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1. SET-UP

Let M be a d-dimensional compact smooth manifold, and p
a probability measure on M which is absolutely continuous with
respect to Lebesgue measure. We consider invertible C* maps
d : M — M which preserve p, and assume that the fixed points
of each iterate ®™ form a set of measure zero. This fixed point
set is furthermore closed, since ® is continuous, and therefore,
due to the compactness of M, it has Minkowski content zero (cf.
appendix).

Let My (C) be the space of N x N matrices with complex
coefficients. For a given infinite subset (indez set) T C N, we say
two sequences of matrices,

(11) A= {AN}NEIa B = {BN}NGIa
are semiclassically equivalent, if
(1.2) |An — Byl — 0
as N € 7 tends to infinity, where || - || denotes the usual operator
norm
Ay

(1.3) |A]| ;== sup u

ween—qoy 1]l

We denote this equivalence relation by

(1.4) A~ B.

Lemma 1.1. If A ~ B then Tr Ay = Tr By + o(N).
Proof. We have

1
(1.5) S Tr Ay = Te By| < Ay = Byl =0,

O
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*This hand-out is an adaptation of the paper [J. Marklof and S. O’Keefe,
Weyl’s law and quantum ergodicity for maps with divided phase space, with
an appendix by S. Zelditch, Nonlinearity 18 (2005) 277-304] to smooth maps.
[Note that in Axiom 2.2 of this paper ‘continuity of &’ should be replaced
by ‘continuity of ®~1’.]

For more background and recent developments see M. Degli Esposti and
S.Graffi (Eds.), The mathematical aspects of quantum maps (Springer,
Berlin, 2003).

Let us define the product of two matrix sequences by AB =
{ANBn}nez, the inverse of A by A7l = {AX,I}NGI, and its
hermitian conjugate by AT = {A}LV}Nez.

Axiom 1.1 (The correspondence principle for quantum observ-
ables). Fix a measure p as above. For some index set Z C N,
there is a sequence Op := {Opy } nez of linear maps,

Opy : C (M) — My (C), a— Opy(a),

so that
(a) for all a € C°(M),

Op(a) ~ Op(a)’;
(b) for all aj,as € C*°(M),

Op(a1)Op(az) ~ Op(aiaz);
(c) for all a € C*(M),

1
lim —TrOpN(a):/ adp.
N M

N—oo

Note that (b), (¢) imply for any m € N

1
(1.6) lim N TrOpy(1)™ =1,

N—o00
and hence a density-1-subsequence of eigenvalues of Op (1) are
close to one. Most quantization schemes of course satisfy Op (1)
1n.
In standard quantization recipes (such as the one discussed in
Section 5.1) one in addition has the property that
(1.7)

Op (1) Opy(a2) — Oy (42) Oby (@1) ~ 5 Opy(far, a})

where { , } is the Poisson bracket. This assumption is how-
ever not necessary for any of the results proved in this paper.
The axioms (a)—(c) in fact apply to examples without quantum
mechanical significance. One interesting case arises in the dis-
cretization of maps, where one can choose observables with the
property

(1.8)

Op(a1)Op(az) = Op(aiaz) = Op(az)Op(a1).

Axiom 1.2 (The correspondence principle for quantum maps).
There is a sequence of unitary matrices U(®) := {Un(®)}nex
such that for any a € C*°(M) we have

U(®)'0Op(a)U(P) ~ Op(ao ®).

2. TRACE ASYMPTOTICS AND WEYL’S LAW

The following proposition is the key tool to understand the
distribution of eigenvalues of Uy (®).

Proposition 2.1 (Trace asymptotics). For n # 0

o1 n
(2.1) lim NTrUN((I)) =0.

N—oo
Proof. Given any € > 0, we can find an integer R and a partition
of unity on M by mollified characteristic functions (see appen-
dix),

R
(2:2) 1= Xax(&) + Y _Xr(§) VEeM
r=1
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where the support of Ygy contains a small open neighbourhood
of the fixed points of ®", and [ Xgxdu < e. The support of X,
with » = 1,..., R, is chosen small enough, so that supp X, N
®"(supp X)) = 0 for all £ € M. This is possible since (by con-
tinuity of ®") there is a sufficiently small radius n = n(e) such
that for all balls B,, C K we have B,, N ®"(B,,) = 0.

