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Set-up

e X — compact C*° manifold with volume dx

e P=+/—-A+V, A the Laplacian and V € C*°(X) positive potential
(P is a pseudo-differential operator of order 1)

P has discrete spectrum

p1 S p2 S p3 < ... — 00,

denote by (¢n),cn and orthonormal basis of eigenfunctions, s.t.

Pon = pnon.



Wave trace. The asymptotic expansion of the wave trace

—|Pt Z e—lpnt

In terms of singular distributions suppported at the lengths of the periodic bichar-
acteristics of P (i.e., the closed geodesics on X) is well understood

(Selberg, Gutzwiller, Balian-Bloch, Chazarain, Colin de Verdiére,
Duistermaat-Guillemin,. . .)



Spectral theta series. Objective: Replace P by P2 and study

Ip(z) = Tre(P22) = Ye(p22),  e(z) = e,

n
for z in the complex upper half plane H, when Imz — 0. Duistermaat and
Guillemin have pointed out that this behaviour is expected to be much more sin-
gular than for the wave trace.

The function Z(t) = 9¥p(it) (¢t > 0) corresponds of course to the trace of the
heat kernel on X.

Note the formal relation

Vp(z) = -

—2iz

/_OO Tre(—iPs) e(—s2/42) ds. (1)



The classical theta series. Let P = +/—A, A the Laplacian on the unit circle.
Then (w.r.t. even test functions)

Tre(—iPs) _ Z e(ns) Poisson s:ummation Z 5(3 B k) (2)
nez keZ

In this case ¥ p(z) is of course the classical theta series

9(z) = Y e(n?z),

nel
and the trace formula (2) is encoded, via (1), as

I(z) =

1
—r V(—1/4z)

The second fundamental funct relation is

Iz+1) =9(2)



Motivation.

e quantum dynamics: the autocorrelation function of solutions w(x,t) to the
Schrodinger equation

1
——— Ou = P2u
27l

Is def by
C(t) = /X w(z, t) u(z, 0) dx

For the initial data u(x,0) = > e—”f’%ygpn(:p) we have
C(t) =I9p(—t+iy)

e spectral statistics: for X a surface the correctly scaled pair correlation density
2 _ 2\ —27(p7tes
" 6(s — (o7 — p3))e 2TPiHrY
0]

is the Fourier transform of |9 p(z + iy)|2 (W.r.t. x)



A Zoll surface

from http://www-sfb288.math.tu-berlin.de/Research/GEODESICS/Geodesic.html



Periodic flows and spectral clusters.

e assume X is a Zoll manifold—i.e., the geodesic flow is periodic, and all
geodesics have length 27

= (Weinstein, Duistermaat-Guillemin, Colin de Verdiere)
There is a constant M > O such that

spec(PQ)CLkJ[(k—kZ)QM,(k—l—j)z—l—M], k=0,1,2,...

where o € 7Z is the common Maslov index of the geodesics.



Relabel the eigenvalues

2
(@
Pn = <k+Z> + K
where 1 <[ < ¢;, and
—M < ppy <o S g, <M

Define spectral density

Ok
pe(A) = > 0N — pgg).
=1

Theorem (Colin de Verdiere 1979) There is a distribution R(t) with support in
[— M, M] such that for every f € C*°(R)

[ sdme= | s (k+3)

R(z) ~ v1x® 1 + V3£Cd_3 Y i S

and



Approximate functional relations

Set
M
W(t) = /_M e(t\)duq (M),

and denote by SL(2,R) ~ H x R the universal cover of SL(2,R). A lattice ' C
SL(2,R) is a discrete subgroup such that the homogeneous space MN\SL(2,R)
has finite measure (with respect to Haar).

Theorem There is a continuous function © §T_(2, R) — C with the properties
that

(i) there is a lattice '  SL(2,R) such that ©(yM) = ©(M) forallv € T,

(i) there is a constant C' > O suchthatforall z =z 4+ iy € H

y 2D/ 49 p(2) — W(z)O(z,0)| < Cyl/*.
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The following results are consequences of the almost modularity of o p(z) and
ergodic properties of the geodesic flowon " C éT_(Q, R).
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Lagarithm laws

Theorem Let+ : (O, 1] — R4 be a non-increasing function such that the integral

f vt
0 yib(y)*
diverges (resp. converges). Then for almost every (resp. almost no) x € R there

IS an infinite sequence of y; > yo > ... — 0 such that

0 p(z + iy;)| >y D ().

