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Summary. One of the central aims in quantum chaos is to classify quantum systems
according to universal statistical properties. It has been conjectured that the energy
levels of generic integrable quantum systems have the same statistical properties as
random numbers from a Poisson process (Berry & Tabor 1977), and chaotic quantum
systems the same as eigenvalues of random matrices from suitably chosen ensembles
(Bohigas, Giannoni & Schmit 1984). I review some recent developments concerning
simple classes of integrable systems, where the study of eigenvalue correlations leads
to subtle lattice point counting problems which, in some instances, can be solved by
ergodic theoretic techniques. In a special example (the so-called “boxed oscillator”)
energy level statistics are related to the statistical distribution of the fractional
parts of the sequence n?a. We will see that the error term of this distribution can
be identified with an almost modular function, and that the fluctuations of the error
term are governed by a general limit theorem for such functions.
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1 Introduction

The classification of quantum systems according to universal statistical prop-
erties is one of the central objectives in quantum chaos. The topic is discussed
in detail in Eugene Bogomolny’s lectures [7] and I will here concentrate on a
special class of quantum systems whose level statistics can be understood in
terms of lattice point counting problems. Let us consider a Hamiltonian with
discrete energy spectrum Ay < Ay < ... — oo. We assume that the number of
levels (counted with multiplicity) grows asymptotically as

#{7 1A <A~ NQ) (A= 00) (1.1)

where N(X) = ¢\? with constants ¢ > 0, v > 1. To investigate its statistical
properties it is convenient to rescale the sequence by setting X; = N(};)
which yields mean density = 1, i.e.,

#i:X;<X}~X (X — ). (1.2)

The central conjecture, put forward by Berry and Tabor in 1977 [1], is that if
the Hamiltonian is classically integrable (and sufficiently “generic”) then the
X have the same local statistical properties as independent random variables
from a Poisson process. This means that

N(T,L):=#{j: T < X; <T+ L}, (1.3)

the number of X; in a randomly shifted interval [T, T+ L] of fixed length L, is

distributed according to the Poisson law Lk—l,c e~ L. More precisely, let p : Ryg —
R>( be a continuous probability density with compact support, and define the
family of probability densities px with X € R>q by px(T) = X 1p(TX1).
The assertion is now that N(T, L) has a Poisson limit distribution, if 7" is
distributed according to px and X — oo. That is, for any bounded function
g : Z>o — C we have

o0 e k
/0 g(./\/(T, L)) px(T)dT — Zg(k‘)% e L. (1.4)
k=0

This is in contrast to chaotic systems where the spectral statistics are expected
to follow those of random matrix ensembles.

The central idea behind the Berry-Tabor conjecture is that the energy
levels of an integrable Hamiltonian are in semiclassical approximation given
by the EBK quantization

Aj(B) ~ Hi(m +a)),  h—0, (1.5)

where H(I) is the classical Hamiltonian in the action variables; m runs over
integer lattice points and « is a fixed vector determined by topological data
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such as Maslov indices. One case where this approximation can be controlled
sufficiently well to study spectral correlations is when H is the negative Lapla-
cian —A on surfaces with integrable geodesic flow. For examples in the case
of surfaces of revolution (with some technical assumptions) one has [10, 11]

>‘j :F‘(’I”I’Ll,?’ng-i-%)7 (ml,mg) €Z2, |m1\ < Mma, (16)

where F(z) = Fa(x) + Fo(z) + O(||z|| 1), ||| — oo, and Fy, Fy are smooth
homogeneous functions of degree 2 and 0, respectively. Note that in the case
of the Laplacian the semiclassical limit i — 0 is equivalent to the high energy
limit j — oo.

Sinai [42] and Major [17] proved the Poisson limit theorem (1.4) for generic
F' in a certain function space. A “generic” function has, however, level curves
F(x) = 1 which are not twice differentiable. Advances towards a proof of the
Poisson conjecture for systems with analytic F', such as the Laplacian on sur-
faces with integrable geodesic flow, have been made only recently. Sarnak [38]
showed that the pair correlation statistics are Poisson for the eigenvalues of
tori with a generic flat metric (we shall see below that pair correlation or two-
point statistics correspond to the variance of the distribution of N'(T, L)). The
eigenvalues of a flat torus are given by positive definite binary quadratic forms
am?+ Bmn++n? (m,n € Z), and “generic” refers to a choice of (a, 3,7) in a
set of full Lebesgue measure. These results were extended by VanderKam to
tori of arbitrary dimension [43] and also to higher-order correlation functions
[44]. Eskin, Margulis and Mozes [12] strengthened considerably Sarnak’s re-
sult by giving explicit diophantine conditions on (v, 3, ) under which the pair
correlation statistics of two-dimensional flat tori is Poisson. It is interesting to
note, however, that the fluctuations of the spectral form factor (the Fourier
transform of the pair correlation density) are in this case not consistent with
the Poisson model [18].

Berry and Tabor point out that there are many examples of integrable
systems which violate their general conjecture, and that hence the Poisson
distribution should only be expected for “generic” systems. One of the most in-
teresting counter examples is the multi-dimensional harmonic oscillator whose
eigenvalues are given by the values of the linear form w - m at lattice points
m € N¥; see Berry and Tabor’s original work [1], and subsequent papers by
Pandey, Bohigas, Giannoni and Ramaswamy [30, 31], Bleher [2, 3], Mazel and
Sinai [29], Greenman [13, 14], and myself [21].

