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I Introduction 

Consider  the following p rob lem in heat  conduct ion:  suppose  that  a compac t  set 
K in IR m is held at t empera ture  one for all posit ive times t, while IRm\K has 
temperature  zero at t ime t = 0; what  is the asymptot ic  behav iour  as t + 0 of EK(t), 
the a m o u n t  of heat  which has flowed from K into  IRm\K up to time t? So far, this 
problem has been s tudied in detail  only  in the special case in which m = 2, K is 
connected and its bounda ry  is po lygonal  [2]; in contrast ,  the problem of determin-  
ing the asympto t i c  behav iour  of EK(t) as t ~ oe has been studied exhaust ively 
[9, 10, 13]. 

In this paper ,  we determine  the first and  second term in the asympto t i c  
behaviour  as t $ 0 of EK(t) for a compac t  connected set K in IR m for m = 2, 3 . . . .  
under the condi t ion  that  the b o u n d a r y  OK of K is C 3. We also obta in  an est imate 
for the remainder .  

There  is a second prob lem in heat  conduc t ion  which is closely related to the one 
we have described.  Let D be an open, bounded  and connected  set in IR m with 
bounda ry  0D and  suppose  that  D has t empera tu re  one at t ime t = 0, while IRm\D is 
held at t empera tu re  zero for all posit ive times t; what  is the asympto t i c  behaviour  
as t + 0 of Qo(t), the amoun t  of heat  in D at t ime t? 

In this paper ,  we determine  the first three terms in the asympto t i c  behav iour  
and an es t imate  for the remainder  of QD(t) as t $ 0 for an open, bounded  and 
connected set D in lR m for m = 2, 3 , . . .  under  the condi t ion  that  0D is C3; this 
improves  a result of [1]. 

Let Ao be the Dirichlet  laplac ian  for an open set D, and  let u: D x [0, oc) ~ IR be 
the unique solut ion of 

#u 
ADU ~t t > 0 (1.1) 

u = 1, t = 0 .  (1.2) 
We define for t > 0 

Qv(t) = ~ u(x; t)dx . (1.3) 
D 
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Similarly, v: I R " \ K  x [0, ~ ) -~  IR is the unique solution of 

8v 
A ~ \ K V  = 8 5 '  t > 0 ,  

v = l ,  t = 0 .  

We define for t > 0 

(1.4) 

(1.5) 

EK(t) = ~ (1 -- v(x; t ) ) d x .  (1.6) 
~.~\K 

The main results of this paper are the following: 

Theorem 1.1 Let D be an open, bounded and connected set in ]R m (m = 2, 3 , . . .  ) with 
a C 3 boundary 8D. Let  8D be oriented with a smooth, inward, unit normal vectorfield 
]N and denote the mean curvature at a point s ~ 8D by H(s). Let D have m-dimensional 
Lebesgue measure [D [,, and let OD have (m - 1)-dimensional Lebesgue [8D [,, 1. Then 
there exists a constant C, depending on D such that for all t > 0 

QD(t) - - [ D ] , ,  + 2(t/n)l/2]8D]m_i -- 2-1(m -- 1)t ~ H(s)ds < Ct 3/2 . (1.7) 
8D 

Theorem 1.1 improves a previous result (Theorem 6.2 of [1]), where the first two 
terms in the asymptotic expansion of Qo(t) as t $ 0 were obtained, with an O(t) 
estimate for the remainder. Theorem 1.1 also implies that for a planar, open, 
bounded and connected set D with a C3 boundary 8D 

Qo(t) = I D h  - 2(t/n)mlOOll + ~tz(D) + 0( t3 /2) ,  (1.8) 

where •(D) is the Euler-Poincar6 characteristic for D (i.e. z(D) = 1 - #(holes in 
D)). 

Theorem 1.2 Let  K be a compact, connected set in IR" (m = 2, 3 . . . .  ) with a C3 
boundary OK. Let  8K be oriented with a smooth, inward, unit normal vector field N,  
and denote the mean curvature at a point s ~ OK by H(s). Then there exists a constant 
C depending on K such that for  all t >= 0 

EK(t) -- 2(t/n)l/2JOK[m_l - 2 - 1 ( m  - l)t ~ H(s)ds < Ct 3/2 , (1.9) 
8K 

where]OK ],,_ 1 is the (m - 1)-dimensional Lebesgue measure of  8K. 

Theorem 1.2 implies that for a planar, connected and compact set K with a C 3 
boundary 8K 

EK(t) = 2(t/~z)'/2lSK[x + 7~tz(K) + 0( t3 /2) ,  (1.10) 

where • is the Euler Poincar6 characteristic for K. Formulas (1.8) and (1.10) have 
been conjectured in [2] on the basis of a polygonal approximation. 

A heuristic derivation of (1.9) (under the additional assumption that K is 
convex) has been given in Sect. 2(d) of [12]. 

These results have a probabilistic interpretation. Let (B(t), t > 0; IPx, x 6 IR m) be 
8 

a brownian motion associated with - A  + 8t '  where A is the Laplace operator for 

lR'. Since the generator of the brownian motion is the Laplace operator, the 
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covariance matrix of B(t) is 2tI, where I is the identity matrix. As a consequence, 
several formulas below are slightly different from the classical ones valid for 
a standard brownian mot ion  with covariance tI. For  an open set D in IR m, D ~ x, we 
define the first exit time by 

T D = inf{t > 0 :  B(t )EIR '~\D}  . (1.11) 

Then it is well-known [13] that 

u(x; t) = IPx[ TD > t] , (1.12) 

v(x; t) = IPx[T~m,xK > t] . (1.13) 

Moreover,  define the Wiener sausage associated with the set K up to time t by 

SK(t) = {x~IRm: x - B(s) + k, 0 <_ s <_ t, k ~ K }  . (1.14) 

Then SK(t) is Lebesgue measurable for all t > 0, almost surely, and 

lEo(lS~(t)lm) = Iglm + EK(t) , (1.15) 

where the left hand side of (1.15) is the expectation (under lP0) of the volume of the 
Wiener sausage up to time t, and IKI,~ is the volume of the compact  set K. 

The probabilistic interpretation of Qv(t) is given in the following: 

Proposition 1.3 Let  D be an open, bounded and connected set in IR" with boundary 
(?D. Let D = D ~ ~D. Then for all t > 0 

QD(t) = leo (I So(t) Im - I Seo (t) lm), (1.16) 

where So(t) and SOD(t ) are the Wiener sausages up to time t associated to D and (?D, 
respectively. 

Proof. Since D is bounded,  ~D is bounded in IR". B u t / )  and 0D are closed sets in 
IR m, hence they are compact. Consider the heat equation (1.4), (1.5), with K = ~D. Then 

-- V(X; t) = IPx[T~.m\~ D < t] = { IPx[T~ <= t], x ~ D  , (1.17) 1 
= I P , [ T ~ . \ g < t ] ,  x e I R " \ D .  

Hence by (1.6), (1.17) and (1.3) 

EeD(t) = ~ dxlP~[TR-\~D < t] 
IR~\ ~D 

= ~ dxIP~[To < t] + ~ dxIPx[Ta,xD < t] 

= tDI~ - Qo(t) + ED(t). (1.18) 

Then (1.16) follows from (1.15) and (1.18) since 

1/51~ --=- IDIm + [0D[m. (1.19) 

While the behaviour for t ; 0 of Qo(t) is very similar to the behaviour for t ~ 0 
of EK(t), they are very different for t -*  oo. For  a compact  set K with positive 
newtonian capacity EK(t ) --, oo as t --, oo [9, 13], while for an open set D with finite 
volume Q,(t)  ~ 0 as t ~ oo. More  precisely, we have the following: 

Proposition 1.4 Let D be an open, bounded and connected set in IR m. Let 2~ denote 
the first eigenvalue of  - A o  with a corresponding normalized eigenfunction ~1 in 
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L2(D). Then 

and in particular 
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Q o ( t ) = e  - t~ '[]oxl[~{1 + O ( t - ~ / 2 ) } ,  t ~ o c ,  (1.20) 

lira t 1 loglEo(IS~(t)lm - IS(~D(t)lm) = -- )ol . 
t~or 

(1.21) 

P r o o f  Since D is bounded,  ]Dim < oe. Hence the spectrum of - A D  is discrete: 
)ol < 22 < . .  �9 with a corresponding o r thonormal  set ofeigenfunct ions ~1, ~'2 . . . .  
in L2(D). The heat kernel p o ( x , y ; t )  of e tA,, is a positive C ~ function on 
D x D x (0, c,v) and has an eigenfunction expansion 

pD(X, y; t) = ~ e- t ;~tpj(x)OS(y ) . (1.22) 
j = l  

The solution u of (1.3) and (1.4) is (by Fubini 's  theorem) given by 

U(X: ~) = ~ e- tl~sOj(x ) ~ d y @ j ( y )  , 0.23) 
j = l  D 

and hence by Fubini 's  theorem 

Qo(t) = e t:~j dxOj ( x )  . (1.24) 
j = l  

Then 

Qo(t) => e z;.1 dx~pl (x  

= e - t;~, I! ~'1 P112 , (1.25) 

since 01 does not change sign on D. On the other hand, by Cauchy-Schwarz ' s  
inequality and (1.24) 

QD(t) <= e t2, 111//1 []2 _]_ ~ e ';~lDlm. (1.26) 
j = 2  

Since D is connected, 21 has multiplicity 1, so that  )~2 - )~1 > 0. Hence 

j = 2  j = 2  

j = l  

= e t2, t race(et t~:-  ;~,IAo/;.~) 

= e -  t;o, ~ d x p o ( x ,  x; t(22 - 21)/)~2) �9 (1.27) 
D 

But 

pD(X, y; t) < (4~rt)-"/2e - Ix- yl2/(at), x ~ D ,  y ~ D ,  t > 0 ,  (1.28) 

so that  by (1.26), (1.27) and (1.28) 

Qo(t) < e - t ; "  { I[~0, Ir2 + {22/(4nt(22 - )q))}m/2. lDI  2} . (1.29) 
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Then (1.20) follows by (1.25) and (1.29). Finally (1.21) follows by (1.20) and 
Proposition 1.3. 