The proof of this theorem exploits Sullivan’s logarithm law for geodesic flows.
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That is for y < 1 and almost all «,

Ip(z +iy) # Ox(y~ D/ y(y)),

and

Ip(z+iy) = Ox(y~ P41/ 4y (y))

respectively, if the above integral diverges or converges. Compare this behaviour
with the heat kernel asymptotics (x = 0) where

9p(iy) ~ ey 2

for some constant ¢ > O.

By choosing ¥(y) = (logy)(1£€)/4 in the theorem with ¢ > O arbitrarily small
we obtain the following.

Corollary For almost all x

100 (y(24—1) /419 - 1
im sup 1°9% | P(la:+ly)!) _1
y—0 loglog y— 4
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Limit theorems
View x as a random variable uniformly distributed in [a, b].

It is not hard to show that the variance has the asymptotics

b 00 b
/ 19p(z + iy)|°de ~ y_(d_l/z)/o SQ(d_l)e_47T82ds/ W (¢)]dt.

We therefore normalize 9 p(2) by a factor y(2d-1)/4
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Distribution of the real part of the spectral theta series of the circle and the sphere

vs. normal distribution

0.3

foa

106
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Theorem Let [a,b] C R and g a bounded continuous function C — R. Then

im [ (s D 0+ 1)) = L/ "o ZW () dpgo(2) di

y—0Ja

where p, , is a probability measure on C with the tail distribution

d Z) ~cy R4 R .
/|Z|>R Pd.a(Z) ~ cio (R — o0)

This theorem is a consequence of mixing of the geodesic flow, or more specifically
the uniform distribution of horocycles.
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Correlations

Theorem Suppose wi,...,wn € R are linearly independent over Q, and let
[a,b] C R and g a bounded continuous function C"* — R. Then

b
im g(y(zd_l)“ﬁp(ww +iy), ...,y 2D/ 49 p(wna + iy))daj
y—lJa

b
= | [ 9@w®,....2.w®) 1] dpaa(2))t.
a ]:1

This theorem follows from Shah’s theorem on the uniform distribution of translates
of unipotent orbits, which is based on Ratner’s theory.
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Let me now sketch how the approximate functional equations for ¥ p(z) can be
established.
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For g € SL(2,R) we have the Iwasawa decomposition

g — nxaykqb — (Z7¢)7
where z =z + iy € §, ¢ € [0,27), and

(1 =z (412 0 _ (cos¢ —sing
”f”_<o 1>’ ay_< 0 y—1/2>’ ]%_(sinqb COS ¢

This can be extended to SL(2, R),
where Nz, Ay, K4 are the corresponding lifts and = 4 iy € H, ¢ € R.

).
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Shale-Weil representation. For any f € L2(R) we set

[R(Nz) f1(t) = e(t?z) £ (1),

[R(A) F1(t) = v 4 f (120,
and
(6(—%/8) f(t)
e(—oy/8) f(—1)
(t2 + %) cos ¢ — 2tt/

[R(Kg) 1) = { e(—0,/8) 21/2 /
R

| sin ¢|1/2

Sin ¢

where

2v if o = vm,
0'¢: _
{21/—|-1 fvr <o < (v+4 1),

(¢ = 0 mod 27)
(¢ = ™ mod 27)

£ dt’
(¢ = 0 mod )
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For sufficently nice™ f we define the theta series

Oy(2,¢) 1= O p(M) 1= ) [R(M)fI(n),

ne
with M = Nz Ay K 4. More explicitly,

O(z,0) = y1/* 3" fy(nyl/?) e(n?z),

nel
where f, = R(Ky)f.

Using Poisson summation and periodicity, one can show that © ¢ is continuous
and invariant under a lattice I" in SL(2,R).

*That iIs
Stuf(l + [t])"|[R(Ky) f1(t)] < oo.
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Choice of f. We require for our application (in view of Colin de Verdiere’s Theo-

rem p.9)
_]0 (t <0)
A {tdlezﬂ2 (t > 0).

This leads to

_ 50 12 Nip /
fo(t) = e 1m/421/2(5in )~ 1/2¢ (tQ cot qﬁ)/o i 1te {t c Qtt] dt’

e—i¢/201/2[ (g)e—mt*(1-icot ¢) . . 1/2
~(am)¥/2(1 — i cot ¢)(d—1)/2 D_g(itl4n(1 +icot $)]1/?)

where D,(z) is a parabolic cylinder function.

For d odd one can in fact use symmetry to show that f,(¢) can be expressed in
terms of Hermite functions rather that parabolic cyclinder functions.
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