In the present paper we focus on two special classes of integrable systems.
The first example is the k-dimensional standard torus T* threaded by flux
lines, where the question of energy level statistics corresponds to counting
lattice points in thin spherical shells centered at «. It was first studied in
connection with the Berry-Tabor conjecture by Cheng, Lebowitz and Major
[8, 9]. In Sects. 2 and 3 I will review recent results on the pair correlation
statistics [24, 25], which were announced in [22, 23].

The second example is the “boxed oscillator”, i.e., a particle constrained
by a box in z-direction and by a harmonic potential in the y-direction, so that
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H = —92—-0924w?y?. In this case the eigenvalue correlations are closely related
with the local statistics of the fractional parts of the sequence n?c, which
were studied by Sinai [41], Pellegrinotti [32], Rudnick, Sarnak and Zaharescu
[35, 36, 45], and Zelditch [46]. In Sects. 4 and 5 I will discuss joint work with
Strémbergsson [28], which relates the pair correlation problem for n’a to a
natural equidistribution problem in hyperbolic geometry.

It is crucial in the Poisson limit theorem (1.4) that L is kept fixed. If L
increases (sufficiently slowly) with 7' then the left-hand-side is expected to
converge to a Gaussian distribution, see Bleher’s review [5] for a detailed dis-
cussion. (In a recent paper [16], Hughes and Rudnick prove a central limit
theorem for lattice points in annuli.) If; on the other hand, L grows suffi-
ciently fast with T' (e.g. L = T') the limiting distribution (provided it exists)
is typically non-universal. In the case when the eigenvalues are given by values
of positive definite binary quadratic forms (or more general functions homo-
geneous of degree two) the work of Heath-Brown [15] and Bleher [4, 5] shows
that the limit distribution can be described in terms of almost periodic func-
tions. Bleher and Bourgain obtained a similar result for the multidimensional
torus threaded by flux lines, under certain diophantine conditions on the flux
strength [6].

In the case of the boxed oscillator, we will see in Sect. 6 that, rather
than almost periodic functions, almost modular functions will describe the
distribution of the error term. This last section is based on the papers [26, 27].

2 Torus Threaded by Flux Lines and Lattice Points
in Thin Spherical Shells

The quantum mechanics of a free particle on a k-dimensional torus threaded
by flux lines of strength e = (a1, ..., ) is described by the Hamiltonian

H=Y" L9, i (2.1)
o 5 27‘(‘18.’[7]‘ J '

acting on periodic functions ¢, i.e., p(x + 1) = ¢(x), for all I € Z*. The
eigenfunctions of H are ¢,,(x) = e(m - ), where m = (my,...,my) € Z*,
and its eigenvalues 0 < \; < Ay < -++ — 00 are given by

lm — a2 = (m1 —ar)? + -+ (mi — ). (2.2)

Geometrically, the eigenvalues of H thus correspond to squared radii of spheres
with center o which contain at least one lattice point m € ZF; the multiplicity
of the eigenvalue corresponds to the number of lattice points on the sphere.
Since the number of lattice points in a ball of large radius is approximately
its volume, we find that (1.1) holds with N(\) = ByA\¥/2 where By is the
volume of the unit ball. According to the Berry-Tabor conjecture we expect the
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rescaled sequence X; = By|/m—a/|* to satisfy the Poisson limit theorem (1.4),
at least for “generic” choices of a. Hence, in geometric terms, the conjecture
says that the number of lattice points inside a random spherical shell with
fixed volume L, whose inner sphere encloses a ball of volume 7' (randomly
distributed with law px), has a Poisson limit distribution as X — occ.

As a first step towards a proof of the conjecture we shall here show that
the second moment of N (T, L), the number variance

Y2(X,L) = ;/OW{N(T, L)— L}%(i) dT, (2.3)

converges indeed to the variance of the Poisson distribution, which is L. Note
in the above definition of ¥2(X, L) that, in view of (1.2), the expectation
value of N (T, L) is asymptotically

)1(/000 N(T, L) p<)T() dT — L. (2.4)

As we shall see the set of “generic” a can be characterized by an explicit
diophantine condition which is in fact satisfied by a set of a of full Lebesgue
measure.

The vector a = (g, ..., a;) € R¥ is said to be diophantine of type k, if
there exists a constant C' > 0 such that

m;

C
max |a; — —| > — (2.5)
J q q"
for all my,...,my,q € Z, ¢ > 0. The smallest possible value for k is k = 1+ %

In this case « is called badly approzimable. Examples of badly approximable
vectors are a such that the components of (a, 1) form a basis of a real algebraic
number field of the degree k + 1 ([39], Theorem 6F). On the other hand, for
any K > 1+ %, the set of diophantine vectors of type k is of full Lebesgue
measure ([39], Theorem 6G).

