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 Annals of Mathematics, 153 (2001), 355-406

 Moderate deviations for the volume

 of the Wiener sausage

 By M. VAN DEN BERG, E. BOLTHAUSEN, and F. DEN HOLLANDER

 Abstract

 For a > 0, let Wa(t) be the a-neighbourhood of standard Brownian
 motion in Rd starting at 0 and observed until time t. It is well-known that

 ElWa(t)l IKat (t -> oc) for d > 3, with Kea the Newtonian capacity of the ball
 with radius a. We prove that

 lm t(d- 2)/d log p(Wa(t)L < bt) =-Iia(b) (-ox,0) for all 0 < b < Ka

 and derive a variational representation for the rate function Ifa* We show that

 the optimal strategy to realise the above moderate deviation is for Wa (t) to

 'look like a Swiss cheese': Wa(t) has random holes whose sizes are of order

 1 and whose density varies on scale t1/d. The optimal strategy is such that

 t1/dWa(t) is delocalised in the limit as t -> oc. This is markedly different from

 the optimal strategy for large deviations {IWa(t)I < f(t)} with f(t) = o(t)I
 where Wa(t) is known to fill completely a ball of volume f(t) and nothing

 outside, so that Wa(t) has no holes and f(t)-1/dWa(t) is localised in the limit
 as t -- c0.

 We give a detailed analysis of the rate function I/la, in particular, its

 behaviour near the boundary points of (0, Kia) as well as certain monotonicity
 properties. It turns out that Ifa has an infinite slope at "ia and, remarkably,

 for d > 5 is nonanalytic at some critical point in (0, Kia), above which it follows
 a pure power law. This crossover is associated with a collapse transition in the

 optimal strategy.

 We also derive the analogous moderate deviation result for d = 2. In this

 case EIWa(t) 2wrt/logt (t -> oc), and we prove that
 1

 lim 1 log P(I Wa (t) I < bt/ log t) =-I2r (b) E (- o, O) for all 0 < b < 27r
 t-h afto logt

 The rate function 127r has a finite slope at 27w.
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 1. Introduction and main results:

 Theorems 1-5 and Corollaries 1, 2

 1.1 The Wiener sausage. Let 3(t), t > 0, be the standard Brownian
 motion in Rd - the Markov process with generator A/2 - starting at 0. Let

 P, E denote its probability law and expectation on path space. The Wiener
 sausage with radius a > 0 is the process defined by

 (1.1) Wa(t) = U Ba(/(S)), t > 0,
 O<s<t

 where Ba(X) is the open ball with radius a around x E Rd. The Wiener sausage
 is an important mathematical object, because it is one of the simplest examples

 of a non-Markovian functional of Brownian motion. It plays a key role in the

 study of various stochastic phenomena, such as heat conduction and trapping

 in random media, as well as in the analysis of spectral properties of random

 Schr6dinger operators.

 A lot is known about the behaviour of the volume of Wa(t) as t -> oc.

 For instance,

 f 8t/7r (d = 1)
 (1.2) ElWa(t)l 27rt/logt (d = 2)

 { Mat (d > 3),
 with Ka = ad22 rd/2/r(d12) the Newtonian capacity of Ba(O) associated with
 the Green function of (-A/2)-1, and

 ft (d =1)

 (1.3) VarIWa(t) t log t (d-2)
 t (d > 4)

 (Spitzer [21], Le Gall [17]). Moreover, lWa(t)l satisfies the strong law and the
 central limit theorem for d > 2; the limit law is Gaussian for d > 3 and non-
 Gaussian for d = 2 (Le Gall [18]). Note that for d > 2 the Wiener sausage is

 a sparse object: since the Brownian motion typically travels a distance Vt in
 each direction, (1.2) shows that most of the space in the convex hull of Wa(t)

 is not covered.
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 MODERATE DEVIATIONS OF THE WIENER SAUSAGE 357

 1.2. Large deviations. The large deviation properties of IWa(t) in
 the downward direction have been studied by Donsker and Varadhan [12],

 Bolthausen [6] and Sznitman [22]. For d > 2 the outcome, proved in successive

 stages of refinement, reads as follows:

 f (t)2/d 1o IW t)I<f() (1.4) lim l-ogPAWa(t)A ? f(t)) =--Ad
 t->+0 t 2

 for any f: R+ * R+ satisfying lim f (t) = oc and

 (1.5) f (t) = o{(tl log t) (d-=2)

 where Ad > 0 is the smallest Dirichlet eigenvalue of -/ on the ball with

 unit volume. It turns out that the optimal strategy for the Brownian motion

 to realise the large deviation in (1.4) is to stay inside a ball with volume

 f (t) until time t, i.e., the Wiener sausage covers this ball entirely and nothing

 outside. (The optimality comes from the Faber-Krahn isoperimetric inequality,

 and the cost of staying inside the ball is exp[- Adt/f(t)2/d] to leading order.)
 Thus, the optimal strategy is simple and f(t)-1/dWa(t) is localised. Note that,
 apparently, a large deviation below the scale of the mean 'squeezes all the empty

 space out of the Wiener sausage'. Also note that the limit in (1.4) does not

 depend on a.

 The law of the Brownian motion conditioned on the large deviation event

 { wa (t) I < f (t) } has been studied by Sznitman [23], Bolthausen [7] and Povel
 [20]. This law is indeed like the optimal strategy described above, with an

 explicitly known probability distribution for the centre of the ball the Brownian

 motion stays confined in.

 1.3. Moderate deviations. The aim of the present paper is to extend (1.4),

 (1.5) by investigating deviations on the scale of the mean. We call such devi-

 ations moderate.1 Our first main result reads:

 THEOREM 1. Let d > 3 and a > O. For every b > 0,

 (1.6) lim I logP(QWa(t)j < bt) = J-Ia(b)
 where

 (1.7) I ga(b) 2inf - IV012 (xd
 qsE4Y)a(b) [2 Jpd

 with

 (1.8) 4?'ta(b) = {q E Hl(d): j 02(x)dx = 1, j (I - e 2ant (x))dx < b}.

 'The term 'moderate' is often used for deviations away from the mean that are smaller than the
 scale of the mean, but in view of the contrast with (1.4), (1.5) we prefer this terminology.
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 358 M. VAN DEN BERG, E. BOLTHAUSEN, AND F. DEN HOLLANDER

 The idea behind Theorem 1 is that the optimal strategy for the Brownian

 motion to realise the event {IWa(t)I < bt} is to behave like a Brownian motion
 in a drift field xtl/d I_- (Vq5/q5)(x) for some smooth q: Rd H-* [0, oc). The cost

 of adopting this drift during a time t is the exponential of t(d-2)/d times the

 integral in (1.7) to leading order. The effect of the drift is to push the Brownian

 motion towards the origin. Conditioned on adopting the drift, the Brownian

 motion spends time 02(x) per unit volume in the neighbourhood of Xtl/d, and
 it turns out that the Wiener sausage covers a fraction 1 - exp[-i'iaq2(x)] of

 the space in that neighbourhood. The best choice of the drift field is therefore

 given by a minimiser of the variational problem in (1.7), or by a minimising

 sequence.

 We thus see that the optimal strategy for the Wiener sausage is to cover

 only part of the space and to leave random holes2 whose sizes are of order 1

 and whose density varies on scale tl/d. This strategy is more complicated than

 for (1.4) and t-1/dWa(t) is delocalised. (In Section 5.1 it is shown that all
 minimisers or minimising sequences of (1.7) are strictly positive.) Note that,

 apparently, a moderate deviation on the scale of the mean 'does not squeeze

 all the empty space out of the Wiener sausage'. Also note that the limit in

 (1.6) does depend on a.3

 It is clear from (1.4), (1.5) that the case d = 2 is critical. Our next main

 result is the following parallel of Theorem 1.

 THEOREM 2. Let d = 2 and a > O. For every b > O,

 (1.9) lim -log P(I Wa (t) I < bt/ log t) = 27'(b), t-+oo log t

 where 127r(b) is given by the same formulas as in (1.7), (1.8), except that lia is
 replaced by 2X.

 Theorem 2 shows that for d = 2 the moderate deviations have a polynomi-

 ally small rather than an exponentially small probability. The optimal strategy

 is of the same type, but now the Wiener sausage lives on scale Vt/log t, which
 is only slightly below the diffusive scale. Contrary to the case d > 3, the rate
 function does not depend on a. This means that the random holes in the Swiss

 cheese have a typical size and a typical mutual distance that tend to infinity

 as t -> oc, washing out the dependence on the radius of the Wiener sausage.

 2The motto of this paper: 'How a Wiener sausage turns into a Swiss cheese'.

 3To prove that the law of the Brownian motion conditioned on the moderate deviation event

 {iWa(t) < bt} actually follows the optimal 'Swiss cheese strategy' requires substantial extra work.
 We shall not address this issue here. Even though we shall sometimes interpret our results in terms

 of this strategy, we have no pathwise statements to offer.
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 MODERATE DEVIATIONS OF THE WIENER SAUSAGE 359

 There is no result analogous to Theorems 1, 2 for d = 1, for the simple

 reason that the strong law fails (see (1.2), (1.3)). The variational problem in

 (1.7), (1.8) certainly continues to make sense for d = 1, but it does not describe

 the Wiener sausage: holes are impossible in d = 1.

 1.4. The rate function. We proceed with a closer analysis of (1.7), (1.8).

 First we scale out the a-dependence and make some general statements about

 the rate function. Recall that Ka =-27r for d = 2.

 THEOREM 3. Let d > 2 and a > 0,

 (i) For every b > 0,

 (1.10) I a(b) =(b/Ka)

 where X: (O, o) |-* [O, o) is given by

 (1.11) X(u) = inf{ 2VX|: V C H1 (IRF), k1b2 = 1, fad (I-e-+ ) ? u}.

 (ii) X is continuous on (0, oc), strictly decreasing on (0, 1), and equal to
 zero on [1, o).

 (iii) u l-* U2/dX(u) is strictly decreasing on (0,1) and

 (1.12) limu 2/d x(u) = Ad
 utO

 with Ad as defined below (1.5).

 Theorem 3(iii) shows that the limit b 4 0 connects up nicely with (1.4),

 (1.5).

 Our next two results show that the variational problem in (1.11) displays

 a surprising dimension dependence.

 d =2 d =3,4 d > 5

 0 1 0 1 o 1

 Qualitative picture of u | * x(u) for

 (i) d = 2; (ii) d = 3,4; (iii) d >5.
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 360 M. VAN DEN BERG, E. BOLTHAUSEN, AND F. DEN HOLLANDER

 THEOREM 4. Let 2 < d < 4.

 (i) For every u c (0, 1) the variational problem in (1.11) has a minimiser

 that is strictly positive, radially symmetric (modulo shifts) and strictly decreas-

 ing in the radial component. Any other minimiser is of the same type.

 (ii) u H-* (1 _ u)-2/dX(u) is strictly decreasing on (0, 1) and

 (1.13) lim(I - u)2/dX(u) = 2-2/dd
 uTl

 where

 f inf{ 2VV: 42 E H1(IRd), L?/H12 = 1, h/V)4 = 1} (d = 2,3)

 (114 ld inf{ V4'12: 4' E D1(IR4), JV114 = 1} (d = 4)
 satisfying 0 < A'd < 00

 THEOREM 5. Let d > 5.

 (i) Define

 (1.15) Vd = inf{|1V4|2: D (E DI'), jj (e _I + 2) 1} 2 theset ofminimisd

 E = the set of minimisers

 S*= the set of local minimisers.

 Then 0 < vd < oc and 0 #& E* D E. Moreover, all elements of E are strictly

 positive, radially symmetric (modulo shifts), strictly decreasing in the radial

 component, and there exists a constant Kd such that

 (1.16)

 I)112 > d for all 4C EZ*, IK?112 < Kd for all CE

 (ii) Define 2/d < u* < u- ? 1 < Kdj1 <1 by

 (1.17)

 U> = 1- [ inf II4112] -1, uj = 1- [inf ILV112] 1, U'+ = 1 [SUp I)112] V.

 For every u C (0, ud] the variational problem in (1.11) has a minimiser that
 is strictly positive, radially symmetric (modulo shifts) and strictly decreas-

 ing in the radial component. Any other minimiser is of the same type. For

 every u c (ud+, 1) the variational problem in (1.11) does not have a minimiser.

 There exists a minimising sequence (0j) such that Vh(.) converges weakly to
 4'(. (1 -U)- 1/d) in Hl(Rd) as j -- ox for some 4' E.

 (iii) U l_* (1_U)-(d-2)/dX(U) is strictly decreasing on (0, ut], nonincreasing
 and strictly greater than 2d on (u, ud-), while

 (1.18) (1 A)-(d-2)/dX(U) 1d for U C [Uzt 1).
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 Note that X is nonanalytic at u-. Whether or not (1.11) has a minimiser
 for u c (u, u+] and whether or not (1.15) has just one local minimiser both
 remain open. Possibly ZEfl = 1, in which case u*= u = uj ud, but this

 seems hard to settle (see ??5.6-5.8).

