DIRECTIONS IN HYPERBOLIC LATTICES
JENS MARKLOF AND ILYA VINOGRADOV

ABSTRACT. It is well known that the orbit of a lattice in hyperbolic n-space is uniformly
distributed when projected radially onto the unit sphere. In the present work, we consider the
fine-scale statistics of the projected lattice points, and express the limit distributions in terms
of random hyperbolic lattices. This provides in particular a new perspective on recent results
by Boca, Popa, and Zaharescu on 2-point correlations for the modular group, and by Kelmer
and Kontorovich for general lattices in dimension n = 2.

1. INTRODUCTION

Let H™ denote hyperbolic n-space, and G its group of orientation-preserving isometries. A
discrete subgroup I' < G is called a lattice if it has a finite volume fundamental domain. We
denote by I',, the stabilizer of w € H" in I'. Since I' acts properly discontinuously on H", I',, is a
finite group. Given a point z € H" we define the direction ¢, (w) of a point w € H"\ {z} as the
intersection of the semi-infinite geodesic ray starting at z and passing through w with the unit
sphere S?~! = {w € H" : d(w, z) = 1} centered at z, where d(w, z) is the hyperbolic distance
between z and w. Due to the homogeneity of H", we may alternatively think of ¢,(w) as the
unit tangent vector at z which is tangent to the above geodesic ray, or as the ray’s endpoint on
the boundary of H".

The goal of the present paper is to explain the statistical distribution of directions in the
orbit w := I'w within distance t to a fixed observer at the point z,

(1'1) ,Ptz(w) = {(pz(fyw) SOAS F/FUH 0< d<7w> Z) < t}v

in the limit t — co. Here P} (w) is defined as a multiset; i.e., the directions are recorded with
multiplicity so that

(1.2) #P; (W) = #{y € I'/T : 0 < d(yw, 2) < t}.
Given any choice of origin 0 € H" and any isometry g € G so that gz = o, we have
(1.3) P (w) = Py (gw).

This allows us to consider instead the distribution of directions of the point set gw relative
to the fixed origin 0. We will in the following omit indicating the dependence on o and write
S*1i= S d(w) = d(w, 0), ete.

It is natural to also consider the directions of lattice points in a spherical shell with outer
radius ¢ and width s € (0,¢),

(1.4) Prs(gw) == {p(gyw) : v € T/, t — s < d(gyw) < t},
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again defined as a multiset. To unify the notation for balls and shells we set P, s(gw) := Py(gw0)
fort < s < 0.

The volume of the unit sphere S*~! in H" is volg.-1(S""!) = Q, sh" ' 1, where ,, := % is

2

the full solid angle (that is, the volume of the Euclidean unit sphere in R™). As it is natural to
measure directions in solid angles, we will in the following use the measure w on S*~! defined
by w(A) = volgn-1(A)/sh™ 1, so that w(S" ) = Q,.

It is well known [I1], 2] that the directions P, ¢(gw) are uniformly distributed on S"7!; i.e.,
for every A C S"~! with boundary of measure zero and s € (0, oo], we have

#(Prs(gw) NA) _ w(A)

1.5 lim = .
(15) = p (o) Q.

For large t, the total number of points in the spherical shell has asymptotics
. zeH": t—s<d(z) <t
#Pm(gw)w{ (n) }
(1.6) #T, volgn (C'\H")
~ Qn 9 e(nfl)t’

where
1— e—(n—l)s

(n — 1)#T,, volgs (I\H")

and volg» (I'\H") denotes the volume of a fundamental domain of the I'-action on H".

The challenge is to understand the fine-scale distribution of the point set P, ;(gw) for large t.
One example of such a statistic is the 2-point correlation function, for which a limit formula was
conjectured by Boca et al. [3] in dimension n = 2 and proved in the special case I' = SL(2,7Z)
and z =1 or z = €™/3. The general proof of this conjecture was recently given by Kelmer and
Kontorovich [§]. In the present paper we extend their limit theorems to general local statistics
and to arbitrary dimension n > 2 by adapting the strategy developed in the Euclidean setting
[10]. The key step is the reduction of convergence in distribution to equidistribution of large
spheres in relevant moduli spaces.

The recent work of Risager and Sodergren [13] extends the effective convergence of the 2-point
correlation function in [8] to arbitrary dimension n > 2; it also includes an explicit formula for
the limit in dimension n = 3. The analysis in [I3] is restricted to the 2-point correlations of
distances between the projected points on S*~!. The approach presented here yields 2-point
(as well as higher order) correlations of both distances and relative orientation, as we permit
test sets that are not rotationally invariant.

Given o > 0, denote by D, 4(c,v) C S"! the open disc of volume

(1.8) w(Dys(o,v)) =Qp #PT(QE)

centered at a point v € S""!. When the denominator in the above equation vanishes, we set
D, s(0,v) = S"'. We are interested in the number of lattice directions in D (o, v),

(1.9) Nis(0,v; g0) := #(P1s(90) N Dy 5(0, v)),
when v is distributed according to a fixed Borel probability measure A on S"~!. We have chosen
the volume of the disc in ([1.8)) so that

1

(1.10) O N, s(o,v; gw0) dw(v) = 0.
n JSn—1

(1.7) V=
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The asymptotic density (1.5) furthermore implies that, for any probability measure A with
continuous density,

(1.11) lim N, s(o,v; gw) dA\(v) = 0.

t—o0 sn—1
(We will later show that this statement extends to A with bounded density, see Theorem
below.)

The group G acts on G/I" by left multiplication. In the following we denote by x the unique
G-invariant probability measure on G/T', which can be realized as the pushforward of the
suitably normalized Haar measure on G under the natural projection G — G/T". We will also
denote by u the normalized Haar measure on G.

The following theorem is our principal result.

Theorem 1. Let A be a Borel probability measure on S*~' absolutely continuous with respect
to the Lebesque measure. Then, for every r € Zsg, s € (0,00] and o € (0, 00),

(1.12) E(r,o;w) := tlim A{v e s : Nis(o,v;gw0) =r})
—00

exists and is given by

(1.13) Es(r,o;w) = p({h € G/T : #(hw N Zy(s,0)) =1}),

where Zy(s,0) C H" is a cuspidal cone defined in (7.21)) below. The limit distribution E(-, 0;w)
is independent of A and g, continuous in s € (0,00] and o € (0,00), and satisfies

1 (r=0)

(1.14) (171_% Ey(r,o;w) = {O (r>1).

If T is co-compact, formula (1.13) implies that for any r € Zg, s € (0,00] there exists a
constant oy = oo(I", 7, s) such that E(r,o;w) = 0 for all o € [0, 00).