Theorem 1 (Poisson limit of the number variance). Suppose « is dio-

phantine of type k < % and the components of the vector (a, 1) € RFFL are

linearly independent over Q. Then, for every L > 0,
lim ¥?(X,L) = L. (2.6)

X —o00

This theorem is a corollary of a more general statement on the convergence
of the pair correlation density of the X;, which is proved in [24, 25]. For any
1 € Cp(Rsg X Rso xR) (i.e., continuous and of compact support) let us define
the pair correlation function

I o (NN _
Ro(:X) = a7 2 zp(x;,w? (O —Aj>>. (27)
i,j=1

We then have the following statement (Theorem 2.2, [25]).
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Theorem 2 (Poisson limit of pair correlation). Let ¢ € Co(Rsg X R X
R). Suppose the components of (c,1) € R¥*1 are linearly independent over
Q, and assume a is diophantine of type k < % Then

lim Ry(¢, A) = ﬁ/ P(r,r, 0)rk/ 2 dy
A—00 2 0

1{32 e8]
+7Bk// (e, s)r"2drds.  (2.8)
4 rJo

To see more clearly what this theorem says about the distribution of the
rescaled sequence X, let us put

- 1 — (X X;
R X)=— X - X 2.9
2(’(/}7 ) XIJZ_I,L/J<X7X) J> ( )
The map
1 Bkr]f/Q
w R>0 X R>0 xR — R>() X R>0 X R, T9 — Bkrg/z (210)
s BiR(r1,72)s
. k/2 k/2 o . . .
with R(ry,7m2) = (r;’" — r3’7)/(r1 — r2) is invertible, continuous and in

particular maps compact sets to compact sets. We may therefore choose
as a suitable test function in Theorem 2 the function ¢ = ¢ o w, for any
'll) S CO(R>O X R>0 X R) SO
- k/2 k/2

U(ry,re, ) = ¢(Bkrl/ ,Bkr2/ , BpR(r1,72)8). (2.11)
After a simple change of variables this shows that Theorem 2 is equivalent to
the statement that (under the same conditions on &) for any ¢ € Co(Rsg x
R<o x R) we have

Xli_r)nooég(lz,X) = /Oooﬁ(r,r,O) dr—i—/R/Ooo Y(r,r,8) drds. (2.12)

The first term represents the asymptotic contribution of the diagonal terms
(¢ = j) in the sum, while the second asserts that the spacings X; — X (for
i # j) are uniformly distributed, as one would expect from independent ran-
dom variables with constant mean spacing. We will show in Appendix A that
Theorem 1 follows in fact from (2.12) for a special choice of test function .

The diophantine conditions in the above theorems are in fact sharp; there

are diophantine vectors a of type k = % such that the components of

(a,1) € R**! are linearly independent over Q, for which the conclusion of
the theorems do not hold. Such a are of the form a = (aq,...,a)) where
(ai,...,ar_2) € RF2 is badly approximable by rationals (i.e., diophantine
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of type = 1++= 2) and (a1, ) € R? are very well approximable vectors
which form a set of second Baire category in R2. (A set of second category is a
set which cannot be represented as a countable union of nowhere dense sets.)
The idea here is that the pair correlation function diverges at a logarithmic
rate for a with (ag_1,01) € Q?, which is still felt by well approximable
(ag—1, g ); see [24, 25] for details. (Note that the set C' in Theorem 1.7 [25]
is wrongly characterized as a second category subset in R¥, since we impose
diophantine conditions. C' is only a dense subset in R".)

3 Theta Sums and Unipotent Flows

Let us firstly note that it is sufficient (see [25] for details) to prove Theorem
2 for pair correlation functions of the form

YN

RQ(wtha h> A) B )\k/2 Z wl (7)h<)\k/2 1()\1' — )\j>)7 (31)

1,j=1

Here 11, 12 € S(R>¢) are real-valued, and S(R>¢) denotes the Schwartz class
of infinitely differentiable functions of the half line R>( which, as well as their
derivatives, decrease rapidly at +oo 71 is the Fourler transform of a compactly
supported functlon h € Cy(R fR us ) du with the shorthand
6(2’) . 271'12.

A short calculation shows that Ra(1)1, 12, h, A) can be written as an inte-
gral over a product of theta sums,

Ro(t1,1ha, hy N) = =M/
k

X /R@f <u+ii\,0; (g) )99 (u—i—i/l\,O; (g)) R(*27 ) du,  (3.2)

for the choice of functions f(w) = 91 (||w]|?) and g(w) = ¥ (||w]|?). Here the
theta sum Oy is defined for any Schwartz function f € S(R¥) by

Os(r ;) =™t Y fo((m =y e(sm —ylfutm-z), (3.3)

meZk

where
T=u+iv, (WER, vERyy), PR, &= <z> (x,y € RF). (3.4)
The family of functions fy4 is an extension of f =: f¢| $=0 defined by

fo(w) = . Go(w, w') f(w') du’, (3.5)
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with the integral kernel

3 ([|wl]f* + [[w'[[*) cos ¢ — w - w’

N k)2
Gy(w,w') = e(—koy/8)|sin ¢| ¢ sin ¢

i

(3.6)
where 0y = 2v+1 when v < ¢ < (v+1)7, v € Z. The operators U? : f — fy
are unitary, and in particular U% = id.