 1.5. Comments. To explain the situation in Theorem 5, let us insert the

 scaling 4'(. (1- u_)-/d) into (1.11) to obtain

 (1.19) (1- u)(d 2)/dx(u) = inf{fVLV<fl2: A c H1(IRd), IIV)12 = (1 U)-

 d(e-,0 -+ V2) > 1}.

 In Section 5.1 it will be shown that the two constraints in (1.19) may be

 replaced by )1f12 < (1 - u)1 and f~d(e-2 -_1 ?+ /)2) = 1, after which we
 have a variational problem as in (1.15) but with an upper bound on IlV)l2
 Let us now consider the optimistic scenario where E* has a unique element

 A*. Then u* = uj = u+ =: ud and |fI/*112 = (1 ud)1. It turns out that
 for u c (0, Ud] the variational problem in (1.19) has a minimiser because no

 L2-mass wants to leak away to infinity (even though this minimiser has little

 to do with A* itself). On the other hand, for u E (Ud, 1) it has no minimiser,

 and any minimising sequence converges weakly to Ab* by leaking L2-mass. In

 the less optimistic scenario where IEA > 1, there is no leakage for u E (0, u*]
 and leakage for u c (u+, 1).

 The situation in Theorem 4 can be explained as follows. It turns out that

 for 2 < d < 4 all elements of E* have infinite L2-norm, so that u* = uj =

 u+ =1. Hence for any u c (0, 1) there is no leakage and (1.19) has a minimiser.
 The following points in Theorems 4 and 5 are noteworthy:

 I. At b = Ka the rate function has an infinite slope for d > 3 but a finite
 slope for d = 2.

 II. The scaling as b T Ka is different for 2 < d < 4 and d > 5. Apparently
 a delicate dimension dependence is felt as the deviation becomes smaller

 than the mean. The fact that for d > 5 there is no minimiser for u C

 (uj, 1) is to be interpreted as saying that the optimal strategy is time-
 inhomogeneous in the following sense. Let us again pretend that E* has
 a unique element Ab*, and let us put p(u) = (u - Ud)/(l - Ud) E (0, 1).

 Then heuristically (recall footnote 3):

 (1) Until time [1 - p(u)]t the Wiener sausage makes a Swiss cheese

 on scale tl/d parametrised by ~b*(. (1- u)-1/d), filling a volume
 ia[ u- p(u)]t.

 (2) After time [1 - p(u)]t it behaves like a typical Wiener sausage on
 scale VAt, filling an additional volume "-ap(U)t.
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 362 M. VAN DEN BERG, E. BOLTHAUSEN, AND F. DEN HOLLANDER

 Thus, at time [1 -p(u)]t the optimal strategy undergoes a collapse transi-

 tion from subdiffusive behaviour (scale tl/d) to diffusive behaviour (scale

 A). The picture is unclear when IZ*I > 1 and u c (u, ud+]. Still, we
 expect some type of collapse transition to occur.

 III. For d > 3, the scaling of the rate function near Ia does not connect up

 with the central limit theorem. Indeed, if we pick b = bt with

 (1.20) bt = Iat- tlogt (d = 3)
 L at -tCt (d?>4)

 for some c > 0 and recall (1.2), (1.3), then we find from (1.10), (1.13)
 and (1.18) that

 (1.21) IKa (bt )t(d-2)/d , X (t > x)

 instead of a finite limit. Therefore the moderate deviations are in a sense

 anomalous. For d = 2, on the other hand, we put

 (1.22) bt~~t _ 2it t (1.22) log t - log t log2t

 for some c > 0 and find that

 (1.23) lim I2, (bt) logt exists in (0, x).
 t-*Coo

 So there is no anomaly in this case. Incidentally, for d > 3 the correction

 term to the asymptotic mean is of smaller order than the asymptotic

 standard deviation, while for d = 2 it is of the same order (Spitzer [21],

 Getoor [15]). For the above argument we may therefore indeed only
 consider the leading order terms given by (1.2), (1.3).

 The anomaly for d > 3 is somewhat surprising. It suggests that the central

 limit behaviour is controlled by the local fluctuations of the Wiener sausage,

 while the moderate and large deviations are controlled by the global fluctua-

 tions.

 It remains open whether I2, is convex for d = 2 and whether 1K;a has only
 one point of inflection for d > 3.

 1.6. Negative exponential moments. We close this introduction with two

 corollaries. An immediate consequence of Theorem 1 is the following result.4

 4Sznitman [24, pp. 213-214] gives a heuristic derivation of Corollary 1 using his method of

 'enlargement of obstacles'.
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 COROLLARY 1. Let d > 3 and a > 0. For every c > 0,

 (1.24) im t(d- 2)/d log E (exp[_ct 2/dWa(t)1)=

 with

 (1.25) J Ka (c) = inf [bc +1Ia (b)].
 b>O

 It follows from (1.25) that

 (1.26) JKa(c) { %c (O<c <c)

 with

 (1.27) C* = max{c > 0: IKa(b) > C(Ka - b) for all 0 < b < Ka}.

 At c = c* the minimiser of (1.25) moves from b = Ka to the interior of (0, Ia].
 Heuristically, this corresponds to a collapse transition in the optimal strategy

 for the Brownian motion associated with (1.24), (1.25), namely, from diffusive

 behaviour (scale VY) to subdiffusive behaviour (scale t1/d). By Theorems 3(i),
 4(ii) and 5(iii), the left derivative of IKa at b = Ka is -oc. Therefore not only

 is c* > 0, at c = c* the minimiser of (1.25) is discontinuous. Heuristically, this

 means that the optimal strategy stays localised on scale tl/d as c 4 c*, i.e., the

 collapse transition is first order.
 The analogue of Corollary 1 for d = 2 follows from Theorem 2 and reads

 as follows.

 COROLLARY 2. Let d = 2 and a > 0. For every c > 0,

 (1.28) lom logE (exp [-ctlog2t Wa(t))-J27r(c)

 with

 (1.29) J27 (C) = inf [bO +127 (b)

 The same statements as in (1.26), (1.27) hold, again with c* > 0, because
 by Theorem 4(ii) the left derivative of I2" at b = 27r is strictly negative. Thus,

 also for d = 2 there is a collapse transition. However, b -+ I27(b)/(2-r - b)

 is strictly decreasing on (0, 27r) by Theorems 3(i) and 4(ii), and so at c = c*
 the minimiser is continuous. This means that the optimal strategy does not

 stay localised on scale t/ logt as c 4 c-, i.e., the collapse transition is second
 order.
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 1.7. Upward deviations. Finally, the moderate and large deviations of

 Wa (t) i in the upward direction are a complicated issue. Here the optimal strat-
 egy is entirely different from the previous ones, because the Wiener sausage

 tries to expand rather than to contract. Partial results have been obtained by

 van den Berg and T6th [4] and van den Berg and Bolthausen [2].

 2. The upper bound in Theorem 1

 This section contains the main probabilistic part of the paper and, to-

 gether with Sections 3 and 4, provides the proof of Theorems 1 and 2.

 2.1. Compactification: Propositions 1 and 2. We begin by doing a stan-

 dard compactification. Let AN be the torus of size N > 0, i.e., [_N. N)d with
 periodic boundary conditions. For t > 0, let fNtl/d(S), s > 0, be the Brownian
 motion wrapped around ANt1/d, and let Wat1l/d(s), s > 0 denote its Wiener
 sausage. Then trivially

 (2.1) p(lWa(t)l < bt) <_ P(JW~tlld(t)j < bt)

 for all a > 0, b > 0, N > 0 and t > 0. Next, by Brownian scaling, IW~tl/d(t)
 has the same distribution as t Wkt-l/d(t(d-2)/d)I. Hence, putting

 (2.2) T = t(d-2)/d

 we get

 (2.3) P(lWa(t)I < bt) < P(|W e"l/(d2) (T)| < b).
 The right-hand side of (2.3) involves the Wiener sausage on AN at time T with

 a radius that shrinks with T.

 In Sections 2.2-2.5 we shall prove the following:

 PROPOSITION 1. Let d > 3 and a > 0. For every b > 0 and N > 0,

 (2.4) lim !log P(I WN l/(d2) (T)l < b) = -IN (b)
 7-*00 T

 where Ika (b) is given by the same formulas as in (1.7), (1.8), except that Rd is

 replaced by AN.

 From (2.2)-(2.4) we get

 (2.5) lim sup t(d-2) log p(Wa(t)I < bt) < -IN (b) for all N > . )/d logP:

 In Section 2.6 we shall show:
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 MODERATE DEVIATIONS OF THE WIENER SAUSAGE 365

 PROPOSITION 2. lim Iya(b) = IKa(b) for all a > 0 and b > 0.

 Combining this with (2.5) we get the upper bound in Theorem 1.

 Our proof of Proposition 1 is based on a new approach for treating large

 deviations of the Wiener sausage on the torus. This approach uses a condi-

 tioning argument, a version of Talagrand's concentration inequality, and the

 most basic LDP (Large Deviation Principle) of Donsker and Varadhan.

 Throughout the rest of this section the Brownian motion lives on AN

 with N fixed, and we suppress the indices a and N from most expressions.

 Abbreviate

 (2.6) V = IWV7-1/(d-T)I
 We shall prove the following:

 PROPOSITION 3. (V,)7>o satisfies the LDP on R+ with rate T and with
 rate function

 (2.7) J 0a (b) = inf - 12
 ,Eq>EK- (b) L2JA

 with

 (2.8)

 &4yN (b) ={q E H1(AN): j 2(x)dx = 1, ( -eKay (x))dx = b}.

 Proposition 3 obviously implies Proposition 1. We shall see in Section 3

 that it is also the key to the lower bound in Theorem 1, but this requires a

 separate argument.

 The form of Proposition 3 suggests that some kind of contraction principle

 is in force. However, it seems to be impossible to approach the problem directly

 from that angle. Instead, we use an approximation argument consisting of three

 steps:

 * Section 2.2: For 6 > 0,

 (2.9) XTE = {!(i6)}iir/e

 (For notational convenience rlE is taken to be integral.) We first ap-
 proximate VT by E ,E(V-), where EI, denotes the conditional expecta-
 tion given Xr,e. We prove that the difference between VT and E ,E(V1)

 is negligible in the limit as Tr - oc followed by E I 0. This is done by
 application of a concentration inequality of Talagrand.

 * Section 2.3: We represent EI,6(V,) as a functional of the empirical mea-
 sure

 (6
 (2.10) L~
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 366 M. VAN DEN BERG, E. BOLTHAUSEN, AND F. DEN HOLLANDER

 According to Donsker and Varadhan, (Li,E)r>o satisfies an LDP. We need
 some further approximations to get the dependence of E ,E(V-) on Lr,e
 in a suitable form, but essentially based on just this LDP we get an LDP

 for (ErE(Vr)),j> via a contraction principle.

 * Section 2.4: Finally, we have to perform the limit E l 0. By our pre-

 vious result we already know that VT is well approximated by E, .,e(Vr).
 It therefore suffices to have an appropriate approximation for the varia-

 tional formula in the LDP for (IE,,e(Vr))r>0.

 In Section 2.5 the above results are collected to prove Proposition 3.

 It will be expedient to use the abbreviation

 (2. 1 1) TT = -21(d-2)

 So the radius of our Wiener sausage on AN is a/<T-.

 2.2. Approximation of VT by EI,e(Vr). Recall the definition of XT,e in

 (2.9). We denote by PT,e and E , the conditional probability and expectation

 given X,,.
 The main result of this section is that VT is well approximated by E ,rE(VI-)

 in the following sense:

 PROPOSITION 4. For all 3 > 0,

 (2.12) lim lim sup - log P(I V - Ir,E(Vr) > 3) =-oo.
 E40 T-00 T

 Proof. The proof proceeds via a series of estimates.

 1. We begin by truncating the excursions. Define

 (2.13) Wi = U Ba/ ((S)) (1 < i < T/E).
 (i- 1)e~s~ie:

 Then

 (2.14) VT U Wi

 For K > 0, let

 (2.15) jK= {1 < i < T/E: 1((i- 1)E) -,3(i6) < Kie}

 and define

 vK= UWIi EjKIEK U (2.16) I Uwi1{i E4}, f/K U Wi{i f jK I i=1 i=1~~~~~~~~~V r
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 Since 0 < VT - VK < VK, we have

 (2.17) |V-E rZV)I| < IVK YI T E(VT IV) | +E VT JE + Er ,SVKi _ - re'~~ TE7,) V7 I VrF

 The claim will follow after we prove the following two results:

 (2.18)

 lim lim sup?-log p(3VK - E) = -00 for all 3 > 0 K > Ko(3)

 limlimsup -logP(Ij{C > ?) = -oc for all d > 0 K > Ko(3).

