ay,
2.8 Ny(a) =min{m-a>0:meZ%,, m-a=rmoday}.
>0
Then F.(a) = N,(a) — ag. We have in fact

(2.9) N,(a) = {ad (r =0 mod ag)

min{m’-a': m' € ZL', m’ @’ =r mod ag} (r # 0 mod ag)

with @’ = (a1,...,a4-1). In view of (2.7) we conclude
2.1 F(a) = N, — ag.
(2.10) (@) = e r(a) —aq
We assume in the following a1,...,aq9-1 < aqg < T, and 0 < § < % For r # 0 mod ag we
then have
)
(2.11) Nr(a):min{m’~a’:m€ZiolXZ, m.ar‘<;d}.
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For & = (¢',¢,) € TY = R4/Z%, set

(2.12) N(a,&,T) = min, {<m'+e'>~a' img € (L4 NRE xR, [(m+8)-a| < 5“61},

T

where miny is defined by

minAﬂRzo (Aﬁ RZO 75 @)
0 (AQRZO = @)

It is evident that N(a,&,T) is indeed well defined as a function of £ € T?, and furthermore
N,(a) = N(a, (0,—L),T).

(2.13) ming A = {

aq
Lemma 1. Let a = (ay,...,aq) € 2%2 with a1,...,0q9-1 <ag<T,0<§< % Then
(2.14) F(a)= sup N(a,&,T)—e-a,
§eR?/z4

where e = (1,1,...,1).
Proof. Substituting &; by &5 — &' - ;‘—;, we have

(2.15)

sup N(a,&,T)
geRd/z4d

= sup min+{(m/+€’)'alim+€€(Zd+£)ﬂRiﬁlxIRi,
£'elo,1)d-1 Z
£4€TH

da
m-a—i—{dad‘ < Td}

da
m-a+ &yaq < d}

= sup min+{(m'+§’)~a’:m€Z§01XZ, T

¢'gf0,1)d-1
£4€T?

= sup ming {m' -a':me Z%l A
£q€T? -

)
m-a+ &aql <;d}+e-a’,

where e = (1,1,...,1). The second equality follows from the fact that for 1 < j < d,
mj + & > 0 implies m; > 0 since m; € Z and &; € [0,1). We observe that, since 5‘% < %
and m - a € Z, we can replace in the inequality |m - a + {ja4| < 5‘% the quantity &gaq by its
nearest integer, say s. That is, (2.15) equals

(2.16) sup ming {m’ -a'tme chjl X Z,

s mod ag

m-a+s}<@ +e-d
7 .

The case s = 0 mod a4 does not contribute (because then m = 0 achieves 0 as minimum).
Since 0 < a; < aq we thus obtain

(2.17) max N,(a)= sup N(a,&T)—e-d,
r#0 mod aq geRrd /zd
and the lemma follows from (2.10). O

Let Wy denote the function RSI xG =R, (a,M)— Ws(ax, M), given by

(2.18) Ws(a, M) = sup ming {(m +&)M - (a,0) : m € Z%, (m + &M € R;}
£emd
where Rs = Rif)l x (—0,0). Note that for every v € T
Ws(o,yM) = sup miny {(m + &)yM - (a,0) : m € 7 (m+ &)yM e Rs}
gemd

= sup miny {(m+&)M - (,0): m € Z4, (m+ €)M e Rs}.
£ETdy

(2.19)



THE ASYMPTOTIC DISTRIBUTION OF FROBENIUS NUMBERS 5
Both Z% and T¢ are T-invariant; thus
(2.20) Ws(a,yM) = Ws(ex, M)
for all o € RY', M € G and 7 €T

Combining Definition (2.18) with Lemma 1 (set t = —f) we obtain:
Theorem 3. Let a = (a1,...,aq) € Z>2 with a1,...,a4-1 < ag < @Vt and 0 < § < %
Then B
(2.21) F(a) =e'Ws(a',n_(a)?') — e a,
where
!/
(2.22) a:a:<‘”,...,ad‘1>.
aq aq ad

3. FAREY SEQUENCES ON HOROSPHERES

Denote by p = pg the Haar measure on G = SL(d,R), normalized so that it represents
the unique right G-invariant probability measure on the homogeneous space I'\G, where I" =
SL(d,Z). By Siegel’s volume formula
(3.1) dp(M)= = (¢(2)C(3) () ™" det(X)™ H dXij,

,j=1
where X = (X;;) = t'/?M € GLT(d,R) with M € G, t > 0, cf. [10], [22]. We will also use the
notation g for the right Gp-invariant probability measure on I'g\Gp, with Gy = SL(d — 1,R)
and I'o = SL(d — 1, Z).
Consider the subgroups

(3.2) Hz{MEG:(O,l)Mz(O,l)}:{(‘g tlb> AcG, beRd—l}
:1.2) FHzrmH:{<g ?);7€F07mezd—l}‘

Note that H and 'y are isomorphic to ASL(d — 1,R) and ASL(d — 1,Z), respectively. We
normalize the Haar measure pg of H so that it becomes a probability measure on I'y\H;
explicitly:

(3.4) g (M) = dg(A)db, M = <‘3 ;”) .