By the linearity of Op, we have

(2.3) TrUn(®)" = Tr[Un(®)" Opy (Xsix)]

R

+ Y Tr[Un(®)" Opy (X)) + o(N).
r=1

We begin with the first term on the right hand side:
(2.4) Tr[Un(2)" Opy (Xeix)] = Tr[Un(®)" Op™ (Xsix)] +0e(N),

with the symmetrized Opy™ (X#x) as defined in (B.1). Suppose
¥ and pr; > 0 are the (normalized) eigenstates and eigenvalues
of OpY™ (Xsix). Then

N
(25) | Te[Un(®)" OpY™ (Rl = | Y 115 (05, Un (®)™1)5)
J]V,
(2.6) < Z
(2.7) = Tr Opsym(Xﬁx)
(2.8) = Tr Opy (Xaix) + 0e(IV)
(2.9) = NO(e) + 0 (N).

For the last term in the sum (2.3) we have

(2.10) U(®)"Op(X») ~ U(®)"Op(X,/*)Op(X}/?)

~ Op(X,/? 0 & ")U(®)"Op(X,’?)
(2.11) Te[Un(®)" Opy(Xr)]
(212)  =Tr[Opy(X}/? 0 @ ") Un (D)™ Opp(XH/ )] + 0c(N)
(213) = Tr[Opy(X/?) Opy (X2 0 @) UN(®)"] + 0c(N)
(2.14)  =Tr[Opy(XH* - X/ 0 @) Un(®)"] + 0c(N)
(2.15) = 0.(N)

1/2 ~1/2

since xr'“ - X' " 0 @™ = 0 by assumption. Therefore

(2.16) hm — Tr Un(®)" = O(e),

N—ooo N
which holds for every arbitrarily small € > 0. This concludes the
proof. O

Theorem 2.2 (Weyl’s law). For any a € C*(M) and for every
continuous function h : St = R/Z — C,

Jim = Z h( / (6)d6.

Proof. Let us first assume that the test function h has only finitely
many non-zero Fourier coefficients, i.e.,

0) = h(n)e(nf)

neZ

(2.17)

(2.18)

is a finite sum. We then have

(2.19) th —

We now extend this result to test functions h € C*(S'). Let

= Z h(n)e(nd

ne”Z
[n|<K

(2.20)

be the truncated Fourier series. Since h € C'(S!), its Fourier
series converges absolutely and uniformly and hence, for any € >
0, there is a K such that hx(0) — € < h(0) < hg(0) + € for all
6 € St. By (2.19), the limits of the left and right hand side of

1 < 1Y 1 <
NZhK(Qj)—GSNzh(aj)ﬁﬁth(ay)‘FG
j=1 j=1 j=1

exist and differ by less than 2¢, hence (2.19) holds also for the
current h. The extension of (2.19) to h in C(S!) is achieved by the
same argument, i.e., by approximating h pointwise by functions
he € CH(SY) so that he(0) — € < h(0) < he(6) + €. O

(2.21)

3. GENERALIZED WEYL'S LAW
Proposition 3.1 (Generalized trace asymptotics). For every a €
C*®(M) andn # 0,

(3.1) lim NTT[OPN( a)Un(®)"] = 0.

N —oo
Proof. By linearity of the relation (3.1) we may assume without
loss of generality that a is real and ming a(§) > 0. This implies
that a'/2 € C*(M). Analogously to the proof of Proposition
2.1, we have
Tr[Opy (a)Un (®)"]

(3.2) = Tr[Un(®)" Opy (Xsix - @)]

R
+ ) Te[Un(®)
r=1

The proof is concluded in the same way as the proof of Proposi-
tion 2.1, with all mollified characteristic functions x replaced by
X - a. O

" Opy (Xr - @)]-

Theorem 3.2 (Generalized Weyl’s law). Let p; € CV (j =
1,...,N) be an orthonormal basis of eigenstates of Un (D), with
corresponding eigenphases 0; € S'. Then, for every a € C*°(M)
and every continuous function h : S' — C,