The idea behind the introduction of the extra variables ¢ and « is that
the product ©;6, can be identified with a function on the finite volume
homogeneous space M = I'\G* where G* = SL(2,R) x R?* and I is a lattice
in G*. The multiplication law for G* is (M;&)(M';¢') = (MM'; ¢ + M¢)
where M, M’ € SL(2,R) and &,¢&" € R?*; the action of SL(2,R) on R?* is

defined by
_ fazx+by _fab e
Mg = (ca: + dy) M= (c d) &= (y) ' (3.7)

The connection between M € SL(2,R) and the variables 7 = u + iv, ¢ used
above is given by the Iwasawa decomposition

(1w w20 cos ¢ —sin @
M= (0 1) ( 0 11_1/2> <sin¢ cos ¢ ) (38)

The first of the two crucial ingredients in the proof of the Poisson limit
of the pair correlation functions is following equidistribution theorem [24, 25]
whose proof in turn uses Ratner’s classification of ergodic measures invariant
under a unipotent flow [33, 34]. The following theorem may be viewed (strictly
speaking only in the case o = 0) as a special case of Shah’s Theorem 1.4 [40];
for a proof see [24] (o = 0) and [25] (o > 0).

Theorem 3 (Equidistribution of translates of unipotent orbits). Let
I be a subgroup of SL(2, Z)x Z3F of finite index, and assume the components of
the vector (y,1) € R¥*1 are linearly independent over Q. Let h be a continuous
function R — Rx¢ with compact support. Then, for any bounded continuous
function F on I'\G* and any o > 0, we have

0 1
limv”/F(u—Hv,O;())hvgu duzif Fd,u/hw dw
v—0 R Yy (v7) w(I\G¥) I\Gk R (w)

(3.9)
where p is the Haar measure of G*.

The dynamical interpretation of the above average is the following. Let us
define the flows ¥* &' : '\G* — I'\G* by right translation with

w-(()0) (7)) oo

respectively. Then



Energy Levels, Lattice Points, Almost Modular Functions 171

F(quiet,O; (2) > = FgoWidl = @' o W*(I'gy), go := (1; (2) ) (3.11)

and we can thus view the integral for ¢ = 0 as an integral along an orbit of the
unipotent flow ¥* which includes (at time u = 0) the point go; for ¢ > 0 we
obtain a translate by @! of the above orbit which, by Theorem 3, eventually
becomes equidistributed in I"\G*.

The integral on the right-hand-side of the above equidistribution theorem
can be worked out explicitly for F' = ©;60, and yields precisely the first term
in Theorem 2. The problem is that F' is not a bounded function. To prove
convergence in this case we need to ensure that the translated orbit stays
sufficiently far away from the singularities of F'; this is achieved by imposing
diophantine conditions on y. The only exception is a small piece of the orbit at
u = 0 which runs into the singularity and produces an additional contribution,
which in fact yields the second term in Theorem 2.

4 The Boxed Oscillator, Lattice Points in Thin Parabolic
Strips, and Distribution Modulo One

The Hamiltonian of the boxed oscillator is H = 78?722 — 38—;2 + w?y?, where
we assume Dirichlet boundary conditions at z = 0, . Its eigenvalues are E; =
(7/0)*n? + (2m + 1w, for n = 1,2,3,... and m = 0,1,2,.... Up to overall
additive and multiplicative constants these can be written as \; = na +m
with o = (7/€)?/2w. The eigenvalue number is asymptotically #{j : \; <
A} ~ eA3/2 where ¢ = meas{z,y > 0,az® +y <1} = %

The statistical properties of the sequence A; are directly related to those
of n?a mod 1. For consider those \; = n?a + m, which fall into the interval
[\, A + 1), for some fixed A > 0. Clearly for every n = 1,2,... such that
n?a < A+ 1 there exists a unique m = 0,1,2,... such that \; € [\, \ + 1).
The values of A; in this interval are thus in one-to-one correspondence with
namod 1, n =1,...,N < /(A +1)/a. The distribution of the \; in small
random intervals can therefore be understood in terms of the distribution of
n?a mod 1 in small (i.e. of size of the order of 1/N) random intervals of the
unit circle. Let [¢,€ + N~ 'o] + Z be such an interval where £ is uniformly
distributed on the unit circle; define the analogue of the counting function

(1.3) by
N(N,&o)=#{n=1,...,N:nac £+ N o] + 7). (4.1)

In view of the Berry-Tabor conjecture we expect that—for generic a— this
number is Poisson distributed as N — oo, i.e., for any bounded function
g: ZZO — (C,

1
/O GV (N,€,0) dE — 3 g(k) T e (4.2)
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The best result we have in this direction is again for the number variance

1
S2(N,0) = / (NN, €.0) — o) d, (4.3)
0

which can be shown to converge to the Poisson limit for almost all a.

Theorem 4 (Poisson limit of the number variance). There is a set P C
R of full Lebsque measure such that, for every a € P and every o > 0,
lim X?(N,0) = o. (4.4)
N—o0

As for Theorem 1 above, this theorem follows from the Poisson distribution
of the more general pair correlation function

Ry(y,N) = % > ) w(N(Pa - Ko+ ) (4.5)

J,k=1veZ

where ¥ € Cy(R), continuous and with compact support. The following the-
orem is proved by Rudnick and Sarnak [35] by averaging Rs(v¢), N) and its
square over « and using a variant of the Borel-Cantelli argument.