We conclude this introduction with a sketch of the proof of Theorem 1.1, and 
refer to the remainder of this paper (Sect. 2 . . . . .  8) for the details. We omit the 
proof of Theorem 1.2 since it follows similar lines. For any e, > 0 we define the open 
set D~ by 

D ~ = { x ~ D :  min ] y - - x t < ~ } .  (1.30) 
3,~ IR~'\,D 

Since ~D is C3 and compact, there exists a c~ > 0 such that for each x e Da, there 
exists a unique point s eaD for which 

t s - x l =  min l Y - X l .  (1.31) 
5,e IR~',,D 

By the principle of not feeling the boundary [8] 

d x I P x [ T  D > t] = [ D i m -  IDalm + 0(e-6~/(8'))  . (1.32) 
D\~Da 

Let x 6 Da, 

(S -- X) 
B(1)(z) = B ( r ) - - -  r >= 0 , 

Is-xl '  

and let z~ be the unique time (almost surely) such that 

B(1)(r,)= sup B(1)(z). 
0<z_<t  

Then 

(1.33) 

(1.34) 

j dx lPx[z ,  < To < t] = 0 ( t 3 / 2 ) ,  (1.39) 
Da 

The proof that 

IPx[TD > t] < IP~[B( z , ) eD]  . (1.35) 

In Sect. 3 we will obtain a good approximation for the right hand side of (1.35). 
Using this approximation we prove in Sect. 5 that 

dx  lPx[ B ( r , ) e  D ] = [Oal,, - 2(t/zt)l/2[ OD],,-1 
Da 

+ 2 ' ( m -  1)t j H(s )ds  + O(t 3/2) . (1.36) 
~D 

It turns out that the right hand side of (1.35) is also a very good approximation for 
IPx[TD > t]. To verify this we need to bound 

IPxEB(z t )~D]  - IPx[T D > t] = IPx[~, < TD <= t] + IPx[T D < r, < t, B(T,)~D] . 

(1.37) 

In Sect. 6 we will show that, using the strong Markov property at To, 

dxIPx[TD < zt < t, B(zt)ED] = O(t  3/2) . (1.38) 
Da 



442 M. van den Berg, J.F. Le Gall 

(Sect. 7) relies on properties of brownian meanders; these will be given in Sect. 4. 
Finally in Sect. 8, we combine all the estimates, and complete the proof  of 
Theorem 1.1. 

2 Geometric  preliminaries 

We recall the following from p. 395 of [5]. 

Definition 2.1 A boundary  ~?D of an open set D in IR m (m = 2, 3 . . . .  ) is of class C k 
(k -- 0, 1, 2 , . . .  ) if (a) D is the interior of its closure, and (b) given any point s �9 0D 
there exists an open set U(s) containing s, local cartesian coordinates 
(Yl . . . . .  ym) = (Y', ym), where y '  = (yl . . . . .  Ym-1), with y = 0 at x = s, an open 
ball G(s) in IR m- 1, and a function h(.  ;s)E Ck(G) such that  ~D ~ U(s) has repres- 
entation y,~ = h(y'; s), y '~ G(s). 

Remark 2.2 If D is an open, bounded and connected set in IR m (m = 2, 3 , . . . ) ,  
condit ion (a) is implied by condit ion (b); see Remark 1 on p. 396 of  [5]. 

Let D be an open, bounded and connected set in IR m (m = 2, 3 . . . .  ) with 
boundary  0D of class C 3, oriented with an inward unit normal  vector field 
N:  (?D ~ IR m. We denote the tangent space at s �9 ~D by Ts. It is possible to choose 
the local cartesian coordinates (Yl . . . . .  Ym) at s such that N(s) = (0 . . . .  ,0,  1). 
Then the Weingarten map is the self-adjoint linear map Ls: T~--, T~ defined by 

Ls(v) --- - (VvN)(s), v � 9  T~, (2.1) 

where Vv is the derivative with respect to v. We denote the m - 1 eigenvalues of 
Ls (the principal curvatures at s) by k~(s) . . . .  , km- l(S), kl(S) < " "  < km- l(S), and 
a corresponding or thonormal  set of  eigenvectors (the principal curvature 
directions) by vl(s) . . . . .  v,,_ l(S) (See Chap. 9 in [14]). The mean curvature at s is 
defined by 

1 1 m-1 
H(s) = - m - - 1  t r a c e ( L s ) -  m - -  l i=~=l ki(s). (2.2) 

Finally we define for non empty  sets A and B in IR ~ 

d(A, B) = inf ]x - YF, (2.3) 
x~A ,y~B  

so that for a point x in a non empty proper subset D of  IR m 

d(x) = d({x}, I R " k D ) .  (2.4) 

Since D is bounded ~D is compact ,  and it is possible to choose a family 
{U(s), G(s), h(-;  s); s � 9  and a constant  60 > 0 (independently of  s) such that 
6(s) ~ { y ' � 9  lY'I < 6o}, S(s) ~ {yelP," :  lY - sl < 60}. 

Lemma 2.3 Let D be an open, bounded and connected set in IR m (m = 2, 3 . . . .  ) with 
a boundary ~?D of class C 3, oriented by an inward unit normal vector field N. Then 
there exists a constant 6 �9 (0, 6o) such that (a) for all x �9 D a there exists a unique point 
s = s(x) �9  with Is(x) - xl = d(x), and (b)for all y ' e IR  " - 1  with lY'I < 6 

m--1 

h ( y ' ; s ) -  ~ k~(s)y2/2 =<6-2ly ' l  3 ,  (2.5) 
i = 1  
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where 

Y i  = Y'" vi(s), i = 1 . . . . .  m -- 1 . (2.6) 

Proo f  See Theorem 3.5 in [5] and the s tandard theory of focal points in Chap. 16 
of [14]. 

Lemma 2.4 Let  D and 6 be as in L e m m a  2.3. The map Q: Da --+ [0, 6) x (?D given by 
Q(x) = (s, r) where  s = s(x), r = d(x) is C a and has jacobian 

m - - 1  

J(s,  r) = (de tdQ)(s ,  r) = 1-[ (1 - ki(s)r) > 0 .  (2.7) 
i - 1  

Proof  See 3.1 3.4 and 10.1-10.4 in [7]. 

Lemma 2.5 L e t  O and 6 be as in L e m m a  2.3. Then fo r  all scrOD and r e [ 0 ,  6) 

IJ(s,  r ) -  l I <  ( m -  1)rK(1 + 6K) m-2 , (2.8) 

IJ(s,  r ) -  1 + (m - 1)rn(s) l  < 2 ~(m - 2)(m - 1)r2KZ(1 + c S K )  m - 3  , (2.9) 

where 

Proof  By (2.7) 

K = max Iki(s)l �9 (2.10) 
i e { l  . . . . .  m--  1},sec~D 

for sec~D and r e [ 0 ,  6). Hence 

J (s, r) > l ]  

ki(s)r < 1, (2.11) 

(1 -- ki(s)r) > 1 - ~ ki(s)r 
{i: k,(s) > 0} {i: k,(s) > 0} 

>= 1 - r K .  # { i :  ki(s) > 0} > 1 - (m - 1)rK . (2.12) 

Moreover  

J(s ,  r) < (1 + r K )  m 1 <= 1 + (m - 1)rK(1 + aK)  m 2 ,  (2.13) 

and (2.8) follows from (2.12) and (2.13). By expanding the product  in (2.7) we have 

m - - 1  

J ( s , r ) =  1 - ( m -  1 ) r H ( s ) +  ~ ( - r )  ~ 
: = 2 (il . . . .  , ie)El(d;m) 

where the index set l(d; m) is given by 

I(d; m) = { ( i l  . . . .  , i : ) e  {1 . . . . .  m - 1}:: 

ip ~ iq, p = 1 . . . . .  d, q = 1 . . . . .  : , p  =t= q } .  (2.15) 

Then 

k i l ( s ) . . ,  k i , ( s ) ,  (2,14) 

m - 1  

~= 2 ( - - r ) d  E k i~ ( s ) "  �9 �9 k i , ( s )  
d (i~ . . . .  , i : )~l( : ;  m) 

m 1 / m  "~ 
< ~ r~K~{ -- l / = ( 1  +rK) m - l -  1 - ( m -  1)rK 
- - ~ = 2  \ d 

< 2-1(m -- 2)(m -- 1)r2K2(1 + bK) "~-3 , 

which proves (2.9). 