The following states the classical equidistribution theorem for ®!-translates of the closed
horospheres T\I'{n_(z) : « € T"!} on I'\G; cf. [11, Section 5].

Theorem 4. Let \ be a Borel probability measure on T4, absolutely continuous with respect
to Lebesgue measure, and let f : T9~' x I'\G — R be bounded continuous. Then

(3.5) lim f(z,n_(z)®@") d\(z) = /Td_IXF\Gf(a:,M) d\(x) du(M).

t—o00 Td_l

A standard probabilistic argument [20, Chapter I1I] allows to reformulate the above state-
ment in terms characteristic functions of subsets of T4~ x T'\G.

Theorem 5. Tuke X\ as in Theorem 4, and let A C T x T\G. Then

(3.6) ligiogf)\({a: e T (z,n_(2)®") € A}) > (X x p)(A°)
and
(3.7) limsup A({z € Tt (z,n_(z)®") € A}) < (A x p)(A).

t—o0
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Remark 3.1. This shows that Theorem 4 can be extended to test functions f that are char-
acteristic functions of subsets of T?! x T'\G' with boundary of (A x u)-measure zero [11,
Sect. 5.3], and thus also to functions that are the product of such a characteristic function
and a bounded continuous function.

We will now replace the absolutely continuous measure A by equally weighted point masses
at the elements of the Farey sequence

(33) Fo={E e () e 0<a2Q},
for Q € N. Note that

Qd
d¢(d)

It will be notationally convenient to also allow general @) € R>; in the definition (3.8) of Fg;
note that Fg = Fjg) where [Q)] is the integer part of Q.

(3.9) [ Fal ~ (Q — o0).

Theorem 6. Fiz 0 € R. Let f : T 1 x T\G — R be bounded continuous. Then, for
Q= e(dfl)(t*0)7

(3.10)  lim > f(rno(r)@h)

t—o00 ‘FQ‘ T'G]:
= d(d — 1)eMd=1e / / fla, MO ) da dpuy (M) e~ M43
Td-1xTy\H

with f(z, M) := f(x, M.

Remark 3.2. The identical argument as in Remark 3.1 permits the extension of Theorem
6 to any test function f which is the product of a bounded continuous function and the
characteristic function of a subset A C T?~! x I'\G, where A = {(x, M) : (x, 'M~!) € A} has
boundary of measure zero with respect to da dugs ds.

Proof of Theorem 6. Step 0: Uniform continuity. By choosing the test function f(x, M) =
fo(x, M®~7) with fo : T* ! xI'\G — R bounded continuous, it is evident that we only need to
consider the case 0 = 0. We may also assume without loss of generality that f, and thus f, have
compact support. That is, there is C C G compact such that supp f, suppfc T x T\I'C.
The generalization to bounded continuous functions follows from a standard approximation
argument.

Since f is continuous and has compact support, it is uniformly continuous. That is, given
any § > 0 there exists € > 0 such that for all (x, M), (x', M) € R“"! x G,

(3.11) |z — 2| <e, d(M,M') < e
implies
(3.12) |f(x, M) — f(z',M)| < 0.

The plan is now to first establish (3.10) for the set

(3.13) Foo = {’q’ €0,1) 1t (pg) €27, 0Q < ¢ < Q},

for any 0 € (0,1). The constant 6 will remain fixed until the very last step of this proof.

Step 1: Thicken the Farey sequence. The plan is to reduce the statement to Theorem
4. To this end, we thicken the set Fg ¢ as follows: For € > 0 (we will in fact later use the €
from Step 0), let

(3.14) FH = U {z e R ||z — 7| < ce™ ¥},
T‘E]‘—ng%»Zd_l
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Note that Fg, is symmetric with respect to @ — —. A short calculation yields

(3.15) Fo=J {zerR" ran (@)@ € €.},
acZd
where
(3.16) Ce={(y1,--,ya) ERY: (y1,. .., ya—1)|| < €ya, O <ya < 1}.
Let
(3.17) He= | He(a), Hela)={MeG:aMec]}.
aczd

The bijection (cf. [22])

(3.18) Ty\l = Z%  Tpye (0,1)y

allows us to rewrite

(3.19) He= | H((0,1)0) = |J ML with H! = H((0,1)).
yer yg\I' vel/Ty

Now

H!={MeG:(0,1)M e}
=H{M,:yc ¢}
with H as in (3.2), and My € G such that (0,1)M, = y. Since y € €, implies y4 > 0, we may
choose
—-1/(d-1)
(3.21) M, = <yd i tO) s Y =, Y1)
Y Yd

Step 2: Prove disjointness. We will now prove the following claim: Given a compact
subset C C G, there exists g > 0 such that
(3.22) YHI NHINTC =0

for every e € (0,e0], y €T\ T'y.
To prove this claim, note that (3.22) is equivalent to