 Indeed, the third term on the right-hand side of (2.17) needs no extra consid-

 eration, because VK < AN implies that E VI) < 2 ? AN I FrF(V > 2)
 and hence

 (2.19)

 P (E E(VTE) > 3) < P(IF'r (VK > 2 ) > i) ?< ,P qK> 2

 2. To prove the second claim in (2.18), we estimate

 (2.20) 3Ew

 P (V7,E > J) < e / E exp [2f E jKil~ I O}

 = e 6r/2e{E(exp [2 w ill{i ? 7] )}T/

 < el/ {1 ? E (1C IE}( I )

 {~~ ~~~~~~~~ E}

 where

 (2.21) 3K = P(I3(E)I > Ke-)

 CrE = E (exp [I Wa/I/; (E)])

 It is evident that IWa/vT(E) is smaller on the torus than on Rd. Therefore

 we get, after Brownian scaling and using that r = 1/T, by (2.11),

 (2.22) CT,6 < E (exp [ W (ETr) .

 It follows from the results in van den Berg and Bolthausen [2] that

 (2.23) sup E (exp [ Wa (T)]) < N.
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 Hence the right-hand side of (2.22) is bounded above by some C < oc for all

 r > -ro(E), and so we find that

 (2.24) limsup-log P(V/ ?3) <-- + - for all E, K > O.

 Since limKO 3K = 0, there exists a Ko(3) such that 6K0 < - for K >

 Ko(3). For such K we now let E I 0 to get the second claim in (2.18).

 3. To prove the first claim in (2.18) we argue as follows. Conditionally on

 XT,6, the Wi are independent random open subsets of AN. Let S be the set of
 open subsets of AN. The mapping d: S x S F-> [0, oc) with d(A, B) = IAABBI
 defines a pseudometric on S. We equip S with the Borel field 6 generated by

 this pseudometric. Then PT,6 defines a product measure on (S, 6)r/6, which
 we denote by the same symbol PT,6. Define

 (2.25) V(C) = U ci (C = {Ci} E STle)
 iEJKt

 (note that STUN fixes J4y). Clearly, V is Lipschitz in the sense that

 (2.26) IV(C) - V(C')I < Z lCiciCl (C,0C' E S7/6)
 iEJKt

 4. Let us denote by mK the median of the distribution of VJK under the
 conditional law PT,6. Define

 (2.27) A = {C E ST/6: V(C) < mK}.

 Since the distribution of VT1K under PT,6 has no atoms, we have PT, (A)-2
 From Talagrand [25, Th. 2.4.1] (see also Remark 2.1.3) we therefore have

 (2.28) E i,6 (exp[Af (A, {W })]) < 2 1I E' me cosh[jWiAWj'|])

 where

 (2.29) f(A, {Ci}) = inf Z CiC CiI
 C'EA TK

 and {Wj'} is an independent copy of {Wi}. From the Markov inequality we
 therefore get

 (2.30)

 IPV,6(f(A, {Wi}) > 6) < 2 inf e 171Ere(cosh[AIWiVWj'jI]) =-e

 Arguing similarly with A = {C E ST/6 V(C) > me} we get, by (2.26), (2.27),

 (2.31)

 pI' ( VK - m K > 3) < Pr,(f(A, {W }) > 3)+IT,(f(A, {W<}) > 6) ? 2_ (3).
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 5. Next, since VK < IANI we have

 (2.32) E(V,) -m, < 3 + |ANI i~- ( <E - mT E

 and consequently

 (2.33) P1r,E(V -ErE(Vs) > 6)

 < P, (,E E m7, > - + I , V )-m E > }
 < _)+1{r,E (r 3 l,E -,E E ) 3 3N

 < . 2- A vK) + 1 {2K()>

 ?PrE(VmI P,E? >{ >(V~ mK >

 ,.E 3 r'-F 3JAN } JN

 Using this inequality we get, after averaging over X,,

 (2.34) P( >E - E(VTK) ? 6) < (I + ,5E) F (2Er (3)).

 In order to prove the first claim in (2.18), it therefore suffices to show that
 (2.35)

 lim lim sup log F = -) for all 6>0 K> Ko(6).

 We shall actually prove more, namely that
 (2.36)

 lim lim sup - log E| (6) =-0 for all d > 0 K > Ko(6).
 40l Tr-400~ Tr0

 6. In order to estimate EI'rF(cosh[A IWzAWM'I]) in (2.30), we pick A = c-r/E
 with 0 < c < 1 and use the fact that cosh(cd) < 1 + c2 exp(d) for 0 < c < 1
 and d > 0. For x E AN, we write Exe to denote expectation under a Brownian
 bridge of length E between 0 and x, i.e., a Brownian motion starting at 0 and
 conditioned to be at x at time E. It is evident that the volume of the Wiener

 sausage associated with such a Brownian bridge is smaller on the torus than
 on Rd. Thus we have

 (2.37) E re ( cosh [c Ew|iAwi])

 < 1 +c2IE(exp[- WZ~WJ])

 ?1?+c2 {ErejexP[E w] )}2

 < 1 ? C { sup ExV, , (exp Wa/<(6) ]) }
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 where we recall (2.13) and use the fact that 13((i - 1)E) - /(iE)I < K/"Eg for
 i E Ji. By Brownian scaling we get (T/Td/2 - 1/T)

 (2.38) Ex~ggE (exp [-1W /v (E)])< ExlcT,6T- (exp [ Wa(ETT)])

 7. With the help of Lemma 1 below it follows from (2.38) that there exists

 a CK < 0o such that for all Tr > Tro(E),

 (2.39) sup Exl,E (exp [2 Wa/ v/(6) ]) < CK
 llK

 Therefore, combining (2.30), (2.37) and (2.39) we get

 (2.40) 6-CEj) < 2e c 117 IEE(cosh [cT jWMW4'])
 iEJE

 < 2e-cdSE f(I + C2CK) < 2e(c3?c20K)>
 i<=1

 Pick c = 3/2CK and note that there exists a Ko(J) such that 0 < c < 1
 for K > Ko(J). Let Tr - oc followed by E I 0, to get (2.36). The proof of
 Proposition 4 is now complete.

 We conclude this section with the following fact:

 LEMMA 1. For every K > 0 there exists a CK < 0o such that

 (2.41) sup sup EXxTT (exp [1 wa(T)1I < CK
 T?2 lxl<K \ LT

 Proof. We begin by removing the bridge restriction. Write

 Pt (x, y) = (2t) d/2 exp[- x - 1 2 /2t]

 to denote the heat kernel on Rd and put pt(x) = pt(O,x). Write Eyt;z,2t to
 denote expectation under a Brownian motion starting at 0 and conditioned to

 be at y at time t and at z at time 2t. Then we may estimate

 (2.42) Ez,2t (exp [ Wa (2t) ])

 Id dy pt(y)pt( -) Ey,t;z,2t(exP [_jWa(2t)])

 < P2t (z) d dy Et () Eyxt(exp [2t I Wa (t) ])

 x Pt (z - ) Ez-yvt exp -_ I Wa t) I)
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 P2t(Z) fdy {Pt(Y) Eyt (exp [- 2 Wa(t)

 P2t (Z) d t
 < dy pt (y) E y ( exp [- I ~(t) l

 Here we use, respectively, the subadditivity of t | la(t)j, Cauchy-Schwarz,
 Jensen and the bound Pt(Y) < pt(O) . Next put z = xdT, t = T/2 in (2.42) and

 use supxl<K PT/2(O)/PT(XaT) = 2d/2 exp(K2/2), to see that the claim follows
 from (2.23). C:

 2.3. The LDP for (IE ,6(V,)),>o. Let I(2): M+(AN x AN) |-4 [0,oo] be the
 entropy function

 (2.3) 6(2 h(~tt 0 _,)if u1 = bt2
 (2.43) I(2)Q-t) =-{ h(u Ati? otherwise,

 where h(. .) denotes relative entropy between measures, yUj and A2 are the two
 marginals of At, and 7rW(x, dy) = pa(y - x)dy is the Brownian transition kernel

 on AN. Furthermore, for r> 0 let %,: Mt(AN X AN) I-4 [0, oc) be the function

 (2.44) %7(,u) =j dx (A - exp [-77aj (Pe(y - xZ z - x)/i(dy, dz)])

 with

 (2.45) pe(y Z) P fd s(-y)p(
 p6(z-My)

 Our main result in this section is the following:

 PROPOSITION 5. (JEr,e(V,)),>o satisfies the LDP on R+ with rate T and
 with rate function

 (2.46) Je(b) = inf {!IE2)(A): At E Mt(AN x AN), 41/E(p) = b}.

 Proof. Throughout the proof, Cl, C2, . ... are constants that may depend on

 a, I, N (which are fixed) but not on any of the other variables.

 1. First we approximate VT by cutting out small holes around the points

 1(ie), 1 < i < T/6. Fix K > 0, let

 (2.47) wK /v/7 - w [BK/-(p((i-i)E)) U B

 and put

 (2.48) VK = U wiK/
 i=l

This content downloaded from 137.222.248.9 on Tue, 08 Aug 2017 11:15:18 UTC
All use subject to http://about.jstor.org/terms



 372 M. VAN DEN BERG, E. BOLTHAUSEN, AND F. DEN HOLLANDER

 Clearly, we have cut out at most T/6 + 1 times the volume of a ball of radius

 K/4T-, so

 (2.49) | - VK < c1Kd/T ,I

 which tends to zero as T -> 0o and therefore is negligible for our purpose. This

 cutting procedure is convenient as will become clear later on.

 2. For y, z E AN, define

 (2.50) qr,'F (y, Z) = Py,z (a/V7 ? ),v

 where Pyz(.) = P((0(t))tE[Oe] E /3(0) = y,3(e) = z) and is the first
 entrance time into Ba/v/T+ = Ba/ vT-(O)* We can express Er,e(Vr) in terms of
 qre(y, z) and the empirical measure Lr,e defined in (2.10) as follows:

 (2.51)

 ITHE(VK) = J o(_~v S?U z/JF)

 = IA N(dx{(-)x})

 IAN( KI A AN

 log (1 - qr / (y - x, z - x)) LW,(dy, )

 where for p > 0 we define qP f(y, z) = qT-,,(y, z) if y, z ? Bp and zero otherwise.

 3. We want to expand the logarithm and do an approximation. For this

 we need the following facts about Brownian motion on AN, which come as an

 intermezzo. Recall that "ta is the Newtonian capacity of the ball with radius a.

 LEMMA 2. (a) lim-oo limsupO,0 suPy Z?BK/1VT- qr(Y, Z) = 0.

 (b) limbos supyZ?Bp ITqr,E(Y, Z) - a(Pe(Y, Z) I = 0 for all 0 < p < N/4.

 Proof. (a) Throughout the proof e, N are fixed.

 i. We begin by removing both the bridge restriction and the torus

 restriction. For y, z E AN and 0 < b < N/2, let

 (2.52) qb (y, Z) = Py,z (Jb < ,),
 where a is the first entrance time into Bb. There exists a constant c2 such that

 my~? < C2, where Py(.) = P((/3(t))tE[0/2] E E3(0) = y). Hence

 (2.53) sup qb(y, z) < 2c2 sup Py(ub < E/2) for all 0 < b < b' < N/4.
 YZ4Bb/ ycBb/

This content downloaded from 137.222.248.9 on Tue, 08 Aug 2017 11:15:18 UTC
All use subject to http://about.jstor.org/terms



 MODERATE DEVIATIONS OF THE WIENER SAUSAGE 373

 Let &N/2 be the first entrance time into B = AN \ BN/2 Then for any
 y , Bb' we may decompose

 (2.54) PY(Ub < 6/2) = Py(Ub ? E/2,Ub <UN/2) + Py(Ub < E/2,Ub ? UN/2).

 To estimate the second term on the right-hand side, we note that on its way

 from &BN/2 to &Bb the Brownian motion must first cross &BN/4 and then cross

 &Bbl. Hence for any y V Bb',

 (2.55) Py(Ub ? E/2,Ub > 'N/2) LC3 SUP PX(Ub < E/2)
 xe&Bb,

 with C3 = SUPXEOBN/2 PX(UN/4 < E/2). Evidently, C3 < 1 and so we deduce
 from (2.54) and (2.55) that

 (2.56) SUP PY(Ub < E/2) < 1 SuP Py(ub < E/2, Ub < 'N/2).
 YcBb/ C3 YcBb,

 As long as the Brownian motion does not hit BN it behaves like a Brownian

 motion on Rd. Therefore

 (2.57) Py(Jb < F/2, cb < cN/2) < PY (Ub < e/2),
 where the upper index oc refers to removal of the torus restriction. Combining

 (2.53), (2.56) and (2.57) we arrive at

 (2.58)

 sup qb (y Z) < 2C2 sup P?(Cb < e/2) for all 0 < b < b' < N/4.
 YZOBb1 - C3 Y4Bbl

 ii. Since

 (2.59) PY (Ub < E/2) < Py(Ub < ??) WI(bd2
 we obtain from (2.58) that

 (2.60) sup qb(y, Z) < 1 (b')
 y,z~Bb/ -C3

 Now put b = a/VT,,, b' = K/IVTi and take the limit K oc, to get the claim
 in Part (a).