(2.16) 



444 M. van den Berg, J.F. Le Gall 

Lemma 2.6 Let D and 6 be as in Lemma 2.3. Then there exists a constant 61 ~(0, 6/2) 
such that x = (s, r)~D~, a~c?D, la - x[ < 31, Iw -- crl < 31 with 

m--1 

(7 = S "~ 2 2iUi(S) -~- 2,,N(s) , (2.17) 
i 1 
m-1 

W = S -~ 2 WiUi(S) ~- wmN(s) , (2.18) 
i-1 

and 

wm =< 2,. + Vh(2'; s) .(w'  - 2') - KIw'  - 2'l 2 , (2.19) 

implies (i) a > 12'1, (ii) 2,, = h(2'; s), (iii) weD, and (iv) 

[Vh(2'; s)l < 2KI2'I .  (2.20) 

Proof W e  first establish (i), (ii), (iii) and (iv) for s fixed and a constant (~1 (s)~ (0, 6/2). 
For  any 61(s)~(0, 3/2) 

3 > 231(s) > 2 1 a -  xl > l a -  x[ + Is - x[ > I c r -  sl > J2'l .  (2.21) 

This proves (i). By Definition 2.1 there exists an open set U(s) containing s such that 
8Dc~ U(s) is represented by y,, = h(y';s),  where h ( . ; s )  is of class C 3. By (2.21) 
[a - s[ < 231(s) < 6 < 60 and Z,, = h(2'; s) by the choice of 60. This proves (ii). By 
Taylor 's  expansion about  2' 

Ym = h(y'; s) = h(2'; s) + Vh(Z'; s) . (y '  - 2') 

=1 ~ '  ~ '  02h(2';  s)(Y, 

-t- 2 i=1 j=a #Yi~'Yj 
(2.22) 

where 

Note  that 

R(s, 2', y') = O(]y' - 2'13) (2.23) 

m~l ~ 1  r S)yiy j <= max Iki(s)] ly'l 2 < Kly ' f  2 (2.24) 
i - l  j= l  Oyi8yj i 

Therefore if 12'1 < la - sl is sufficiently small we have 

~ l ~ l ~ 2 h ( 2 ' ; s )  2 < 3  , 
( y ~ -  2 i ) ( y j -  j) = ~ K l y  - 2 ' 1 2  , (2.25) 

~yigYj i=l j=l  

and provided that l Y' - )/I is also small 

1 
]R(s, 2', y')] <; 3 K l y '  - ) / [2 .  (2.26) 

It follows that 

h ( y ' ; s ) >  h(2';s) + V h ( 2 ' ; s ) . ( y ' - , V ) -  K ] y ' -  2'] 2 , (2.27) 

and (2.19) implies wm <= h(w'; s). For  6t(s) sufficiently small wE U(s), and hence 

w e D .  This proves (iii). Since h( . ;  s )eC  3 c~h(.; s) C2 , - - e  f o r i =  1 . . . . .  m -  1 where 
nc vi 
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I) 1 . . . . .  V m ~ are the principal curvature  directions. Hence 

and 

IVh(,~'; s)l 2 = 

Oh()~' ; s) 

~v~ 
(2.28) 

m 1 
Affk,~(s) + O(IA'l ~) ~ K 2 1 j L ' I  2 -{- o(l~'l ~) ~ 4 K 2 t ) ~ ' l  2 , (2.29) 

i = 1  

if ~ ~ (s) is sufficiently small. This proves (iv). A compactness  a rgument  completes the 
proof  of the existence of a constant  61 e(0, 6/2) independent  of s. 

3 Bounds for 1Px[B(Tt)ED] 

In this section we obtain upper  and lower bounds  for IP~ [B(z~)e D]. First we recall 
0 

some elementary lemmas  for a brownian  mot ion  associated with - A  + - - .  
c~t 

Lemma  3.1 Let (B(t), t > 0; ]P~, x e lR  m) be a brownian motion associated with 
0 

- A + ~ .  Then Jbr any 6 > 0  

I P ~ [ I B ( t ) -  xl > 6] < 2"/2e - 6~/(8t). (3.1) 

Proof For  any Borel set D in IR ~ 

IPx[B(t)~D ] = (4nt) -"/2 ~ e Ix-yl~/(at)dy . (3.2) 
D 

Hence 

lPxEIB( t )  - xl  ~ 6 ]  = (4nt)  -m/2 ~ e -I~-yl2/(4') dy 
{Ix-y1 >6} 

< (4nt) ,,/2 e-O2/(s,) ~ e -Ix-y12/(8') dy 
{Ix-yL >__6} 

2 m/2 e 0=/(st) . (3.3) 

Lemma  3.2 Let (BCl)(z), r > 0; IPo) be a brownian motion associated with 
92 

- dx~ + ?~ with B(I)(O) = O. Let  t > 0 bef ixed and let rt be the unique time (almost 

surely) such that 

B(I) (~ , )=  sup B(1)(z). (3.4) 
0 < ~ : _ < t  

Then the density of  (B~l~('c,), "rt) is given by 

~e - ~ z/(4~) 

qb(~, "C; t) = 2rC.C3/2(t _ .C)1/2 I[O,,)(T ) lto.~)(~) . (3.5) 

Proof  See p. 510 in [6]. Fo rmula  (3.5) also follows from L e m m a  4 in [11]. 
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Lemma 3.3 Let (B(t), t > O; IP~, x e IR") be a brownian motion associated with 
0 

- A + ~t" Then Jbr any open set D containing x 

and 

IPx[Tv ~ t] < 2(2+")/2 e -d~(x)/(st) . (3.6) 

lP~[o_<~_<tsup I B ( ~ ) - x l  > 83 <= 2(2+")/2 e-~ . (3.7) 

Proof See the proof of Lemma 4 in [2]. 

Lemma 3.4 Let D and 8 be as in Lemma 2.3, let x = (s, r) c Do, and let z, be as m 
(1.34). Then 

]P~[B(zt) e D  ] -- d~ ~dzcb(~, z; t)(47rQ -("-1)/2 
o o 

_ 2(,. + 2)/2 e-  ~ . 

Proof Let x e D0 be arbitrary, let 

dy' - ry't2/('*~) e 

{h(y';s)<r-~, ry'r<o} 

(3.8) 

m - 1  

B(Q = x + 
i = 1  

B i ( Q v i ( s ) -  B,,(z)N(s) , (3.9) 

B'= (B, . . . . .  B i n _ l )  , (3.10) 

and put 

where B1 . . . .  ,Bm are independent one dimensional brownian motions, with 
BI(0) . . . .  Bin(0) = 0. Note that B(1)= Bm by (1.33). We will consider the 
brownian motion B under the probability measure IP x. It should be understood 
that Bt . . . .  , B,,, or zt are defined with x as a reference point. Then by Lemma 3.1 

IPx[B(zt)~ D ] =  lPx[B(zt)~ D, o~_~<_tsup ]B(~), < 81 

+ lPxfB(z,)~D,o<_~<_tsup [ B ( z ) l > 8 ]  

<= lP~[B(z,)~D,o<_~_<tsup ,B(z)[ < 8]+2("+2) /2e  -~176 . (3.11) 

Furthermore 

lPx[B(zt) eD ,  o<_~<_tsup IB(z)l < 6 ]  

IB(v)l < 81 
I t . = lPx h(B (zt), s) < r - B,,,('ct), sup 

O ~ t < t  

t . N lPx[h(B (zt), s) < r - B"(rt),]B'(zt)f < 63 . (3.12) 
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By L e m m a  3.1 we also have 

IP:<[B(zt) e D]  >= l P x [ B ( z J e  D, ~ 

447 

-I 
sup IB(z)I < ,5 / 
< ~ < t  A 

[ "  1 = IP~ h(B  ( z j ,  s) < r - -  B~(r , ) ,  sup I B ( r ) l < O  
O < ~ z N t  

I P x [ h ( B ' ( z j ;  s) < r -- Bm(z t ) , tB ' (z t ) l  < 6] 

[ = J - IPx h (B  ( r j ,  s) < r - Bm(rj ,  sup IB(z)I > 6,1B'(q) l  < 6 
0 N r N t  

> IP~[h(B (z,),  s) < r - Bin(z,), IB (~,)1 < 53 

-- 2 (m+2)/2 e -a2/(st) . (3.13) 

By the independence of B' and B,,, and by (3.1), (3.5) we have 

t . t lPx[h( B (zt), s) < r - -  Bm('Ct),lB (zt) 1 < 6] 

t 

= 7 d ~ d z q ) ( ~ , r ; t ) ( 4 = r ) - { , .  ,>i2 ~ dy, e-,,.'l~l(4~,, 
0 0 { h ( y ' : s ) < r  ~ , I Y ' I < 3 }  

and the l emma follows f rom (3.11)-(3.14). 

