ACTION OF HECKE OPERATORS
ON SIEGEL THETA SERIES I

LYyNNE H. WALLING

ABSTRACT. We apply the Hecke operators T'(p) and ilv’j (p?) (1 < j < n,pprime) to a
degree n theta series attached to a rank 2k Z-lattice L, n < k, equipped with a positive
definite quadratic form in the case that L/pL is hyperbolic. We show that the image
of the theta series under these Hecke operators can be realized as a sum of theta
series attached to certain closely related lattices, thereby generalizing the Eichler
Commutation Relation (similar to some work of Freitag and of Yoshida). We then
show that the average theta series (averaging over isometry classes in a given genus)
is an eigenform for these operators. We show the eigenvalue for T'(p) is e(k — n,n),
and the eigenvalue for Tj’-(pz) (a specific linear combination of Ty(p?), ... ,T;(p?))

is pj(k_”)+j(j_1)/2,6’(n,j)e(k — j,7) where B(x,x),€(*,*) are elementary functions
(defined below).

1. INTRODUCTION AND STATEMENTS OF RESULTS

Let L be a rank 2k Z-lattice (k € Z4.) equipped with a positive definite quadratic
form Q. So L = Zvi1 & - - @ Zuvgy, and with B the symmetric bilinear form associated
to @ so that Q(v) = B(v,v), A= (B(v;,v;)) is a symmetric matrix with

ai
Q(ayvy + -+ + agpver) = (a1 -+ agk)A

a2k

By scaling @ if necessary, we can assume Q(L) C 27Z (so L is even integral). Set

0(L;7)= > e{'CACT}

C€Z2k,n

where 7 € H,, (so7 = X +1iY, X, Y real, symmetric n x n matrices with Y > 0) and
e{x} = exp(miTr(x)). Then O(L;7) is a Siegel modular form of weight k, degree n,
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level N and character xy where N is the smallest positive integer so that NA~! is
an even integral matrix, and for primes p not dividing N,

1 if L/pL is hyperbolic,
x(p) = .
—1 otherwise

(see [1]). Also, one sees that

O(L;T) = ZT(A,T) e{TT}

where T varies over all symmetric positive semi-definite even integral n xn matrices,
and

r(A,T) =#{C cz*":. 'CAC=T}.

So (v1,... ,vk)C varies over all (z1,...,x,), ©; € L. Let A be the (formal) direct
sum Zxy @ - & Zx, equipped with the (possibly semi-definite) quadratic form
given by T' = (B(z;,x;)). Let

e{AT} = Z e{T[G]7}

G

where G varies over GL,(Z) (or, if k is odd, we equip A with an orientation and
let G vary over SL,(Z)). Then as the A vary, we have

O(L;T) = Z e{AT}.

A

When n = 1 and p is a prime not dividing the level N of L, the Eichler Commu-
tation Relation (see [8]; cf. [10]) says that if x(p) = 1 then

O(L;7)|T(p) = vy _O(K'/P;7)
K

where k is an explicit constant, and K varies over preimages in L of all maximal
totally isotropic subspaces of L/pL; here K /P refers to the lattice K equipped with
the scaled quadratic form %Q. (L/pL is a quadratic space with induced quadratic
form @ mod p; a subspace C is totally isotropic if Q(C) = 0 in Z/pZ.) If x = 1,
then K''/P € genL, meaning that for all primes g, Z,K'/? ~ Z,L, and consequently
with

f(genL) = Z 2 (L"),

(o]
clsL’egenL

o(L’) the order of the orthogonal group of L', we have

6(genL)|T(p) = ("' +1) 6(genL).
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If x # 1 then 6(genL) is an eigenform for some of the T'(p) and for all T(p?) (p a
prime not dividing the level of L). (6(genL) is an eigenform for T'(p) if x(p) = 1,
and for all primes ¢|NV, either (g) =1 or Z4L has no modular components of odd
rank.)

So now assume 2 < n < k, and p is a prime not dividing N, the level of L. We
have n + 1 Hecke operators associated to p, named T'(p), T;(p?) (1 < j < n). For
T one of these operators, there is an associated matrix 0 so that

FIT=p"Y Flo 'y
2l
where v runs over (' NT/)\[', ' = ['1(N), IV = §T'61, and p” is a normalizing

factor. Here § = (pfn 7 ) and n =n(k—n—1)/2 when T = T(p);

I

and 7 = 0 when T = T}(p?). (Later we normalize particular linear combinations of
the T;(p?).)
Say F' is a degree n, weight k Siegel modular form (with some level and charac-

—1
ter). For C' € GL,(Z), (C tC’) € Spn(Z); consequently we can write

F(r) =) cT)ef{Tr} =) c(A)e*{Ar}

clsA

where clsA varies over all isometry classes of even integral rank n positive semi-
definite lattices (oriented when k is odd), e*{A7} = >", e{ ‘CTC7} where A ~ T,
C € O(T)\GL,(Z) if k is even, and C € OT(T)\SL,(Z) if k is odd. (Here O(T) is
the orthogonal group of T'.)