The proof of Theorem [I] is given at the end of Section [], We will in fact extend this result
in several ways:

e Instead of the number of points in a single disc, we will also consider the joint distribu-
tion in several test sets (not necessarily discs). These statistics capture all other local
correlations, such as gap or nearest neighbor distributions.

e We will prove convergence of mixed moments of all orders. This is in contrast to the
Euclidean setting, where higher order moments diverge [4]. The second order mixed
moment corresponds to the 2-point correlation function considered in dimension n = 2
by Boca, Popa, and Zaharescu for the modular group [3] and by Kelmer and Kontorovich
for general lattices [§].

e If I' contains a parabolic subgroup I'., it is natural to consider an observer positioned
at the fixed point of I'y, on OH", the boundary of H"”. In this case, the directions
correspond to the projections of the orbit I'w onto a closed horosphere in I'o,\H". The
uniform distribution of the projected orbit was proved by Good [T, [14] (see also Rudnick
and Risager [12] for an interesting number-theoretic application). We will show that
local statistics have the same limit distribution as in the non-cuspidal case.

This paper is organized as follows. Section [2| reviews some of the basic concepts of hyperbolic
geometry that are used in our subsequent analysis. Section [3] comprises the equidistribution
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theorem for large horospheres, which is the key ingredient in the present study. The main results
of this paper can be found in Sections [4] and [7, where we state and prove the convergence of
the local statistics for directions observed by a cuspidal observer (Section [4)) and non-cuspidal
observer (Section@. The latter result requires equidistribution of large spheres, which is derived
from the equidistribution for large horospheres in Section [6} The convergence of moments for
cuspidal and non-cuspidal observers is discussed in Sections [5| and [8] respectively. We have
arranged this paper to first give a full account in the cuspidal case (Sections [3H5)), which is
technically simpler, and then explain the necessary adjustments for the non-cuspidal setting
(Sections [6}3)).

The Appendix shows how the 2-point correlation density is recovered from the second mixed
moment, and reproduces the known formulas in dimension n = 2.

2. HYPERBOLIC GEOMETRY

In dimension n = 2, a convenient representation of the hyperbolic plane H? is given by the
complex upper half-plane {z + iy : z € R, y € R.o}. The advantage of the complex notation
is that the action of the isometry group is given by Md&bius transformations

az+b <a b
H

2.1 H? — H? =
(2.1) - cz+d d

> € SL(2,R).
This model can be extended to higher dimension [I], if one replaces complex numbers with
Clifford numbers. We will here use the notation of Waterman [I6] which is slightly different
from Alfohrs’ [T].

The Clifford algebra C,, is a real associative algebra generated by iy, i, ..., 1, subject to the
conditions i = —1 and i;i = —1ji; whenever j # [. Thus, every a € C,, can be expressed as

(2.2) a= Za;],

where the sum ranges over all products I =1i,, ---i,, with 1 <1y <--- <y, <m and a; € R.
The null product is also included and represents the real number 1. The algebra C), forms a
vector space of dimension 2™ over R, and we take the norm |a|> = 3", a7 on it. There are three
useful involutions acting on C,,. The map a — d’ replaces every occurrence of i; by —i;; it is
an algebra automorphism. The map a + a* replaces each [ =1i,, ---i,, in by iy, iy
it is an algebra anti-automorphism. The third involution is the composition of the first two,
a+— a”* =:a.

The algebra contains special elements called Clifford vectors, which are those of the form
T =29+ x1i1 + - - + Tpim. We denote the corresponding vector space by V,,,. We will identify
V,, with R™™! in the following via @ — (o, ..., Z,,). Clifford vectors satisfy * = x, & = o/,
and also £ = Zx = |z|*. In particular, non-zero vectors are invertible, since 7! = &/|z|*.
Products of invertible vectors are also invertible and form a multiplicative group, 4A,,, called
the Clifford group.

We define the matrix groups

a,b,c,d e A, U{0};
(2.3) GL(2,C),) = (CCL g) - ab’,ed’, c’a,d’b € V,,,1; ,
ad” —bc" € R\ {0}
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(2.4) SL(2, ) = {(i Z) € GL(2,C,,) : ad’ — be* — 1} ,

(2.5) SU(2,C,) 1= {(_‘;}, 2) S SL(Q,Cm)}.

We represent hyperbolic n-space as the upper half-space

(2.6) H'={x+jy:x eV, s yecRuy}, ji=1p_1.

We will identify j as the origin o in H" and, following the analogy with the two-dimensional
setting, write Re(z) := @ and Im(z) := y for the “real” and “imaginary” part of z = & + jy.
The Riemannian metric of H" is defined by

Z?:_; dx? + dy?

(2.7) ds® = "

The corresponding volume element is
dxg - - dr,_ody
= :
The action of SL(2,C,,_2) on H" defined by the Mébius transformation

b
d

(28) dVOlHn =

(2.9) H" — H", 2+ (‘g )ZZ (az+b)(cz+d)"

(with multiplication from C,,_) is isometric and orientation-preserving. Its kernel is {1}, so
that
(2.10) G :=PSL(2,C,—5) = SL(2,C,_2)/{£1}

is isomorphic to the group of orientation-preserving isometries of H" [16]. We also note that
the Mobius transformations preserve the boundary of hyperbolic space,

(2.11) OH" :=V,,_o U {o0}.
The stabilizer of j under this action is
(2.12) K :=PSU(2,C,,—2) = SU(2,C, ) /{£1},

which is the maximal compact subgroup of G. Every g € G can be uniquely written as (Iwasawa
decomposition)

(2.13) g =n(x)aly)k
with
- 1/2
(2.14) n(@) = ((1) 1) L aly) = (yo yom) . keK,

and € V,,_5, y > 0. The Iwasawa decomposition yields a natural identification H" = G/ K.
Thus G can be represented as a frame bundle over H" with fiber K, which in dimension n = 2
(only) can be identified with the unit tangent bundle of H?. The Haar measure on G can thus
be written as

(2.15) du(g) = s dvolygn(z) dm(k)
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where s is a normalizing constant, and m is the Haar probability measure on K. We have
assumed above that p is a probability measure on G/T". Since G is unimodular we have
pu(T\G) = 1 and hence s = volg. (I'\H")~.

3. EQUIDISTRIBUTION OF LARGE HOROSPHERES

We now state the key equidistribution theorem from which all other results will follow. Let
I' < G be a lattice, and let

et’2 0
(31) @t - ( O e_t/g) .

The one-parameter subgroup ®® := {®! : t € R} acts by left multiplication on the coset space
G/T. The horospherical subgroup {n(x) : £ € R""'} parametrizes the unstable manifold of
®! for t — oo. The following theorem states that translates of horospheres become uniformly
distributed in G/I.