(3.20)

(3.23) He((p,q)) NHINTC =0
for every (p,q) € Z%, (p,q) # (0,1). For

A tb) < —1/(d_1)1 t0>
3.24 M = M,, M., = (Y d—1 :
( ) (0 1 Yy Yy y/ Yd
we have
(3.25) (P, 0)M = (pAy; "V + (b + )y, (B + q)ya),
and thus M € H.((p,q)) N H! if and only if
(3.26) lpAy; Y + (0 + @)y'|| < e(p + @)ya,
(3.27) < (Pb+qya<1,
and
(3.28) Y]l < ey, 0 <yqg <1

Relations (3.27) and (3.28) imply [|(p®D + ¢)¥'|| < e(p® + ¢)ya < € and so, by (3.26),
HpAy;l/(d*l)H < 2e(pb+ q)ya < 2e. That is, ||pAl < Qeycl/(dfl) and hence

(3.29) IpA|l < 2.



8 JENS MARKLOF

Let us now suppose M € I'C with C compact. The set
(3.30) C'=c{M,;':yecc}

is still compact, by the compactness of €, (the closure of €.) in R?\ {0}. In view of (3.24) we
obtain

A /
(3.31) (0 1) eIc,

and so A € I'yCy for some compact Cy C Gy.
Mahler’s compactness criterion then shows that

3.32 I:= inf inf Al > 0.
(3.32) Aélrlocopezilfl\{o}”p |

Now choose €y such that 0 < 2¢p < I. Then (3.29) implies p = 0 and therefore ¢ = 1. The
claim is proved.
Step 3: Apply Theorem 4. Step 2 implies that, for C C G compact, there exists ¢y > 0
such that for every e € (0, €]
(3.33) H.nre= |J (yHlnre)
~el' /Ty

is a disjoint union. Hence, if y. and y! are the characteristic functions of the sets H, and H},
respectively, we have

(3.34) Xe(M)= )" xl(vM),
~YEL g\l

for all M € T'C. Evidently H! and thus #H. have boundary of y-measure zero. We furthermore
set Xe(M) := xe(*M '), and note that xc(n4(z)® ") = xc(ny(—x)®@~") is the characteristic
function of the set F§); recall (3.15) and the remark after (3.14). Therefore

/F @) = /qrd_l f@n-(@)2)xe (n+ (~2)@ ") da
(3.35) Q

= /W1 f(z,n_(x)®") X (n—(x)®")de,

and Theorem 4 yields

lim f(z,n_(x)@") X (n_(x)@") de = /ﬂ‘d—le\G flae, M)Xe(M) dx du(M)

[, F@ M) dedu(hn).
Td-1xT\G
Step 4: A volume computation. To evaluate the right hand side of (3.36), we use
(3.34):

/ Flw, M)xe(M) da dyu(M) = / Flae, M)A (M) das dp(M)
(3.37) Td-1xT\G Té-1xTy\G

_ / Fla, M) da du(DM).
Td-1 XFH\/Hg

Given y € R? we pick a matrix M, € G such that (0,1)M, = y; recall (3.21) for an explicit
choice of M, for y; > 0. The map
(3.38) HxRIN{0} =G,  (M,y)—~ MM,,

provides a parametrization of G, where in view of (3.1)

(3.39) dp = ¢(d)" dpp dy.
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Hence (3.37) equals

1 _

. — MDM,) dxd M)dy.
(3.40) ¢(d) /Td 1><FH\H><€6f($7 y) @ dyuar (M)dy

For
(3.41) D(ya) = <y5 RS t">,

0 Yd

we have
(3.42) d(My, D(ya)) = d(D(ya)n+ (y;'y"), D(ya)) = d(ny(yz'y'), 1a) < vzl

We recall that y Yly/|| < € for y € €. Therefore, with the choice of d, e made in Steps 0 and
2, we have (note that (3.12) applies also to f)

1

- 5
(3.43) & /T e 7, MD(ya) d:cduH(M)dy' <@ / dy

(3.40) —

We have
~ 1 .
/ f (2, MD(ya)) dy = vol(B{ ™) 6“/9 (. MD(ya)) v " dya
. [log0]/(d—1) _
=(d-1) VOI(Bffl) ed_l/ f(m,M(I)‘S) e_d(d_l)sds,
0

and
1
(3.45) / dy =~ vol(B{™1) =1 (1 — 0%,
where B¢~ denotes the unit ball in R*. So (3.43) becomes
(3.46)
’(340)_(d B 1) Vol(Bii—1> ed—1 /|10g9/(d 1)/ f($,M(I)_S) dax d,uH(M) e—d(d—l)sds
¢(d) 0 Td—1xT g \H

vol(BI~1) § ed—1
d¢(d)
Step 5: Distance estimates. Since (3.33) is a disjoint union, we have furthermore (this
is in effect another way of writing (3.35) using (3.34))

(3.47) /F /delf(m n_(x)®")dx = Z / f(z,n_(z)®")de.
Q

dt
reFo.e |e—r|<ee~

(1—6%.