Theorem 1.1: Action of Hecke operators on Fourier coefficients.
(1) ([6]) The coefficient of e*{A7} in F|T(p) is

Z pE(A,Q)C(Ql/p)
pACQCA
where E(A,Q) = m(1)k +m(p)(m(p) +1)/2 — n(n +1)/2, m(a) = mult;.0y(a).
(2) (/5]) Set Ty(p?) = p*=7=D To_pe, Bl — £, — OTy(p?) where Blm, t) =
Hf;é ’;:::Z__ll, the number of t-dimensional subspaces of an m-dimensional space
over Z/pZ, and To(p*) = 1. The coefficient on e*{A1} in F|T;(p?) is

> PP Das(A, Q)e(Q).
pAgQQ%A
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Here a;(A,Q) is the number of codimension n — j totally isotropic subspaces of
ANQ/p(A+€Q), and E;(A, Q) = k(m(1/p) —m(p) +j) + m(p)(m(p) +m(1) +1) +
m;(1)(m;(1) +1)/2 = j(n + 1), m;(1) = m(1) —n+j.

In [5] we proved this by computing a set of coset representatives giving the
action of each Hecke operator. We encountered incomplete character sums, so
we introduced the modified operators ij (p?). In this paper, we apply these coset
representatives to #(L), obtaining

Theorem 2.1. Let p be a prime with x(L) = 1. Set
r—1

"' —1)
B(m,r) = -
(m,7) 11] (pr——1)
(the number of r-dimensional subspaces of an m-dimensional space over Z/pZ),

and set
r—1

e(m,r) = H(pm“ +1).
i=0

1
(1) 6(L;7)|T(p) = 0k—n) ZH(K;T/p) where K wvaries over the preimages
K

in L of all mazimal, totally isotropic subspaces of L/pL.
(2) Fiz j and set
ui = ui(j) = (=1)'P" V2B — j + i),
Vj = Uz(]) = (_l)zﬂ(k —n+i-— 17Z)6(k —J; 7’)

Then with .
J
Ti(p*) = > wT;(p?),
=0
we have
J
D) =3 X ota-0)
1=0 K;_;

where K;_; varies over all lattices K satisfying pL C K C %L, mult{L:K}(%) =
mult(r.xy(p) =7 — i, K € genL.

Note that the sets {T(p), T;(p*)}, {T(p), T;(p*)}, {T(p), Tj(p*)} (0 < j < n)
generate the same (local) Hecke algebra.

Averaging over the isometry classes in the genus of L, we get the average theta
series

1 1
O(genl) = o(L'
(genl) massL C%L:, o(L") (L)

where clsL’ varies over genL, o(L’) is the order of the isometry group of L', and

massL = Z L -

aso ¢
Also, averaging across the equation in the above theorem, we get:
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Corollary 2.2. Let p be a prime such that x(p) = 1. Then
O(genL;T)|T(p) = e(k — n,n)0(genL; T).
Also,
0(genL)|Tj_;(p*) = A;(p°) O(genL)
where . B
j(p?) = p! BT B(n, ek — j, ).

To prove the theorem, we apply to #(L) the coset representatives giving the
action of T'(p) and of T;(p?). Initially, we have

LT =Y | > pPM]e@r/p)

ACL \pACQCA

= Y X e e,

ocL PQCPACO
ol/p integral

and

oL =Y | Y pP@Nay(A,Q) | e{Qr}

ACL pAgQg%A

Q integral
= Y Yoo PO Na (A, Q) | e{Qr).
ocirL  \pQCAC($QNL)
Q integral

Fixing some integral 2 C L or Q) C %L, we will prove this by using elementary
lattice techniques to construct all the A in the inner sums, as we simultaneously
compute «; (A, 2). First, we decompose (2 as %QO B Q &P, Q; C L, with Qg, Q4

primitive in L mod p, meaning (0 & Q1) NpL = p(o & Q1). Set ¢r(V) = the
number of /-dimensional totally isotropic subspaces of V', where V is a quadratic
space over Z/pZ. (We agree that ¢(m,0) = 1.) Also set

AJ(€7t7Q) = pESOK(ﬁl)e(k _.7 + tuj —To — 0 — t)ﬁ(TQaj —To— 0 — t)
where Q1 = Q;/pQ; and

E=E;(l,t,Q)=(k-n)(—-ro—t)+(G—ro—t)(j—ro—t—1)/2
+l(l+n—j5—ri+1).

Then, as we prove in §3, we get:



6 LYNNE H. WALLING

Proposition 3.1. (1) Write

O(L;T)|T(p) = ) _ " (Q)e{0r/p}

Q

where  C L varies over all lattices with (formal) rank n and Q(Q2) = 0 (mod p);
write 2 = Q1 & pQs, Q; C L, Q1 primitive in L modulo p, meaning 2y NpL = p€2;.
Then

¢*(Q) = e(k —n,72)

where ro = rank{l,.
(2) Write

O(L)IT; (%) = Y ¢ (R)e{Qr)

Q

where 2 varies over all integral lattices €2 C %L with (formal) rank n. Decompose
Q as %QO @ Q1 & pQly where Q; C L, Qgy, Q1 primitive in L modulo p, meaning
(QO ) Ql) ﬂpL = p(ﬂo @ Ql) Then

) = Aj(,t,Q)B(n —j+1,1)
2.t

where 0 <L <j—1rgand 0 <t <j—1r9—4¥, r9g = rankfly.