(3.14) 

4 Some estimates for the brownian meander 

In this section we obtain some estimates for the brownian  meander  that  will be 
used in Sect. 7 to complete the proof  of (1.39). We denote by (Z ( r ) ,  0 _< r _< 1) 
a brownian meander  on the time interval [0, 1], with Z(0)  = 0. We refer to [3] and 
the references in that  paper  for a precise definition and the main propert ies  of the 
brownian meander .  We recall the following. 

Lemma 4.1 The transition densi ty  o f  the brownian meander  Z is given by 

p ( r , t ; ~ , ~ / ) =  4~(t  - Q ( i - t ) ]  

f~ e-V2/(4. 4t) dv 
0 

�9 re e_V2/(4_4~)d v 1[o,~/(~) l[o.oo)(r/) , (4.1) 
~ 0  

where O < z < t <= 1, and 

~ / e  - r /2 / (41)  

p(0, t; 0, r/) = (4nt 3 ( 1 - -  t ) )  ' / 2  ! dv e -  ~21(4-4, . (4.2) 

Proof. Note  that  Z is a t ime inhomogeneous  M a r k o v  process, such that  for every 
u e (0, 1], Z ( u )  > 0 a lmost  surely, and such that  the condit ional  distr ibution of 
( Z ( u  + z),O < z <- 1 - u), given Z ( u )  coincides with the distribution of a linear 
brownian mot ion  (Bl ( r ) ,  0 < z < 1 - u), with BI(0  ) = Z(u) ,  and condit ioned by 
the event i n f o < ~  1 - , B l ( z )  > O. Formula  (4.1) follows by an appl icat ion of the 
reflection principle. Fo rmu la  (4.2) follows by taking the limit ~ J, 0 in (4.1). 
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Lemma 4.2 There exists a constant M1 ~ (0, oc) such that for all e > 0 and all 
6~(0, 1] 

IP I inf Z(u)< e J ~ M I g 6  -1/2 (4.3) 
3 ~ u < l  

Proof We first assume 6 < l/2. Then 

lP~[0< o~,,~l-oinf B l ( u ) <  ~J 
=JdCp(O, 6;O,r  JdCp(0,3;O,r , (4,4) 

0 ~ IP~IO< o~,,_<infl-aBl(u)] 

where B1 is a one dimensional brownian motion starting at ~ under the probability 
IP~. We have 

o ~d~p(0, 3; 0, r < (4n63( 1 ~_ 3))1/2 o 

(n6(1 - 6)) 1/2 (1 -- e -~2/(46)) < t~(2 /0z6) )  1/2 , (4 .5)  

by our assumption on 3. On the other hand using the formula for the distribution 
of the supremum of a one dimensional brownian motion gives 

IPr [0  < inf B~(u)< eJ  
S d~ p(O, 3; O, ~ ) 0 ~ < u - - < l  

IPr < inf B~(u)] 
O <<-u< l - 6  

~ dv e -  (~ -v)z/(4 - 4o) 

= ~ d~p(O, 3; O, ~)~dve-(r176 

s 

= (4n3 3 (1 - 3 ) ) -  1/2 ~ de ~ e - r j" dve-- (r ~)~/(* - '3 )  
e 0 

< e(2/(n6)) 1/2 . (4.6) 

Hence (4.3) holds for 6 < 1/2 with M1 = (8In) 1/2. If we take M1 = (16/n) 1/2, we 
obtain the bound for any 3 ~ (0, 1] after replacing 6 by 3/2. (Note that it is also 
possible to prove Lemma 4.2 by using the relationship between the brownian 
meander and the brownian bridge [3, Th6or6me 8].) 

Let d = m - 1 and let R = (R(z), ~ > 0) be a d-dimensional Bessel process with 
R(0) = 0, independent of the brownian meander Z. Since R is distributed as the 
euclidean norm of a d-dimensional brownian motion starting at 0 we have by (3.7) 

IP[ sup R(z) > ~;  <= 2(2+d)/2 e -r . (4,7) 
0=~__<u 
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Let h: IR ~ IR be defined by 

h(4) = ? + a4 + b# 2 , (4.8) 

where ? < 0, a > 0 and b > 0 are constants, and denote the positive root of 
h(~) = 0 by #o. Then 

#.o = (2b)--1 ( - a + (a 2 - 47b)l/z), (4.9) 

and we have the following. 

Lemma 4.3 There exist two constants M2 ~ (0, oo), M3 ~ (0, oe), that do not depend 
on a, b, 7 such that 

I P [ 3 r e [ 0 , 1 ] ' Z ( z ) _ _ < h ( R ( r ) ) ] < M 2 ( a + b ) ( 1  +log+(1/do))e  Ms~%, (4.10) 

where the + ( - ) denotes the positive (negative) part. 

Proof By Lemma 4.2 and (4.7) we have 

IP[3r ~ [1/2, 1 ] ' Z ( r )  =< h(R(z))] 

< ~oIP R(r) > 2"40, inf Z(r )  =< h(2"+1~o 
n 0 1 1 / 2 < r < 1  

<= ~ 2(2+a)/2e 22"r M x h ( 2 . + l  ~o) . 
n = O  

Since 

we obtain 

with 

h(2"+14o ) < a2"+14o + b22("+11~ 2 , 

IP[3z m [I /2, I ]  :Z(r) __< h(R(O)] 

<2(7+a)/ZM1 ~ (a2"#o+b22"4o2)e 2:-~,/8 
r t=O 

r = < M2(a + b)e ~o/16 

M~ = 3.2 (15+~)/2 M1 �9 

Similarly, for any integer p > 1, 

IP[3r E [ 2 -P -  1, 2 - r ] ' Z ( r )  =< h(R(~))] 

< _~olPI sup R ( z ) > 2 " 4 o ,  inf Z ( ~ ) < h ( 2 " + l ~ o ) ]  
n O ~ r ~ 2 - P  2 - p - l _ < r ~  1 

< ~ 2 (2+a)/2 e- 22~*P~/8.2 cp+ 1)/2 M1 h(2 "+ 1 40) 
n = 0  

< 2(7 +~)/2 m l  ~ (a 2"(2p/2~o) + b 22"(2P/e~o)Z) e -  2 2 n ( 2 P  2 r 

n = 0  

< m'z(a + b)e z,do/16 

as before (~o is replaced by 2P/2~o). 

(4.11) 

(4.12) 

(4.13) 

(4.14) 

(4.15) 
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Finally, since h(R(O)) = h(O) < O, 

IP[3 z �9 [0, 1] :Z(z)  __< h(R(z) )]  < M'2(a + b) ~ e -2pr 
p=O 

<= M'z(a + b)e  -r176 ~ e -2~r 
p - O  

( l~ (32/~2)'] log2 ' < M'2(a + b) 2 + //e -r (4.16) 

which gives the bound of Lemma 4.3, with M2 = 7M~ and M 3 = 1/32. 
We finally recall without proof a theorem of Denisov [4] which relates the 

brownian meander to the one dimensional brownian motion. 

Theorem 4.4 Let fl = (fl(z), z >--_ O) be a one dimensional brownian motion with 
fl( O ) = 0 and let t > O. Let  zt be the almost surely unique time such that zt �9 [0, t ] and 

f l ( r t )=  sup fl(z).  (4.17) 

Define for u �9 [0, l] 

Z(u)  = (t - z , ) - l / z ( f l (z , )  - fl(z, + u(t - z~))) , (4.18) 

Z'(u)  = (%)-1/2 (fl(z,) - fl(z, - uzt)). (4.19) 

Then the processes Z, Z'  are two independent brownian meanders on the time interval 
[0, 1], and the pair ( Z , Z ' )  is independent of%. 

Remark 4.5 Since fl(zt) = (zt) 1/2 Z' (1), Theorem 4.4 implies in particular that Z is 
independent of the pair (% fl(z,)). 

5 Bounds for ~DadX]ex[B('tt) E D] 

In this section we prove the following. 