Eq. (2.4) implies that
(3.48) d(n_(z)®", n_(r)d") < ||z —r| <
Because f is uniformly continuous we therefore have, for the same d, ¢ as above:
¢ vol (B~ 1)ed—1 ’ vol(BI~1) § €1
(349) ‘ /|w r”<€e_dt f(m,n_ (CI))@ )diB — Wf(r,n_ (’r’)‘I) ) < ed(d—l)t s

uniformly for all ¢ > 0.
Step 6: Conclusion. The approximations (3.46) and (3.49) hold uniformly for any ¢ > 0.
Passing to the limit § — 0, we obtain

(3.50) tlggoedd Ty Z f(r,n_(r)®")
’I‘E]'—Qe
d_l/llogal/(d 1)/ ~ B dld1
=— fla, M®*) dz dpg (M) e~ Ud=Ds s,
¢(d) Jo Td=1xTp\H ( ) war (M)
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The asymptotics (3.9) show that

: 7o \ Fau 04
(3.51) hftrif)gp At = 2c(d)

which allows us to take the limit § — 0 in (3.50). This concludes the proof for o = 0 and f
compactly supported. For the general case, recall the remarks in Step 0. O

Remark 3.3. Let (p, q) € Z. Using the bijection (3.18), choose v € T such that (p, ¢)y = (0, 1).
For r =p/q e Fo + 741, we then have

_ _ —1
(3.52) v (n_(r)D(q))" = ( (q 1/(dpl)1d‘1 ?) v) € H.
That is,
(3.53) I'(n_(r)D(g))" " € T\T'H,

and thus, for Q = eld-D(t=),

(3.54) Tin_(r)®) ' e "\TH{® °: 5 € R>,}.

Lemma 2. The set I\'H{®®: s € R>s} is a closed embedded submanifold of I'\G.
Proof. The set

(3.55) D\[TH{® *:s€Rsy} = \TH{D(yq) : yq € (0,c]}, c=e (471,

is the image of the immersion map

(3.56) i: Mo —>T\G, TpyM—TM,

(3.57) Ho =Ty \H{D(ya) : ya € (0,cl},

and is thus an immersed submanifold of T'\G. To show that it is in fact a closed embedded
submanifold, we need to establish that i is a proper map, i.e., every compact K C I'\G has a
compact pre-image i ~!(K); see e.g. [6, Chapter III]. Since i is continuous, i~ (K) is closed. It
therefore suffices to show that i=1(K) is contained in a compact subset of Ho.

For M € G, let I(M) = inf{||mM]|| : m € Z%\ {0}}. By Mahler’s criterion, there is 6 > 0
such that I(M) > 6 for all M € G with TM € K. If TyM € i~1(K), then I(M) > 6 with
M = hD(yq), h € H. Thus (0,1)M = y, and therefore y; > 6. This implies that, for any
heH,

(3.58) i(Tgh) =Th e K := K{D(yg) ™' : 0 < yq < c},

where K’ is a compact subset of I'\G.

It is a basic fact that, since H is a closed subgroup of G and I'y = I' N H is a lattice in
H, the set I'\I'H is a closed embedded submanifold of I'\G [12, Theorem 1.13]. We denote
by j: Ty\H — T'\I'H the immersion map. Thus j~!(K') is a compact subset of I'yy\ H, and
i~1(K) is contained in the compact subset j~1(K'){D(yq) : 0 < yq < ¢} of Ho. O

The significance of (3.54) and Lemma 2 is that it allows us reduce the continuity hypotheses
of Theorem 6 and Remark 3.2 to continuity of f restricted to the closed embedded submanifold

(3.59) T x ID\[H{® °: 5 € R>5}.

We will exploit this fact in the proof of Theorem 8.
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4. A VARIANT OF THEOREM 6

The following variant of Theorem 6 will be key in the proof of Theorem 1. Recall the
definition of @ and D(T") in (2.22) and (3.41), respectively.

Theorem 7. Let D C {x € R : 0 < x1,...,24-1 < 24} be bounded with boundary of Lebesque
measure zero, and f : D x I'\G — R bounded continuous. Then

1 a 1

4.1 lim — f(,n_aDT):/ fly, MD(yq)) dy dpg (M)

@0 3 (G @DM) =gy [ T D) dydn
acZINTD

with f(x, M) := f(x, MY).

