SUPPLEMENTARY MATERIAL FOR: TWISTED
PARTICLE FILTERS
By Nick WHITELEY* AND ANTHONY LEET

University of Bristol* and University of Warwick'

Proofs for section 2.2.

PROOF OF PROPOSITION 1. Under (H2) we have g := inf, . G“(z) > 0.
Now consider the sequence of random variables {k¥;n > 1} defined by

RS = v Qi (L)ge_.

From (2.8) it is straightforward to establish by induction the following semi-
group property: for any w € 2, and p,n > 0,

;+n ::CQZCQZ%w'
Combined with (H2), this gives
Kov, = vQUQY“ (1)ge-
-1
vQy 1 Q" Q (1)ge
> w,.0Pw

KpHtn

and so
or
—log Ky, < —logry — log Ky, ©.

Furthermore, under (H2) sup,, , G¥(x) < 00, so there exists a finite constant
¢ such that

/ —log kP(dw) > —cn
Q

for any n > 1. These considerations, combined with (H1), allow application
of Kingman’s sub-additive ergodic theorem to establish that there exists a
constant A € (—oo, 00) such that

1
—logky — A, as n—oo0, P—a.s.
n

Under (H2), for any w € Q and p € P(X),

vQi() v () _ e
pQy(1)  pQwEbe (1) = e’
1
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2 N. WHITELEY AND A. LEE

and combining this with a lower bound of a similar form we find

1 1 1 €4
ZlogkY,, — =1 Y1) < -1
sup - 08 Kypy1 n og uQy ( )‘ = 0g </3

1
sup 6_) + - ‘log(e_g)‘

S0
1
—logu@Q= (1) — A, as n—o0, P—a.s.
n

The proof is complete upon noting (2.9). O

Before presenting the proof of Proposition 2 it is opportune to observe
that, for any n > 1

(S.1) DY = % 0 v,

The formula is validated by noticing that ®f = Id, ® = ®“, and when
(S.1) holds at rank n, using the definition of ®_ ;, composing ®%"“ on the
left of the objects appearing in (S.1) and then using the definition of ®%
gives the equalities:

n n
2 =070 B = 07 0 1Y, 0 8 = B 0 8,

so that the formula (S.1) holds at rank n 4+ 1. A simple inductive argument
then shows that for any n,m > 1 and any w € €,
(S.2) o

- N L) w
nim = @p o @

PRrOOF OF PROPOSITION 2. Throughout the proof C'is a finite constant
whose value may change on each appearance.

We first address (2.13) and (2.15). Applying (S.2) with 67" ™w in place
of w gives

g—n—m

w _ FxOT"w o—nTmy
I = 0 0

m )

so for any p € P(X), taking ' = ®% " "“ (1) and applying (2.12) we obtain,
for any n,m > 1,

(S.3) sup sup H@Df;n

“(u) = @025, (w)] (9)] < llgll €.
weQ peP(X)

Taking ¢ = I4 for any A € X, (S.3) shows that for some fixed p and w,

{@fl_n”(u)(A); n > O} is a real-valued Cauchy sequence and together with
[5, Theorem 1] this establishes the existence of n* € P(X) such that (2.13)
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SUPPLEMENTARY MATERIAL FOR: TWISTED PARTICLE FILTERS 3

holds. The lack of dependence of n* on pu follows by another application of
(2.12). Moreover, taking m — oo in (S.3) we obtain

(3.4) sup sup |[@4" (1) =] ()] < llell Cp",
weQ peP(X)

and thus ®° "“ (1) converges in total variation to 7%, uniformly over u and
w. This establishes (2.15).
We next address (2.14) and (2.16). We shall establish that

Eah@ @O
O Qe (1) () Q1)

First note that under (H2),

(S.5) sup sup
(w,x) QXX pneP(X)

< Cp".

=, Q% (1)(x)
h =
nnl®) = GG )
satisfies for any w,w’, z, 2/, u,
(S.6) 2
h:;m“( ) © W) 8T ()@Y (1) <+)
mmo T (1) mmso D0 () Qe (D) Q5 (D) =\

We have

Q@) Q())

(I)?htnl fw (M)Q%H(l) (I)g_nw(ﬂ)@‘ﬁ(l)

QD)2 (WO = QD@ (1)
@%;11 (WQin (1 > Qs

Qi (@)®5 " (1)@ (1) = Q5 (1) (@) " (1) Q121 (1)

‘I)fw:l w “ () n—l—l( CI)Q "@ () Q% (1)

| @@ (@2, (1) — Q@) P (1) Qi (1

Qi (12 (1)Q (1)