Theorem 2. Let \ be a Borel probability measure on R" !, absolutely continuous with respect
to the Lebesque measure. Then, for any bounded continuous function f: R"! x G/T — R and
any family of uniformly bounded continuous functions f; : R"! x G/T' — R such that f; — f
as t — oo, uniformly on compacta, and for every g € G, we have

(3.2) im [ (2 ®'n(@)g) d\(@) = / Fla, h) dA(@) dyu(h).
t=00 Jrn-1 Rn—1xG/T

This theorem follows from the mixing property of the ®* action by an argument that goes
back to Margulis’ thesis [9]; see also the influential paper by Eskin and McMullen [5]. Precise
rates of convergence are obtained by Sodergren in the case of K-invariant functions [I5]. The
test functions used in these papers usually do not depend on t and @. The extension to the
formulation used here follows from a simple approximation argument, cf. the proof of Theorem
5.3 in [I0]. The extra t and & dependence will be useful in proving the equidistribution of
translates of spherical averages in G/T", see Section @

The following Corollary of Theorem [2 follows from the same argument as the proof of The-
orem 5.6 in [I0]. We recall the definition of limits of a family of sets {& }>4, in R"! x G/T,
where t; is a fixed real constant:

(3.3) liminf & := U ﬂé’s, limsup & := m USS.

t>to s>t t>to s>t

We furthermore define

(3.4) lim(inf &)° := U (ﬂ&) , limsup &, = ﬂ UES.
t>to s>t t>to s>t

Note that lim(inf &)° is open and limsup & is closed. g denotes the indicator function of the
set &; i.e., xe(x) =1if x € € and xg¢(x) = 0 otherwise.

Corollary 3. Let \ be a Borel probability measure on R, absolutely continuous with respect
to the Lebesque measure. Then, for any family of subsets & C R"™! x G/T" and any g € G/T,
we have

(3.5) liminf/ Xe, (@, ®'n(x)g) d\(x) 2/ d\dy,
Rn—1

t—o0 lim(inf & )°
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and
(3.6) limsup/ xe, (x, ®'n(x)g) d\(x) </ d\dp.
t—o00 Rn—1 lim sup &
If furthermore X X p gives zero measure to the set limsup & \ lim(inf &)°, then
(3.7) im [ e (@ On(z)g) d\@) / d\dp.
t—00 Jpn-1 lim sup &

4. PROJECTION STATISTICS FOR CUSPIDAL OBSERVER

We assume in this section that the lattice I' < G contains a parabolic subgroup and hence
also a maximal parabolic subgroup I'y,. By conjugating I' by a suitable element of G, we may
assume without loss of generality that

(4.1) [ ={n(m): me L},

where £ is a lattice in R*~! with covolume one. Geometrically, this means that the hyperbolic
orbifold I'\H" has a cusp at co, whose cross-section we identify with the torus T"~! = R*~1/L
of volume one. I', is the parabolic stabilizer of the cusp at co; in dimension n > 2 there may
also be elliptic elements in I' that leave oo invariant, but we will not include these in I'.

We now position our observer at the cusp at co and consider—instead of radial projections
—the following vertical projections of the orbit w = I'w onto the torus T"!:

(4.2) w(w) = {Re(yw) : ¥ € Too\['/Ty, " < Im(qyw) < '},

again considered as a multiset. It follows from the work of Good [6] that PS(w) is uniformly
distributed on T"~!. That is, for every A C T"! with boundary of measure zero, we have

RPE@)N A
(43) )

We recall also that for ¢ — oo
(4.4) #P(w) ~ 9el" 1,

with 9 as in (|1.7)).
To measure the fine-scale statistics of PpS(w), consider the following rescaled test sets in
*’]I‘n—17

(4.5) Bis(Az) =NV DA—g+ LT, N=#P3W),

= volrn-1(A).

where A C R ! is a fixed bounded set. The shift € T""! is assumed to be random according
to some probability measure \. The random variable we use to detect correlations in the
directions P (w) is the number of points in By ,(x),

(4.6) Nz (A ;) o= #(Pre(w) N Bys(A ).

If A\ = volpn-1 is the normalized Lebesgue measure, we have

(4.7) / s (A, ;W) dvolpn-1(x) = volgn1 A.
Tn—1
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Uniform distribution of PpS(w) (4.3) implies that for any A with continuous density, the expec-
tation value of N (A, @; W) converges:

(4.8) Jim NS (A, ;W) dA(x) = volgn-1 A.
0o Jrn—1

The following theorem considers convergence in distribution for several test sets Ay, ..., A.:

Theorem 4. Let \ be a Borel probability measure on T" 1 absolutely continuous with respect to
the Lebesgue measure. Then, for everyr = (r1,...,1mm) € ZZ), s € (0,00] and A = Ay x---x A,
with A; C R"™ bounded with boundary of Lebesgue measure zero,

(4.9) Ey(r,A;w) = tlirgo A{z e T NS (A, zw) =715 Vi})
exists and 1s given by

(4.10) E(r, A;w) = p({g € G/T: #(gw N Z(s, A;j)) = 15 Vj}),
where

(4.11) Z(s,A;)) :={z€H":Rez €9 /" DA, 1<Imz < e'}.

The limit distribution Es(r, A;w) is independent of \, and continuous in s and A.
By “continuous in A’ we mean here more specifically that there is a constant C' such that
(4.12) |Ey(r, A;0) — Ey(r, B;w)| < Cvolgmm-n (B\ A)

for all product sets A ¢ B € R™™ 1) as in Theorem 4
The following lemma implies the continuity asserted in Theorem[d For A C H" and r € Zs,,
write

(4.13) Al<, ={g € G/T: #(ANgw) < r}
(4.14) Al :={g € G/T: #(ANgw) =r}
(4.15) [Als, :={g€ G/T: #(ANgw) > r}.

Lemma 5. For any measurable A C B C H" with finite volume, we have

VOlHn A

(4.16) AR < o ey
w17) 1410 — (B < B
and

(4.15) 0 < ([ Aler) — u([Blar) < o2 BAA)

= #I, volga (T\H")
Proof. By Chebyshev’s inequality,

(4.19) p{g € G/T': #(ANgw) > 1} < G/F#(Aﬂgw)du@)-
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Combining the integral over G//T" with the sum over I' gives

#(AN gw)dp(g) = /G R > xalgyw)du(g)
1

G/T +ET /T

= Xalgw)dp(g)
(4.20) #lrw /G

p— 1 d

T /GXA(QJ) 1(g)

B volgn A

~ #TI', volyn (I'\H)
in view of . This proves . Relations and follow from the inequalities
(4.21) [u([Al=r) — w([Bl=r)| < pu([B\ A1)
and
(4.22) 0 < p([Aler) = u([Bl<r) < pl([B\ Alz1).

O

Lemma 6. Under the hypotheses of Theorem[]], given € > 0 there exist ty and bounded subsets
A7, AT C R with boundary of measure zero such that

(4.23) AT C A C AT, volgn1 (A7 \ A) <e

and, for all t > to,

(4.24) #(P'n(x)w N Z(s, A7) S NS(Aj 2w0) < #(O'n(z)wn Z(s, A)).