Proposition 3.2. Suppose 1 < j<n <k and x(p) =1 (so L/pL is hyperbolic).
(1) Let K vary over the preimages in L of all maximal, totally isotropic subspaces
of L/pL. Then

D 0(K;7/p) = €(0,k —n) Y e(k —n,r2)e{Qr/p}
K

Q

where Q vary as in Proposition 3.1 (1), ro = rank)s.
(2) Let K; vary over all lattices such that pL C K; C %L, mult{L:Kj}(%) =
mult(r.i,y(p) = j, and K; € genL. Write

D 0(K;) =) bi()e{Qr}
K, Q

where 2 varies as in Proposition 3.1 (2). Then

b](Q) = Z Aj (67 ta Q)])t(t_l)/Qﬂ(k -n, t)E(k‘ - ja t)
£,t

where 0 < £ < j—rg and 0 <t < j—rg— L. The number of K; in this sum is
P U8k, j)e(k — j, ).
Critical to proving Proposition 3.2 will be the following:
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Lemma 4.1 (Reduction Lemma). Let U be a dimension d space over Z./pZ, H

a hyperbolic plane (so H ~ ((1) é)) Then:

po(U LHY) = > p= 0 e(d 4+t —£,7)B(t, r)pe—r (U).

0<r<t

(Note that the summand on r is 0 unless v < t, ¢, and thus we can let r vary subject
tor>0.)

Remark. In [4], Freitag used the theory of singular forms to give a simple
description of the action of T'(p) on theta series of level 1. Then in [11] and [12]
(cf. [9]), Yoshida used representation theory to generalize and extend Freitag’s
result (omitting the spherical harmonics Freitag allowed) to describe the action of
T(p) and of T;(p?) on theta series of arbitrary level (p fN). Yoshida’s formula is
presented in a simple form when k& = n. While our formulas are presented more
simply when k # n and our methods are more elementary than those of Yoshida,
our methods only allow us to treat n < k whereas Yoshida apparently can treat
n < 2k. Also, in this paper we treat only the case x(p) = 1; in current work we

are using the methods of this paper to treat the case x(p) = —1. We are also
investigating the case k < n < 2k, seeking elementary arguments that yield explicit
eigenvalues.

The reader is referred to [1] and [3] for facts about Siegel modular forms, and to
[2] and [7] for facts about quadratic forms.
2. PrROOFS OF THEOREM 2.1 AND COROLLARY 2.2

Proof of Theorem 2.1. (1) This is easily seen from Propositions 3.1 and 3.2.
(2) The theorem states that for all €,

J
> (=) p I — j 4 i) ()

=0
_ Z(_Diﬁ(k —n+i—1,0)e(k — 7,i)b;_s().

To establish this, we set So(€2) = ¢} (£2) — b;(2), and for ¢ > 1,

Sg(2) = 54-1(Q) + (1) 9" UTV2B(n — j + g, q)¢;_ ()
We want to show S; = 0. We use induction on ¢ to show that for ¢ < j,
SQ(Q) = Z Aj—(q-l—l) (f, L, Q)ﬁ(t +q, Q)
0
(DI EE(n — -t g+ 1t g+ 1)
— (—=1)p! 2Bk —n 4 gt + g+ De(k — j,t +q+1)]
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where 0 </ <j—(¢g+1)—rpand 0 <t <j—(q+1)—rg—~. Using the formulas
for ¢3(2) and b;(€2), we get

SO(Q) = Z Aj(& 2 Q) |:6(n - ] + ta t) - pt(t_l)/2ﬁ(k -n, t)E(kZ - ja t) :
£,t

When ¢t = 0, the summand is 0, and necessarily t=0 when ¢ = j — rg. Replacing
t by t + 1 and using that A;(¢,t +1,Q) = A;_1(¢,t,Q) we establish the claim for
q=0.

Now assume the formula holds for S,(€2); we evaluate S;41(€2) using the above
assumption and our formulas for ¢, (€2), b, (€2). We can write S;41(€2) as a sum
on ¢ and t; the summand is 0 when ¢ = 0, and we necessarily have t = 0 when
¢ = j —ro. Thus we can write S;4+1(£2) as a sum on ¢ < j — g, t > 0. By Lemma
5.1(b),

Bn—j+q+1,g+1)Bn—j+t+q+1,1t)
=Bn—j+t+q+1,t+q+1)8t+q+1,t).

Also, one can easily verify that
Blt+q+1,t) = B(t+q,9) =p™™ Bt + ¢, +1).
We have €(j —j,q+ De(k—j+q+1,t) = e(k—j,t+q¢+1), and by Lemma 5.1(d),

p'Bk—n+qt+q+1t+q+1)8(t+q,q) —Bk—n+q,q+1)8(k—n,t)
=—fBk-n+q+1,t+q+1)8(t+q,q+1).

Using these identities, replacing ¢ by ¢ + 1, and using that A;_,411)(¢,t +1,Q) =
A (g12) (£, 1,Q) yields the claim for ¢ < j. In particular,

Sj—1(Q) = (=17 p/U=D2B(n, j) — (—1)7 7' B(k — n+j — 1, j)e(k — 4, ).