Lemma 5.1 Let D and 6 be as in Lemma 2.3. Then there exists a constant C1 �9 (0, oQ) 
dependin9 on K, ]~?Dl,,-l, [Dim, and 3 such that f o r  all t > 0 

d d x I P ~ [ B ( z t ) � 9  - ID~lm + - - 1)t j" H(s)ds  2(t/n)l/2 [(?D[,,_ a 2-1(m 
8D 

C l t  3/2 . (5.1)  

Proof  By Lemma 3.4 and Lemma 2.4 

dxIPx[B(%) ~ D] 
D~ 

~) oo t 

-- ~dr ~ dsJ(s ,  r) ~ d~ ~dz qb(~, z; t ) (4nz)  ~' -m)/2 ~ dy, e-lY'12/(4~) 
0 ~3D 0 0 { h ( y ' ; s ) < r - ~ , l y ' l < 6  } 

< 2(m+2)/2e-O2/(St)lDo]m < 2 ( m + S ) / Z ( 3 / e ) 3 / 2 [ D o [ m t ~ - 3 t  3/2 . (5.2) 
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M o r e o v e r  

where  

6 

~ dr I ds J(s, r) S d~ } dz ~( ~, z; t)( 4nz) (x-m)~2 
0 ?~D 0 0 

8 
x ~ dy'e-lY':/(4~ ~ AdO , 

{h(y';s)<r-{, ly'l<6} i= 1 

r t 

A,( t )  = fdr  f d s J ( s , r ) ~ d ~ d r q ) ( ~ , r ;  t ) ,  
0 ~D 0 0 

r t 

A 2 ( t ) =  - j ' d r  ~ d s ~ d ~ d r ~ ( ~ , r ; t ) ( 4 x z )  {1-~)/2 
0 r?D 0 0 

x ~ dy'e -ly'?/(4~) , 
{ h ( y ' ; s ) > r - ~ ,  lY'l<~} 

A3( t )  = ~ dr ~ ds id~idzcb(~,r; t ) (4nz){ ' -m' /2  
3 OD 0 0 

A~(t) = -- 

dy'e ly'12/(4~) , 
{h(y';s)>r-~, lY'l<a} 

6 r 
I dr I dsJ(s , r )[ .dgi&q' (L  z; t)(4nz) (1-m)/2 
0 ~?D 0 0 

x ~ dy'e [Y'I2/(4z) , 
{ly'l>a} 

As(t)  = y dr y ds(1 - J(s,r))  ~ d{ dzelJ({, z; t)(4=z) ('-m)/2 
0 •D 0 0 

x ~ dy' e - t y' ?/(4r) , 

{h(y';s)>r-~, l y ' l < 6 }  

a3 oo t 

A 6 ( t )  = f dr I ds f d ~ i d r c I ) ( ~ ,  "c; t ) ( 4 x z )  (l-m)/2 
0 ~gD r 0 

Av(t) = 

x ~ dy'e -It':l(4*) , 
( h ( y ' ; s ) < r - ~ ,  l y ' l < b }  

oo oo t 

-- ~ dr f ds ~ d ~ d r ~ ( ~ ,  z; t)(4nz) (1 m)/2 
t5 OD r 0 

x f dy'e-lY'12/(4~) , 
{ h ( y ' ; s ) < r - ~ ,  l y ' l < a }  

3 oo t 

A s ( t )  = j" dr I ds(J(s, r) - 1) ~ d~ I dz cl)(~, r; t)(4~z) (~ -,.)/2 
0 3 D  r 0 

x S dy '  e -  I y' 12/(4,) . 

{h(y ' ;s )<r-G ly'l<a} 

(5.3) 

(5.4) 

(5.5) 

(5.6) 

(5.7) 

(5.8) 

(5.9) 

(5.1o) 

(5.11) 
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Since 

and 

6 

Sdr ~ dsJ ( s ,  r ) =  [Ual~. 
0 ? D  

(5.121 

r t ao 

~ d ~ d z q ~ ( ~ ,  ~; t) = 1 - (~t) - ' /2  ~ e r 
0 0 r 

we have for At ( t )  

(5.13) 

Al( t )  = IDal~ - 2(t/~)l /2lc?D[m-,  + (m - 1)t ~ H(s)ds  + C l ( t )  + C2(t) , 
*?D 

where 

(5.14) 

Cl ( t  ) = (7~t) 1/2  S dr ~ ds(1 - (m - 1 )rH(s) )  ~ e-r (5.151 
6 g D  r 

6 m 

C2(t) = ( rc t ) -U2~dr  ~ ds(1 - (m - 1)rH(s) - J ( s , r ) )  ~ e -~ / (*~  . (5.16) 
0 ? D  r 

But for r > 6 

l1 - (m - 1)rH(s)l  <= r2(6 -2 + (m - 1 ) K b - 1 ) ,  (5.17t 

so that 

oc 

[Cl(t)[ 5 (~zt) -1/2 dr S dsr2( 6 - 2  + (m - 1)K6 ' )  .[ e e-2/14~ 
0 OD r 

= 8(9rc)-l/2t~?D[m_l(6 z + ( m -  1 ) K b - 1 ) t  3/2 . (5.181 

Fur thermore  by Lemma 2.5 

[C2(t)] _-< (~t) -1/2 ~ dr ~ d s Z - l ( m -  2 ) ( m -  1)(1 + 6 K ) m - 3 K 2 r Z  ~ d~e  -~2/~4') 
0 O D  r 

= 4(9n)-~/2]OO[= a(m - 2)(m - 1)(1 + ( ~ K ) m - 3 K 2 t 3 / 2  . (5.19) 

The integrand in the right hand side of (5.5) as a function of r is a convolution. 
Hence by using the formula for the integral (with respect to r on [0, oG)) of 
a convolut ion in r we obtain 

t 

Az(t ) = -- ~ dsSdmrc - 1 z - l / 2 ( t  __ Z)-l12(4rCC)(1-m)/2 
DD 0 

S dy 'h+(y ' ; s )  e rr'12/~4~) �9 
{[y'l<~} 

(5.20) 

We obtain an upper  bound  for [A3 (t)l if we replace ~ dr in (5.6) by ~ o ( r / 6 ) d r  and 
note that 

S d r r S f ( ~ ) g ( r - ~ ) d ~ =  r f ( r ) d r  g (~)d~  + ~ f ( r ) d r  ~ g ( ~ ) d ~ ,  (5.211 
0 0 0 0 0 0 
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for f e L 1 [0, oe), g e L 1 [0, oe) and 

rlf(r)[dr < o0, ~ rlg(r)ldr < oc. 
0 0 

Hence 

IA3(t)[ < 6 ~ ~ ds~dr de ~q~(~, ~; t)(4rcz) (1-')/2 ~ dr 
?D 0 0 0 

x ~ dy'e I~" 12/~4~) 
{ h ( y ' ; s ) > r ,  [ y ' l < ~ }  

t oc 

+ 6 -1 ~ ds~dr ~ d~q~(~,~;t)(4n~) (1-'~'/z rdr 
i~D 0 0 0 

x ~ dy'e 1~"1~/(4~) 
{ h ( y ' ; s l > r ,  l y ' l < 6 }  

! 

=(5 ' ~ ds~drn 1 /z ( t - r ) - l /2 (4n~)  (1-")/2 
dD 0 { l y ' l < 6 }  

+(26) l ~ d s id zn  lr  l/2(t_r)-l/2(4nz)(1-,,)/2 
#D 0 

X I dy'(h+(Y ';s))2e-ly'12/r 
{ly'l<a} 

By (2.5) we have for ly'l < 6 
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(5.22) 

dy'h+(y';s)e ly'12/c4~) 

(5.23) 

(5.24) 

(h+(y';  s)) 2 ~ + ,Sly'I 3 . (5.25) 

Replacing {lY'I < 6} in (5.23) by IR'-1 ,  gives together with (5.24) and (5.25) 

,A3(t)l< 6 I ( K  1) = ~ + IDDtm l ' 8 ( m  - -  1)(97z) -1 /2  [?3/2 

+ + laDl,, 1 - 1 6 F ( ( m +  2 ) / 2 ) ( 3 n F ( ( m -  1)/2))-1t 3/2 .(5.26) 

I / I  3 , , 
Replacing ~{i,,l>~dy' by ~ . . . .  ~ - a y  and - ~od~ by fod~ in (5.7) gives 

[A4(t)l  < ~ 31DalmBRF((m + 2 ) / 2 ) . ( 3 n F ( ( m -  1)/2)) -1 t 3/2 . (5.27) 

In order to estimate IAs(t)] we first use (2.8), and we subsequently replace ~o ~ dr in 
(5.8) by ~o dr. Hence 

[As(t)[ _-< ~dr ~ d s ( m - 1 ) r K ( 1  + 6 K ) ' - 2 i d ~ i d r ~ ( ~ , ~ ; t )  
0 OD 0 0 

�9 (4nr)(1 ,,)/2 ~ dy'e l y'lZ/(4~) (5.28) 
{h(y ' ; s )  > r -  r  < 6} 
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The integrand in the right hand side of (5.28) (as a function of r) is of the type (5.21). 
We obtain as in (5.23)-(5.26) 