Proof. In view of we have

(4.25) NE(Aj, ;W) = #(@'n(z)w N Z(s, e/ DN A,

The asymptotics shows that et/ (=D N=1/(=1) 5 1 and hence the lemma. O
We extend the definition of the cuspidal cone in to

(4.26) Z(a,b, Aj) = {z€H":Rez €9 V" VA, ¢ <Tmz <},

where —oco < a < b < 0.

Lemma 7. Under the hypotheses of Theorem 4, we have for all s = 0
(4.27) limsup [A({z € T"" : #(@'n(x)w N Z(c0, A;)) < r;Vj})

t—o00

—A{z e T " : #(@'n(x)w N Z(s, A;)) < V51| < e~ (D52 (yolga-1 A)1/?
where A = U,A;.

Proof. Using equation (4.6) we bound from above the left hand side of (4.27)), without the
lim sup, by

(4.28) A{z € T" ' : #(®'n(x)w N Z(s,00,.A;)) > 1for some j})
= A{z e T #(®'n(x)w N Z(s, 00, 4)) = 1}).
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Note that
(4.29) H(@'n(@)w N Z(s, 00, A)) = #(n(a)w N Z(0, 00, A))
| = '/\/;Ofs,oo(nt,se_s-/za Z; m)7

where 7, — 1 as t — o0.
For any R > 1, Chebyshev’s inequality implies the bound

1

(4.30) E2) < [ N lmae A @) dAn(@) + .
Trn—1

where Ag is the Borel measure with density Nz(x) := min(N(x), R). In view of eq. 7
/ '/V;O—Os,oo (nt,se_szy €T, w) d)\R(a‘,')
Trn—1

(4.31) S R/Tn1 '/\[to—os,oo(nt,seisj, ;W) dvolpn-1(x)
= Rn{fs’le’("’l)s volgn—1 A
— Re " yolga1 A
as t — co. The lemma is obtained by choosing R = (e~™~Y* volga—1 j)—l/Q_ [

Proof of Theorem[4] 1t is sufficient to show that, for every r = (r1,...,r,) € ZZ) and A =
Ay x - x Ay, with A; € R™™! bounded with boundary of Lebesgue measure zero,

(4.32) AM{z e T NiS(Aj ) <73 Vi) — p({g € G/T: #(gw N 2(s, A;)) < 75 Vj})

as t — o0.
The left hand side equals

(4.33) / e, (@, ®'n(x)) dA(x)
’]I‘n—l
with
(4.34) E=T""x{ge€G/T:#(gwn Z(s,e /" DN-V"=D ANy < r; V5.

The plan is now to apply Corollary [3| (where we identify A with a probability measure on R™™!
supported on a fundamental domain of £). Given any £ > 0, define (with the notation as in
Lemma @

(4.35) Er=T""'x{geG/T:#(gwnZ(s, A7) <r; Vj}
and note that £ C & C &; for all t > t;. We assume first s < co. Then Corollary [3| yields
(4.36) lim Sup/ Xe, (z, ®'n(x)) d\(x) < (&)
t—o0 Tr—1
and
(4.37) limint [ xe, (@, ¥'n(@) d\(e) > u(E1)°)
—00 Tn—1

Lemmas [5| and |§| together with the fact that Z (S,A;t) is bounded when s < oo imply that
lim, 0 (€7 \ (€F)°) = 0. This proves ([4.32) for s < oo.
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Let us assume now that s = co. Given ¢ > 0 and .Aji as above, by Lemma [7| there exists
Se < 00 so that

(4.38) lirtrisup/T 1 Xe, (2, ®'n(z)) d\(z) < P&, ) +¢

and

(4.39) lim inf /T  Xale ®n(e)) d\(@) > u((€D)°) — <

Again, by Lemmas 5] and [6] we have

(4.40) lim p(€7) = lim p((£5)°) = n({g € G/T + #(gw N Z(00, Ay)) < 1; Vi})

which completes the proof of for s = oc. U

Remark 4.1. Note that for A Cc R*!
1 __e—(n—lﬁ
(n—1)0

By the same calculation as in (4.20]) we have for the expectation value of the limit distribution,

(4.41) volgn Z(s, A) = volgn-1 A = #I', volg» (I'\H") volgn-1 A.

S B Am) = [ #(gw 0 Z(s, A)) dulg)
(4.42) r=0 G
_ volgn Z(s, A) volens A
T HT,volg. (D\H") &7

which is, of course, consistent with (4.8)).

Remark 4.2. Theorem [4] has the following interpretation in the language of random point
processes. For each t > 0, the point set

(4.43) Z = NYOD(Pe(w) +  + L)

defines, with the random variable & € T"~! distributed according to )\, a random point process
on R"~!. Theorem {4] says that this point process converges in finite-dimensional distribution
to a random point process on R"~! defined by

(4.44) == {9/ D Re(gyw) : v € T/Ty, 1 < Im(gyw) < e},

where g € G/T" is a random variable distributed according to p. In view of (4.42), the limit
process has intensity one and, due to the G-invariance of p, is invariant under all translations
and rotations of R"!.

5. CONVERGENCE OF MOMENTS FOR CUSPIDAL OBSERVER

Given bounded test sets Ai,..., A, C R"! as above, we define the moment generating
function

(5.1) G mid) = [ e (ZTJA@?:Mj,m;m)dA(w),
Tn—1

j=1
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which is analytic in all variables, and the moment generating function of the limit distribution,

[e.9]

(5.2) G, T A) = Y eXp(z:?TjTj)ES(T,A;@).

We denote the positive real part of a complex number 7 by Re; 7 := max(Re7,0).

Theorem 8. Let \ be a probability measure on T ' with bounded density, and A = A; x --- X
Ay, with A; C R bounded with boundary of Lebesgue measure zero. Then there is a constant
co > 0 such that for Rey 7 + ...+ Rey 7, < co, s € (0,00],

(i) Gs(71,...,Tm; A) is analytic,

(i) Timy 00 GS(T1, -+ s Ty A) = Go(T1, - .., Ty A).

This theorem implies, by a standard argument, convergence of mixed moments of the form

(5.3) M BB )= [ T WA @) de)
Tn—1 j=1

for all 8; € R>y. The corresponding limit moment is

(5.4) M,(B1,- ., By A) o= >t E(r, A D).

Corollary 9. Let A be a probability measure on T" 1 with bounded density, and A = A; x
- X Ay, with A; C R™™! bounded with boundary of Lebesque measure zero. Then, for all

ﬂla SR 76771 € R}Of s € (0,00],
(1) M(By, .- -, Bm; A) < 00,
Moreover it follows from (4.10]) that all moments with 8; € N can be computed from explicit
formulas; for f; = 1,..., 8, = 1, the formula reads

(5.5)

M,(1,...,1; A) = /G/F > T 1lgww € 2(s. Ay)) dulg)

1y Ym €L/Tuy J=1

(5.6) _ 1 Z /G 1__[ 1(gvw € Z(s,A;))L(gw € Z(s, Ay)) dul(g),

YLyeey '\/mflér/rw

and, as previously noted (4.42)),

1 _ volgn Z(s,A)
T /Gﬂ(gw € Z(s, A)) du(g) = T, volgn ((\H) volgn-1 A.