We have 0(L)|To(p?) = (L) and Ky = L, so ¢;(Q) = bo(€2) = 1, and thus the
inductive definition shows S;(€2) = 0. This proves the theorem. [J

Proof of Corollary 2.2. (1) This is virtually identical, although a little simpler, than
the proof of (2), and so we omit this proof.
(2) With o(L’) the order of the orthogonal group for L', we set

1 1
O(genl) = 6(L'
(genl) massL ; o(L") (')
where clsL’ varies over the isometry classes in genL, and massL = ), ﬁ
Consider the effect averaging over genL has on ), 60(K,,) where K, varies over

all lattices in genL with pL C K,, C %L and multyr.x, y(1/p) = multyr.x, 3(p) =
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m. First, note that the condition mult(.x, 3(1/p) = m is automatically met when
the other conditions are met. Then, note that we can classify the K,, into isometry
classes; so with K, € clsK, we have an isometry o so that o(K) = K,,, meaning
multsr.,x1(1/p) = mult{r.,x}(p) = m. Given isometries o,0’, 0K = ¢'K if and
only if 0710’ € O(K), the orthogonal group of K. Thus the number of ¢ that map
K to the same lattice is o(K ), and so with L fixed,

Z Q(Km) = Z
Ko

#{o: pL C Kp, C 1L, multyp.orxy(p) = m }
o(K)

0(K).
clsK

Now take the identity of the preceeding theorem and average both sides over
clsL’ € genL. So with K| varying over all lattices in genL’ = genL with

multyr.rr 1(1/p) = multypr.g 1(p) = m,

we have
> o LG
o(L") m
clsL’ K/,
|y Mo el CoR CRL miten@) = m}
clsL’/ ,clsK’ O(L,)O(K/)
. Z Z #{O-: pK/go-ng%Kla mult{K’zaL'}(p>:m}> 1 Q(K/)
clsK’ clIsL’ O(L,) O(K/)

(the last equality follows from replacing o by o¢~!). The inner sum on L’ is the
number of lattices K,, € genL so that pK’' C K,, C %K' and multx. i, 1 (p) = m,

and by Proposition 3.2, this is p"(™m~1/2, (L/pL), and since L/pL ~ HF, this is
p D28k m)e(k —m,m).
Thus
J
Nj=e(k—34,4) > (=1)pi= DU D28k j—i)B(k —n+i— 1,4).
i=0
We claim that the sum on 7 is equal to

p k= +HiG=0/2 50, )

we argue by induction on k (k > n > j > 0). For k = 0, this is trivial. So assume
k > 0 and the formula holds for kK — 1 whenever K — 1 >n > j5 > 0. When j =k
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or 7 = 0 the claim is trivially verified. Thus we now consider k£ > j > 0. We make
use of the easily verified identity

ﬁ(m,r) = ﬁ(m - ]_,’l“) +pm—rﬂ(m - 17T - 1)
(where m > r > 1). This allows us to rewrite:

J
D (=1)ip TN B(k, § — i) Bk —n+i — 1,1)
1=0

J
=2 (NPT Rk — 1 — )k — nti— 1)
i=0
7j—1
+pF Y (F)ipU TRk — 1 — i — 1)B(k —n+ i 1,4)
i=0
and then, by the induction hypothesis

= pl k=) HIG=1128(p — 1, §) 4 ph~1HU-DE=m)+G=DG=2/250, — 1 5 — 1)

= p! IO [B(n — 1,5) + p" I B(n — 1,5 — 1)
and again using our identity (with n replaced by n — 1)

— pj(k—n)+j(j—1)/25(n7j)' 0

3. PROOFS OF PROPOSITIONS 3.1 AND 3.2

Proof of Proposition 3.1. (1) From [5] we know

0(L;7)|[T(p)
Iy B
iy I, 0 Cc—1
_ n(k—n—1)/2 . n Pin—d
~»p Sown () ; (77 )
B,C I,
_ o —n(nt1)/2 k(n—d) Iy —1
P Azc:;p e{T [G( pIn—d>C ]T/p}.

Here C' = C(A’) varies over all A’, pA C A’ C A, A a fixed reference lattice of rank
n, A' = AC (p La 7 ); for each such C', B varies over all integral, symmetric,
n—d

d x d matrices modulo p; A varies over all sublattices of L with (formal) rank n,
A ~ T; and G varies over GL,,(Z) (or, if k is odd, A is equipped with an orientation
and G varies over SL,(Z)). The sum on B is either 0 or p?(¢+1)/2  depending on
whether the upper left d x d block of T'[G] is 0 modulo p.
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Fix d and let G be the subgroup of GL,(Z) (or, if k is odd, of SL,(Z)) of all
Er By ) with E3 € Z"~%4, Then the cosets of GL,,(Z)/G
pEs  E4

(or of SL,(Z)/G) correspond to the lattices  where pA C Q C A, [A: Q] = p"~ 9,

as the matrices GG so that
QO =AG (Id )
pIn—d

comprise one coset. Similarly, the matrices C' = C(A’) give us a complete list of
coset representatives for GL,(Z)/'G (or for SL,(Z)/'G), as A’ varies subject to

PAC A CA [A:A] =p(so A = AC (pld

matrices of the form (

for some C). Conse-
In—d

quently as C varies and as G’ varies over G, C 'G’ varies over GL,,(Z) (or SL,(Z)),
and thus so does 'G’C~!. Hence as G varies over GL,(Z) (or SL,(Z)),