Theorem 5 (Poisson limit of pair correlation). There is a set P C R
of full Lebsgue measure such that, for every a € P and every i € Co(R), we
have

Jim_Rav.N) = 6(0) + [ () da. (4.6)

The number variance is in this case in fact identical to the pair correlation
function, i.e., X?(N, o) = Ra(1), N)—o? for the choice ¥(z) = max{o—|z|, 0},
see Appendix B.

5 On n?a mod 1 and the Equidistribution of Kronecker
Sequences Along Closed Horocycles

In view of Theorems 1 and 2, one would like to give a more explicit char-
acterization (in terms of diophantine conditions) for the set of « for which
n?a mod 1 is Poisson distributed. Would, for instance, the assertion in Theo-
rem 5 hold for o = v/2 ? Motivated by the affirmative answer in the case of
the pair correlation problem for quadratic forms discussed in the previous sec-
tion, the idea is to look for an equidistribution problem involving unipotent
orbits, which can be employed to understand the pair correlation densities
of n?a mod 1. To this end, consider a pair correlation function with smooth
weighting,
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Ro(f, h,N) :% Z Zf(}‘i[) f<]]\“f> h(N(j?a - Ba+v))  (5.1)

§kELVET

where f € CP(R), h € Co(R) with Fourier transform

h(s) = /Rh(u)e(%us) du = O(]s|™2) (5.2)

for s — oo. Applying Poisson summation to the v-sum, we obtain

Ro(f, h,N) = % Z h<x> ‘@f'(ma+iN’2,())]2 (5.3)

mEeZ

where O¢ (7, ¢) is the theta sum (3.3) for dimension k =1 at £ =0, i.e.,

Op(r,¢) =v"/* > fo(n'/?) e(3nu). (5.4)

nezZk

The pair correlation function may thus be viewed as a special case of averages

of the form
M

0 > F(ma+iv,0) (5.5)
m=1

as M — oo and v — 0, where F' is a continuous function on M = I'\ SL(2,R),

where I' is a lattice in SL(2,R) which contains the parabolic subgroup

{((1){) 1j € Z}; we will also assume for simplicity that —1 € I'. In partic-

ular, for I' = I, the invariance group of |O¢| (the “theta group”), one can

show [28] that if for some fixed a € R and F = |©¢|* we have

1 1
lim — F (ma+iv, 0 :7/ Fdu, v=M"2-0, 5.6
P Ty >0

then the limiting pair correlation density of n?a mod 1 is Poisson.

The equidistribution theorem (5.6) we are here interested in combines two
classical equidistribution problems. The first is the equidistribution of long
closed horocycles [37], i.e.,

1
1
lim F(u+iv0)du:7/
v—0Jo ’ (M) S
for any sufficiently nice test function F, e.g., bounded continuous. The second
is the distribution of the Kronecker sequence «, 2c,3cv. .., Ma mod 1, which
is well known to be equidistributed as M — oo for all irrational «; that is

Fdy, (5.7)

M 1
lim J\Z;F(ma—l—iv,o):/o F (u+iv,0) du (5.8)
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for fixed v > 0. Taking both limits M — oo, v — 0 simultaneously requires
a careful analysis. Of particular interest is the case when the number M of
points on the horocycle grows slower than the length of the horocycle, v!.
In this case the problem is that the mean distance between the points on
the horocycles grows as v — 0. It seems therefore difficult to show that any
possible limit measure is invariant under some unipotent action, and hence
Ratner’s theorem cannot be applied (in the present approach, that is). The
proof of the following theorem uses instead methods from spectral analysis

[28].

Theorem 6 (Equidistribution of ma mod 1 along closed horocycles).
Let I be a lattice in SL(2,R) as described above. Fixz v > 0. Then there is a
set P = P(I',v) C R of full Lebesgue measure such that for any a € P, any
bounded continuous function F : M — C, and any constants 0 < Cyp < Cy,
we have

1 & ‘ 1
M;F(ma—kwﬁ) — M/MFCZM (5.9)

uniformly as M — oo and C1M™7 <v < CoM™".

This theorem holds in fact for a larger class of test functions F' which are
continuous but unbounded, and which allow the choice F' = |@|?. Theorem 6
thus implies Rudnick & Sarnak’s result [35] that the pair correlation density
of n?a mod 1 is Poisson for almost all a.

If I = SL(2,Z) or a congruence subgroup, and we increase the number of
points on the horocycles sufficiently fast (i.e., v is chosen sufficiently small)
we are able to prove equidistribution under explicit diophantine conditions.
The best possible result is obtained under the assumption that the Fourier
coefficients of the eigenfunctions on the Laplacian on I'\$) ($ denotes the
complex upper half plane) are almost bounded; this hypothesis is usually
referred to as the Ramanujan conjecture for Maass wave forms.

Theorem 7 (Equidistribution of ma mod 1 along closed horocycles).
Let I be a congruence subgroup of SL(2,Z) and assume the Ramanujan con-
jecture for Maass waveforms on I'\$) holds. Let o € R be of type k > 2, and
fiz v < min{2, %} Then for any bounded continuous function F': M — C,
and any constant Cy > 0, we have

M
% > F(ma+iv,0) — ﬁM) /M Fdu (5.10)
m=1

uniformly as M — oo, v — 0 so long asv > C1M™".