The Boolean function 1 (B) is defined by

1 if B=TRUE
5.8 1(B) =
o U

(5.7) M, (15 A) =
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Remark 5.1. The convergence of the 2-point correlation function follows from Corollary [9 for
the second mixed moment (m = 2) by choosing as test set A = A" x B, where B. is a ball of
small radius ¢ — 0. This is a fairly standard argument, cf. for instance [4, Appendix 1]. We
will show in the Appendix that this recovers the known formulas in dimension n = 2.

The proof of Theorem |8 will exploit the following three lemmas. Let

(5.9) d(gw) ;== min_d(gyw, gyw).
y172€l
Y1¢72Tw

Since GG acts by isometries, we have in fact

(5.10) d(gw) = min d(w,yw) = 6(wW).

’YEF\FUJ

Since G acts properly discontinuously, we have §(w) > 0.

If —co < a < s < ooand AC R" ! is bounded, then Z(a,s, A) is bounded. Hence the
number of points in gw N Z(a, s, A) has an upper bound which is uniform in g. This in turn
implies that all moments converge. The interesting case is thus s = oc.

Lemma 10. Fiz a € R and a bounded subset A C R"™'. There exist positive constants (,n so
that for all g € G, r € N,

(5.11) [#(gwn Z(a,00,4)) =r] = [#gwNZ((r—n,00,A) > 1].

Proof. Let sy = 26(w)~* diam A. Note that d(; + je®, @y + je*) < 36(w) for all @y, x, € A.
By the triangle inequality, if z1, 20 € gw N Z(sg, 00, .A), then [Imz; — Im z5| > e35®), This
proves for all g € G, r € N

(5.12) [#(gw N Z(sg, 00, A)) =71] = [#(gwnN Z(so+ 16(w)(r —1),00,4)) > 1].

If 7o := sup e # (9w N Z(a, s, A)), we obtain for all g € G, r € N,

(5.13)  [#(gwNZ(a,00,A)) =1 +10] = [#gwNZ(so+36w)(r—1),00,A4)) >1],
which implies (5.11)) with ¢ = 16(w) and 1 = max({(ro + 1) — so, (1o — a). O
Lemma 11. Fiz a bounded subset A C R"™! and ¢,n as in Lemma . Then

_ _ volgn Z(¢r —n, 00, A)
T #(gw N Z(CT — 1,00, 'A)) d:“’(Q) - #Fw VOIHn (F\Hn)

o (n=1)(¢r—n)
(n — 1)#Ty, volg= (I'\H")"
Proof. This follows from (4.20)). O

(5.14)

Lemma 12. Fiz a bounded subset A C R*™! and {,n as in Lemma . Let X be a probability
measure on T" ! with bounded density. Then there exists a constant C such that for all r > 0

(5.15) sup #(®'n(z)w N Z(Cr — 1, 00, A)) dA\(z) < Ce™ 1T,

t>0 Jn—-1
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Proof. By increasing C', we may assume without loss of generality that A = volpn-1. Then

#(®'n(z)w N Z({r — n, 0, A)) dz

Trn—1

- #(n(z)TN Z(Cr —n — t,00,e L A)) dx

Trn—1

= volgn-1(e ™" A) #{v € T \I'/Ty, Im(yw) > e~ "1},

By the asymptotics (4.4]), we find a constant C” such that

(5.16)

(5.17) #{7 € To\['/Ty, Im(yw) > e =1} < ' max(1, e D),

O

Proof of Theorem[§, As remarked above, in the case s < oo the number N3(A;, ;W) has a
uniform upper bound, and E(r, A;w) = 0 for |r| := max; r; sufficiently large. The statement
therefore follows directly from the convergence in distribution, Theorem @l Assume now s = oc.

For A = U;A; we have

> E(r, Aw) < i E(r', A;w
r"=R

Irl=R
(5.18) = u({g € G/T : #(gw N 2(0,00, A)) > R})
< p({g € G/T : #(gwN Z(CR —n, 00, A)) > 1})

< [ #(gwn Z(CR —1n,00,A)) dulyg).

G/r

by Lemma [10| and Chebyshev’s inequality. Using Lemma [11] on the last expression yields

(5.19) > Ei(r, Aim) < Crem ("R,

>R

for an explicit constant C}. This proves part (i).
By Theorem [4] we have

(5.20) hm/ Hll NZ(Aj, 2;w) < R) exp (N2 (A, ;W) dA ()
T’I’L 1

t—o0
j=1

S exp<i7jm>E§<r,A;w>.

To establish part (ii), what therefore remains to be shown is

(5.21) hm lim sup ‘/ HI[ mast (Aj, z;w) > R) exp (N3 (Aj, z;w))dM\(x)| = 0.
Tt

—00  t—o0
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Now,

m

/ H 1(max NS (Aj, z;w) > R) exp (N2 (A, z;w))dA ()
Tn—1 J

j=1

(5.22)

< / Il(/\/;f’j(j,:v;@) > R) exp (?/\/fj(.,zlv,w;m))d)\(m)
Trn—1
where A = UjA; and 7 = ). Rey 7;. We have
/ Il(./\/t‘f(ﬂ, x;W) > R) exp (?./\/'f?(./z, x;W))d\ ()
Trn—1

5.23) = [ e = i@

r=R
< Ze”/ LN (A ;W) > r)dA(z)
r=R Tnt

Using Lemma [10] the Chebyshev inequality and Lemma [I2] we see that the last integral is
bounded by

(5.24) / H(N;jj(ﬂ,:c;w) > r)dA(z) < Ce (71T,
Tn—1

uniformly in ¢ > 0. This proves that, for 7 < (n — 1),

(5.25) lim e*r/ TN (A, ;@) = r)d\(z) = 0
R—0 — Tn—1 )
uniformly in ¢, which yields ([5.20)). O

6. EEQUIDISTRIBUTION OF LARGE SPHERES

We now consider the spherical analogue of horospherical averages by replacing n(x) with
suitable rotation matrices R(x) € K := PSU(C,,_3), where & ranges over some open subset of
U C R"L. In geometric terms, it is natural to identify U either with (a subset of) the unit
sphere centered at j via the map @ — R(xz) 'e™!j (where e7!j is the “south pole” of S*™1),
or with (a subset of) OH" via & — R(x)~'0. The sphere S"™! and the boundary OH" are
diffeomorphic, so that smoothness assumptions are mutually equivalent.