+ (m - 1)6K(1 + 5K) " - 2  ~- + IBDI,.-~ 
37zF( (m-  1)/2) 

(5.29) 

Applying Fubini 's theorem in (5.9) with respect to the integrals over r and ~ gives 
cO t 

A d O =  J'd~ ~ dsS&,~(#,~;t)(4~z) ~-")/2 ~ dy' min{~,h (y';s)}e ly'I~/('*~' 
0 OD 0 {[y ' [  < ~i} 

= C3( t )  4- C4(t), (5.30) 

where 

C3( t )=  ~ d s i d r n - l r - 1 / 2 ( t - z ) - i / 2 ( 4 7 ~ z )  (1-m)/z ~ d y ' h - ( y ' ; s ) e  -ly'l~/(4~), 
OD 0 

t 

C4(t) = ~ ds ~ dz (4~z) <1 -,,)/2 
OD 0 

�9 e -  l y ' 12 / (4~ )  

{I/1<6} 
(5.31) 

dy' ~ d~(~ - h-  (y'; s)) 45(4, r; t) 
{lY'I <'s} [0, h (y';s)) 

In order  to estimate ]C4(t)l we note  that for ~ ~ [0, h-  ' (y ;s)) 

I ~ -  h - ( y - ; s ) [  < h - ( y ' ; s ) ,  
and 

and for rY'l < 6 

f 
[0, h -  (y ' ;  s)) 

(h- (y'; s)) 2 
d~ cI)(~, z; t) <= 4nz3/2(t _ r)~/z , 

(h- (y'; s)) 3 

Hence 

]C4(t)l-__ y ds dr (4rc ) - l "c -3 /2 ( t - r )  1/2 + 6 
OD 0 ,)3 

= + ~ c~ IQDlm-1 3rcF((m --  1)/2) " 

Moreover ,  by (5.20) and (5.31) 

f 
IRm- 1 

Az(t) + C3(t) = 

(5.32) 

(5.33) 

(5.34) 

(5.35) 

dy,[y,[  5 e-ly't2/(4~) 

(5.36) 

t 

- -  f d s  f d'r /~ - 1 "c - 1 / 2  ( t  - " c ) -  1 / 2  ( 4 / 1 : , c ) ( 1  - m)/2 
OD 0 

dy'h(y ' ;  s) e - ly'12/(4~) 
{ry'l< 6} 

= - 2 - '  ( m -  1)t S H(s)ds + Cs(t) + C6(t) ,  (5.37) 
OD 
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where 

Cs(t) = ~ ds i dz(2n) l z 1/2 (t - -  . [ ) - 1 / 2  (4nz)(,-~i/2 
OD 0 

m 1 

x ~ ~ ki(s)yi2e ly'12/(4z), (5.38) 
{ l y ' l  > ~} i = 1  

C6(t ) = ~ ds i drn t "c- 1/2(t - r)-1/2 (4nz)(x m)/2 
OD 0 

x ~ dy' E ki(s)y~/2 - h(y'; s) e -I''t~/(4~) 
{ly'l< a} i=1 

(5.39) 

Replacing ~ [ " ~  k~(s)y 2 by 6-~ Kly ' l  3 and {ly'l > 6} by IR '~-~ in (5.38) gives the 
following bound: 

[Us(t)[ ~ ](~Dlm 1 Ka ~ 16F((m + 2)/2) t3/2 . (5.40) 
3nF( (m-  1)/2) 

Replacing f ~ i ~ l  1 k i ( s )y~ /2 -h(y ' ; s ) t  by 6-21y'13 and {[y'[ < 8} by IR '~-1 in 
k d 

(5.39) gives 

[C6(t)] _-< 18D[,,-~ 6 -2 32F((m + 2)/2) t3/z . (5.41) 
3nF( (m-  1)/2) 

Replacing - S ~ d r  by [.o(r/a)dr in (5 .m) and replacing d ( s , r ) - 1  by 
co 

( m  - 1)rK(1 + 6K) "-2 and y~ dr by ~o dr in (5.11) gives 

IAT(t)l + [As(t)l <= {6 1 AV (m - -  1)K(1 + bK) m-2 } 
co 

ds ~ rdr ~d~ i dr cl)(~, z; t)(4nz)" ,,)/2 
OD 0 r 0 

x ~ dy'e ly'12/(4~) 
{h(y'; s) < r ~,ty'l<5} 

= {~-x + (m -- I)K(1 + ~K) m-2} 

t 
�9 ~ ds ~ d~ I rdr f d'c q)(~, z; t)(4nz) (' -m) /2  

OD 0 0 0 

x ~ dy' e- b' '12/(4~) 
{h(y';s)<r LI>"I < 6} 

=< {a -1 + (m - 1)K(1 + 6/()m 2} 

�9 ~. d s ~ d ~  S dridz~(~,~;t)(4nz)  (l-m)/2 
OD 0 - ~ 0 

x ~ d y '  e - ly '12 / (4~)  

{h(y' ;s)  < r -  ~,IY'I < 6} 



456 M. van den Berg, J.F. Le Gall 

= {fi -1 + (m -- 1)K(1 + 6K) " - 2 }  

Ms i d72 7r-1/2(t - "c) 1/2(4nz) ~1-m'/2 
OD 0 

x ~ dy 'h - ( y ' ;  s)e ly'I~/~4~) (5.42) 
{Is'l< ~} 

By (2.5) we have for I Y'[ < 6 

Hence 

�9 8(m - 1)(9re)- 1/2t3/2 . (5.44) 

This concludes the proof  of L e m m a  5.1 with a constant  C1 which follows from (5.2), 
(5.18), (5.19), (5.26), (5.27), (5.29), (5.36), (5.40), (5.41) and (5.44) 

6 An upper bound for ~o~ dx IP~ [TD < zt < t, B(%) ~ D ]  

In this section we will prove  the following. 

Lemma 6.1 Let D and 6 be as in Lemma 2.3. Then there exists a constant C2 
(0, ~ ) depending on K, [c~Dl,.- 1, IDI,., and 6 such that Jbr all t > 0 

S dxlPx[To <= zt <= t , B ( z t ) ~ D ]  <= C2 t3/2 . (6.1) 
Da 

Proof Let x = (s, r) e D6 be arbi t rary  and let B(z), ~ > 0 be given by (3.9). For  every 
u > 0 we define 

Zu=inf{z'B,,(Z)=o<_v<_,sup B " ( v ) } .  (6.2) 

We will consider the brownian  mot ion  B under the probabi l i ty  measure  lPx (as in 
L e m m a  3.4), but  also under  lP~ for a 4: x. It should be unders tood that  B 1 . . . . .  Bm, 
or z, are in all cases defined with x as a reference point. Let 6a be as in L e m m a  2.6. 
Then 

IPx[TD <= zt < t ,B(~ t )~D]  < lPx []B(TD ) - x] > 61] 

+ IPx[TD < z, < t, l B ( T o ) -  x[ < 61,B(zt)  ED]  . (6.3) 

By L e m m a  3.3 

IP~[IB(TD)-  x[ > 6,3 =< lPx[  sup I B ( s ) -  xl > 61 
LO<_s<_t 3 

__< 2(2 +,,,)/2 e -  ~b'(st) < 2(s +,.)/2 (3/e)3/2 6 ;  3 t3/2 . (6.4) 
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Moreover,  by the strong M a r k o v  proper ty  at To 

lPxETo <= ~, < t, IB(To)  - xl < 61, B ( z , ) e  D] 

< IE~ EI{G < tjBiro)_ xi <a,/Ox(B(TD), t - T o ) ] ,  (6.5) 

where for a E (~D and u >- 0 

O,(a, u) = IP~[S(zu) E D ] (6.6) 

(we write ~bx to emphasize the choice of x as a reference point, the definition of 
r, depends on N(s) and thus also on x). 