Proof. Let g : R~ x I'\G' — R be a bounded continuous function. We apply Theorem 6 with

T =eld=Dt ¢ = e (d=17 and the test function

(4.2) f@ M) = 3 g@+n, M)y (@+n).

nezd-1

Note that this sum has at most 297! non-zero terms. The function f(x, M) is bounded
everywhere, and continuous on [(0, 1)¢~1 4 Z9~1] x I'\G; hence Remark 3.2, together with the
asymptotics (3.9), yield

Jm S Y g@n-@om)
acZ

1<ai,...,ag—1<aq
ag<cT

(4.3) o0
=(d-1) / / G, M®™%) da dpug (M) e~ N3
o J0,1]4- 1 xT g\H

- / / 3(a, MD(ya)) dee dpugs (M) y = dyg
0 J[0,1]4- 1 xTp\H

where we have substituted in the last step yq = e~ (@1

im — S g(@n_(@Dn())

T—00 T4 —
acz?

1<aq,...,ag—1<aq
(44) VTI'<aqg<cT

1 c
= — q a:, MD dwd M d—ld ,
C<d)/b /[071]d1er\Hg( (va) dee dprr (M) g™ dya

and hence for h : Rt x R x T\G — R continuous with support in R4 x Z x T'\G and
Z C R>p bounded, we have

im =Y h(&,‘;,n_(a)p(tp))

T%oon
(4.5) 1<ai,...,ag—1<aq
1

0 /[o,l}dl XTxTp\H

We now take h(x, yq, M) = xp(xy4q, ya) f((2yq, ya), M) with f as in Theorem 7, and substitute
vy’ = xy,. Note that with this choice & is no longer continuous; but D has boundary of measure
zero and thus Remark 3.2 applies. U

. So for any 0 < b < ¢ we have

h(z, ya, MD(ya)) dae y " dyq dps (M).

Remark 3.3 and Theorem 7 now imply the following theorem. Given a bounded subset
D C R%O, define

(4.6) Mp = {(y.T'M ' D(ya) ") : (4.TM) € D x T\I'H},
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which, in view of Lemma 2, is a closed embedded submanifold of R? x T'\G. The bijection
(4.7) DxTy\H = Mp,  (y,TuM)~ (y,T M ' D(ya) "),

allows us to define a natural measure v on Mp as the pushforward of vol xur, where vol
is Lebesgue measure on R? and py as defined in (3.4). In the following we understand the
interior and closure of subsets of Mp with respect to the topology of Mp.

Since n_(@)D(T) = n_(a)D(aq)D(aq/T)~ !, eq. (3.53) implies that

(4.8) (;Jm4mpa»<;MD

Theorem 8. Let D C {x € RY:0< 2q,...,0q-1 < xq} be bounded with boundary of Lebesgue
measure zero, and A C Mp. Then

(4.9) lgrggf;l#{a ez (;,Fn_(a)D(T)) e ,4} > Vc((f;)
and
(4.10) lim sup j}d#{a €74 (;,Fn_(a)D(T)> c A} < Vg((«;‘)).

Proof. The inclusion (4.8) shows that the limit relation (4.1) in Theorem 7 holds for any
bounded continuous function f : Mp — R. We can thus once more apply the above proba-
bilistic argument [20, Chapter III] (used in the justification of Theorem 5) to prove (4.9) and
(4.10). 0

5. UPPER AND LOWER LIMITS

Let us first of all note that we may assume in Theorem 1 without loss of generality that
D C [0,1]%. Secondly, due to the symmetry of F(a) under any permutation of the coefficients
a;, we may assume that D C {x € R :0 < zq,...,0q9-1 < xq}. Thirdly, it is sufficient to
prove Theorem 1 for all bounded subsets of {x € R? : np < z1,...,24_1 < x4}, for any fixed
n > 0. This is due to the fact that for any bounded set D C [0, 1]¢ with boundary of measure
zZero,

vol (D\RY,) _dn
¢(d) ~¢(d)
We will therefore assume in the remainder of this section that, in addition to the assumptions
of Theorem 1,

(5.2) DC{wGRd:ngxl,...,xd,l§xd§1},

for arbitrary fixed n > 0.
The following is an immediate corollary of Theorem 3 (set T = eld=Dt and recall that
Ws(Ao, M) = A\Ws(ex, M) for any A > 0).

Lemma 3. Let a € 2%2 NTD with D as in (5.2), and 0 < § < 3. Then

Fla)  Wily',n @D(T)|_  d
(a1---ag) /@D (y1 - y)/@0 | = pT1/@1D’

(5.1) lim %#{aeime(D\Rgn)} =

T—o00

(5.3)

where y = T 'a.

In view of this lemma, the plan is thus to apply Theorem 8 with the set
/I otar—1 -1
Wsly', M D)) )
(y1---ya)t/ (@1

(54) A=Ar= {(y,FtMlD(yd)l) cy €D, M eT\I'H,

In the following, let

(5.5) Mz@%GH
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where A € Go, b € R, Then
t4-1 0
tar—1 _
(56) M - <_btA—l 1) )
and
(5.7)  (m+ €)M D(yg) " = ((m + € — (ma+ Eb) Ay T (ma+ €2z ).