One important example for R(x) is the matrix

(6.1) B(x) = exp< 0 ‘g)
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Note that, we have for € # 0 and Z := |z| 'z,

. N -1

z 0 z 0

5 1) #en (5 9)

(6.2) _(z 0 cos|xz| sinlx|) [ 0 -
' ~\0 1) \—sin|x| cos|z|/\0 1

[ coslxz| @sin|x|
~ \—2'sin|x| cos|z| )’

which shows that E(x) € SU(2,C,—2) (cf. (2.5)). Now

(6.3) Ei(e) =  Soslel - —@sinjz]
Z sin|x|  cos|z|
and hence F~!'(x)0 = —Z tan|x|. The map = — F(x) '0 has thus nonsingular differential

when || < 7/2 (it is of course smooth everywhere in dimension n = 2).

Theorem 13. Let U C R*! be a nonempty open subset and let R : U — K be a smooth map
such that the map U — OH", x — R~ '(x)0, has nonsingular differential at Lebesgue-almost
allx € U. Let \ be a Borel probability measure on U, absolutely continuous with respect to the
Lebesque measure. Then, for any bounded continuous function f : U X G /T — R and any family
of uniformly bounded continuous functions f, : U x G/T' — R such that fy — f ast — oo,
uniformly on compacta, and for every g € G, we have

(6.4) tlirgo/zjft (z, ®'R(x)g) d\(x) :/M o f(zx, h)d\(x)du(h).

Proof. We proceed as in the proof of Corollary 5.4 in [I0]. Let &y € U be a point where the
map x — R™'(x)0 has nonsingular differential. First we show that there exists an open set
Uy C U containing @, such that (6.4) holds with U replaced by U, or any Borel subset thereof.
Let

(6.5) m@:(jg)ﬂg)eK

Case 1. Suppose first that a(zy) # 0. Then R(z)™'0 = —a"(z)b(x) € V,,_5, and
a 0 1 a'b
(6:6) h(z) = <—b’ b’a1b+a’> (0 1 ) '

By assumption, the map = — &(x) := a '(x)b(x) has nonsingular differential at & = x, so
there exists an open set V' containing @y with V C U such the map x — & is a diffeomorphism
on V. We call its image V. Thus,

. [ a 0 1 &
7 vrw) =1 (% yota) (0 1)
. a 0 (1 @
(68) - <_ble—t b’53+a’) (I) (0 1) :

Fix Uy to be an open neighborhood of g such that Uy C V, and let B be ‘a Borel subset of
Up. Denote by B and Uy the images of B and Uy under  — x. We have B C Uy C V. Let
us assume A(B) > 0, and let A be the measure on R"™! which is the pushforward of ﬁ)ﬁ B
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under the map @ — &. Then ) is a Borel probability measure with compact support and is
absolutely continuous with respect to the Lebesgue measure. Finally, let u© be a continuous
function satisfying x; < u < xy-

With f and f; as in the statement, define continuous functions f;, f : R*~! x G/T - R

(6.9) Fi(@, h) = u(@) f, (:13 (_b‘,‘e_t b,ifl a,) h) it & eV
(6.10) F(@h) = u(@)f (:c (‘g . a,) h) itE eV
(6.11) fu(@, h) = f(&,h) =0 if & V.

We of course have that f,(&, h) — f(&,h) as t — oo uniformly on compact sets. Now we invoke
Theorem [2| for A, f;, and f to get

(6.12) im [ fi(@ @'n(@)g)d\(@) = / F(@, W) du(h)dA(&).
t=00 JRrn-1 RP—1xG/T
Unwrapping the definition of A and using left invariance of 1 we confirm that (6.4) holds when
U is replaced by any Borel subset B of Uy, provided A(B) > 0 (otherwise the claim is trivially
true).
Case 2. Suppose now a(xg) = 0. Note that in the definition of R in (6.5)), if a(xy) = 0, then
b(xg) # 0 and is hence invertible. With this in mind we write

(6.1 Rla) = @) () ). mlw) = (G0 B,
Then, @ = —by and b = ag # 0, and the map  — R;'(x)0 = _01 (1) R7(x)0 has

nonsingular differential at @ = ;. We conclude the argument as in Case 1 with g replaced by
0 1

g.

-1 0

The proof is now completed by a simple covering argument; see the end of the proof of
Corollary 5.4 in [10] for details. O

As in the case for horospherical averages, we can extend Theorem [I3]to sequences of charac-
teristic functions.

Corollary 14. Under the assumptions of Theorem[13, for any family of subsets & C U x G/T
and any g € G/T', we have

(6.14) liminf/xgt(m,(I)tR(a:)g) d\(x) 2/ d\dy,
t=oo Sy lim(inf &)°

and

(6.15) limsup/xgt(a:,ébtR(w)g) d\(x) g/ d\dp.
t—oo  Ju lim sup &

If furthermore X\ X p gives zero measure to the set limsup & \ lim(inf &)°, then

(6.16) lim [ xe (x, @ R(x)g) d\(z) = / d\ dp.
u lim sup &t

t—o00
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7. PROJECTION STATISTICS FOR NON-CUSPIDAL OBSERVER

Let us now return to the study of the fine-scale statistics of the multiset of directions of
lattice points P; ;(gw) as seen from an observer at the origin z = j. Measuring correlations on
the sphere of directions is a little more awkward than on a torus/horosphere, since rotations
generally do not commute. We use the matrix E(x) to obtain a coordinate chart of a small
neighborhood of the south pole of the sphere S*~! via the map  — FE(x) 'e !j. We then
define a shrinking test set in that neighborhood by

(7.1) Bis(A0):={E(x) e 'j: x € p oA}
where A C R"™! is a fixed bounded set and the scaling factor p; s > 0 is chosen so that
Qn VOanfl A
7.2 w(Bis(A0)) = —————.
72 R T

(We will see below that p;, ~ 9~/ ™=D e for ¢ large.) To rotate this set randomly, we use the
map x — R(x) of a open subset & C R""! defined in the previous section, and set

(7.3) B, s(A ) := R(z) B, s(A,0).
A key observation will be that the limit distribution of the random variable
(7.4) Nis(A, x; g0) == #(Prs(gw) N B, s(A, x))

will be independent of the choice of R. As before, the scaling of the test set ensures that, for
any probability measure A with continuous density,
(7.5) lt1im N s(A, z; g0) d\(x) = volgn-1 A.

— 00 u
This formula also follows from the convergence of moments (see Section |8) and the explicit
formula ([5.7)) for the first moment of the limit distribution, under the weaker assumption that
A has bounded density.

As in the case of a cuspidal observer, we consider the joint distribution with respect to several
test sets Ay, ..., Apn:

Theorem 15. Let Y C R"! be a nonempty open subset and let R : U — K be a smooth
map such that the map U — OH", x — R~ (x)0, has nonsingular differential at Lebesgue-
almost all © € U. Let X be a Borel probability measure on U absolutely continuous with respect
to the Lebesque measure. Then, for every g € G, s € (0,00}, r = (r1,...,mn) € ZZ, and
A=A x - x A, with A; C R"™! bounded with boundary of Lebesque measure zero,

(7.6) tli}rn M{x el : Ny s(Aj, z; gw) = r; Vj}) = Es(r, A;w)
where the limit distribution Es(r, A;W) is the same as in the case of a cuspidal observer in

Theorem[4). In particular, the limit is independent of g, R, A, and U.