)(Opy(a @Jv@] / adp /Sl

Proof. We may assume again without loss of generality that a
is real and ming a(§) > 0. In view of Proposition 3.1 and the
proof of Theorem 2.2 we have for every hx with finite Fourier
expansion (as in (2.18))

(3.4)

(33 E&NZh

hi (0;)(Opn(a)pj, ;) /adu/ hi (0
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For any h > 0 we have Define the ergodic average of a by
N N - n
1/2 2 (43) a ::—Zaoq) .
(3.5) z; ){Opy(@)e;, ;) z; h(0;)]| Opy (/%) s | T~
J:
Since ¢; are the eigenfunctions of Uy (®) we have
< sup h [14{0py (@) = Opw(a'/%) Opiy (/%)) = o(N)suph.
Hence (3.4) is equivalent to 1 Mq 2
(36) SQ(CL’N):NZ TZ<UN( ) nOpN( )UN( ) ‘PJ)‘:DJ>
j=11" n=0
hm —Zh;{ )| Opy (a al’? cp]||2 / adu / hi (6 N T—1 2
1 1
(4.5) SNZ TZUN( )" Opn (a)Un(®)" ¢,
We now use the same approximation argument as in the proof of =1 n=0
Theorem 2.2, for h € C'(S'). Given any € > 0, there is a K such 1 2
that huc(6) — ¢ < h(0) < hxc(6) + € for all @ € S'. The limits of (+6) =5 2 [10py(aD)es||” + or(1),
the left and right hand side of =1
by Axiom 1.2. Now
Z — ]| Opy ("), (4.7)
i=1 1 & 1 & - r
L % 2 llopn (@)l = 5 - (Opn (@™ Opx(a )y 05)
< & D2 R Opn(a ) P = =
Jj=1 1
L (4.8) =% > (Opx (")), 05) + or(1)
< 3 200 + ll Op(a ) =
=1 (4.9) :/ la™ Pdp + or(1).
differ by less than M
N Since ® acts ergodically on M, we have a mean ergodic theorem
(3.8) 2esuphe lim 1 Z 10 (al/g) ”2 for test functions a € LQ(M), ie.,
. Pl m 2 Py ©j
31_1 (4.10) Jim [ " Pdp =0,
(3.9) < 2esup hge lim — Tr[Opy(a'/?) Opy (at/?)1] M
N—oo N

and hence limsupy_, ., S2(a, N) becomes arbitrarily small for T’
(3.10) = 2¢esup hK/ adu sufficiently large. m
M

Corollary 4.2. There is a set sequence I ;= {Inx} ez with den-

which can be arbitrarily small for € — 0. Thus sity 1 such that

(3.11)
N 1 . AARNN
j=1

foralljeln, N — oco.
A similar approximation argument shows that (3.11) holds also
for all continuous h. In view of (3.5), the relation (3.11) is equiv-
alent to (3.3). The assumption h > 0 can be removed by using
the linearity of (3.3) in h. O

Proof. Apply Chebyshev’s inequality with the variance given in
(4.1). O

5. EXAMPLES

4. QUANTUM ERGODICITY In this section we construct a well known example of quantum
' observables on the two-dimensional torus M = T? := R2?/Z?
Theorem 4.1. Suppose  acts ergodically on M. Let g1, ..., oN € satisfying Axiom 1.1 and corresponding examples of quantum
CN be an orthonormal basis of eigenstates of Un(¢). Then, for maps satisfying Axiom 1.2.
any a € C* (M),

1 2 5.1. Quantum tori. It is convenient to represent a vector ¥ €
(4.1) lim — Z (Opn(a)p;, p;) _/ adp| =0. CN as a function 1 : Z/NZ — C. Let us define the translation
N—oo N jein M operators
Proof. We may assume without loss of generality that fM ady = (5.1) [tY](Q) = ¥(Q + 1)
0 and |a| < 1. Tt is then sufficient to show and
(4.2) Z (Opy(@)e;, 03)[2 — 0 (5.2) [t29](Q) = en(Q)¥(Q),
: : RN

where ey () := e(x/N) = exp(27miz/N). One easily checks that

as N — oo. (5.3) 7ty = t02t e (mame) Vmq,mo € Z.
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These relations are known as the Weyl-Heisenberg commutation
relations. For m = (mq,mz) € Z* put

(5.4) Tn(m) = ey (m12m2) tmzgm
Then
(5.5)  Tn(m)Tx(n)=ey (W) Tn(m +n)

with the symplectic form
(5.6)

w(m,n) = ming — mon;.