Assuming &; € (—%, %}, we deduce that, for all 0 < § < %, the statement (md+§d)y;1 € (—46,0)
implies mg = 0 since 0 < y4 < 1. Therefore,
(5.8)
Wi(a, "M~ D(ya) ")
= Ssupd miny {(m+&)'M ' D(ys) " (a,0) : m € Z%, (m+&)'M ' D(yy) "' € Rs}
€T
= /) sup - ming {(m/+ & —€ab) AT aim! € 2T, (m/ €' — 4b) AT € RE!
Edeg(—egydﬁyd)

The substitution & — &' + £;b explains that the above supremum is independent of b. So
Wi(ee, "M~ D(ya)™")

(5.9) = yull/(dfl) sup miny {(m' +&)'A™" a:m’ € 747 (m/ + €)A e Riﬁl

where
V(a,A) = sup min; {(n+¢)A4 -a:necz !, (n+¢)Ac R
¢ceTd-1 =
5.10
(5.10) = sup min; (Z7'+¢)AN R‘iﬁl) Ca.
Cer—l -

Now set ¢ = y’ = (yl, cen 7yd—1>a and

(5.11) Y = (y1--ya_1) Y9V diag(ys, . . ., ya1) € Go,
so that y' = (y1 -+~ ya—1)"/@"VeY. Then
(5.12) V(Y A) = (y1---ya—1)/ "V (e, AY)
and hence
Ws(y', "M ~D(yq) ") t4—1
(5.13) e = Ve, 'A71Y).
Set,
(5.14) V(A):=V(e,A) = sup min ((Z“l_1 + AN ch)l) -e.

¢eTd-1
We conclude that

(5.15) Ar = {(y,rtMlD(yd)l) :(y,M) e DxT\I'H, V('A7Y) > R}.

Lemma 4. V(A) is a continuous function on I'o\Gp.

Proof. We have V(yA) = V(A) for all v € Ty by the same argument as in (2.19), and hence
V(A) is a function on I'p\Gp. It is sufficient to establish the continuity of V' (A) on compact
subsets of Gy. Let us thus fix a compact set C C Gy, and define

(5.16) K={CA:¢e0,1]¢ !, Aec},
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which is a compact subset of R~1. Then, for all A € C,

(5.17) V(A) = suIL) min ((Zd_lA +x)N R‘Sl) - e,
xe

where L is any set containing K. Clearly V(A) is bounded on C, i.e., there is R > 0 such that
V(A) < R for all A€ C. Thus

(5.18) V(A) = sup min ((Zd_lA +x)NRA) e
zel
where A is the simplex (1.5). For K' = K + [—1, 1]e,
(5.19) =z'nJ | (RA-=m)A™")
AeCxzeK'

is a finite subset of Z%~1, and we have

(5.20) V(A) = sup min ((mA+z)N Riol) e

zcK' MES

for all A € C. (The reason why we use K’ rather than K in the definition of S will become
clear below.)

Fix € € (0,1). Then there exists 6 > 0 such that, for all A, A" € C with d(A,A") < 4§, we
have
(5.21) [mA—mA'| <e forall m e S.
Thus, for any m € S we have
(5.22) mA +x—ce € R‘éf)l implies mA+x € Riol,
and secondly

(mA'+x —¢ce)-e=(mA +x)-e—de

(5.23)
> (mA+x)-e— (Vd+de.

Now choose & € K such that

(5.24) min ((Z7'A+z) NRL) e > V(A) -«
Then (5.22) and (5.23) yield
(5.25) ﬂn%lgé (mA" +x —ee)N ]R‘iol) e>V(A) - (1+Vd+de

Since  — ee € K’ (because « € K and 0 < € < 1), the left hand side is at most V(A’). That
is, V(A") > V(A) — (1 4+ v/d + d)e. We conclude by interchanging A and A’ that

(5.26) V(A" = V(A)| < (1+Vd+d)e.

for all A, A" € C with d(A4, A’) < é. O
Since V(A) is continuous, we have for any € € (0, R],

(5.27) ARrte C A% C Ag C Ag—e.
Define the function ¥, : R>g — [0, 1] by

(5.28) Uy(R) == po({A € To\Go : V(4) > R}),

which is non-increasing. Note that by the invariance of pg under the right Gg-action and
under A — *A~!, we have

(5.29) Ua(R) = po({A € To\Go : V(*AT'Y) > R}).

As to the right hand sides of (4.9) and (4.10), the above calculations show that for any
€ (0, R],

(5.30) v(A%) > vol(D) ¥y(R + ¢)
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and
(5.31) v(Ag) < vol(D) Uy(R — e).
Thus, combining these inequalities with Theorem 8 and Lemma 3, we obtain the following.

Lemma 5. Let R > 0. For any € € (0, R],

P | 5d F(a) vol(D)
. — : >
(5.32) thi)lOIéf Td#{aEZZQOTD (a1~ ag) /@ >R} Z <) Vi(R+e),
) 1 - F(a) vol(D)
5.33 1 — 722,NTD: R} < U (R —e).
(533)  ltnaw Td#{“ =% (a1 aq) /@D ~ } = g

With this lemma, the proof of Theorem 1 is complete if we can show that ¥;(R) is continuous
(since then the limsup and liminf must coincide). This will be proved in Section 7.

