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Solutions to exercise sheet 4: Sequences and limits

(a) We have that for all n € N,

”+3':1+3§1+3:4.
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So this sequence is bounded.
(b) We have that for all n € N,

n n n
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So this sequence is bounded.
(c) For n € N we can write
n*+1  14+n72 1 n

n+3 n1+3n"2" 4n-1 4
Thus if we let € R by the Archimedean principle we can find
n € N with n > 4z. Then

Thus the sequence is unbounded.

(d) If we let x € R by the Archimedean principle we can choose n € N
such that n > z. Thus |a,| = | — n| = n > x. So the sequence is
unbounded.

Let € > 0. By the Archimedean principle we can choose N € N with
N > ¢7! (You may need to do some rough work before you
figure this out). Thus for n € N with n > N we have that

Let € > 0. By the Archimedean principle we can choose N € N with
N > 2¢7! (You may need to do some rough work before you
figure this out). Thus for n € N with n > N
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(a) Let « € R. We take ¢ = 1 and let N € N. We will use that
lan — ays1] = |2(=1)" — 2(=1)V*1| = 4. Therefore by the
triangle inequality

4= ]aN — aN-&-l‘ < ]aN — a! + ]aNH — Oé|.



Thus we must have that either l[ay—a| > 1 =cor |[ayy1—af > 1.
Therefore we have found € > 0 such that for all N € N there exists
n > N (in this case either N or N+1) with |a,, —«| > ¢. Therefore
we cannot have lim,,_,, @, = «. Since this holds for all « € R
we must have that (a,) is a divergent sequence.

(b) Let « € R. We take ¢ = 1 and let N € N. We will use that
lany —an+1| = |6(N) —6(N + 1)| = 6. Therefore by the triangle
inequality

6 = lay —an1| < lany — af + lay1 — al.

Thus we must have that either |ay—a| > 1=cor l[anyt1—al > 1.
Therefore we have found € > 0 such that for all N € N there exists
n > N (in this case either N or N+1) with |a,, —«a| > e. Therefore
we cannot have lim,,_,~ @, = «. Since this holds for all « € R
we must have that (ay) is a divergent sequence.

(c) Let a € R. Wetakee =1/4andlet N € N. If n > 8 and odd then
a, < 0 and if n is even then a,, = ”T‘"S > 1. Thus we can choose
n > N (just take n = max{N,8}) such that |ap+1 — ap| > 1.
Therefore by the triangle inequality

1< an — o + [an41 — o

and so one of |a, — a| or |a,+1 — | must be greater than 1/4.
Therefore (a,) is divergent.

5. Let ¢ > 0. Since lim,, oo ,, = = we can find N; € N such that if
n > Njp then |z, — z| < e. We choose N = Nj. If n > N then since
n+k > N we will have |z, — 2| < e and so,

yn — 2| = [Tnir — 2] <e.

6. We will show that for all £ > 0 we have that a — b < ¢ which implies
a < b. Sowe let ¢ > 0 and use that lim,,_, a, = a and lim,,_, b,, = b.
This means we can choose N € N such that for alln > N, |a,—a| < e/2
and |b, — b| < e/2. Therefore

a—b=a—any+an—bn+by—b < |a—an|+an—bn+|bn—b| < e+an—Dbn.

Soa—b<e+ay — by and since for all n € N we have that a,, < b,
we can conclude that a — b < e.

Alternatively: Since lim,_ o a, = a and lim,,_,., b, = b, we know
from the Rules of Limits that lim,_,cc (b, —a,) = b—a. We claim that
b—a > 0. For the sake of contradiction, suppose that b —a < 0. Take
e = (a—1b)/2; so e > 0. Also, since lim,,_,oc(by, — an) = b — a, there is



some N € N so that for all n > N we have |b, —a, —b+a| < e. Since
b, —a, > 0 and a — b > 0, we have

—b

O<bn—an—b+a:]bn—an—b+a|SezaT.

Hence 0 < b,, — a, < “T_b +b—a= b_?a < 0, a contradiction since we
do not have 0 < 0. Thus we must have b —a > 0.