 (b) Throughout the proof e, N are again fixed.

 i. We shall prove that

 (2.61) lim sup qb(yl Z) -'6 (Y Z) = 0 for all p > 0.
 btO y,z~Bp rb

 Put b = a/lv'7f in (2.61) (recall (2.50)) and use the fact that nalIT = Kia/T
 (recall (2.11)) to get the claim in Part (b).
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 ii. Let 0 < 3 < e/2. Define

 (2.62) q'(Y,Z) = Py,z(ub E [3,e 3]).
 Then, by the argument in Step i of Part (a),

 (2.63)

 sup Iqb(Y,Z) - qb(Y'Z)I < sup Yz(3s E [0,] n [, - ,]: 13(s) E Bb)
 y,z?Bp y,z?Bp

 < 12C23 sup Py( (Ub < ().

 The supremum on the right-hand side is taken at any yo c &Bp. We may now
 invoke a result by Le Gall [16], which says that

 (2.64) lim K PY1 (b < Ps(-y)ds for all y E Rdt > 0.

 This gives us

 (2.65) lim- sup I qb(Y, Z)-q-(y ,z) < 1 2C2 1ps(-yo)ds
 bj[O Kb y,z~Bp 3J

 We thus see that to prove (2.61) it suffices to show that

 (2.66) lim lim sup - p(y z) = 0 for all p > 0.
 610 btO y,zoBp 'Kb

 iii. To analyze q6 (y, z), we make a first entrance decomposition on

 &Bb:
 (2.67)

 q (y, Z) P (Z -y) J Bb Py(Ub E ds, ! (ub) E dx) pE-S(Z -)

 Next we note that Pe-s(Z - x) = [1 + o6(1)]p6_8(Z) uniformly in z V Bp,
 x E &Bb, s E [3, e - 3], where the o6(1) refers to b d 0 for fixed 3. Inserting this
 approximation into (2.67), we get

 (2.68) qb(y z) = 1 + o6(1) j P (9 E ds) p -s(Z).
 PF (z - y)

 For the full integral we have

 (2.69) j Py(Uib E ds) PE-S(Z) = j ds Py(Jb < s) [PE-S(Z)

 and so using (2.64) we get, by dominated convergence,

 1 6 16 JS
 (2.70) lim- F PY(crb E ds) PE-S(Z) = ds du Pu(yY) -p (z)

 = j ds p(-y)pe-s(Z).
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 The limit is in fact uniform in y, z V BP, because AN is a compact set. There-
 fore, recalling (2.68) and the definition of po(y, z) in (2.45), we see that to

 prove (2.66) it suffices to show that uniformly in y, z BP,
 1 p5

 (2.71) limlim - Py-] b E ds) p-sz) = 0,

 and similarly for the integral over [? - 6,c]. However, the second factor

 is bounded uniformly in z V BP and s E [0,6], and so we are left with
 ibPy (9b ?< 6) Since Py(Ub < 3) < 1 Py3P (ub < 3) for all 0 < p < N/4,
 by the argument in Step i of Part (a), we indeed get (2.71) via another appli-

 cation of (2.64). C:

 4. We pick up the line of proof left off at the end of Step 2. From Lemma

 2(a) it follows that there exists 6K > 0, satisfying limKe0 6K = 0, such that

 (2.72) -(1 + 6K)q/ <log (1i-q i < ? qK
 We are therefore naturally led to an investigation of the functions

 @TTP: M+ (AN x AN) -[?, [0,o)
 defined by

 (2.73)

 =CIAN dx ( - exp [7 jAX qr'6(y - x, z - x),u(dy, dz)
 for which (2.51) and (2.72) give us the following sandwich:

 (2.74) /e (Lre) ? I (VK) ? ,? // (Lr,6)

 The functions 4b,',p have nice continuity properties:

 LEMMA 3. There exist constants C4, C5 such that:

 (a) 1 -b,?7,p(M)- ,'?7,P1 (A) I < C47 I - n p' for all Aq, p and T > no (p, p').

 (b) 1 I - 7P(A) - ',P(A) _< C5 1- A'1 for all p, i and T > To(p).

 Proof. The proof uses Lemma 2(b).

 (a) Write

 (2.75)

 I r,mP(A) - ,,P()I

 < IA dx A p(dy, dz) TqPTE(y - x, z - x) - TqrP,(y - x, z - x)
 AN ANX AN

 = A/ t dx p /2(dy, dz) K|/ia P(Y-x, z - x)
 AN ANX AN

 _eaP (y -X, z -X) |+ Op'p/ (1)
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 Here, oP,P/(1) means an error tending to zero as T -> oc depending on p, p',
 and in the last equality we use the fact that fAN dx (p,(y - x, z - x) = E for
 all y, z.

 (b) Write

 (2.76)

 IrriP(A) - 4D,7',P(A)

 ? 1i-H 'J dxJ u(dy, dz)TqrP(y-xz-x)
 AN AN X AN

 = rn-r f A dAdx i(dy, dz) [Ka4(Y-XZ -X) + Op(l)]
 AN AN xAN

 ? 7-r7'1 [/aF + IANI Op(1)],

 where in the last inequality we drop the superscript p to be able to perform

 the x-integration. D

 5. With the help of (2.49), (2.74) and Lemma 3(a), (b), we get

 (2.77)

 E 7,, (Vr) ? E, (V7!K) + clKd/Tr

 < r,(1+6K)/e,K/1VT(LTE) + clKd/TT

 < 4D 1,e,p(Lr,e) + clKd/Tr + C4 [ aK/ T' + vp] /E + C56K/6,

 and also a similar lower bound.

 6. Next we approximate 4r1/ep(Lr,) by 4bo,1/1,p(Lre) defined as
 (2.78)

 boo r/p/)= f dx (1 - exp [-r7sa A P(AN - x, z - x),(dy, dz)
 0077P A) N AN X ANPI

 where for p > 0 we define ,oP (y, z) = bp(y, z) if y, z V Bp and zero otherwise.
 For that we need the following:

 LEMMA 4. There exist constants c6, C7 > 0 such that:

 (a) I (,() - @D,,P (A)I <? C6r73A, for all M with limed 6p, = 0 for any
 p > 0.

 (b) |ool,/e,O(A) - Doo,1/e,0(M/) < C7 || /-"A'||tv, where 11 H1tv denotes the total

 variation norm.

 Proof. The proof again uses Lemma 2(b).
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 (a) Write

 (2.79)

 4DO,,P(A) -

 < INX d N ,u(dy, dz) [Tq,(y - x, z -x) -aROe(Y -x, z x)]
 AN AN XAN

 I N dI N x u(dy,dz) op(1) = n IANI op(1).

 (b) Write

 (2.80) |@oo,1/eO(/) - ,1/eO(A )

 < Ka dx IM - p'l (dy, dz) (p(y -x, z- x)
 E AN AN xAN

 = I xAI At-p'l (dy, dz) = Ka I I 'tv I

 7. Using (2.77), the similar lower bound and Lemma 4(a) with ?7 = 1/c,
 we now have that for any K and p,

 (2.81) IE7r E(V7) - D0116,O(LrE) 00

 < clK d/Tr + C4 [KI/ + v+ /E + C56K/E + C66p,-/CE.

 Letting T -> oc, followed by K oc and p l 0, we thus arrive at

 (2.82) lim E I-6 (V-r) - ,b016,0(Lr,6) = 0 for all 6 > 0. 'r-*00 ~~~~~~~00

 8. The desired LDP for fixed 6 can now be derived as follows. First,

 note that 4b00 1/ o is continuous by Lemma 4(b) (even in the total variation
 topology). Next, note from (2.78) that = the function defined

 in (2.44). Therefore we can use one of the standard results of Donsker and

 Varadhan [13](III) (see also Bolthausen [5]), namely, that (Lr,6),>o satisfies
 the LDP on MA+(AN x AN) with rate T and with rate function 11(2 defined
 in (2.43). From the contraction principle and (2.82) we now get the claim in

 Proposition 5. C

 2.4. The limit 6 I 0 for the LDP. We already know from Section 2.2
 that the quantity of interest, namely VT, is for small 6 well approximated by

 IE T,6(VT), for which we have the LDP in Proposition 5. The main step to prove
 the LDP for VT itself is therefore to derive an appropriate limit result for the

 rate function in (2.46). This needs some preparations.
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 1. We denote by I: Mt(AN) I-> [0, oc] the standard large deviation rate
 function for the empirical distribution of the Brownian motion:

 (2.83) I(v) = 2 fA Vq$2(x)dx if dl = q2 with q E H1(AN)
 - oc otherwise.

 We further denote by I: MA+ (AN) I-> [0, o0] the following projection of I(2)

 (recall (2.43)) onto MA+ (AN):

 (2.84) 16(v) = inf {(2) (u): ,u1 = v}.

 We begin by collecting some basic facts about these entropies, all of which

 have been proved by Donsker and Varadhan [13] or are simple consequences of

 their results:

 LEMMA 5. Let (7rt)t?o denote the semigroup of the Brownian motion.
 Then for all v, ,t:

 (a) It(v) =-infulD? f log lu dv, where D+ is the set of positive measurable
 functions bounded away from 0 and oc.

 (b) t |-- Itit(v)/t is nonincreasing with limtto It(v)/t = 1(v).

 (c) |V - v7r5|t, < 8VI,(u) for s > 0.

 (d) Is (zMwt) < Is (7) for s, t > 0.

 (e) JM - pi (0 7rs1t, ? 8 8 2(M) for s > 0.

 Proof. (a) This is [13, (III), Th. 2.1], combined with [13, (I), Lemma 2.1].

 (b) Fix s, t > 0. For every u E D+,

 (2.85) flog 79+tU dv= flog s9C(rtu) dv + log 7tU d > -Is(v) - It(v).
 U 7r~~tU U

 Taking the infimum over u and using (a), we get -Is+t(v) > -Is(v) - It(v).
 Hence t |-- It (v)/t is nonincreasing. The fact that limtto It (v)/t = 1(v) is [13,

 (I), Lemma 3.1].

 (c) This is [13, (I), Lemma 4.1].

 (d) This follows from the convexity of v |-- Is(v) for s > 0.

 (e) Let PlL(x, dy) be any transition kernel on AN such that M = M1 0 P".
 Then

 (2.86) JIM-Api 7rs|1t, ? /t1(dx) HIPI(x,)-7rs(.) )xt,
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 By Csiszar [11, Th. 4.1], we have (recall that h({l ) denotes relative entropy)

 (2.87) IIP"(x,) - 7r,(x, )H~ It h(PL(x, <)w1r(x, )).
 Therefore

 (2.88) 1jp-MI(897r.9jjt, < 8 MI (dx)h( (z 1rs (XI )

 < 8// 1-t 1 (dx) h(PA (XI -)17rs, (XI )) = 2 8X );)

 where the last equality uses (2.43).

 2. To take advantage of the link provided by Lemma 5(b), we shall need

 an approximation of the functions Fi16/: M+ (AN x AN) I-4 [0, oc), appearing
 in Proposition 5, by the simpler functions xI1/,: M +(AN) I-> [0, oc) defined by

 (2.89) IF/E (VI-) = dx (1 exp F- ds J as(x Y)v(dy)1) IN N

 LEMMA 6. For any K > 0,

 (2.90) lim sup ) 1/E(Ab) -P/6(btl) = 0.
 410 tL: F(2

 Proof. As is obvious by comparing (2.44), (2.45) with (2.89), we have

 T1/6 (pi)
 ( DI/,(MI 0 wer). Therefore

 (2.91)

 [@/()- '@~e1/'i8)

 - F@1/ Cu) - @1i/6(Il 0 Xwe)

 < -Ka dx W p(y -X, z-x) [j(dy, dz) - (1 X 7r)(dy,dz)]
 E AN ANXAN

 < a f { fdW(y-,z-x)? ( dtI07rE(dy dz)
 E JAN XAN

 - Ka 1U -/1 08) W6Jre|tv,

 where in the last equality we again use the fact that the integral between braces
 equals E for all y, z by (2.45). The claim now follows from Lemma 5(e). g

 3. Next, we define the function F L+ (AN) I-> [0, oc) by

 (2.92) r(f) = dx ( -e-af(X)
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 LEMMA 7. For any K > 0,

 (2.93) lrn sup F (dv) - 'P16(v) = o.

 (Note from (2.43) and (2.84) that if 16(v) < oc, then dv < dx because v0r6 <?

 dx 8 dy.)

 Proof. Using (2.89) and (2.92), we write

 (2.94) r -( _ /e M
 Kdx)

 < idx exp Ka ds ps(x-y)v(dy)]
 AN E N

 [ a /C 6 dv - exp ~~ds - j(x)]

 f K'af6 vwr. dv K
 < dz- ds | WZ - d W|=- ds 11V7r, - vlt, -

 Now, for 0 < s < E we have, by Lemma 5(c),

 (2.95)

 11vwr' - V11tv ? 11vwr, - vwrs+6Itv + llv7rw+ - vlltv ? 8 E I(vw) + 8 I+,G-').

 Moreover, I6(v7r,) < 1I(v) by Lemma 5(d) and

 I6+ (v) < 2I6+8(v)/(E + s) < 2J6I(v)/ = 216 (v)

 by Lemma 5(b). Thus we get 11v7r -vlltv < 8(1 + v2)/16(v). From this the
 claim follows. fO

 We now have all the ingredients to perform the proof of Proposition 3 in

 Section 2.1.