6. LATTICE FREE DOMAINS AND COVERING RADII

We denote the standard basis vectors in R4~! by e; = (1,0,...,0),...,e4-1 = (0,...,0,1).
Consider the simplex (1.5) and denote the face perpendicular to e; by A; (i =1,...,d — 1),
and by Ay the face perpendicular to e.

Recall from the previous section:

(6.1) V(A) = sup min ((Zd_l +¢)AN Rif)l) - e.
Cer—l -
The following lemma states, that the simplex A, enlarged by a factor of V/(A4) and suitably

translated, is a maximal lattice free domain; cf. also [16].
Lemma 6. If V(A) = R for some R > 0, then there is a vector ¢ € R4™! such that

(i) ZTAN(RA° +¢) = 0;

(i) ZTTAN(RAY +¢) #0 for alli=1,...,d.
On the other hand, if (i) and (ii) hold for some R >0, ¢ € R4™! then R < V(A).
Proof. If Z4=1A N (RA° + ¢) # 0 for all ¢, then V(A) < R, contradicting our assumption
V(A) = R. Hence there exists ¢ such that (i) holds. If Z9~1A N (RAS + ¢) = 0 for some i,

then there exists a larger translate R'A° 4 ¢’ (for some R’ > R, ¢’ € R%1) which is lattice
free, and hence V(A) > R’ > R. This proves (ii), and the final statement is evident. O

Theorem 9. Denote by p(A) the covering radius of the simplex A with respect to the lattice
74 YA, Then

(6.2) p(A) = V(A).

Proof. (We adapt the argument of [16, Theorem 2].) Let V(A) = R and assume Z% 1A +
RA # R%!. Then there is € € R%! such that & + v ¢ RA for all v € Z%'A. Hence
71 AN(RA—€) = (), and, by Lemma 6, V(A) > R; a contradiction. This shows p(A) < V(A).

On the other hand, again by Lemma 6, for any R’ < R = V(A) there exists ¢ € R%~! such
that Z¥1AN (R'A + ¢) = 0, and hence no element of Z9~! A is covered by the translates of
R'A + ¢. This proves p(A) > R’ and hence p(A) = V(A4). O

7. CONTINUITY OF THE LIMIT DISTRIBUTION

The following lemma shows that ¥4(R) is continuous.

Lemma 7. For every R > 0,
(7.1) ,U,Q({A S PO\GO : V(A) = R}) = 0.
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Proof. By Lemma 6 (ii), the set {A € Go : V(A) = R} is a subset of
(7.2)
U {A € Gy : there exists ¢ € R"" such that n;AN (RAY +¢) #0 (i=1,...,d)}.
n1,...,ngcZ4-1
We therefore need to show that each set in the above union has pg-measure zero. Since the

sets RA? are contained in the respective hyperplanes e; -y = 0 (for i = 1,...,d — 1) and
e-y = R (for i = d), it suffices to show that

(7.3) {A € Gy : there exists ¢ = ((1,...,(a—1) € R*! such that
e, niA=¢ (i=1,...,d—1), e-ndA:R—l—e~C}

has measure zero. Evidently (7.3) equals
d—1

(7.4) {A €Go:engA=R+) e niA} = {A € Go : tr(LA) = R},
i=1
with the matrix
ng —ng
(7.5) L= :
ng —ng—1

If L = 0 the set (7.4) is empty (since R > 0) and hence has measure zero. If L # 0 then
the set (7.4) is a submanifold of codimension one; note that the map Gop — R, A — tr(LA),
has non-vanishing differential except at the (at most two) points A € Gy for which LA is
proportional to the identity matrix. Hence the set (7.4) has measure zero also in this case and
the proof is complete. O
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APPENDIX A. THE DISTRIBUTION OF SUBLATTICES

Sections 3 and 4 establish the equidistribution of Farey sequences embedded in large horo-
spheres. These results provide an alternative perspective on Schmidt’s work on the distribution
of sublattices of Z% [17]. In the present appendix, we will reformulate Theorems 7 and 8 in a
form that clarifies the relationship between the two approaches.

Let us fix a piecewise continuous map K : Sf_l — G of the unit sphere S‘f_l such that
yK(y) = (0,1). By piecewise continuous we mean here: there is a partition of S‘li_1 by subsets
P; with boundary of Lebesgue measure zero, so that K restricted to P; can be extended to a
continuous map on the closure P;.

We extend the definition of K to R?\ {0} — G by setting

(A.1) K(y) = K@)D(lyl)™"
with D as in (3.41) and y := y/|ly||. The extended map still satisfies yK (y) = (0,1).