For any a € C*(T?), we define the quantum observable

(5.7) Opy(a) = Y a(m)Ty(m)
meZ?

where

(539) itm) = [ al€)e(—¢-m) de

are the Fourier coefficients of a. The observable Opy(a) is also
called the Weyl quantization of a. Axiom 1.1 (a) is trivially sat-
isfied. Axioms 1.1 (b) and (c) follow from the following lemmas.

Lemma 5.1. For all aj,ay € C™°(T?)

(5:9) [ 0p(a) Opy(a2) ~ Opy(asas)|
< (X i) (X Inliam).
mez? nez?

Proof. Using the commutation relations (5.3) we find

(5.10) Opy(a1) Opy(az)

(611) = 3 @(m)a(n)Tx(m)Ty(n)
m,neZ?

(512) = > ew (W)@(m)@(n)TN(m+n)
m,neZ?

(513 = 3 ew (“’(”;”“))ca(mmz(k—m)m(k)
m,kcZ?

with k = n + m, and hence

(5.14) || Opy(a1) Opy(az) — Opy(araz)]|

< Z eN(w(n;,n))_l

m,neZ?
The lemma now follows from

(5.15)

|a1(m)| |az(n)]

le(x) = 1] < [2mz|,  |w(m, n)| < [lm]|[n].

Lemma 5.2. For any a € C*°(T?) and R > 1

1
(5.16) N’IYOpN(a) = /T2 adp+ Oq r(NF).

Proof. Note that

N if m =0mod NZ2,

0 otherwise.

(5.17) TrTy(m) = {

The lemma now follows from the rapid decay of the Fourier co-
efficients a(m) for |m| — oc. O

Note that we have the alternative representation for Opy(a),

(5.18)  [Opy(@¥](@) = a(m, % + 2”]\,>w<c2 +m)
MmeEZ

where

(5.19) a(m,q) = /Ma(p, q) e(—pm) dp,

which is sometimes useful. Note that, for any R > 1, there is a
constant Cr such that

(5.20) a(m,q)| < Cr(1+ |m[)~ "

for all m,q. This fact is proved using integration by parts.

5.2. Quantum maps. A twist map ¥y is amap T? — T? defined

by
v, (p> - <p+f(q)> mod 77
q q

where we take f : R — R such that ¥y is C*. E.g. f(q) =
rq+2mk cos(2mq) for constants r € Z, k € R. Obviously Lebesgue
measure dp = dpdg is invariant under Wy. A linked twist map @
is now obtained by combining two twist maps, Vs and Vg,, by
setting

(5.22)

(5.21)

®=RoWy oR oWy,

() (2) o

Since V¢, s, and R preserve p, so does ®. More explicitly, we

with the rotation

(5.23)

have

(5.24) Rol,;oR: (Z) — <q _ch(p)> mod Z2
and thus

(5.25) > (2) "~ (q - ?IJ%%(Q))) mod 2

We define the quantization of the twist map ¥ by the unitary
operator

Ox10@ = |-vv (2| v(@

where V : R — R is any C* function satisfying f = —V’, and
NV((Q + N)/N) = NV(Q/N) mod Z in order to have a well-
defined phase. In the above example f(q) = rq + 27k cos(2mq)
we could e.g. take V(q) = —%¢* — ksin(2mq) with the additional
ristriction that r must be even if N is odd.

(5.26)

Proposition 5.3. For any a € C*(T?) we have

(5:27) [Un (%)~ Opy (@)Un (¥ ) — Opy(a o ¥y)l| = O(N~2)
where the implied constant depends on a.