This statement is proved in [28]. If k > 3, then v < —25 is in fact the best
possible restriction on v, in the sense that there are otherwise counter exam-
ples for which the assertion of the theorem is wrong [28]. Thus, in contrast
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with the equidistribution theorem for unipotent flows (Theorem 3), we must
impose diophantine conditions even in the case of bounded test functions.

It would be very interesting to extend Theorem 7 to v = 2, which, as
mentioned above, is the case relevant to the pair correlation problem. Note
that the theta group Iy is a congruence subgroup of SL(2,7Z).

6 Distribution Modulo One and Almost Modular
Functions

In the previous section we have presented some evidence that the distribution
of n2a mod 1 in intervals of size 1/N is described by a Poisson distribution.
In the same vein (as mentioned in the introduction) it can be expected that
a central limit theorem holds for slightly larger intervals. Let us here consider
the case when the interval size is macroscopic. For any fixed interval [£, £ + 1),
0 < n <1, we are interested in the counting function

Na(N, &) =#{n=1,...,N:n*a € ¢+ +Z}. (6.1)

For irrational a, the sequence n?a is equidistributed mod 1, which means that

N(N,&m) ~ Nnas N — oo. The error term is thus

Ea(Nvg,n):Na(Nag,n)_Nn' (62)

There are two possibilities to study the fluctuations of this function. Fix
the interval and take o to be uniformly distributed in [0, 1), or fix o and take
¢ to be uniformly distributed in [0,1) with n fixed as usual (note, however,
that this time we consider large intervals compared with the mean separation
1/N). In the first case we have the following statement.

Theorem 8 (Limit theorem for the error term). For o uniformly dis-
tributed in [0,1), N~Y2E,(N,&,n) has a limit distribution as N — oo. That
is, there ewists a probability measure ve, on R such that, for any bounded
continuous function g : R — R, we have

1

im —1/2 a = w) v, w). .
Jim [ RE (g n)da = [ gty (63)

Furthermore, ve,, is even.

This is a special case of Theorem 2.1 in [26], which also provides an ex-
plicit formula for the variance of the limit distribution. To sketch the proof of
Theorem 8 let us write

Mz

(N, € m) = Y(n?a) N/l/) (6.4)

n=1
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where 1 is the characteristic function of [, & + n]. ¢ could in fact be a more
general real- or complex-valued function; we will only require that its Fourier
coefficients

1
D = / b(t) e(—kt) dt. (6.5)
0
satisfy R
’(/)0 = Oa (66)
and that there are constants 3 > 1/2 and C(¢)) > 0 such that
C¥)
ol < S (6.7

for all k # 0. Fourier expansion (which converges only in the L? sense) yields

o(N, &) = Zwk{z (kn x)} (6.8)

k#0 n=1

Tt is known [19] that the theta sums inside the curly brackets individually
have a limit distribution, as N — oco. This result follows from the observation
(cf. previous sections) that theta sums can be identified with functions on the
metaplectic cover of SL(2,R) which are invariant under certain subgroups of
finite index in the metaplectic analogue of SL(2, Z). The limit theorem is then
a direct consequence for the equidistribution of long closed horocycles on the
metaplectic cover [20].
One can show that the truncated Fourier expansion

EOW.em= Y {Z kn m)} (6.9)

0<|k|<K

can as well be identified with functions on the metaplectic cover of SL(2,R),
where the index of the invariance subgroup is still finite but becomes large
with increasing K. Following the same steps as in [19] one can therefore show
that E((XK)(N7 &, n) satisfies the limit theorem, Theorem 8.

The variance of the difference F, (N, &, n) — E&K)(N, &, n) is, uniformly in
N > 1, arbitrarily small for K sufficiently large; hence the distributions of
E.(N,&,n) and B (N,&,n) are arbitrarily close for K large. Theorem 8
follows now from standard probabilistic arguments.

The fact that each approximation E((XK) (N, &, n) is a modular function, but
E.(N,&,n) is not (in general), suggests the name almost modular function, in
close analogy with almost periodic functions in the sense of Besicovitch. The
above arguments can in fact be extended to general classes of almost modular
functions, which are characterized by the approximability (with respect to a
certain L” norm) by modular functions invariant under congruence subgroups
of large index [26].
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Another interesting example of an almost modular function is the loga-
rithm of

ﬁ 1 —e(n?2)) (6.10)

which is studied in [27]. Tts limit distribution in the complex plane is in fact
rotation-invariant.
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A Proof of Theorem 1

Because of (1.2) we have, for large X,

X2(X,L) ~ ;(/OOON(T,L)Qp<)T() dT — L. (A1)

Expand

L)=¥xl(XjL_T>, (A.2)

where 1 is the indicator function of the interval [0, 1]. This yields

SYHX, L)+ L% ~ Z/ X1<X T) 1(XjL_T>p<§> dT. (A.3)

We have replaced 0 in the lower limit by —oo, which is permitted since p is
supported on the positive half line. Substitute 7" by T+ %(XZ + Xj;), and the
right hand side becomes

2 [ ()