 2.5. Proof of Proposition 3. For any f: JR+ -- J R bounded and continuous:

 (2.96)

 1 1
 lim - log E (exp [T f (VT)]) = lim lim - log E (exp [T f (E T,E (V))])

 = lim sup {f (,I/e i)) - () }

 -Kli Elm su {SU) {feb1iGU))- -I2()
 K->o 40Ei

 - ?lim lim sup {f(I /E G0)) - )
 K-lmoo 40 p {f 1/F2 )) E

 _ }

 lim lim sup f (IF1/,6(7v)) -1 -Ie7v) K--+oo 40O
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 - lir lrn sup {f(F(-? -
 K--oo e40 v'I (P)<K dz E

 = sup {f (r (d)) (v)

 - supH~(AN>~~q5 {f(02) 1IVq$112}
 0GH1 (AN ): 110112-1

 Here we use, respectively, Proposition 4, Proposition 5, Lemma 6, equation

 (2.84), Lemma 7, Lemma 5(b) and equation (2.83). Recalling (2.92), we see

 that the claim now follows from the inverse of Varadhan's lemma proved in

 Bryc [10]. D

 2.6. Proof of Proposition 2. Throughout this section, a > 0 and b > 0 are

 fixed. For ease of notation we introduce the following abbreviations:

 (2.97)

 A(q$) = q(Z) dx, B(q5) = )=dx, C(q$) = d IVq12 (x) dx

 for b G Hl(IRd), and their counterparts AN (ON), BN (ON), CN (ON) for ON E
 H1 (AN) with AN = [N2)d, the N-torus with periodic boundary conditions.

 1. IN (b) < Ila (b) for all N > O.

 For q E H1(R1d), let oNq E H1(AN) be defined by

 (2.98) (ZUN ) 2() = EkZd ?' (Z + kN) (x E AN)
 (2.9) (~~b)x) { o'~ 52( (x ~AN).

 Then

 (2.99) AN(UNq) -A(q), BN(UNq) < B(q), CN(UNq) < C(q),

 where the second and third statements hold because 1 - e-(fg) < (1 e-ef) +

 (1 - e-9), respectively, (V f2+p2l)2 < (Vf)2 + (Vg)2 for arbitrary functions
 f, g > 0. Hence

 (2.100)

 Ina(b) = inf{CN('5): qN E H'(AN),AN(ON) = 1,BN(ON) < b}
 = inf{CN(UN q): q$E Hl (Rd), AN (U) N 1,BBN(UN) < b}
 < inf{ C(q): q E H1(REd), A(O) = 1,B(O) < b} = IKa (b).

 2. 'lim infN yoo IN~ (b) > _I a (b+r) .

 For every E > 0 there exists a ON E H1(AN) such that

 (2.101) AN(N) = 1, BN(N) < b, CN(qN) < IN(b) + E
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 i.e., qN is an E-minimiser. By shifting AN around, we see that there must

 exist a y E AN such that

 (2.102) f [2(X + Y) + (VqN)2(X + Y)] dx < 1JAN1 [AN (ON) + CN(ON)]I
 JAN I ANI

 Let TqN E Hl(Rd) be defined by

 (2.103)

 N(X + y) (x E AN)

 (TqN))(X) = ON([x]N + y){N(1 - x + 1} (x EE AN+1 \ AN)

 O (x ? AN+1)

 with [X]N the radial projection of x onto JAN, i.e., TqN linearly drops to 0

 outside AN along radial lines. Then, clearly, (TqNN)2(X) < q2 Qx]N + y) and
 (VTq5N)2(X) < d(VqN )2([x]N + Y) for all x E AN+1 \ AN. Hence, by (2.102),

 (2.104) A(TqN) < AN(qN) + 3N, B(TqN) < BN(qN) + Ka3Ni

 C(TqN) < CN (ON) + 6N

 with

 (2.105) 6N = d AN? 13AN I [AN(qN) + CN(ON)] = ?
 13AN II AN I

 Now define q* E H1(R d) by

 (2.106) q5* rY/bN

 Then clearly

 (2.107) A(q*) = 1, B(q5) < B(TqN), C(q*) = A(TON)C(TON),

 where the second statement holds because A(TqN) > AN(q) = 1. Combining
 (2.101), (2.104) and (2.107), we get

 (2.108) A(q*) = 1, B(q*) < b+Iia3N, C(*) < (1+?N)[INa(b)+E+? N].

 Hence we have

 (2.109)

 Ila (b + Ia6N) = inf{ C(q): > E Hl (Rd), A(q) = 1, B(q) < b + ia6N}

 Let N -> oc and use (2.105) to get Ila(b+) < E + liminfN+O I 1~(b). Since
 E > 0 is arbitrary this proves the claim.
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 3. Combining Steps 1 and 2 and noting that b |-4 Irma (b) is right-continuous

 (because it is nonincreasing and lower semicontinuous), we have completed the

 proof of Proposition 2. a

 3. The lower bound in Theorem 1

 In this section we prove the complement of Propositions 1 and 2,

 which will complete the proof of Theorem 1. Recall from Section 2.1 that, by

 Brownian scaling, t-lWa(t)j has the same distribution as jWaTl/(d2) (T)I
 with

 ,T = t(d-2)/d.

 PROPOSITION 6. Let d > 3 aand a > 0. For every b > 0,

 (3.1) lim inf Ilog p(jWa,-1/(d (F) I < b) >: -_'<a (b)
 T- 00 T

 where II'ca(b) is given by (1.7), (1.8).

 Proof. Let CN (T) be the event that the Brownian motion does not hit

 &AN-a until time T. Clearly,

 (3.2) P(|W (T|< )>P(NT)W (-F)l < b)

 The right-hand side involves the Brownian motion on the torus, but restricted

 to stay a distance a away from the boundary. We can now simply repeat the

 argument in Section 2 on the event CN (T), the result being that

 (33~~ lim 1 a-1/(d-2)(7I?b= ICab (3 3) Tim -- Tlog P1IWK (r)I < b I CNN(\) = J-IN(b)

 where IWya(b) is given by the same formulas as in (1.7), (1.8), except that Rd is
 replaced by AN and q is restricted to supp(Q) n aAN 0. We have

 (3.4) lim -log P(CNJ(T)) = -AN

 with AN the principal Dirichlet eigenvalue of -A/2 on AN. Combining (3.2)-
 (3.4), we get

 (3.5) lim - log P(WaT 1/(d 2)(T)| < b) > -IWA (b) - AN for all N.

 Since limmOO AN = 0, it therefore suffices to show that

 (3.6) lim Ira(b) = Ia(b).
 N-Bfpcui

 But this follows from the same type of argument as in Section 2.6. E
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 4. Upper and lower bounds in Theorem 2

 In this section we explain how the arguments given in Sections 2 and 3

 for the Wiener sausage in d > 3 can be carried over to d = 2. The necessary

 modifications are relatively minor and mainly involve a change in the choice

 of the scaling parameters.

 Upper bound. 1. Fix N > 0. Wrap the Brownian motion around AN/t/log t'

 shrink space by t/ logt and time by t/ log t. Then the analogue of (2.2), (2.3)
 reads

 (4.1) P(IWa(t)1 < bt/logt) < P(I?-(-)I : b) with T = logt.

 We shall show how to obtain the analogue of Proposition 1, namely,

 (4.2) lim - log?P(W (F) I b) = (b)

 where IN2(b) is given by the same formulas as in (1.7), (1.8), except that R1 d is
 replaced by AN and Kia by 27r. Since, in Section 2.6, Proposition 2 was actually

 proved for any dimension, the claim in (4.2) will provide the upper bound in
 Theorem 2.

 2. Henceforth we suppress the indices a, N and abbreviate

 (4.3) VT I Wa (r)I

 The analogue of Proposition 3 in Section 2.1 for d = 2 reads:

 PROPOSITION 7. (Vr),>o satisfies the LDP on R+ with rate T and with
 rate function

 (4.4) JN7 (b) = inf - Vq12(x)dx
 a.1&21r(b) [2JA

 with

 (4.5)

 a4N(D2 = {c/) E H1 (AN): j X (x)dx = 1, I (- -27r02 (x))d = b}.

 This is the same as Proposition 3, but with /Ma replaced by 27r. To prove

 Proposition 7, the coarse-graining argument in Sections 2.2-2.4 can essentially

 be copied. All that we need to do is replace T, defined in (2.11) everywhere
 by

 (4.6) Tr e
 and prove the technical lemmas.
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 3. Section 2.2 carries over with the following difference. On the right-hand
 side of (2.22) we end up with the expression

 (4 7) E exp [ W, (ET-r)])

 i.e., with an extra factor T in the exponent. Since r/ log T, -- 1 as T -- 0o,
 this means that instead of (2.23) we now need that

 (4.8) sup E(exp [T IWa (T)] ) < 00.

 However, this again follows from the results in van den Berg and Bolthausen
 [2]. Also, on the right-hand side of (2.38) we end up with the expression

 (4.9) EZ.IT-T (expe T |Wa(cTr)j]

 i.e., again with the extra factor T in the exponent. This too can be accommo-
 dated because of (4.8).

 4. Section 2.3 carries over after we prove Lemmas 2-4 for the new scal-

 ing in (4.6), with the following difference. We need to adapt the argument
 at the point where we are cutting out small holes around the points /3(i),
 1 < i < 'r/E (recall (2.47), (2.49)). Namely, this time we cut out holes of radius

 1/log T loglog?2, which is considerably larger than the radius K/ T7- used
 before. The total volume of the holes is at most (or/? + 1) (7r/ log T, log log To),
 which for T -- ox tends to zero and therefore is negligible. The larger radius
 is needed for Part (a) of the new version of Lemma 2, which reads:

 LEMMA 8. (a) lim ),0 SUPYZ?Bl/ 1ogTT log OgT' qr,, Z) = 0.T

 (b) lim'r-- supyZ?Bp I -Tq7,6(y, z) - 27r~o6(y, z)I = 0 for all 0 < p < N/4.

 Proof. (a) Step i of Part (a) in the proof of Lemma 2 carries over, so that
 (2.58) again applies. Step ii of Part (a) is replaced by the following argument.
 For any R > yf > eb > 0,

 (4.10) Py (ub < E/2) < Py (Ub < CR) + Py7 (CR < E/2),

 where CR is the first entrance time into BC - Ed \ BR. We have

 (4.11) Py (b < (R) = log (() log (s)

 P' (&R < ?/2) < 4exp[-(R<YD2

 (for the latter see e.g. van den Berg and Davies [3, Lemma 6.3]). The choice
 R = Iy? + VE loglog( yl/b) together with the inequality log(l+x) < x for x > 0
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 yields

 (4.12) Py (1b < E/2) < 4 + E log log ( 1.
 log(lyi) [ j

 Inserting this into (2.58), we get for any 0 < eb < b' < N/4,

 (4.13) sup qbI ) C2 1 [ 4+b - E ) ]
 Y14Bbi1C3 log(bl bl)

 Now put b = a/V?T-, b' = 1/ logT7-loglogT7 and use that logT7 TF
 (T -> oc), to get the claim.

 (b) Part (b) in the proof of Lemma 2 carries over, with the only difference
 that (2.64) is to be replaced by

 (4.14) lim 1 Py0 (b <t) = A P(-y)ds for all y E R2,t
 bjW w7/log() J

 (Le Gall [16]). For b = a/lT7- we have w/log(b) 27/T (T --> o), which
 explains how the factor 27r arises, replacing ria. D

 Lemmas 3 and 4 were based on Lemma 2(b). It is obvious that with
 the new version in Lemma 8(b) the rest of the argument in Section 2.3 is
 unchanged.

 5. Section 2.4 carries over verbatim with only sa to be replaced by 27r

 everywhere. Section 2.5 also has no changes. In fact, in both these sections

 dimension plays no role at all.

 Lower bound. The proof of Proposition 6 carries over after the appropriate

 changes in scaling.

 5. Analysis of the variational problem

 This section contains the main analytic part of our paper. Theorems 3(i)-
 (iii) are proved in Sections 5.1-5.3, Theorems 4(i), (ii) in Sections 5.4, 5.5,
 and Theorems 5(i)-(iii) in Sections 5.6-5.8. Recall the notation introduced in
 Section 1.

 We will repeatedly make use of the following scaling relations. Let q E

 H1(Rd). For p, q > 0, define E E H(1 (Rd) by

 (5.1) 14(x) = qq(x/p).
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 Then

 (5.2) 11,F112 = q2pd-21v1/j121 110112 = q2pdll0l,2 11114 = q4pdll;ll4

 (1 - e- 2) = d(1 _e-q22 ).

 We will also repeatedly make use of the following Sobolev inequalities (see

 Lieb and Loss [19, pp. 186 and 190]):

 (5.3) Sd|f 112 < 1Vf1122 (d > 3, f E Dl(RQd) n L2(RId))
 with

 (5.4) q = d-2' Sd = d(d- 2)2 2(d-l)/d,,(d+l)/d[F(d l)]2
 and

 (5.5) 1fJ 114 < S2,4(11Vf112 + 1fJ 112)1/2 (d = 2, f EH(R 2))

 with S2,4 = (4/27X) 1/4.