As in Remark 3.3, we choose v € I' such that ay = (0,1). Then (0,1)y 'K (a) = (0,1),
which implies v 'K (a) € H, and hence 'K (a) € T'\T'H.

Theorem 10. Fiz a piecewise continuous embedding K : R?\ {0} — G as defined above. Let
D C R? be bounded with boundary of Lebesgue measure zero, and f : D x T\I'H — R bounded
continuous. Then

a2 gm g S s(FK@) = g [ s dydu o)

acZinTD
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Proof. In view of the fact that ['\I'H is a closed embedded submanifold of I'\G, it suffices to
prove that, for f: D x I'\G — R bounded continuous,

a8 gmogn S s(FoR@ ) = g [ T ayduon)

acZinTD

We may assume without loss of generality that f has compact support (cf. Step 0 of the proof
of Theorem 6), and that D C {x € R : n < x1,...,24_1 < x4} NR-oP; for some fixed n > 0
and P; as defined in the second paragraph of this appendix.

If y € D, then y4 > 71, and we may expand

(A.4) K@) = (‘48‘7) tb@) M

with M, as in (3.21). The maps A, b are continuous on P; N Rin’ and hence bounded. A
short calculation shows that B

K(y) ' = (A(:f/) tb(@)HyH—d/(d_l)) N

0 1

A5

(45) (gt Y () 0
0 1 0 1 v

Set

(4.6) R A R

Because ||a|| > vdnT, we have

(A7) d(F ()Y, Ho(a)™h) < sup [|b(y)|| (VanT) VY,

yeD

where the supremum is finite by the continuity of b. Since f is uniformly continuous, it
therefore suffices to establish (A.3) with K(a)~! replaced by Ky(a)~!. We now apply Theorem
7 with the test function

(A8) fotw30) = £ (w210G) (A9 7)),

which is bounded continuous on D x I'\G' (under the above assumptions on f and D). With
this choice,

f0<;,n(&)D(T)> = f<;,n(a)D(T)D(ad/T) <tA((,&) ?) )

= f(;, tK()(a)1> .
As to the right hand side of (4.1), we have

foly, MD(ya)) = fo(y, "M~ D(ys)™)
f(y, "M~ D(yq) "' D(ya) <tA(gy) ?) >

(A.9)

(A.10)
o (AGT 0
Eq. (A.3) now follows from the right H-invariance of p. O

The following theorem is a corollary of Theorem 10; the proof is analogous to that of
Theorem 8.
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Theorem 11. Fiz a piecewise continuous embedding K : R\ {0} — G as defined above. Let
D C R? be bounded with boundary of Lebesque measure zero, and A C D x T\I'H. Then

(A1) it 7 #{a e 2 (20K(@) €4} > ol 40
and

' 1 2d . [ @ (vol x pur ) (A)
(A.12) h;n_itip Td#{a SVAE (T,FK(a)) € A} < o

Let us now explain how the above statements are related to Schmidt’s results on the dis-
tribution of primitive sublattices [17].

Two lattices A, A’ C R? of rank m are called similar, if there is an invertible angle-preserving
linear transformation R (that is, R € R5O(d)), such that A’ = AR.

Let us denote by Gr,,(RY) the Grassmannian of m-dimensional linear subspaces of R%. The
map

(A.13) Z% = Grq_1(RY), a—at:={xcR: x-a=0}

gives a one-to-one correspondence between primitive lattice points and rational subspaces of
dimension d — 1. A primitive sublattice of Z% of rank d — 1 is defined as

(A.14) Ao =Z%Nat,

and hence there is a one-to-one correspondence between primitive lattice points and primitive
sublattices of rank d — 1. The covolume of A4 equals ||al|. Note that

(A.15) at 'K (a)"! = (0,1)t =Rt x {0},
with K (a) as in (A.1). Hence

(A.16) A 'K(a) ™ =Z1'%K (a) ™ N (R x {0})
and

(A.17) Ao 'K (a)™ = ||la| V@V, K (a)~ "

We now choose the above embedding K such that K(y) € SO(d); see e.g. [11, Section 4.2,
footnote 3] for an explicit construction. The map

(A.18) Ag — AL = Ay 'K (a)™!

maps primitive sublattices of Z¢ of rank d — 1 to lattices in R?~!. Eq. (A.17) shows A4 and
Al are similar; it furthermore implies that A/, has covolume one.

In [17] Schmidt proves that, as T — oo, the set {A} : |la|| < T} becomes uniformly
distributed in the space of lattices of covolume one, I'g\Gy, with respect to the right Go-
invariant measure po. In particular, Theorem 3 in [17] (adapted to the case of primitive
lattices of rank d — 1) follows from our Theorem 11, if we set

1
(A.19) A= {(y,l“(é1 1b>> :yeD, Aec A, beRd‘l} CcDxTI'\I'H,

where D C R? has boundary of Lebesgue measure zero, and Ag C T'g\Gy is arbitrary. Theorem
2 in [17] is obtained when D is taken to be the unit ball.
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