For  a E c~D with ja - x] < 61, we have by Lemma  2.6 
m 1 

a = x + ~, 2ivi(s) + (h(2'; s) - r)N(s)  , (6.7) 
i = 1  

for a unique )J = (21 . . . . .  )L,,_I) E IR " -1  with 12'1 < 61. Let w e N "  be such that  
] w -  a] < 61, and 

m 1 

W = X ~- E WiUi(S) - -  ~ N ( s )  . ( 6 . 8 )  

i = 1  

By L e m m a  2.6 
> r -  h(2'; s ) -  Vh(2'; s ) ' ( y '  - 2') + K l y '  - 2'I z (6.9) 

implies w CD. Fur the rmore  by L e m m a  2.6 and (6.7) 

tVh(2'; s)l < 2KI2'1 < 2 K l a  -- xt . (6.10) 

It follows that  

~bx(a'u)<=lP"ILO~s~uSup IB(s)-al>__61J 
+ IP~ [B,,(r,)  < r -- h(2'; s) - Vh(2'; s ) ' (B ' ( z , )  - 2') 

+ KIB'(z~)- ;:1 z] . (6.11) 

By L e m m a  3.3 

IP~[  sup I B ( s ) - - a ] ~ 6 1 ] < = 2 ~ 2 + m ' / 2 e  a~/(8u) 
LONs<_u 

< 2(8 +,,I/2 (3/e)3/2 6(  3 t3/2 . (6.12) 

Moreover,  we note that  by L e m m a  3.2 the joint  distr ibution of 
(r - h(2'; s) - B~(z,) ,  B'(r ,)  - )/, z,) under IP~ has a density given by 

p,(~, y' ,  r) = q~(~, z; u)(4nr) (1 -,,)/2 e - ly '  1~4,, lto, oo)(~)l[o,,l(r) �9 (6.13) 

Hence the second term in the right hand side of (6.11) is equal to 

i dr ~ dy'  ~ de dp(~, r; u)(4nr) ~1-m)/2 e ly'12/(4r) 
0 ~m 1 { O < ~ < K l y , 1 2 _ V h ( 2 , ; s ) . y ,  } 

= i d z 4 . ( 4 n )  (m+ll/2Z-m/2(U__Z) W2 ~ d y ' e  t"1~/(4~) 

�9 1 - e x p - ~ - ( ( V h ( Z ; s )  - K l Y ' 1 2 ) - )  2 . (6.14) 
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Since 

1 - e x p - - -  

M. van den Berg, J.F. Le Gall 

1 1 
((Vh(s s ) ' y '  - Kly'12)  - )2 = ~ (IVh(R'; s)l 2 ly't 2 + K 2 I y ' I 4 ) ,  

(6.15) 

we ob ta in  the fol lowing upper  b o u n d  for (6.14): 

(m - 1)lVh(2'; s)[ z + (m 2 - 1)K2u ~ 4(m - 1)K2tcr - xl 2 + (m 2 - 1)K2t  . 

(6.16) 

Hence  by (6.3), (6.4), (6.5), (6.12) and  (6.16) 

IPx[To < vt < t, B(rt) e D]  

=< 2(lO + m)/2 (3/e)3/2 6 i- 3 t3/2 

+ lE,[l{G<=t, rB(rD)_xl<6~)(4(m- 1 ) K 2 I B ( T o ) -  xl 2 + (m 2 - 1 )K2 t ) ]  

< 2(1o+m)/2 (3/e)3/2 6 { 3 t  3/2 

O<s<=t 

< 2 (1~ (3/e)3/26;3t3/2 + (m 2 - 1)KZtIPx[TD < t] 

( 1) + 4 ( m -  1)K2(IE~[ I{G__<J)  1/2 I E x .  sup [ B ( s ) - x l  4 
LO<_s<_t 

By D o o b ' s  inequal i ty  we have 

lEx sup IB(s) - x [  4 ~ lEx[lB(t) -- xl 4]  = 45 3 4 m(m + 2)t 2 . 
O<_s<_t 

By Lemma 3.3, (6.17) and (6.18) we obta in  

IP~[To < zt < t, B(r,) 6 D] < 2 (1~ (3/e) 3/2 013t  3/2 

+ 2 (2+m)/2 (m 2 " -  1)KZt e d2(x)/(st) 

+ 2{3~ 3 - 2 ( m  _ 1)(m 2 + 2m)l/2K2t 

X e -d2(x)/(16t)  

Final ly  for c~ > 0 

5 
f d xe  -d~(~)/('') = ~ dr ~ ds J(s, r) e -'~/(~') 
D a 0 OD 

< (1 + (~K) m - 1  I~?Dlm-1 ~ d r e  -r2/('') 
0 

< (1 + 6K)" l [ 6 3 D l m _ 1 ( g o ~ / 4 ) l / 2 t  1/2 �9 

(6.17) 

(6.18) 

(6.19) 

(6.20) 
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This completes the proof  of Lemma 6.1 with C2 given by 

C2 = 2(10+m)/2 (3 /e )  3/2 8 1 3  IDIm + 2(3+m)/27Zl/2(  m2 - -  1)K2( 1 + 8K) m-116qDlm-1 

+2(34+m)/43 27"cl/2(m-- 1 ) ( m 2 + 2 m ) 1 / Z K 2 ( 1  + S K ) " - I I ~ D I , , _ I  . (6.21) 

7 An upper bound for (.o, dx IPx It, < To < t] 

In this section we will use the estimates of Sect. 4 to prove the following. 

Lemma 7.1 Let D and 6 be as in Lemma 2.3. Then there exists a constant C3 ~ (0, ~ )  
depending on K, 10DIm-1 and 6 such that for all t > 0 

(. dx lPx[_z, < To < t] < C3 t3/z . (7.1) 
D~ 

Proof. Using the parametr izat ion of Lemma 2.3 we have 
6 

(. dxlPx[zt< TD ~=t ] =( .dr  (. dsJ(s,r)lP(s.r)[zt< To <=t ] 
Da 0 OD 

6 
(1 -'['- 8 K )  m - 1  (. d r  (. Ms IP(s,r ) IT t < To < t] . (7.2) 

o OD 

In what follows we fix s e ~?D and we will bound 
6 

5 dr IP(,,,) [r, < To < t] 
0 

independently of s. Let B(v), r > 0 be given by (3.9) and let 2 e IR" be given by 

m - 1  
2 = x + ~, y ,v , ( s ) -  {N(s) . (7.3) 

i=1 

Then, provided that 19~- xl < 6, Lemma 2.3 implies that if ~ < r - H ( s , y ' )  
-- 6 -2 ly ' l  3, then ~ e D  and i f{  > r -- H(s ,y ' )  + 8 21y'13, then 2 r  where 

m - 1  
H(s,y')  = ~ k~(s)y2/2. (7.4) 

i=1 

It follows that  

IP~[zt< To<_t] <=]P~I sup , B ( v ) - x , >  8 1 
L 0 < v < t  

+ IP~ [B.,(zt) < r - H(s, B'(z,)) + 8-ZlB'(z,)l 3 , 

3u~[r t ,  t ] :B~(u)>=r--H(s ,B ' (r , ) ) - -8-21B' (z , ) t3] .  (7.5) 

By Lemma 3.3, 

IP~ [ sup 
O < v < t  

7 IB(v) - xl ~ & / ~ 2 (2+m)/2 e a2/(8tl ~ 2 (8+m~/2 (3/e)3/2 8 -3 t 3/2 �9 

(7.6) 
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I t  r ema ins  to  b o u n d  the s econd  te rm in the r ight  h a n d  side of  (7.5). F i r s t  we 
i n t r o d u c e  some  n o t a t i o n .  F o r  u e [0, 1], 

X ( H )  = (t  - -  "Ct) l / 2 (Bm(g t )  - -  Bm(-Ct + u ( t  - z t ) ) )  , (7.7) 

Y ' ( u )  = ( Y l ( u )  . . . .  , Y , , -  l ( u ) )  (7.8) 

where ,  for  i = 1 . . . . .  m - 1 

r i ( u )  = (t  - r ,)  1/2 (B i ( z ,  + u ( t  - -  r,))  --  Bi(~t)) �9 (7.9) 

N e x t  we a p p l y  T h e o r e m  4.4 wi th  fl = B,, and  infer t ha t  X is a b r o w n i a n  m e a n d e r  
s t a r t i ng  a t  0, i n d e p e n d e n t  of (r, ,  Bin(z,)) .  By the i n d e p e n d e n c e  of  B1 . . . . .  Bin, and  
the  fact t h a t  r, is a m e a s u r a b l e  func t iona l  of  Bin, we a lso  get  t ha t  Y1,. - �9  Ym- 1 are  
i n d e p e n d e n t  b r o w n i a n  m o t i o n s ,  i n d e p e n d e n t  of  B=, a n d  hence  i n d e p e n d e n t  of X. 
M o r e o v e r ,  (X, Y, . . . .  , Ym--1)is i n d e p e n d e n t  of  (~t, B ( z , ) ) .  