(e (™ )]
=X Y er [ )

Q G'.C

where G’ varies over G, Q varies over all lattices subject to pA C QA, [A : Q] = p"~ 9,

and Q ~T’. Thus

O(L; 7)|T(p) = p~ " F1/2 Y " phn=dtdldiD2efqr /p)
AQ

where A varies over all sublattices of L with (formal) rank n, €2 is as above with
Q(Q) =0 (mod p). So ¢*(Q) = p M+ 1)/25~  ph(n=d)+d(d+1)/2 where A varies over
all lattices with (formal) rank n, Q@ C A C (%Q N L). Write Q = Q1 & pQly where
01,0, C L, Q1 NpL =pQy. Thus %Q NL =8 ® s, so the A correspond to rank

n — d subspaces of Qy/pQy where [A : Q] = p"~¢. Thus with 7, = rank(y, and
recalling that B(rq, 79 — n+d) = B(ra,n — d),

C*(Q) _ p—n(n+1)/2 Zpk(n_d)+d(d+1)/26(r27 n— d)
d=0
(and replacing n — d by d)

T2
3 pleemaa-D 25, )
d=0

(and then by Lemma 5.2)

=e(k —n,rg).
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(2) We have

O(L;T)T3(p%) = > > pPONa(A,Q) | efar).
acir  \pQCAC(i0nL)
Q integral

Fix some integral €2 C %L; decompose 2 as %QO @ Q1 @ pla, Q; C L, with Qq,
primitive in L mod p, meaning (9 & Q1) NpL = p(2o B Q7).

We proceed by constructing all A in the above sum on A, sorted according to
their invariant factors {€2 : A} in €2, simultaneously constructing all the subspaces
of ANQ/p(A+ Q) counted by o (£, A).

We have 2 C %L with €2 integral, so we can decompose €2 as 2 = %Qo DR BpLly
where Qq, Qq,Qs C L with Qg, Q; primitive in L modulo p, meaning (g & Q1) N
pL = p( ® Q). Since € is integral, we must have Q(£y) ~ 0 (mod p?) and
B(Q0,£1) ~ 0 (mod p). Note that Qg is only well-determined up to p(Q2; & Qo)
and Qg @ ; is only well-determined up to p€ls.

Deﬁne A = %QQL; SO A = Qo@Ql@QQ. AlSO, QﬂL = QQA = Q()@Ql @pQQ,
and p(Q+ A) = Qo & py & pQa. Given A with pQ C A C (%Q N L), we must have

A= Q0@ (A1 @ pA)) © (Mg ® pA; @ p*AY)

where Ay & A} = Qq, Ay & AL, & A = Qo. Notice such A is necessarily integral.
We now proceed to construct all such A, simultaneously counting the totally
isotropic, co-dimension n — j subspaces of

ANQ/p(A + Q) = (A @ pAL) /p(A; @ pAl).

Let r; = rankQ);, dy + d} = r1, do + d5 + dj = ro. We will construct all A so that
when decomposed as above, d; = rankA;, d; = rankA}, and dj = rankAf.

In A/pA, extend QNA = QO @Ql to QO D Ql @AQ with dlmAQ = d2 + d/2
(We have ((rg,ds + dj)) = B(re,dy) choices.) Let

A’ = preimage in A of Qo © Q1 © A,
= Qo @ Q1 @ (Ag @ pAy)

where dimpAY = dj. In A’/pA’, extend Qg = p<Q to

WaUCONA =000 @ pAl

so that U is totally isotropic of dimension ¢ and independent of pA = pTé’ (later we
let £ vary). (We have ¢(Q1)p® choices.) Now extend Qg ® U to Qg & A C QN A
so that dim A, = dy with A; independent of pA. (We have B(rq — £, dy — £)p(d1—0d>
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choices.) Extend Qy @® A; to Qo & A1 & Ao with dim Ay = dy and Ay independent
of QNA =Qy & 0 @ pAY. (We have 5(dy + dby, da)p®(41192) choices.) So

A =00 (A oA) D (A @A, @ pAl)

where Ay = A4 @Kll, A=A @ A,
Now let
A = preimage in A of Qo ® A1 DAy
=0 @ (A @ pA)) © (A2 @ pA) @ p*AY).

As noted above, QN A/p(Q 4 A) =~ Ay/pAy @ pAy/p* Ay and pAy/p* Ay s to-
tally isotropic over Z/pZ. Given a dimension ¢ subspace U in A;/pA; with basis
{z1,... 24}, there are B(db, d—£)p*(@2=4+) dimension d = dy +d} —n+j subspaces
of A1/pA1 @ pAL/p? Al that project onto U in A1 /pA;. So for each A, a;(Q,A) is
the number of U constructed above, times 3(db, d — £)p*(d2—d+0),

We know that E;(2, A) = j(k—n—1)+k(dy—ro—t)+(ro+t)(n—da+1)+d(d+1)/2.
Also, by several applications of Lemma 5.1 (a), we find that

B(r,a)B(r —a,b)f(r —a —b,c) = B(r,b+¢)B(b+ ¢, b)B(r —b—c,a).