. Let @ € R and choose ¢ = a/4. Let N € N (we need to find n € N
with |a, — a| > a/4.) We can find K € N such that for all £ > K
|(z+1 — xk) — a| < a/8 and in particular |z — xg4+1| > 7a/8. Now
let N € N and choose k = max N, K. In this case n > N and by the
triangle inequality we have that

7a/8 < |Tpt1 — op| < |Tpy1 — al + |z, — al.

Thus either |z, — a| > a/4 = ¢ or |zy41 — o] > a/4 = €. either way
we can find n € N with n > N and |z,, — oo > €.

. First of all we need to show that x > 0. To do this we will show that
x > —¢ for any € > 0. So let € > 0 and choose N such that for all
n > N we have that |z, — 2| < e (since lim,, o0 , = ). We have
that x — xxy > —¢ and z > 0 which means that

r=x—xN+ITN > —€+0=—¢.

Thus z > 0.

Now suppose that x = 0. In this case let ¢ > 0 and choose N € N
to be such that for all n > N, |z,| < &? (which we can do since
lim,, o0 p, = x). Thus for n > N we have that

[VZn — 0| = Vz, < Ve2 = ¢
Thus limy, 00 /T, = V2.

Now suppose that > 0. In this case let € > 0 and choose N € N to be
such that for all n > N, |z, — x| < ey/x (which we can do since /z > 0
and lim,, . =, = x. Note you will need to do some calculations first
before figuring out how to choose N.) Thus for n > N we have that

(VFr = VDT + V)
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Thus limy, o0 \/Trn, = V.



9. (a) We know that for all n € N, 0 < 1~ < L. Since we know that

n3+5 — n3-
lim,, y0o 0 = 0 and lim, oo 7% = 0 (lecture notes) it follows by
the sandwich rule that lim,, o n%% =0.

(b) We have that for all n € N, 4Zji$n = }J?Zj By the sum and

scalar product rules it follows that lim, oo 1 + 3n"2 = 1 and

lim,, o0 4 —12— 7n~! = 4. Tt then follows by the quotient rule that
n°+3 1

limy, e An247Tn T 4°
(c) We have that for alln € N, (using that 1 = (v/n + 1—y/n)(vV/n + 1+

Vn))
1 1

N NN
It follows by question 8 that lim, o ﬁ = 0 (covered in the
problems class) and so by the sandwich rule lim, o vn + 1 —
vn=0.

(d) We have that for all n € N

0<Vn+1-vn=

sinn + 5n

5 = n"%(sinn) + 5n~L.

n

We know that since —1 < sinn < 1, —n~2 < n ?sinn < n=2.

Thus by the sandwich rule and the scalar product rule lim,,_soo =2 sinn =
0 and so by the sum rule and the scalar product rule lim,, 51“27;"5” =
0.

10. Since z < 0 and lim,,_yo T, = x we can choose N such that for all
n> N |z, —z| < —z/2. Thus z, — 2 < —z/2 and so =, < z/2 < 0.
Thus there are at most N — 1 (finite) values of n where x,, > 0.

11. Since (by)nen is bounded there exists K > 0 such that for all n > N
|b,| < K. Thus for alln € NO < |apb,| < K|b,|. So if we let € > 0 and
choose n € N where for all n > N |a,| < ¢/K then |ayb,| < Kl|by| < e
and thus lim,,_, a,b, = 0.

12. Since |a] > 0 and lim, o a, = a we can find N € N such that
for all n > N la, —a| < |a|/2 and thus for n > N, a, # 0. So
by question 5 from sheet 4 lim, o an+ny = a and aprny # 0 for all
n € N. Now in order to obtain a contradiction suppose that (b,ay,) is
convergent then there exists ¢ € R where lim,,_o a,b, = ¢ and thus
limy, 00 Gt Nt N = ¢. So by the quotient rule lim,, o byyn = ¢/a
and thus lim, . b, = ¢/a (let € > 0, choose Nj such that for all
n > N+ Ny |bpsn — ¢/a|] < e and thus if we take No = N7+ N for all
n > N we have that |b, —c/a| < € and so lim,,_0 b, = ¢/a). Thus (by,)
is convergent which is a contradiction. So (a,b,) must be divergent.