 5.1. Proof of Theorem 3(i), reduction to radially symmetric nonincreasing

 functions, and adaptation of the constraints.

 1. We begin by reformulating the variational problem for Iia (b) in Theo-

 rem 1.

 LEMMA9. Let d > 2 and a > 0. For every b > 0

 (5.6) Iia (b) =

 where X: (O, o) v-+ [0, o) is given by

 (5.7) X(u) = inf{ 1V1H12: b E H1 (R d), L 1i2 = 1 I j(i e 2) < }U

 Proof. Apply (5.1) and (5.2) with p = Kl/d and q = 41/2 to ( .7),
 (1.8). E

 Lemma 9 proves Theorem 3(i).

 2. The following lemma reduces the variational problem in (5.7) to radi-

 ally symmetric nonincreasing (RSNI) functions. This reduction will become

 important later on.

 LEMMA 10. Let

 (5.8) RU = {F c H1(Rd): b RSNI, Lb1i2 = l, d (1 - e_2) < U}

This content downloaded from 137.222.248.9 on Tue, 08 Aug 2017 11:15:18 UTC
All use subject to http://about.jstor.org/terms



 388 M. VAN DEN BERG, E. BOLTHAUSEN, AND F. DEN HOLLANDER

 Then

 (5 9) X (u) = inft [f p [o112: X E RU}

 Proof. It is clear that X(u) < inf{ COVE 112: b E 'luR}. To prove the reverse,
 we let A* denote the symmetric decreasing rearrangement of A. Then (see Lieb

 and Loss [19, ?3.3 and ?7.17]) A* is nonnegative, RSNI, and

 (5.10)

 IIV 012 ?> V * 112, L02H2 = H1b*H2 J(i-e-+ ) = J(i-

 Hence

 (5.11)

 x(u) > inf{ JIVb*12: b E Hl(R <d), L b2 = l J(1 - ) ? u}

 inf{ 1V1*112: I* E Hl(Rd) </)* 2 = l J(- e I*) ? u}

 > inf{ 11Vb12: b E 1RU}

 3. The following lemma makes a statement about the minimisers of (5.7).

 Whether or not these exist will be established later on.

 LEMMA 11. Any minimiser of (5.7) is strictly positive, radially symmetric

 (modulo shifts) and strictly decreasing in the radial component.

 Proof. Let X be any minimiser of (5.7). Let b* be its symmetric decreasing

 rearrangement. Then, by (5.10), b* too is a minimiser of (5.7). By Brothers

 and Ziemer [9, Th. 1.1], 11V'012 > IIV4*12 if 4 is not a shift of b* and the
 set {x c Rid: (Vo*)(X) = 0} has zero Lebesgue measure. We will show that
 do*/dr < 0. Therefore 4 must be a shift of b* (otherwise X could not be a
 minimiser) and the claim will follow.

 Since b* is a radially symmetric minimiser of (5.7), it satisfies the Euler-

 Lagrange equation

 (5.12) d2* d+ 1d* O*(I- ? ) + /-t* (r > 0), dr2- ? -r dr

 where A, bu are Lagrange multipliers (see Berestycki and Lions [1, ?5b]). By
 differentiating (5.12) repeatedly with respect to r, we see that A* E C'(0, oc).

 Now, we already know that do*/dr < 0. Suppose that (d4*/dr)(ro) = 0 for
 some ro > 0. Then clearly we must also have (d24*/dr2)(ro) = 0. But from

 the derivatives of (5.12) it then follows that (dn'*/drn)(ro) = 0 for all n E N.
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 However, (5.12) is a second order differential equation with Lipschitz coeffi-

 cients, and therefore the latter entails that 0/* (r) = a* (ro) for all r E (0, oc),
 i.e., 4* is constant. But this contradicts 110*112 = 1. Hence (db*/dr)(ro) < 0.
 This proves the claim since ro was arbitrary. C]

 4. We end this section with a lemma stating that the constraints in (5.7)

 can be adapted. This will turn out to be important later on.

 LEMMA 12. Let

 (5.13) X(u) = inf{V11b112: (12 = 1,1 (1- e-+2) = -U1
 Ad

 X(u) = inf{fV|b2: 1112 < 1, j (1- e_)2) = U}. 2 ~~~d

 Then

 (5.14) X(u) = V(u) = Xu)

 Proof. We use an approximation argument.

 i. It is clear from (5.7) and (5.13) that x(u) < ^(u). To prove the reverse,

 let (0b) be a minimising sequence of X(u). Then I IbjH2 = 1, f(1 e-ej) < u,
 and [VVbj 2 -* x(u) as j -x oc. Define, for a > 0,

 (5.15) gs,(a) = aJ(i-
 Then

 (5.16) g' (a) = dad-l J(I _ -a-d,0 - a-do2e-a-d,2

 Since 1-e-x-xe-X > O for x > O. we have that g' (a) > 0. Since gp, (oc) =

 II0i-12 = I and go, (l) = f(1 - e") < u, we see that there exists a sequence
 (aj) with aj > 1 such that

 (5.17) gfj(aj) = u for all j.

 Next, let qj c HI1 (d) be defined by qj (x) = a;d/2 j(x/aj). Then, recalling
 (5.1), (5.2) and using (5.17), we see that

 (5.18)

 [Vq)jl2 = -lV4 2, l = l = 1, J(I - e_0b) = u for all j.

 Hence (5.13) gives

 (5.19) X^(U) < Vq$,7jI2 = Oj 11 2 <|17j||2 for all j.

 But IIiVoj 12 - - x(u) as j -* oc, and so ' (u) < x(u).
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 ii. It is clear from (5.13) that x(u) < ^(u). To prove the reverse, we begin

 with the following observation:

 LEMMA 13. The set

 (5.20)

 {b E Hl(RId): ObRSNI, JIVOI12 < C, 110112 < 1, (e2 -1 +2) = 1-X}

 is a compact for all C < 00.

 Before proving Lemma 13 we first complete the argument. Since b H-*

 JIVOb12 is lower semi-continuous, it follows from (5.20) that the variational
 problem for x(u) has a minimiser, say b*. For n E M, let

 (5.21) Pn(X) = d/2 de Xl (x R

 and note that fPn = 1 and f(V p-)2 = 2d/n2. Now define O!4 by

 (5.22) 2= 4*2 + [1 _ 1b*112] P

 Then kb?*j112 = 1 for all n. Moreover, since x e-x - 1 + x is increasing on
 [0, oc), we have

 (5.23) J(e_+/2 -1 +b*) ? J(e-*2 - 1 ? b*2) = 1 - for all n.

 Therefore Ob1* satisfies the constraints in the variational problem for X(u), im-
 plying that

 (5.24) X(u) < 11V7 ||2 for all n.

 But by the convexity inequality for gradients (Lieb and Loss [19, Th, 7.8]) we
 have

 (5.25) Av4n1 ? 1Vb* ? [1 - k* ] 2V I = X(u) + [1- _ b*11] 2

 Letting n - - oo, we thus end up with X(u) < X~(u). But X(u) = X(u) by Step
 i, and so the claim is proved.

 iii. It thus remains to prove Lemma 13.

 Proof. The key point is to show that the contribution to the integral in

 (5.20) coming from small x and from large x is uniformly small. First we pick
 0 < R < oc and estimate

 (5.26) J -(2 1 + 4,2) < J 1 2 2<wdRd < 2wdRd<
 where Wd is the volume of the ball with unit radius, and we use that 4 is

 RSNI and 11 112 < 1. Next, we pick 0 < r < 0 and estimate, using Holder's
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 inequality,

 (5.27)

 I(et - 1?+ 2) < 'Br 42 < (Wdrd)l/P 4' 2q (\P.q >1,- =

 The last factor may be estimated with the help of the Sobolev inequalities in

 (5.3)-(5.5):

 (5.28) 11112 2 < Sdl V1'12 (d > 3)

 11X112 < S2,4( 11V11 + ?1X112) (d = 2).
 Thus, picking p = d/2, q = d/(d - 2) for d > 3 and p = q = 2 for d = 2, we

 obtain using IV1 bH2 < C that

 (5.29) ](e-2 _ + X2) < { C2r172 >?3) f(r 1 ' 4 < 0r 1/ ( = 2).
 We see from (5.26) and (5.29) that the contribution from BR and Br tends to

 zero uniformly in 4 as R -* o and r b 0. We can now complete the proof

 as follows. Any sequence (0j) in H1 (Rd) has a subsequence that converges to
 some 4 E H1 (Rid) uniformly on every annulus BR \ Br (use the fact that Oj is
 RSNI and I < 1 for all j). Because Oj is RSNI, IIVibj 2 < C, Oby 2 < 1
 for all j, the same is true for A. Moreover, since

 (5.30) J(e+-1? +0)= 1-u for all j,

 lim J (e j-1? I + = J (e-2 - 1?2),
 ? R \Br R \Br

 rl{,R-0oo IBR\Br (e -1?4,2) = J(e_2 _1?4,2)

 we also have f(ep2 -I + 42) = 1-u. Therefore 4 is in the set. C]

 This completes the proof of Lemma 13 and hence of Lemma 12. C]

 The reason behind Lemma 13 is the following. Although 4 may lose
 L2-mass to infinity, the integral cannot. Indeed, following an argument in

 Brezis and Lieb [8], we can show that if 1111 2 loses mass p c (0, u], then also
 f(1- e_,'2) loses mass p, and so f(ep2 -1 ?+ 42) loses nothing.

 In the sequel we shall often suppress the condition 4 E H1(Rid) from the
 notation.

 5.2. Proof of Theorem 3(ii).

 1. Since 1 - e-x < x for x > 0 we have f(1- e_+2) < 11 112. So, for
 U > 1, (5.7) reduces to

 (5.31) X(u) = inf{ fV||2 H4'H2 = 1 }.
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 Suppose b E Hl (RId) is such that L1b12 = 1. Apply to (5.31) the scaling in (5.1)

 and (5.2) with p > 0 arbitrary and q = p-d/2, to obtain x(u) < p-211V, b12 for
 u > 1. Taking the limit p -* 00, we get x(u) = 0 for u > 1.

 2. It follows from Theorems 4(ii) and 5(iii) that X is strictly positive in

 a left-neighbourhood of 0. Since, by Theorem 3(iii), t H-* u2/dX(u) is nonin-
 creasing on (0,1), it follows that X is strictly decreasing on (0,1).

 3. Step 1 shows that X is continuous on (1, oc). Theorems 4(ii) and 5(iii)
 imply that X is continuous at u = 1. Therefore we need only prove continuity
 on (0,1). Let 0o E (0,1) be arbitrary. Since X is lower semi-continuous and
 nonincreasing, it is right-continuous. Let

 (5.32) 6 = lim X(u) - X(uO) > 0.
 UTUo

 We shall show that d = 0 by using a perturbation argument.

 4. Let E > 0 be arbitrary. Then, because x(u) = -(u) by Lemma 12,

 there exist 0b, Js E H1 (R~d) satisfying

 (5.33) IbeHI2 = 1, J(i - e-"e ) = aO, I1Vb6El2 < X(ao) + 8,

 II>eHl2 = 1, J(i - e ) = - _, |V6I2 < X (Uo -_ ) + E.
 Define, for 0 < ar < 1

 (5.34) A,6 = [arb + (1 - a),4]1/2.

 Then, by (5.33),

 (5.35) IIAQeII2 = ?[a2 + (1 - a)4)2] = 1

 and, by the convexity inequality for gradients (see Lieb and Loss [19, Th. 7.8]),

 (5.36) 11VAe2 < ? 2762 ? (1 a) 1V6II2

 < at(X(u) + E) +(1-a)(X(0-6) + E)

 = atX(uo) + (1-c)X(uo -&) + E.

 Next define, for 0 < ar < 1,

 (5.37) k(a) = J( - )

 Then, by (5.34),

 (5.38) k" (a) JX -F

 It follows that k is convex on [0,1], and consequently

 (5.39) k(ca) < cak(l) + (1 - c)k(O) = cauo + (1 - a)(o - )
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 By the convexity of k and by (5.39), there exists a unique a, E [1) such
 that k(c,) = uo - &/2. By (5.35)-(5.37), Lemma 12 and the fact that X is
 nonincreasing, we therefore have

 (5.40) X(uo - 6/2) = X(o - 6/2) < VAj7c,6112

 < _X(uo) + (X(uo - &) ? E. 2 2X 2o)2(oE
 Hence

 (5.41) limX(uo - &/2) < -X(uo) + I limx(uo -)
 -40 2 24-0l

 Combining (5.32) and (5.41), we therefore arrive at

 1 1
 (5.42) X(uo) + 6 < -X(uo) + - [X(uo) + y].

 -2 2

 Thus d = 0 and X is continuous at uo. This proves the continuity of X on (0,1),
 since uo E (0,1) was arbitrary.

 5.3. Proof of Theorem 3(iii).

 1. The first claim in Theorem 3(iii) is proved as follows. Apply (5.1), (5.2)

 with p = ul/d and q = u-1/2 to (5.7), to obtain

 (5.43) u2/dX(u) = inf{ fV b12: 1bb2 = 1, f(1 - e-u +2) < 1}.