Thus with r = ry,a =dy,b=ds,c=d—{l,and x =dy+d—Ll=j—rog— L —1t we
have d =j —rg —ds —t so

C;((Q) :p](k—n—l) Z Spﬁ(ﬁl)]?lﬂ(dz—7'0—25)—|—(T‘0—|—t)(’n—dg-I—].)-I—d(d-‘y-].)/2-|—d225-}—£(£—d—|—7"2—dg)
£ d27

Bro,x)B(x,dy) Y p= T hTOB(ry — 2, dY)B(ry — £, df).

) +dlf =t

By Lemma 5.1 (c), the sum on dj + d} = t reduces to B(r1 + 1o — x — {,t) =
B(n — j +t,t). Thus, after substituting for d and simplifying, we have

Zw )PP B(ra, w)B(n — j +t,t)
i Zde(k—J-H)-l-dQ(dz—l)/Qﬁ(x’ d2)
do

where
E=k-n)j—ro—t)+(G—ro—t)g—ro—t—1/2+0l+n—j—r;+1).

By Lemma 5.2 the sum on d; is

T

H(pk—ro—f—i + 1) = E(k - ] + tvj —To — l— t)v
i=1
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proving the proposition. [

Proof of Proposition 3.2. (1) Let K vary over the preimages in L of all maximal,
totally isotropic subspaces C of L/pL. We are assuming x(p) = 1, which means
L/pL ~ HF, and so there are o (H*) = €(0,k) such K. Note that when scaled
by 1/p, K/pK ~ H*. Thus ZpKl/p ~ ZpL, and for ¢ any prime not equal to
p, ZyK ~ ZyL. (So if for all ¢, either all the modular components of Z,L are of
even rank or (%) = 1, then K'/? € genL. This is necessarily the case if x = 1.)
Take Q = Oy & pQs, r; = rank();, Oy primitive in L modulo p, Q(2) = 0 (mod p)
(as in Proposition 3.1 (1)). Then Q C K if and only if Q; € C in L/pL. The
number of such C is the number of ways to extend Q; to a dimension k totally
isotropic subspace of L/pL. We know ; is totally isotropic of dimension 71, so
L/pL = (1 © A1) L H*" where Q; @ A; ~ H™. Thus the number of ways to
extend Q; to C is the number of dimension k — r; totally isotropic subspaces of
H*~"1, which is

€0,k —11) =€(0,k —n+r12) =€(0,k —n)e(k —n,ra).

(2) We now construct all lattices K; such that pL C K; C %L, mult(r.x 1 (p) =
multz.x1(1/p) = j, and K; € genL. We count how many K contain any given
integral 2 C %L. Then we compare 0(L)|T;(p?) to the sum >k, O(K;).

To construct all K, we take a dimension j totally isotropic subspace C of L/pL,

and let K’ be the preimage in L of C. The number of choices for C is ¢, (L/pL).

Since L/pL is regular, there is some D so that C & D ~ (? é) (over Z/pZ). So

C®D is regular and thus splits L/pL: L/pL = (C®D) L J. So K' = (C®&pD)dpJ,
and in K'/pK’ (scaled by 1/p), pJ = radK'/pK’'. Also, C ©pD ~ W (H =~

((1) é) a hyperbolic plane) and pD is totally isotropic. Thus there is a totally

isotropic C’ so that C’ @ pD = C @ pD.

In fact, the number of such C’ is the number of dimension j totally isotropic sub
spaces of C @ pD (scaled by 1/p) that are independent of pD. To count, choose
isotropic Z; € C @ pD, T, &€ pD (we have (p’ — 1)(p’~! + 1) choices); then choose
any 7; € pD so that (Z1,7,) ~ H. (So C@®pD = (z1,5,) L W, W ~ HI™1)
Then for 1 < i < j, we have C & pD =< T1,Yq,... ,Ti—1,Y;—1 >L (C; & D),
< T Tpy e s Ti1, ;1 >~ H™ C; € D, and pD; C pD. Choose isotropic T; €
<T1, - ,fi_1>J— =x; € <T1,... ,T¢_1> 1 (61 @m), Z; € <fl, - ,fi_1> @]ﬁ,
and choose ¥, € pD, 7, & <y1, . ,yi_1>, so that <§i,gi> ~ H. When counting

the number of C7 = <El, e ,Ej>, the choices of 3, are inconsequential, and we find
that the number of (ordered) bases Z1,... ,Z; we construct is
j—1

[1r — D@+ 1) g - 1)

1=0
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The number of C” is this divided by Hg;& p'(p? =% — 1), the number of bases for any
given C’. Thus the number of C” is p?G—1/2,

Let pK; be the preimage in K’ of o = C'®pJ. Thus L = C'" D@ J
and K; = %C” ® pD @ J; since C” is totally isotropic in K'/pK’ (which is scaled
by 1/p), we have Q(C’) = 0 (mod p?). Also, in L/pL we have B(C,.J) = 0, so
B(C,J) =0 (mod p). Hence K; is integral.