XXI(%(XJ —LXj)—T)p<§(Xz‘+;(j)+T> T (Ad)
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The integration in T is restricted by the inequalities

0<=(Xi—X;)-T<L  0<=(X,—-X)-T<L, (A.5)

L\:M—'
l\.’)\»—\

which imply 0 < —T < L, so T is bounded. Therefore, by the continuity of p,

p<%(Xi +§j)+T) ~p<%(Xi; Xj)>, (A.6)

and it is sensible to write (A.4) as

e X;
d E < 2 i ))W(Xi — X;) + error term (A7)
where
o T+ %s T — %s
Wi(s) := / xl( 7 )Xl( 7 ) dT = max{L —|s|,0}.  (A.8)

Since the function ¢ (r1,72,s) = p(5(r1 + r2))W(s) is continuous and has
compact support, (2.12) yields

hrn YAX,L)+ 17 = /1/)7‘T0d7’+// Y(r,r,s)drds = L+ L?,
(A.9)

which proves Theorem 1, provided the above error term is indeed small. To
investigate this, note that

X, + X,
lerror term| < )1(25<2(X+J))W(X7 - X;) (A.10)

2%

where p is a continuous function with compact support such that

p(r+ )T() — plr)

for all 7. It is evident that for any given ¢ > 0 we can find a function p
meeting this requirement for all X large enough and satisfying in addition
J5" p(r)dr < e. By (2.12) the right hand side of (A.10) converges to

sup < p(r) (A.11)

0<—T<L

(L>+ L) / h p(r)dr < (L* + L)e (A.12)
0

which means that the error term is smaller than any € > 0, hence zero. O
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B Proof of Theorem 4
We have
X2(N,0) + o
Z > / {(X(0.0] (N (P2 + &£+ 1)) X(0.0] (N (kP + € + 1)) } dé
J,k=1vw'€Z
ZZ/{X[OUJ (72 + &+ v) Xpo.0) (N (K + €)) } dé
7,k=1vEZ
—ZZ/{X[OU (7Pa—Ka+v)+&)xp00€)}d¢ (B.1)
7,k=1veEZ

and thus Y?(N,0) 402 = Ry(¢), N) for ¢(x) = [ {X[0,0](+E) X0, U] (€} de =
max{c — |z|,0}. Since ¢ € Co(R), and ¥(0) + [, () dz = o + 02, Theorem
4 is thus indeed a special case of Theorem 5 a

References

10.

11.

. M.V.Berry and M. Tabor, Level clustering in the regular spectrum, Proc. Roy.

Soc. A 356 (1977) 375-394.

. P.M. Bleher, The energy level spacing for two harmonic oscillators with golden

mean ratio of frequencies, J. Statist. Phys. 61 (1990) 869-876.

P.M. Bleher, The energy level spacing for two harmonic oscillators with generic

ratio of frequencies, J. Statist. Phys. 63 (1991) 261-283.

P.M. Bleher, On the distribution of the number of lattice points inside a family

of convex ovals, Duke Math. J. 67 (1992) 461-481.

P.M. Bleher, Trace formula for quantum integrable systems, lattice point prob-

lem, and small divisors, in: D.Hejhal et al. (eds.), Emerging Applications

of Number Theory, IMA Volumes in Mathematics and its Applications 109

(Springer, New York, 1999) pp. 1-38.

P.M. Bleher and J. Bourgain, Distribution of the error term for the number of

lattice points inside a shifted ball, Analytic number theory, Vol. 1 (Allerton Park,

IL, 1995), 141-153, Progr. Math. 138 (Birkh&user, Boston, 1996).

E. Bogomolny, Quantum and arithmetic chaos, Proceedings of the Les Houches

Winter School “Frontiers in Number Theory, Physics and Geometry”, 2003.

Z.Cheng and J.L. Lebowitz, Statistics of energy levels in integrable quantum

systems, Phys. Rev. A 44 (1991) 3399-3402.

Z.Cheng, J.L. Lebowitz and P. Major, On the number of lattice points between

two enlarged and randomly shifted copies of an oval, Probab. Theory Related

Fields 100 (1994) 253-268.

Y. Colin de Verdiere, Quasi-modes sur les varietes Riemanniennes, Invent. Math.
3 (1977) 15-52.

Y. Colin de Verdiere, Spectre conjoint d’opérateurs pseudo-différentiels qui com-

mutent. I1. Le cas intégrable. Math. Z. 171 (1980) 51-73.



180

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

Jens Marklof

A.Eskin, G.Margulis and S.Mozes, Quadratic forms of signature (2,2) and
eigenvalue spacings on rectangular 2-tori, preprint 1998.

C. Greenman, The generic spacing distribution of the two-dimensional harmonic
oscillator, J. Phys. A 29 (1996) 4065-4081.

C. Greenman, Is the level spacing distribution of the infinite-dimensional har-
monic oscillator that of a Poisson process? J. Phys. A 30 (1997) 927-936.

D.R. Heath-Brown, The distribution and moments of the error term in the
Dirichlet divisor problem, Acta Arith. 60 (1992) 389-415.