 Since the integrand is nonincreasing in a, so is the infimum. Therefore we find

 that u H-4 u2/dX(u) is nonincreasing. To prove the strict monotonicity claimed
 in Theorem 3(iii), we need to wait until the end of Section 5.8, as this will

 require the existence of a minimiser for a certain range of u-values.

 2. The second claim in Theorem 3(iii) is proved by deriving upper and

 lower bounds. Pick 6 > 0. Let B be any open set in Rd with IB = 1. Then,
 since 1 - > O0 it follows from (5.43) that

 (5.44)

 62/dX(6) < inf{||V|122: Lb2 = 1, j -e6 1 ) < 1,supp(b) C B}

 = inf{llVfb12 110112 = JB - e6 1 ) < 1, supp(b) C B}

 ? inf{ [[Vfb12: 110112 = 1, SUpp(() C B}

 Take the infimum over B of the right-hand side of (5.44). This infimum equals

 Ad by the Faber-Krahn isoperimetric inequality for the Dirichlet Laplacian (see

 Faris [14]). Hence 62/dX(6) < Ad, which proves the upper bound.
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 3. The lower bound is more laborious. Let b be a minimiser of (5.43). (In

 Sections 5.4 and 5.7 we will prove the existence of a minimiser of (5.7), and
 hence of (5.43), for u in a neighbourhood of O for any d > 1.) We exploit the
 radial symmetry and monotonicity of b established in Lemma 11. For t > 0,

 define the ball Bt = {x Rd: l b2(X) > t} and put Mu(t) = Btl. Then

 (5.45) 1-= f IO/ td[-1I(t)].
 lld [0,oO)

 Moreover, abbreviating E = we have

 (5.46)

 1 ? J (1-e_,6 1iV2) = / (1 - e6 ) d[ ,u(t)]
 ad 00,o)

 > / e-J-1t) d[It (t)]

 > (1 -e-l/6) 1 d[-u(t)] = (1-eNBej.
 [E,)

 Hence

 (5.47) i d 2 = j t d[-I-t(t)]
 d \BeF [06)

 - 1_e-1/6 /"[OK )-e61t)dt-1(t)]

 where we use the first inequality in (5.46). Combining (5.45) and (5.47) we

 obtain

 (5.48) I 2 > 1- 1

 Next, define V = f-/. Then ( > 0 on BE and 0 = 0 on &B,. By Cauchy-
 Schwarz and L1/'12 = 1, we have

 (5.49) J<E (JBE ) 1/2 B ? 11/2

 Hence

 (5.50) J+ /E-]J2 < B 2 + 2?2E IB,11/2 + E?B6

 Combining (5.46), (5.48), (5.50) and abbreviating r = E/(1 - e-1/6), we obtain

 (5.51) J 2 > I - 2a/0- 2TI.
 Finally, if we define X by ( = (1-2f-2rT)1/2q$, then fB q$2 > 1 and qB, = 0.
 So, recalling that 4 is a minimiser of (5.43), we get

 (5.52)

 62/d (a)j / 1V 2 > 1 Vq$2 = V212 = (I-2-2 /
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 with

 (5.53) JB 1 > {Je 1vq12: J > ,1 0B =0}

 = Ad (BE) = BE |/dAd ? (1-el/6)2/dAd,

 where we use the scaling of the smallest Dirichlet eigenvalue of -A on B6, in

 combination with (5.46). Letting d 1 0 in (5.52) and using the fact that E b 0
 and rl 1 0, we arrive at liminf6{0 62/dx(6) > Ad.

 5.4. Proof of Theorem 4(i). To prove that for 2 < d < 4 the variational

 problem in (5.7) has a minimiser for all u E (0, 1), we do a variational argument

 that takes advantage of Lemma 12. Fix u E (0, 1). Let b* be any minimiser

 of x(u), which we know exists by (5.20), i.e.,

 (5.54) [V~1 *112 - X(u) 11,*H112 < 1, f(e-,*2 - 1 ? /*2) = 1-u.

 There are two cases. Either 11* 112 = 1, in which case b* is also a minimiser of
 x(u) and we are done, or 110*112 < 1. It remains to exclude the latter case.

 d = 2: Suppose that 11 * 112 = 1-p (p > 0). Let /*(.)= I*( (l-p)1/2).
 Then, by (5.1), (5.2),

 (5.55) 2 = 2= x(), 11*112 = 1, J(e*2 1 *2) =

 Hence

 (5.56) x(u) =11,V* 12 > X~Vq_ U
 But (U - p)/(l - p) < u, and so the right-hand side is strictly larger than x(u)

 by Theorem 3(ii), which is a contradiction.

 d = 3,4: We can do smooth perturbations of I* inside the class

 {f E HlI(Rd): 110112 < 1, J(e2 -1 ? + 2) = 1- U}

 to conclude that b* must satisfy the Euler-Lagrange equation associated with

 the variational problem

 (5.57) inf{V 117112: f(e-P2 - 1?/2) - 1 .-}

 But then we have a contradiction to the following:

 LEMMA 14. For d = 3,4 all solutions of the Euler-Lagrange equation

 associated with the variational problem

 (5.58) inf{ || Vb1112: f(e2 -l + ? ) = i}
 have infinite L2-norm.
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 Proof. By the results of Section 5b in Berestycki and Lions [l], there exists
 a Lagrange multiplier Ad > 0 such that

 (5.59) O = -AdO(l -e-+

 which is the Euler-Lagrange equation associated with the variational problem
 in (5.58). By the results of Section 5c in the same paper, we have 4 E C2(IRd).

 Since 4 is RSNI (recall Lemmas 10, 11), it follows from (5.58) that 4 E L4(IRd).
 Suppose that 4 E L2(JRd). Then, by H6lder's inequality, 4 E L3(IRd). Abbre-
 viate the right-hand side of (5.59) by fTV. Then f?/ E Ll(IRd), and so we have

 (5.60) 4 = f?/ * K,

 where * denotes convolution and K is the Green function. It follows that

 (5.61) J2 =dYif (yi) dY2 f (Y2) dx K(x-Yl)K(x-Y2)]

 But the last integral is infinite for all Yi, Y2 E IRd when d < 4, which is a
 contradiction.

 This proves the existence of a minimiser of (5.7) for 2 < d < 4. The

 remaining claims in Theorem 4(i) follow from Lemma 11.

 5.5. Proof of Theorem 4(ii).

 1. To prove the first claim in Theorem 4(ii), we apply (5.1), (5.2) with

 p = ( - u)-1/d and q = (1 - u)1/2 to (5.7) to get

 (5.62) X(u) = inf {|V4112: 110112 = 1, J(e2 - + 2) > 1-u}

 = (1- u)2/dinf {11V412: 110112 = 1,

 I (e-(1_-U)>2 1 + (1 urn u) 2\

 Since the integrand is nondecreasing in u, it follows that the infimum is non-
 increasing in u. Hence u i-- ( - U)-2/dX(U) is nonincreasing. To get strict
 monotonicity we use the existence of a minimiser as established in Section 5.4.

 2. Let 4* be any minimiser of the variational problem in (5.62). Pick

 v E (u, 1). Then there exists a &uev > 0 such that

 (5.63) J (V(12v) - 1 ? (1 I - JUV
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 Hence

 (5.64)

 ( )- u '/dX(U) = IIV

 1 2: e- _(1_V)2 + V)0,2) ? inf { 2V~P~ 110112 =I ,J(~1Vl2 l(V)2 ) I+?JUV}

 - (1-v)-2/dinf {IIVI122: 110412 = 1,

 J(1 6e-2 ) _ 1-(1 + uv)(1-v)})

 where we reverse the scaling that led from (5.7) to (5.62). But, the right-hand

 side is equal to (1- v)-2/dx(v -_ uv(l - v)), which is strictly larger than
 (1 - v)-2/dx(v) by Theorem 3(ii). This proves the strict monotonicity.

 3. The second claim in Theorem 4(ii) is proved by deriving upper and

 lower bounds. Since e-x < 1-x + 2x2 for x > 0 we have

 (5.65) (e - 1 < -
 2 ~d

 Hence (5.7) gives

 (5.66) X(1 - 6) > inf {IIV'| K2: 110112 = 1, J 4 > 24.

 We use (5.1), (5.2) with p = (26)-1/d and q = 1 in (5.66), to obtain

 (5.67) x(l - 6) > (26)2/dinf{ IIVlI|22: 11V 11I2 = 1, 110114 > 1 } = (26)2/dPd.

 The fact that the infimum equals Id in (1.14) follows from the same type of

 argument as in the proof of Lemma 12, showing that the constraint 110 114 > 1
 may be replaced by 110114 = 1. For the case d = 4 we shall see in Step 4 in
 Section 5.5 that the constraint II<114 = 1 can even be dropped. Hence we have

 d2/dX(1 - 6) > 22/dPd, which proves the lower bound.

 4. Since e_2 - 1 ?+ 2 > 1 f4 _ 1/6, we have by (5.7),

 (5.68) X(1 - 6) < inf{IV1I122: 11112- 11114 > 26 + I111161}

 We apply (5.1), (5.2) with p - (26)1/d and q - (26)1/2, to get

 (5.69) (26) 2/dx(1 -_ ) < inf{||IV?|I2: 110112 = 1, 1144 > 1 + 2311116 }.

 d = 2: Insert the Sobolev inequality 114 116 < S2,6(1 + IV'I Il2)1/2 (Lieb and
 Loss [19, p. 190]) into (5.69), to get

 (5.70)

 (26)-X(1 - 6) < inf{fIIV412: I12 = 1, 41I4 > 1 ? 2S26(I + 11?V112)3}.
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 By considering the trial function /a(X) = (7ra2)-1/2exp[-jxj2/2a2] (x E JR2)
 for a > 0 sufficiently small, we see that the second constraint in (5.70) is

 satisfied for d > 0 sufficiently small. Hence 11V'll12 < M for some M < oc and
 all 4 satisfying the constraints in (5.70). Thus, for all d > 0 sufficiently small,

 (5.71)

 (2(6)-5x(1-(5) < inf{ ||V112': 2= 11 114 > 1 + 2S6( + M)3}

 < (1 + 2JS,6(1 + M)3)p2,

 where we use (5.1), (5.2) once more, this time with p = (1+ 235 S26(i+M)3)1/2
 and q = p-1. We also recall (1.14). Let a J 0 to get the desired upper bound.

 d = 3: Insert the Sobolev inequality 110116 ? S3 1/0V12 (recall (5.3) and
 (5.4)) into (5.69), to get

 (5.72) (26)2/3X( - 6) < inf{ IIVO 112 110112 = 1, 4' 14? 1 ? 3}.
 3

 This time we use the trial function Oaa(X) = (7ra2)-3/4 exp[- x12/2a2] (x E 3),
 to see that the second constraint in (5.72) is satisfied for ( > 0 sufficiently small,

 and that 11V4'12 < M for some M < oc and all 4 satisfying the constraints in
 (5.72). After scaling we get

 (5.73) (2(5< 2/3X(1- _5) < (1 + )2/? 3
 S3

 and hence the desired upper bound after letting ( t 0.

 d = 4: This case is slightly more subtle.

 i. For any M > 0 we may insert the constraint 14'11o, < M, to get
 (5.74)

 (26) 1/2x(-6) < inf{f V112: 114112 = 1, 4'jjoo < M, 110114 > 1?+ 26 11j1141.

 For any 0 < ( < 3/2M2 we therefore have

 (5.75)
 (26) -1/2X( - 56)

 ? inf{lV4'2: 4'2=1, 4'| < M, 11'114 > (1 3_ )>}

 (26M2 -1/2
 ( ~1 M3) inf{ 2: 11421,

 < 110114 > 1}.
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 We will construct a sequence (bj) in D1 (1R4) satisfying the constraints in (5.75),

 with I j 14 = 1 for all j, such that limsupjI V'j b2 < S4. Since /4 > S4,
 this sequence will be a minimising sequence of /4 (recall (1.14) and (5.3)).

 ii. Let b0 be defined by

 (5.76) 0b(X)= (IX12 + 2/6 (x E 4).