Now fix K; and, as in the preceeding section, fix integral {2 C %L, and decompose
Q) as %QO D Q1 B pQa, Q, 021,09 C L, with g, 27 primitive in L modulo p. We
want to determine when (2 C K;. First note that to have ) C K, we need Qg C C

in L/pL; when this holds, €y must extend to C” since g is totally isotropic in
K'/pK'. Also, for € L, we have z € K if and only if z ¢ D + pL; so z € K;

if and only if in L/pL, T € C® J = c. Consequently 2 C Kj; if and only if in
L/pL, Qo CC C ﬁf‘ and in K'/pK', Qo C c
Now we count the number of K; containing a given (). Counting the number

of ways to extend Qg to C” in K'/pK’ is essentially identical to counting the 7,
giving us pU—70)G=70=1)/2 choices. Thus we are left with counting the number of

ways to extend Qg to a dimension j totally isotropic subspace C' C ﬁf in L/pL.
First observe that L/pL = (20 ® Ag) L J for some totally isotropic subspace Ag
with Qo @ Ag ~ H™ (rg = dim$)). Since L/pL is regular, so is J, and since
0 C ﬁé = C @ J with Q; independent of Qy, we can choose Ay and J so that
Q; C J. So extending Qg to C' C ﬁf is equivalent to choosing a dimension j — rg
totally isotropic subspace of ﬁll NJ. Let R = 1"ad(§1L N J; thus ﬁf NJ=R1U
where U is regular. Since J is regular, we have J = (R @ El) LU LU where
R® R ~ H° where s = dim R, and U is regular. Also, ﬁf NJ=R_L U/, and
this has dimension 2(k — r¢) — 1. We know U L U is regular, and it is hyperbolic

exactly when L/pL is. Thus if U is hyperbolic, U is hyperbolic exactly when L/pL
is. Recalling that the number of dimension ¢ totally isotropic subspaces of an odd
dimensional, regular space depends only on its dimension, we find

—1 = Pi—ro (ﬁl 1 Hk_ro_h) if L/pL ~ Hk,
Pj—ro (Ql N J) = a k—ro—r1—1 . k—1
Qi (3 LHF"0o™ =2 1 A if A/pL ~H*" L A,

(Recall that we have assumed n < k, thus dim U/ > dimU. Also, here A denotes
an anisotropic plane, i.e. A ~ <1, —5> where (%) = —1.) So when L/pL ~ HF, the

number of K; containing (1 is

b;(Q) = pU=rol=ro=D 2, (Qy LHFTOT™)
and by the Reduction Lemma (Lemma 4.1),
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— p(j—To(j—To—l)/2 Z ¢e(§1)pé(k_j_T1+£)
J4

ce(k—j,j—ro—0)p(k—ro—r1,j—10 —¥).

On the other hand,

> At Q)pt 2Bk — n t)e(k — j,t)
0t

= oD R0 @ el — o — 1o — )

J4
D Ut gk — n ) B(rg, j — o — £ — 1)
t

and by Lemma 5.1(c)

= pli=roli=ro=1)/2 Z 0o(Q)ptk=i—rit0)
¢

'6<k—j,j—?“0—g)ﬁ(k—TQ—Tl,j—To—g>
—b;(Q). O

4. PROOF OF LEMMA 4.1 (THE REDUCTION LEMMA)

Say V is isometric to a hyperbolic plane orthogonal to U. Take W to be a totally
isotropic, dimenstion ¢ subspace of U L V. Then W =< u; +v+1,... ,up + vp >
where u; € U,v; € V. Consider W/ =< uy,... ,up > (so W' is the projection of W
onto U). We cannot have u; and uy equal to 0, for this would require < vy, vy >
to be totally isotropic of degree 2. So assume us # 0.

We want to examine how many W project to the same W’. Suppose first that
W' =< ug,...,us > has dimension £ — 1. Then v; must be (nonzero and) isotropic
in V with B(vy,v;) = B(vi,u; +v;) = 0 for all i > 2. Since < v; >+=< v; > when
v1 is isotropic (recall that V' is a hyperbolic plane), we must have v; €< v; > for
all 7 > 2 and hence

W' =< wvi,ug,...,up>.
Since there are 2 isotropic lines < v; > in V, there are 2 subspaces W that project
onto this W’. Notice that < us,... ,uy > must be totally isotropic.
Now say W/ =< wuq,us,...,uy > is totally isotropic of dimension ¢. Then

Q(vi) = Q(u; +v;) = 0 for all 4 and B(v;,v;) = B(u; + v, uj + v;) = 0. Hence
the v; all lie on the same isotropic line. Thus there are p® spaces W that project
onto this W’ with v; on a given line; one of these W is W’. Hence there are 2p* — 1
distinct W that project onto W’.

Say W’ has dimension ¢, W/ ~< e >1<0,...,0 > with € # 0. Then Q(v) =
—Q(u1) = —¢, Q(v;) = 0 for all i > 2, and B(vy,v;) = 0 for all ¢ > 2. There are
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(p—1)/2 anisotropic lines in V' that represent squares, and (p —1)/2 that represent
non-squares. Each anisotropic line represents a nonzero value either twice or not

at all. So there are p — 1 vectors v; € V with Q(v;) = —e. For such vy, < v; >7 is
anisotropic, so va,...,vy = 0. Thus there are p — 1 dimension ¢, totally isotropic
spaces W that project onto W'.