The proof of Theorem [15]is almost identical to that of Theorem[d] with horospherical averages
replaced by spherical averages (Corollary , and Lemma |§| replaced by the following.

Lemma 16. Under the hypotheses of Theorem[15], given ¢ > 0 there exist ty < oo and bounded
subsets Aj_ C A;r C R with boundary of measure zero, such that

(7.7) volgn-1 (AT \ A}) <e
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and, for all t > tg,
(7.8)  #(P'R(z)gw N Z(e, s, A7) S Nis(Aj, 5 gw) < #(D'R(x)gw N Z(—¢,s + ¢, A7)
with

(7.9) S_:{s—e Es<oo)

Proof. For B C S" ! and —oo < a < b < oo define the cone

(7.10) Cla,b,B) :={zecH"\ {j} : p(2) € B, a < d(z) < b}.
Its volume satisfies

w(B)

n

(7.11) volgn C(a, b, B) = volgn C(a, b, S" 1),

where C(a,b,S" ') is the spherical shell with inner resp. outer radius a and b. Now

'/\/;7S(Aj7 wmgw) = #(gwm C(t — s, t, Bt,s(‘A‘j7 $>))

12
(7.12) = #(P'R(x)gw N ®'C(t — s,t, By 5(A;,0))),
where
(7.13) C(t—5,t,Bu(A;,0) = | ) {PE@) '@ paAl

0<r<min{t,s}

Note that p, s may depend on A;. The volume of this cone is in view of ((7.11)), for ¢ large,

1 — —(n—1)s
volgn C(t = s,t, By.o(A1,0) ~ eV ————w(B,(4;,0))
n p—
(7.14) e e~ (=05 O volgn-1 A

=€

n—1 #Pw(gﬁ)
~ #I'y, volygn (T'\H") volgn—1 A,

the same volume as the cuspidal cone Z(s,.A), (4.41)). We have,
P'E(x) ! =P (1 + (2, —Ow) + O(,ois))
(7.15) =1+ 0 —ca +O(e'p?,) | @
. - eftm/ 0 pt,s

— (n(-cta) + Ol pua) +0(es2,) ) o

and so

(7.16) P'E(x) e "j= —e'x + € j+ lower order terms.
This shows that, for every fixed r, the set

(7.17) {O'E(x) e "] x € proAj}

is close to

(7.18) {—z+ej:xeep A}
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We conclude that, for ¢ large, ®'C(t — s,t,B;.(A;,0)) approximates Z(s, 9%/ Velp, (A;)).

Comparing the volumes of the two yields p; ; ~ YY1 et 0
Theorem [1]is now a corollary of Theorem

Proof of Theorem[] In Theorem , choose m = 1 and A C R"! a Euclidean open ball of
volume o. Then

(719) Btys(A, O) = {E(m)*leflj X € pt,sA} = Dtys(O', eflj),
which is the spherical disc with the required volume (|1.8)). Define coordinate charts
(7.20) U—st x—v=Rx) e lj

for suitable & and R(x) with non-singular differential. (Take for instance R(x) = RoF(x)
which will parametrize a neighborhood of any point vy = Ry'e™!j € S*~!.) This implies that
U — OH", £ — R~'(x)0 has non-singular differential, and we can apply Theorem [15| to prove
, with A in restricted to each coordinate chart. The cuspidal cone in Theorem [1fis
defined by

(7.21) Zy(s,0) = Z(s,A),
with A a ball of volume o as above. For ¢ = 0 or s = 0, we define Zy(s,0) as the empty set.
The continuity in s and o, as well as (1.14]), follow from the continuity stated in (4.12)). O

8. CONVERGENCE OF MOMENTS FOR NON-CUSPIDAL OBSERVER

In analogy with Section [5 we define the moment generating function for a non-cuspidal
observer by

m

(8.1) Gra(Tr, ., Ty A) = /u exp (ZTjM,S(Aj,x; gw))d)\(m),

j=1
where U, X are as in the previous section.

Theorem 17. Let A\ be a probability measure on U with bounded density. Then there is a
constant ¢o > 0 such that for Rey 1 + ... 4+ Req 7y < o, s € (0, 00],

(8.2) lim Gy (71, ..., T A) = Gy(71, ..., T3 A),

t—o0
with G4(11, ..., Tm; A) as defined in (5.2]).

Theorem [17] implies convergence of the mixed moments

(8.3) M o(Br, ..., Bm; A) :Z/L{H(M,S(Aj,w;g@))ﬁj dX(z)

for all 8; € Ry.

Corollary 18. Let A be a probability measure on U with bounded density. Then, for all
51,...,BmER>0, S € (0,00],

(84) tlir{.loMt,S(ﬁbvﬁmaA) :Ms(ﬁbaﬁma-A)
with Mg (51, ..., Bm; A) as defined in (5.4)).

The proof of Theorem [17]is completely analogous to that of Theorem [ It is again based on
Lemma [11] and the following two lemmas, which substitute Lemmas [I0] and [I2] respectively.
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Lemma 19. Fiz a € R and a bounded subset A C R""L. The there exists positive constants
(,m,to so that for all g € G, r e N, t >t
(8.5) [#(g@ NC(0,t,Br(A,0))) = r} = [#(g@ NC0,t —Cr+n,Bi«(A0))) > 1}.
Proof. This is analogous to the proof of Lemma [10] 0

Lemma 20. Fiz a bounded subset A C R"™' and (,n as in Lemma . Let \ be a probability
measure on U with bounded density. Then there exists a constant C' such that for all r > 0

(8.6) sup /u (D' R(@)gw N C(0, ¢ — (7 + 1, Broo (A, 0))) dA () < Ce™ (DT,

t20

Proof. To obtain an upper bound, we may replace B (A, 0) by a sufficiently large ball D, C
S"~! so that By (A,0) C D, and w(D;) = gge” ™" for all ¢ > 0 and some constant oy. Since
A has bounded density and D; is rotation invariant, there is a constant Cy such that

(8.7) /M L(D'R(x)gw N C(0,t — (1 + 1, Bioe (A, 0))) dA\(z)

< 02/ #(®'kgw N C(0,t — Cr+n,Dy)) dm(k),
K

where m is the Haar probability measure on K. We have

(8.8) /K #(®'kgw N C(0,t — Cr +n,Dy)) dm(k)

= gpe” "V Ly € T/T,, 0 < d(ygw) < !+,
Finally, in view of the asymptotics , there is a constant C'3 such that, for all ¢ > 0,
(8.9) #{y € T/Ty, d(ygw) < =+ < Cymax(1, e~ DEC),
This completes the proof of the lemma. 0