C. Hughes and Z. Rudnick, On the distribution of lattice points in thin annuli,
Int. Math. Res. Not. 13 (2004) 637-658.

P. Major, Poisson law for the number of lattice points in a random strip with
finite area, Prob. Theo. Rel. Fields 92 (1992) 423-464.

J. Marklof, Spectral form factors of rectangle billiards, Comm. Math. Phys. 199
(1998) 169-202.

J. Marklof, Limit theorems for theta sums, Duke Math. J. 97 (1999) 127-153.
J. Marklof, Theta sums, Eisenstein series, and the semiclassical dynamics of a
precessing spin, in: D.Hejhal et al. (eds.), Emerging Applications of Number
Theory, IMA Vol. Math. Appl. 109 (Springer, New York, 1999) 405-450.

J. Marklof, The n-point correlations between values of a linear form, with an
appendix by Z. Rudnick, Ergod. Th. Dyn. Sys. 20 (2000) 1127-1172.

J. Marklof, The Berry-Tabor conjecture, Proceedings of the 3rd Furopean
Congress of Mathematics, Barcelona 2000, Progress in Mathematics Vol. 202
(Birkh&user, Basel, 2001) 421-427.

J. Marklof, Level spacing statistics and integrable dynamics, XIIIth Interna-
tional Congress on Mathematical Physics, London 2000 (International Press,
Boston, 2001) 359-363.

J. Marklof, Pair correlation densities of inhomogeneous quadratic forms, Ann.
of Math. (2) 158 (2003) 419-471.

J. Marklof, Pair correlation densities of inhomogeneous quadratic forms I, Duke
Math. J. 115 (2002) 409-434; Correction, ibid. 120 (2003) 227-228.

J. Marklof, Almost modular functions and the distribution of n*z modulo one,
Int. Math. Res. Not. 39 (2003) 2131-2151.

J. Marklof, Holomorphic almost modular forms, Bull. London Math. Soc. 36
(2004) 647-655.

J. Marklof and A. Strémbergsson, Equidistribution of Kronecker sequences along
closed horocycles, Geom. Funct. Anal. 13 (2003) 1239-1280.

A.E.Mazel and Ya.G. Sinai, A limiting distribution connected with fractional
parts of linear forms, in: S. Albeverio et al. (ed.), Ideas and methods in mathe-
matical analysis, stochastics and applications, Vol. 1 (1992) 220-229.
A.Pandey, O.Bohigas and M.-J. Giannoni, Level repulsion in the spectrum of
two-dimensional harmonic oscillators, J. Phys. A 22 (1989) 4083-4088.
A.Pandey and R.Ramaswamy, Level spacings for harmonic-oscillator systems,
Phys. Rev. A 43 (1991) 4237-4243.

A. Pellegrinotti, Evidence for the Poisson distribution for quasi-energies in the
quantum kicked-rotator model, J. Statist. Phys. 53 (1988) 1327-1336.

M. Ratner, On Raghunathan’s measure conjecture, Ann. of Math. (2) 134 (1991)
545-607.

M. Ratner, Raghunathan’s topological conjecture and distributions of unipotent
flows, Duke Math. J. 63 (1991) 235-280.



35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

Energy Levels, Lattice Points, Almost Modular Functions 181

Z. Rudnick and P. Sarnak, The pair correlation function of fractional parts of
polynomials, Comm. Math. Phys. 194 (1998) 61-70.

7. Rudnick, P. Sarnak and A. Zaharescu, The distribution of spacings between
the fractional parts of n’a, Invent. Math. 145 (2001) 37-57.

P.Sarnak, Asymptotic behavior of periodic orbits of the horocycle flow and
Eisenstein series, Comm. Pure Appl. Math. 34 (1981) 719-739.

P. Sarnak, Values at integers of binary quadratic forms, Harmonic Analysis and
Number Theory (Montreal, PQ, 1996), 181-203, CMS Conf. Proc. 21, Amer.
Math. Soc., Providence, RI, 1997.

W.M. Schmidt, Approzimation to algebraic numbers, Série des Conférences
de 1"Union Mathématique Internationale, No. 2. Monographie No. 19 de
I’Enseignement Mathématique, Geneva, 1972. (Also in Enseignement Math. (2)
17 (1971), 187-253.)

N.A.Shah, Limit distributions of expanding translates of certain orbits on ho-
mogeneous spaces, Proc. Indian Acad. Sci., Math. Sci. 106 (1996) 105-125.
Ya. G. Sinai, The absence of the Poisson distribution for spacings between quasi-
energies in the quantum kicked-rotator model. Phys. D 33 (1988) 314-316.
Ya.G. Sinai, Poisson distribution in a geometrical problem, Adv. Sov. Math.,
AMS Publ. 3 (1991) 199-215.

J.M. VanderKam, Pair correlation of four-dimensional flat tori, Duke Math. J.
97 (1999) 413-438.

J.M. VanderKam, Correlations of eigenvalues on multi-dimensional flat tori,
Comm. Math. Phys. 210 (2000) 203-223.

A. Zaharescu, Correlation of fractional parts of n*a, Forum Math. 15 (2003)
1-21.

S. Zelditch, Level spacings for integrable quantum maps in genus zero, Comm.
Math. Phys. 196 (1998) 289-318, Addendum: “Level spacings for integrable
quantum maps in genus zero”, bid., 319-329.