Finally, say W' has dimension ¢ with W' ~ (1) (1) 1< 0,...,0 >. Then

Q1) =Q(ur +v1) =0=Q(uz + v2) = Q(v2) =0, B(vy,v3) = —B(uy,uz) = —1,

B(vi,v;) = B(vg,v;) = 0 for all i > 3. So wvi,vy span V., and vs,...,vp €<
v1,v9 >T= {0}. Given uy,us, there are 2(p — 1) isotropic v; in V; having chosen
v1, there is exactly one isotropic vo € V so that B(vy,v2) = —1. Thus ther are

2(p — 1) spaces W that project onto W".
We can classify all dimension /, totally isotropic W in U L V by their projections
onto U. We have:
0o(U L H) = 2 - #{dim ¢ — 1, totally isotropic W' C U}
+ (2p* — 1) - #{dim ¢, totally isotropic W’ C U}
+(p—1)- #{dml W CUW ~<e>1<0,...,0>}
+2(p—1) - {diml¢ W CUW ~H 1<0,...,0>}.
On the other hand, we can take each dimension ¢ — 1 totally isotropic U’ C U
and extend to a dimension ¢ subspace W/ C U. We get:
wr—1(U)B(dimU +1—4,1)
=#{U W) U, W CU,dimU" =¢—1,dimW' = ¢, U’ totally isotropic}
= #{dim ¢, totally isotropic W' C U}B(¢,£ — 1)
+ #{diml W CU W' ~<e>1<0,...,0>}
+#{diml W CUW' ~H 1<0,...,0>}-2.

Therefore
@o(U LH) = (p — 1)1 (U)B(dimU + 1 - £,1)
=2¢p1(U) + p'ou(U),

that is, (U L H) = (p@™ V= 1 1)1 (U) + pPe (V).

This shows that the proposition holds for t = 1. Now we argue by induction on
t. We know the identity holds for all £ when t = 1. Take ¢ > 1. Using the induction
hypothesis and our formula for ¢, (U L H), we get

pe(U LH') = (U LH) LH™Y)
= Z pUIED e(d 1+t —0,7)B(t—1,7)

0<r<t—1
(e(d+1+7r—£,1) 00 r 1 (U) + p" "o (U)).
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Split this into two sums on r, and in the first replace r by r — 1. Then we have
a linear combination of the o,_,.(U); the coefficient on ,(U) is p*¢, the coefficient
on wy_+(U) is e(d+t —¢,t), and for 0 < r < ¢, the coefficient on ¢,_,.(U) is

=) Blt—1,r—1)
(p —1)
. [pt—r(pr _ 1)(pd+r—Z + 1) + (pt—r _ 1)(pd—|—t+r—€ + 1)]
= pEIE B re(d+t — 0, 7).

ed+t+1—-2,r—1)

The lemma now follows.

5. SUPPLEMENTARY LEMMAS

Lemma 5.1.
(a) B(r,m)B(r —m,m’) = B(r,m")B(r —m’,m).
(b) B(r,m)B(r —m,m') = B(r,m+m")F(m+m’,m).
(¢) Y VB0t = d)B(r,d) = Br +1',t).
0<d<r
(d) B(r —m + 1,m' + 1)3(r + 1,m) — B(m +m',m)B(r + 1,m +m' +1) =
pm/"'lﬁ(m +m/,;m'+1)B(r+1,m+m' +1).

Proof. (a) Use that

’I’*’i_l
Br.m) = 1] h-

=0

(b) Choose an m + m’-dimensional subspace of an r-dimensional space by first
choosing an m-dimensional subspace, then extending that to a m + m/-dimensional
space. Thus each m + m/-dimensional subspace is constructed G(m + m’,m) =
B(m +m/,m’) times, proving identity (b).

(c) Let r = dim V, ' = dim V’. We construct all dimension ¢ subspaces of V&V’
by first choosing a dimension ¢t — d subspace J of V' (we have ((r,t — d) choices
for each d, 0 < d < t), then we extend J to J & J' where dimJ' = d and J’ is
independent of V' (we have p®"=*+4) 3(+/ d) choices.

(d) Begin with the identity from (b). Thus

Bir—m+1,m +1)B(r+1,m)—Bm+m' m)B(r+1,m+m +1)
=B(r+1,m+m'+1)[f(m+m +1,m +1) - B(m+m' m).

Using the formula for ((x,*) (or arguing combinatorially), one easily verifies that
Bm+m'+1,m' +1) — pB(m+m/,m') = pmuflﬁ(m +m/,m’ + 1). Substituting
this value in the previous equation yields the result. [J
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Lemma 5.2.

m

Z pd(y—m)+d(d—1)/25(m, d) = H(py_i +1) =e(y —m,m).

0<d<m i=1

Proof. We argue by induction on m, first noting that the identity trivially holds
for m = 0,1. Take m > 1. Then

Z pd(d—m—1)+d(d—1)/2ﬁ<m +1, d)
0<d<m+1
— 1 4 plmAD=m—D)m(mt1) /2

+ 30 D (G d) 4, d - 1))

1<d<m

by (c) of Lemma 5.1 and with ¢ =y — 1,

=¥ +1) Y PTG, a)
0<d<m

and by the induction hypothesis

m

=@ +D)][e" "+ 1)
=1
m—+1

= [ +10O

=1
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