Let  Z,({, Y', u), { e [0, o9 ), y '  e IR" i, u e [0, t] d e n o t e  the dens i ty  of  (B,,(r~), 
BI ( r , )  . . . . .  B , ,_ I  (z,), t - ~,). T h e n  the second  t e rm in the  r ight  h a n d  s ide  of (7.5) 
can  be wr i t t en  as 

D(s, r, t) = S d~ I dy' i du Z,(#, Y', u) I{r <r  - H(s, y') + 3 - 2 1 y ' I  3 } 
0 ~m" 1 0 

�9 IP [ 3 r  e [0 ,  1]: g - -  u l / 2 x ( ~ 2 )  ~ r - -  H(s, y' + u 1/2 Y'(z)) 

--  3 - 2 1 y  ' + u 1j2 Y'(r)I  3] . (7.10) 

Then ,  us ing  the b o u n d  (a + b) 3 < 8(a  3 + b 3) for a, b > 0, we have  

H ( s , y '  + H 1/2 Y'(T)) n k 6 21y, + UL'2 y,(z)t3 

<= H(s, y')+ 8 a - 2 } y ' l  3 q- 1/1/2 W(y ' ,  u, r) 
where  

W(y', u, z) = 

I t  fol lows that :  

D(s ,  r, t) < 

K/A1/2 2b / K l y ' l {  Y'('c){ + ~- I Y'(z)l 2 4- 8 6 -  I Y'(z)l 3 . (7,1 1) 

~ d~ I d y ' i d b I Z t ( ~ , Y ' , U )  l { ~ - r + H ( s , y ' ) < 6 - 2 [ y ' 1 3 }  
0 N ~ ~ 0 

"IP [ 3 :  ~ [0, 1]: X ( r )  < u - 1 ! 2  (~ - r + H ( s ,  y ' )  

+ 8a 2fy,[3) + W(y', u,~)] .  (7.12) 

Before  we use L e m m a  4.3 we m a k e  two  p r e l i m i n a r y  reduc t ions .  F i r s t  we have  

0 0 ~.~ : 0 

< d~ [. dy '~dux , (~ ,y ' ,u ) .9b-Z ly ' l  3 
0 rR ~ ' 0 

= 96-ZlE[{ Y'(r,)l 3] 

= 96-21E[I y'(1)I3]IE[m 3/2] 

96 
= - -  r ( ( m  + 2)/2) ( V ( ( m  - 1)/2))-  t a 2 t3/2 , (7.13) 

7~ 
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independently of s. Secondly we have by L e m m a  3.3 

IP V s u p  [Y'('c)l>=Ou-1/2]~2(l+m)/2e a2/(su) 
[ _ 0 _ < r _ < l  

< 2(v +,.)/2 (3/e)3/2 6 3 t3/2 . 
Note that, on the set {supoz~<~ I Y'(z)l < 6u-1/2}, we can bound 

W(y', u, z) <= K ly'I I Y'(z)I + ( K + 86 -1 )  ul/21Y'(z)[2 =: V(y', u, z) . 

It follows from (7.5), (7.6), (7.12), (7.13), (7.14) and (7.15) that  

i dr IP(,.~) [~, < To < t] < 
o 

(7.14) 

(7.15) 

96 V((m + 2)/2) ~ 6 2 t3/2 2 ( 7 + m ) / 2 ( 1  + 2 1 / 2 ) ( 3 / e )  3 '2  + -- 
= F ( ( m - -  1)/2)J 

a ' ~ ' 1 +j 'dr  d~ j" dyj 'duz,(~,y,u)" ~ r+H~,y)<-sa~lfl '~ 
0 0 ~= t 0 

�9 l P [ 3 r e [ - 0 , 1 ] : X ( r ) < u  l / 2 ( ~ _ r + H ( s , y , )  

+ 86-21y'1 s) + V(y', u, r ) ] .  (7.16) 

Note that  X is a brownian  meander  start ing at 0, and that  [ Y'] is a d-dimensional 
Bessel process, also start ing at 0, and independent  of X. Put  

7 = u-1/2 (4 - r + H(s, y') + 86 - 2 [ y ' [ 3 ) ,  (7.17) 

a = K ly ' I ,  (7.18) 

b =  ~ + 8(31 u 1/2, (7.19) 

and note that  "/< 0 on the set of integration. Hence by L e m m a  4.3 

w [ ? r  e [0, 1]: x(~) __< 7 + al Y'(z)I + bl Y'(r)l ~ ] 

< Mz(a + b)(1 + log + (1/Xo)) e v,xo~ (7.20) 

with 
Xo = (2b) 1( _ a + (a  2 - 47b )  1/2) . (7.21) 

Denote the multiple integral in the right hand side of (7.16) by Fs(t). Then by (7.18) 
and (7.20) 

F~(t)<~dr d~ S dy' d u z t ( , , y , u )  l{~--r+H(,,y'l< 86 qr 
0 0 ~ m  i 0 

" m 2 ( a +  b)(l + log+(1/Xo))e M3x~. (7.22) 

Note that  a and b do not  depend on r. The  change of variables r --, 7 results into 

F~(t )<M2t  1/2 d~ ~ dy '~duz,(~,y ' ,u)  ~ d ' / (a+b) ( l+log+(1 /Xo) )e  -M~xg, 
0 IR ~ ~ 0 

(7.23) 
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using the trivial bound u 1/z < t ~/2. Note that  

7 = (4b)-1(  a2 -- (a + 2bxo) 2) , 

so that  the change of variables 7 ~ Xo gives 

F~(t)<=M2t '/2 d~ ~ dy '~duz , (~ ,y ' ,u )  
0 ~.~ ~ 0 

x ~ dxo(a + b)(a + 2bxo)(1 + log + (1/Xo))e -M~o~ 
0 

= M 2 t  '/2 ~ d~ ~ d y ' i d u z , ( ~ , y ' , u ) ( N a a ( a + b ) +  2N2b(a+b) ) ,  
0 R ~ ~ 0 

where 

N1 = S dv(1 + log+(1/v))e ~t3v2, 
0 

N2 = ~ dv v(1 + log+(1/v))e -~3~'2 . 
0 

By (7.18) and (7.19) we have 

d y '  i dug'(~, Y', u)aa = K z I E  [I Y ' (z t ) [  2 ] = Ka][E [-] Y ' ( l ) [  2 ] ] E  [ z t ]  
0 

= K2(m - 1)t (7.28) 

(7.29) 

(7.30) 

(7.31) 

(7.32) 

(7.33) 
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(7.24) 

(7.25) 

(7.26) 

(7.27) 

d~ S dy' d u z t ( ~ , y ' , u ) a b = K  - ~ + 8 6  t tl/21E[]y,(z,)]] 

d~ ~ dy'Iduz,(~,y',u)b~<= ~-+86  -~ t ,  
0 ~,~ ~ 0 

and by (7.26) and (7.27) we have 

1 

N1 < 2 - 1 ( n / m 3 )  1/2 - ~ dvlogv <= 7 , 
0 

1 

N 2 < (2M3) - I  -- ~ dvvlogv < 17 
o 

since M3 = 1/32. F r o m  (7.25), (7.28)-(7.32) we obtain  

Fs(t) <= 41 m(K + 8 O - 1 ) 2 M 2 t  3/2 

= 3" 7 "41 "7C-1/22 (18+m)/2 m(K + 83-1) 1 t 3/2 . 
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This completes the proof  of Lemma 7.1 with C3 given by 

96 F((m + 2)/2)t~_2 
C3 = 2(7+")/2(1 + 21/2)(3/e)3/z6-2 + n F((m - 1)/2) 

+ 3"7"41 "TZ-1/22(18+m)/2 m ( K  + 86-1) 2 ~ (1 + K6)" I IOD]m 1 - 
) 

(7.34) 

8 Proof  of Theorem 1.1 

Let D and 6 be as in Lemma 2.3. Then 

Qo( t )=  ~ d x l P ~ [ r o > t ] +  ~ d x I P ~ [ T v > t ]  
D ',D~ D o 

<= ID\D~Im + ~ d x l P ~ [ B ( r , ) ~ D ]  
Do 

IDI" - 2(t/n)l/2[SDlm-1 + 2 l(m - 1)t ~ H(s)ds + C l t  3/2 , (8.1) 
OD 

by Lemma 5.1. On the other hand by Lemma 3.3 

dxlPx[TD > t] > ~ d x [ l  _ 2(2+m)/2 e a2(x)/(80] 
D\,D~ D\~D o 

>= ]D\DaIm[1 - 2(2+m)/Ze 62/(80] 

> I D \ D 6 ] " -  IDlm6 -3 2 (8+")/2 (3/e)3/2t 3/2 �9 (8.2) 

By (1.37) and Lemmas 5.1, 7.1 and 8.1 

dx IP~[To > t] = ~ dx [IPx[B(zt)~ O ] 
Do Do 

- -  IP~ETo < rt < t, B(zt) s D] -- IPx Err < To <= t ] ]  

_-> I D o l , .  - 1 + 2-1(  m - 1)t ~ H(s)ds 
OD 

- -  ( C  1 + C 2 + C 3 ) g  3/2 . (8.3) 

This completes the proof  of Theorem 1.1 with a constant  

C = C, + C2 + C3 + 2(8+")/2(3/e)3/26 -3 ID[m. (8.4) 

In fact, using various elementary inequalities such as 

6 

IDol = ~ dr ~ dsJ(s ,  r) < 61~DIm-,(1 + 6K) "+1 , (8.5) 
0 OD 

together with the bounds for C1, C2 and C3 from the Sects. 5, 6 and 7 respectively, 
we obtain 

C =< 21~176 + 6K)m+l (c5 -2 -+- t~l 2 + K2)lt~Dl,n-i + 6-31D1,,] . (8.6) 
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