APPENDIX A. TWO-POINT CORRELATION FUNCTIONS

This appendix derives the explicit formula for the 2-point function in dimension n = 2 and
s = oo, which was first calculated in the work of Boca et al. [3] and Kelmer and Kontorovich
[8]. As explained in Remark [5.1 the convergence of the 2-point function follows from the
convergence of the second mixed moment by a standard argument (cf. [4, Appendix 1]), and
the limit 2-point function Ry(§) (defined as in [8, Eq. (1.7)]) is related to the second mixed
moment by

(A.1) Ry (&) = lim4—1E Moo (1,15 (=€, €) X (—¢,)) — Moo (1; (—¢,¢))]

The term M, (1; (—e, 5)) removes the diagonal contribution 7 = 7, € I'/I",, in the sum defining
the second moment. We divide by 4¢ rather than 2¢ in to count ordered pairs (71, 72) and
(72,71) in (5.5) only once; this is consistent with the definition of Ng(§) in [8]. (Note however
that unlike [3, 8] we take v € I'/T",, in order to count each point in the orbit w = I'w only

once.) In view of (5.6)),
(A.2) My (1,1;(=&,€) x (—€,¢)) — My (1; (—¢,¢)) = #lr Z F,(07%€)

w ’yGI‘/Fw
Y#Tw
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with
(A.3) F, . (a):= /G 1(gyw € Z(o0, (—Va,¥a)))1(gw € Z(o0, (—¢,¢))) du(g).

Note that for n = 2 we have 9= = #T, voly (I'\H?). There is h € G such that hw = i and
hyw = e‘i where ¢ := d(w,yw). Hence

(A.4) F, (o) = /G]l(gegi € Z(o0, (—da,Ya)))1(gi € Z(o0, (—¢,¢€))) dulg).

In dimension n = 2, the Iwasawa decomposition (2.13)) for G = PSL(2,R) reads

cosf) —sinf
(A.5) g=natk®), ke = (g o),
where 0 < 0 < 7, and Haar measure ([2.15])
dx dy df
A6 d =
(A.6) pu(g) = » ——

where s = voly (I'\H?)~!. With this,

(A7) Fyfa)=lim LF.(0)= / ' / "1 (a(k(O)e'i € Z(o0, (~va,9a))) Z—i’da

e—0 4e
where s/ = #I',,. The indicator function restricts the domain of integration to

ysin 26 sh ¢

Y
(A-8) 1 @< ch ¢ — sh ¢ cos 260 <@

ch ¢ — sh ¢ cos 20 =5

We exploit the symmetry of the domain of integration by noticing that § < /2 if and only if
% > 0, which allows us to rewrite the integral as the sum of two equal integrals, that

over (0,7/2) and that over (7/2, 7). Therefore,
Py T poo .. dy
(A.9) F(a)=— 1(a(y)k(0)e'i € Z(oo, (0,9a))) — db,
™ Jo 1 y?

so that the range of integration becomes
(A.10)
{y>1}n{y>chl—shlcos20 >0} N{ysin20sh? < (ch¢ —shlcos20)a} N {0 < m/2}.

We remark that every side of every inequality above is positive. We seek to compute the
derivative with respect to a of

(A11) / W 4
y

for given a and /.
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The first two inequalities bound y from below, so we split the integral over 6 into two parts,
according to which condition dominates:

a(ch £—sh £ cos 20)
sin 20 sh ¢ y
(A12) (AII) = [ 1 as
=1 Y
0:1>ch 0—shfcos20 L7 +
a(ch £—sh £ cos 26) d
sin 26 sh £ y
+ 2 ae.
y=ch f—sh { cos 20 Yy
6:1<ch {—sh £ cos 20 +

Here [-]; = max(0,-), and serves the purpose of excluding regions where limits are reversed
(upper limit is smaller than the lower limit).

The range of integration in # is equivalent to cos 26 > thé for the first term of , and
the inequality is reversed in the second term. Since 6 € [0,7/2), there is a unique 6y so that
the range of integration is from 0 to 6, for the first integral and 6, to 7/2 for the second.

Consider the first term in (A.12)). It evaluates to

o sin 20 sh ¢
Al 1— .
(A.13) /90 { a(ch? — sh/cos 26’)} N a0

Observe that the antiderivative can be explicitly written as

sin 260 sh ¢ 1
A4 | I T |
. /( a(ohé—shecosze)>d9 6 — 5~ log(ch ¢ — sh  cos 20) + C

It remains to establish the correct range of integration. When o > sh ¢, the integrand is always
nonnegative, so the +-sign is superfluous, and evaluating (A.14) at 6y and 0 we get for (A.13])

4
A15 Oy — —.
( ) ° 2a
Consider the case v < sh £ and introduce the auxiliary variable ¢ € [0, 7/2] with sin p = 2.
The positivity condition amounts to sin(20+ ¢) < sinp cth¢. When 6 € [0, 7/2), this condition

is satisfied outside the interval (6_, 6, ) with

(A.16) 0, = g - g - %arcsin(singocthﬁ)
1
(A.17) 0_ = 5 arcsin(sin ¢ cth ¢) — g

Further analysis shows that so long as @ > 2sh g, we have the inclusion (0_, 6, ) C [0, 6)), so that
the range of integration consists of two intervals, [0,6_) U (65,6,). If a < 2sh%, then 6, > 6,
and we need to integrate over but one interval, [0,6_). Exact formulas follow immediately by
substituting into the antiderivative formula (A.14)).

Now consider the second term of (A.12)), which evaluates to

/2 1 sin 20 sh ¢
Al l—— .
(A.18) /990 [chﬁ—shﬁcos% ( o )]erﬁ

Positivity here is determined by the sign of the expression in parentheses. The antiderivative
reads

1
(A.19) arctg(e‘tg ) — % log(ch ¢ — sh ¢ cos26) + C.
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If o« > sh ¢, the positivity condition holds for all 8, and the integral (A.18) equals

l
g 5.~ arctg(e’/?).
Otherwise within the interval [0, 7/2), the integrand is nonzero on the complement of [f_, 6.

with

~ 1 .«
(A.20) 0 = 5 arcsin ——

~ T 1 .«
(A.21) 0, = 5 g aresin .

When 2shi < a, [0_,0,] C (6y,7/2), and the range of integration consists of two intervals.

When a < 2sh£, the range of integration of (A.19) consists of the single interval (0,,7/2).
Again, the integral (A.18]) is evaluated by substituting limits in (A.19)).

For F(a) := L F, (), this leads to

a>sh/t
L'y
(A.22) Fl(a) = % {+log(1 4 a?) —2log(ch ¢ + v/sh® ¢ —a?) 2shi < a <shl

¢ —log(ch ¢+ /sh® ¢ — a?) o <2shi.

Therefore we have for the 2-point correlation density

(A2 w©= PO = g X RO —wk(\E) Y B,
Y el /T ~ET/Ty,

'77£Fw ’Y#Fw

matching the formulas in [3, [§], up to the extra factor of #I',, in the definition of ¥}, which is
due to counting v in T'/T',, rather than in T" as in 3], §].
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