Proof. We have

(5.28)

[Un ()" Opp (@)U (T)8)(Q) = 3 a<m, g, 2?70
Q

() o (@)
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and
(5.29) [Opy(ao¥p)yl(@Q) = a<m, g, 2@
meZ
c[ms (Z+ )] vt +m),
(5.30) (aoWyr)(m,q) = e[mf(q)alm,q).
Therefore

(5.31) [[UN(Ts)~" Opy(a)Un(¥y) — Opy(ao ¥y)|

with
(5.32)

~ m
a’(m7Q+ w)cm(an)‘

em(q, N) = e{—N [V (q+ %) —V(q)}} —e [mf (q+ ﬁ)}

Since |c,,(q, N)| < 2 and |a(m, q)| < (1 + |m|)~>, we have

(5.33) max Z (m q-+ QN)Cm(q’N)’ < N2
T mi>Ne

For |m| < N'/2, Taylor expansion around z = q + o vields

(the second order terms cancel)

(5.34) V(:c—i—ﬁ) V(x—%)zv'( >N+O(x2)

(5.35)

—f( )N+O(Zj’

uniformly for all [m| < N1/2 and all g. Hence in this case

(5.36) ¢m(g, N) =0 (7];2)

and

(5.37) mqax|m<le/2 a(m,q+ 277\[) (4, N)‘
(5.38) < O(Z\T‘Q)mansz:Z m3a(m,q + 2]\7)‘
(5.39) = O(N7?).

)

O

The discrete Fourier transform Fy is a unitary operator de-

fined by
(5.40) [Fn](P Z %(Q QP).
Its inverse is given by the formula
1 N-o
(5.41) FN Q) = —= > ¢(Plen(PQ).
N \/N PZ:O N

Proposition 5.4. For any a € C>(T?)
(5.42) Fx'Opy(a)Fy = OpylaoR)
with the rotation R as in (5.23).

Proof. This follows from Fx't Fiy = t; " and Fy toFy = t1.

O

The Fourier transform may therefore be viewed as a quanti-
zation of the rotation R which satisfies an ezact correspondence
principle, cf. Axiom 1.2.

The quantization of the linked twist map is now defined by

(5.43) Un(®) = Fn Un () Fy' Un(¥y,).

Proposition 5.5. For any a € C*(T?), we have

(5.44)  |[Un(®)7" Opy(a)Un(®) — Opp(ao @)l = O(N7?)

where the implied constant depends on a.

Proof. Apply Propositions 5.3 and 5.4. O
The quantum map Uy (®P) thus satisfies Axiom 1.2.

APPENDIX A. MINKOWSKI CONTENT

We fix an atlas of local charts ¢; : V; — R?, where the open
subsets V; cover M. In the following we thus identify subsets
S of M Wlth subsets ¥ of R? in the standard way. Let ¥ be a
subset of R?, and

(A1) S(e) = {¢ € R : d(€,3) < €}
its closed e-neighbourhood, where d( -, -) is the euclidean met-
ric on RY. The s-dimensional upper Minkowski content of ¥ is
defined as
(A.2) P (X) == lim sup(26)5*d1/(2(e)),

e—0
where v is Lebesgue measure. We say ¥ has Minkowski content
zero if M*4(X) = 0. This is equivalent to saying that for every § >
0 we can cover ¥ with equi-radial euclidean balls of total measure
less than . We say a subset S of M has Minkowski content zero
if each of the sets ¥; 1= ¢;(S|y,) C R? has Minkowski content
Z€ro.

APPENDIX B. MOLLIFIED CHARACTERISTIC FUNCTIONS

Consider the characteristic function xp of a domain D C M
with boundary of Minkowski content zero. An e-mollified charac-
teristic function Xp € C°°(M) has values in [0,1] and Xp(z) =
xp(x) on a set of x of measure 1 — e. Since D has boundary
of Minkowski content zero, we can construct such a smoothed
function for any € > 0. Furthermore we are able to construct
e-mollified Xp whose support is either contained in D, or whose
support contains D, again for any ¢ > 0. Note that if yp is
e-mollified, so is X’ for any n € N with the same e.

After mollification, we may associate with a characteristic func-
tion xp a quantum observable Opy (Xp). Since Opy(Xp) is in
general not hermitian, it is sometimes more convenient to consider
the symmetrized version, the positive definite hermitian matrix

(B1)  Op¥"(Xp) = Opy(Xp”) Opx(in)"
Note that ng € C>(M) since xXp > 0. Furthermore, we have
(B.2) Op™™(Xp) ~ Op(Xp)-
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