 We have 1100114 = 1. For a > 0, let by be defined by

 (5.77) m'a(x) = c&e-Ixlbo(X) (x E 4),

 where co > 0 is chosen such that I Ia114 = 1. Consider now the scaling

 (5.78) Oa, (x) = 13-a(x//3) (x E R4)

 with 3 = ,3(oa) > 0 chosen such that 11bac2 = 1, i.e., /3 = -11all - We have
 110a3114= 1, while

 (5-79) 10a,,3 1 ? = ca31 kIo oc = Ca I Jk1 2 6/ir2

 with

 (5.80)

 21b6 1 = cc J e-20i / 2(x)dx < c, Aj e-2crr-7/2 [2]2r31dr <Cc2 a-1/2

 Hence < ? C'c2 a-1/4. Now we pick a = d and M = d13, and we
 note that C'c26-1/4 < 6-1/3(13 - 3)1/2 for 5 sufficiently small because
 limjt0 c3 = 1. Then , satisfies the constraints in (5.75), and so for a suffi-
 ciently small,

 (5.81) (26)-/2X(1 -_ ) < ( -263/ )1/2 1Voa,/312 with a = 6, 3=3().

 iii. It thus remains to show that Oo,, is a minimising sequence for the
 variational problem defining /4. To that end we first note that IV'Ib0 1 = S4.
 Therefore, using (5.77) and (5.80), we have

 (5.82) 11V~l2 = 11V,12

 - ? k110?112 + J2 -2ajxj V00o(x)2dx

 +2aoca JO/(x)e6lx~ Vbo(x)jdx

 < a2jXa112 + C2jjVO0j2 + 2oaCa~ I/aj 2 1V1)002
 - ~~2 2 a ?2~S

 a c21al312 + c2S4 + 2aca I2cIcO 4S 2/2

 < C2 a3/2 + 2 S4 + C/2C2 o3/4 1/2.
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 Since limb0 c, = 1, we can combine this with (5.81) to arrive at

 (5.83) liM sup Voa 11 2 < S4.
 c40 ~ 2 Ado

 Finally we note that /14 > S4, giving

 (5.84) lim sup(26) -1/2X(l - 6) < /4.
 6o0

 5. We complete this section by proving that Pd > 0 for 2 < d < 4.

 LEMMA 15.

 (5.85) /12 > 1/4S244 = 277r/16, /13 > S3 = 3(7r/2)4/3, /14 = S4 = 4irV6-/3.

 Proof. (1) Rewrite (5.5) as follows:

 (5.86) HIVf 112 > S2,411f 11 - H1fH12
 Using the scaling in (5.1), (5.2) with p > 0 arbitrary and q = 1, we have

 (5.87) IfH 112 >S2,4pIjf114 - p2jfII2
 Putting 11fI12 = j1f 14 = 1 and optimizing over p, we get the bound for /12.

 (2) The bound for Y3 follows from (1.14) via (5.3), (5.4).

 (3) The identity for /14 was already proved in Step 4. 0

 5.6. Proof of Theorem 5(i). This section has three parts:

 (I) Proof of O < vd < oo.

 (II) Proof of E :4 0.

 (III) Proof of (1.16).

 (I) Proof of 0 < vd < oc. The upper bound is easily deduced from (1.15)

 by substituting a test function. The lower bound comes from the following.

 Remark 1. For d > 5

 (5.88) >d ? 2(d-2)/dSd

 where Sd is the sharp constant in the Sobolev inequality given by (5.4).

 Proof. Since e-x - 1 + x < 1x' for x > 0 and 1 < < 2, it follows that
 (recall (1.15))

 (5.89) vd > inf{ H1V'12: f 142? 1 }- 21/a inf{ |V4'K: I4'12 ? 1 }2
 Pick a = d/(d - 2). Then (5.88) follows from (5.89) via (5.3), (5.4). D
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 (II) Proof of E $8 0.

 1. We begin with a tail estimate.

 LEMMA 16. Let d > 3 and let b E Dl(IRd) be RSNI. Then

 (5.90) 0 < (i) ? (-) w-(d-2)/2d -(d-2)/2

 with wd = jB1(0)j, r = Ixl and C = JIVOI12

 Proof. By the Sobolev inequality (5.3), (5.4), we have

 (5.91) ||V~l2 > d||2d/(d-2) -> Sd1101B,(O) 12d/(d-2)

 > Sd/(r)2 I Br (0) |(d-2)/d = Sd (r)'2(d-2)dr.d-2

 2. Let (4j) be a minimising sequence for the variational problem in (1.15).
 We may assume that 4j is RSNI (recall Section 5.1), and that IIV/j 12 1 .Vd.
 We can extract a subsequence, again denoted by (4j), such that /j - *
 weakly in D (IRd) and bj -- b* almost everywhere as j -- oo. It follows that

 /* is RSNI too. Moreover, vd > 11V0*112. It therefore suffices to show that
 4* satisfies the constraint in (1.15), since this implies that vd < IIV4*II2, and
 hence that b* is a minimiser.

 3. Let E > 0 be arbitrary. Since d > 5, we have 0 < e-x - 1 + x < xd/(d-2)
 for x > 0. Hence (5.3) and (5.4) give

 (5.92) 0 < J?(ee*2 -1 +? *2) < J <0*2d/(d-2) < (V (d-2)/d

 and so there exists an R1 (E) such that

 (5.93) 0 <J (e-?p*2 +1? *2) <E
 R1(e)

 Let C = sup3 iV4j 12 < oc and define R2(E) by
 (02

 (5 .94)d(S ) 2 (d-4)/d d (E)-(d-4)
 Wd d 2(d -4

 Then with the help of Lemma 16 we obtain

 (5.95)

 1 ( +j) /-4 2(d-2)/d xI14-2ddx

 BC (e) B2 (e) Be R2(e) R2(e
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 4. Put R(E) = max{Ri (E), R2(E)}. Since f(e 3 -1 + 's) -1 for all j,
 we get from (5.95) that

 (5.96) 1 1 (e E 1<) + < <
 R(e)

 Moreover, by Lemma 16,

 (5.97) 0 < e - <1 + < < -d(d2)/dr-(d-2)

 where the right-hand side is integrable on BR(,). Since /j - * * almost ev-
 erywhere as j -+ oc, we therefore have by the dominated convergence theorem
 and (5.96) that

 (5.98) 1- E J (e_0*2 _ I+1p*2) <1.
 R(E)

 Combining (5.93) and (5.98), we obtain

 (5.99) 1 -E < J(e-0*2 - 1?+ b*2) < 1 + E.

 Since E was arbitrary, we conclude that A* satisfies the constraint in (1.15).

 By the same argument as in the proof of Lemma 11, we get that A* is strictly

 decreasing in the radial component.

 (III) Proof of (1.16).

 1. We begin with the lower bound. Let / be any minimiser of the varia-

 tional problem (1.15) centered at 0. By the results of Section 5b in Berestycki

 and Lions [1], there exists a Lagrange multiplier Ad > 0 such that

 (5.100) (rd-14/) = -Adrd-l(l- e- ),
 which is the Euler-Lagrange equation in the radial form. By the results of

 Section 5c in the same paper, we have / E C2Il(d). Because / is radially
 symmetric and centered at 0, it follows that b(0) < oc and '(0) 0. Hence

 0 E L' (Rd), and we already know that Vo E L2((Rd) and Ad(eC7 -1 ?+2) E
 L1 (Rd). It therefore follows from Pohozaev's identity (see Proposition 1 in the

 same paper) that

 117012 d f(,21, d (5.101) 2 Ad 2(e- + 2) _ d
 d -2 ddk?Y - Ad

 Hence the Lagrange multiplier can be identified as

 (5.102) Ad = d-2
 d

 Multiply both sides of (5.100) by t, integrate over r E [0, oc) and use integra-
 tion by parts, to get

 (5.103) 1V1,L'2- = Ad J/ (1-e 2
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 Combining this with (5.101), we obtain

 (5.104) e =d-2

 which obviously implies that II4'II1 > d/ (d - 2).

 2. The upper bound is more laborious. We first consider the case d > 6.
 Then

 (5.105) 4'(1 - e_02) < 2/d2

 and hence, with the help of (5.100) and the Sobolev inequality in (5.3), we
 may estimate

 (5.106) -rdli1/(,r) ? Ad jSdi 4,(S)2d/(d-2)ds dw-d Ld 2d/(d-2)

 Ad (IIV'0$'II d/(d-2) Ad (l-d~ d/(d-2)
 - dwd Sd )dLwd \Sd/

 Multiplying both sides of (5.106) by rl-d and integrating over [r, oc), we get

 (5.107) 0/(r) ? Ar-(d-2) wihA=ddAd (id d/(d-2)

 Next, by (5.107) and the Sobolev inequality,

 (5.108)

 f 2 = o2 ? f<~ f 2d/(d-2) +v min{4'2, i}

 < (d d/(d-2) -dd100 mi{2r4-2d,1}rd-ldr,

 which is finite because d > 6.

 3. We note that (5.105) fails for d = 5. But 4'(1 - e <2 ? 3i, and so
 because 4' is RSNJ we have, by the Sobolev inequality and (5.100),
 (5.109)

 r401(,r) <5 ?40(S)3d ? A5 J41O/3 ? o'r<-1/35)5 (z/5 5/3

 Hence (4'(r)4/3)' >-Clr-4. Integrating this inequality over [r, oc), we find
 0b(r) ?- C2r-9/4. Returning to (5.100) once more, we have by H61der's
 inequality,

 (5.110)

 -r?4"(r) < A5 Js44(S)3 ds

 < A5 (j s4,s1/ds) (j s4~~)"ds) 1/ C 3r1
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 where we use the Sobolev inequality for the first integral and our bound on

 0/(r) for the second integral. Multiplying both sides of (5.110) by r-4 and
 integrating over [r, oc), we arrive at /(r) < C4r-11/4. But this bound is
 integrable on the set where C4r-11/4 < 1, and so we obtain that 4 E L2(IR5)
 via an estimate similar to (5.108).

 5.7. Proof of Theorem 5(ii). By Lemma 12 and (5.1), (5.2) with p =

 (1 - U)1/d and q = 1,

 (5.111)

 X(u) = 5(U) = (1_U)(d-2)/dinf{ IIV41I2: 11X112 < (1-u)-1f(e1f-1-1+2) = 1}

 1. Let u E (0, u*]. There exists a RSNI (modulo shifts) minimising se-

 quence (0j) of the variational problem for X(u) such that IIVoj II2 -* X(u) and
 Oj >-* 0* weakly in H1 (id) as j >-* 0. By extracting a subsequence, again
 denoted by (/j), we also have Oj >-* 0* almost everywhere as j >-* o. Suppose
 that 11*112 < (1 - u)-1. Then we can do smooth perturbations of 0* inside
 the class {f E Hl (Rd): f(e-2 -1 + ?2) = 1} to conclude that 4'* must be an
 element of Z*, the set of local minimisers of the variational problem in (1.15).

 But by the definition of ul we have 11f*112 > (1 -u)-l > (1 - u)-1, which is a
 contradiction. Therefore II4*12I = (1 - u)-1, and so 0* is a minimiser of x(u).
 Clearly, /* is RSNI (modulo shifts). By Lemma 11 it must be strictly positive
 and strictly decreasing in the radial component.

 2. Let u E (u+, 1). Suppose that the variational problem for x(u) has

 a minimiser 0*. Then 0*(.) = 4'*( (1 - u)1/d) is a minimiser of the varia-
 tional problem in (5.111). Since u > u+ > ld, it follows from (1.18) that

 IIVX*12 = Vd. Hence /* is also a minimiser of (1.15). But all such minimisers
 have a squared L2-norm that is bounded above by (1 - u+)-l. This is a con-
 tradiction because 11b*112 = (1 - I)-1I'* 112 = (1 - )-1 > (1 - u+)-1. Hence
 x(u) has no minimiser. The last claim in Theorem 5(ii) is obvious.

 5.8. Proof of Theorem 5(iii).

 1. By dropping the constraint 114I112 < (1-a>-1 from (5.111) and recalling
 (1.15), we see that x(u) > (1 - U)(d-2)/djvd, which proves the lower bound in
 (1.18). The upper bound is proved via an argument similar to Step ii in the
 proof of Lemma 12. Let u E (Ua-, 1). Then, by Theorem 5(i), there exists a

 * E- E satisfying 1 < (1 - a>1. For n E N, define n by

 (5.112) n= + 2 Pn

 with Pn as in (5.21). Then II4' u, 2 = (1 -u)-1 for all n. Moreover, since
 x , e-x -1 + x is increasing on [0, ox), we have

 (5.113) J(e- nu - 1 + On4u) > J(e -1 ? 4*) = 1
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 Therefore, by (5.111) and the convexity inequality for gradients,

 (5.114) (1 U)-(d-2)/dX(u) < IIVO* U112

 < 11V0*112 +( 1 *12 11

 < vd + u-)-j 2.

 Let n >-* o to get the upper bound in (1.18). The case u = u- follows by

 continuity of X.
 2. It is immediate from (5.111) that u | 4 (1 - U)-(d-2)/dX(U) is nonin-

 creasing on (0, 1). Strict monotonicity on (0, ul) follows from the existence of

 a minimiser via the same type of argument as in Step 2 in Section 5.5. Finally,

 the fact that u (1 - U)-(d-2)/dX(U) > id for all u E (U* , u-) needs to be
 proved only when ul < UcT. In that case E* \$E 7 0. But clearly IIV|'LI > 1d
 for all b E Z* \ Z, and so weak convergence to any such 4 will not reach the

 minimal value Vd.

 We conclude by settling an old debt: to prove the strict monotonicity

 in Theorem 3(iii). By Theorems 4(i) and 5(ii), (5.43) has a minimiser for

 2 <d ? 4, a e (0, 1), and for d> 5, a (0, uj], in which case the claim follows
 via the same type of argument as in Step 2 in Section 5.5. On the other hand,

 for d > 5, U E (Ud, 1), we can appeal to Theorem 5(iii), which easily gives the

 claim because ul > 2/d.
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