IN
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4 N. WHITELEY AND A. LEE

Q5 (1)(z)
q’fﬁnl IWW)Q%JH(U
(

| @ W@ Q1) — QR ()(@) R (1) Qi (1)
Qs (D)(@) 20 (1) Qs (1)
L @) | @n (1) — P ()@ (1)
e (1)@ (1) @)L (1)@ (1)
e ) @) QD) 20 (@, (1)
O (WQia (1) | @)@ ST (u)Qs(1)
o o] O W@ (D) B ()@ (1)
he (x
) 5 e n+1<> (W@ (1)
Tw (I)e ”w M Q w mw "W
= Tal) gt e )][ )= (200 ™) (] @)
R () | [ @0 () (@Z "oa” ) ()] ()

< Cp", Va,w, 1,

where (S.6), (H2) and (2.12) have been applied. Thus (S.5) is proved and
then for any m,n > 1,

~n,,u( ) hc;LJer,u ‘ Z 1< p L

W,Ts [ :0 p

(S.7)

Then {E% u(T)in > 1} is Cauchy and real-valued, which is enough to estab-

lish the existence of a pointwise limit h, : 2 x X — R,.. Taking m — oo in
(S.7) yields

(S.8) sup

W,T,H

i (@) = ()| < Cp.

For the lack of dependence of h, on p, consider some p/ € P(X) possibly
different from 4, and let h, be the pointwise limit of {E‘;{ o (x);n > 1}. Then

for any n > 1

‘hl“j(:c) - h;‘j,(x)] <

2 (@) = h ()|
T () = B ()|
[ () =T ()]

(S.9)
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SUPPLEMENTARY MATERIAL FOR: TWISTED PARTICLE FILTERS 5

Due to (S.8), the first two terms on the r.h.s. of (S.9) can be made arbitrarily
small by taking n large enough. For the third term,

i (@) = Bt ()|
(8.10) = T () |[@0 ) = @8 )] ()|

Due to (2.12), (S.6) and (S.8), the term in (S.10) can be made arbitrarily
small by taking n large enough. Thus the Lh.s. of (S.9) must be zero, hence
h := hy, is independent of u, and (2.16) is proved. The measurability of h
stated in part 1) holds as it is the point-wise limit of a sequence of F ® X-
measurable functions.

Turning now to prove part 3) of the Proposition, note that by (S.4), A, =
n¥(G¥) = limy, 00 @2 "“(1)(G¥), i.e. A is the point-wise limit of a sequence
of measurable functions, and is therefore measurable. The \ part of (2.17)
holds immediately under (H2), and the A part holds due to (S.6), a similar
lower bound, and (S.8).

We now turn to the proof of part 4), firstly establishing that the triple
(n, h, \) does indeed satisfy (2.18). For the measure equation, we have

0~ "w WA . I
E‘"%ﬁa&)) = O9(0h " ())(A) = @1 () (A).

(S.11)

By the strong convergence in (S.4), and the fact that under (H2), we have
the bound sup, Q“(A)(z) < sup, G¥(z) < oo, the left hand side of (S.11)
converges to QY (A)/A, and the right hand side of (S.11) converges to
n%“(A). Thus n satisfies the first equation in (2.18).
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6 N. WHITELEY AND A. LEE

For the second equation in (2.18), choose n > 1 arbitrarily and notice that

s12) @ () (@)
_QUQr () ()
T (1) QR (1)
_ Qny1(1) ()
@ () QR (1)
ey (2 0@ ()

O (1) Q% (1)
(1)9*"*%0

_ pw nt1 (N)Q%.H(l) g—n+1y w
= hp )@ﬁfiﬂw(u)QwQﬁW(l)'(I)”’l (1)Q*(1)

7n+1w

o7y (27 ()] Q)

®) (1) Q4 (1)
(S.13) —h¥(x)-1-A,, as n— oo.

0 (1)@ (1)

= %+1,u(x)

where the convergence in (S.13) is due to (S.8); (2.12) applied in conjunction
with the property
@ (1))

supsup ——————~ < 00,
n>1 z,x’/ Q%Jrl(l)(x/)

which holds under (H2); and (2.15). Furthermore the Lh.s. of (S.12) con-
verges to Q¥ (h%)(x), because by (S.8), for any = € X,

Q¥ (h% — Ei“’u)(m)’ < GY(x) sup ‘he“’(z) - Eﬁ“’ﬂ(z)‘ —0, as n — oo.

This verifies that the second equation of (2.18) is satisfied. For the third
equation, we have, for any n > 1,

) =] = [ () = @8 ") ()|

[ = @b )] (n*)

IN

+sup )hw(x) — B ()

and since we have already proved part 3), which implies sup, h*(z) < oo,
the convergence in (S.4) and (S.8) show it must be the case that n*(h¥) = 1.

Now for the uniqueness element of part 4). Suppose that there exists a
triple (77, h, 5\) of the desired nature and such that

(S.14) 7°Q* = Ai™, Q¥ (h™) = N,h*, F°(h¥) =1, forallwe Q.
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SUPPLEMENTARY MATERIAL FOR: TWISTED PARTICLE FILTERS 7

Then integrating the first equation in (S.14), we have A, = 7,,(G“), because
Ml is, by hypothesis, a probability measure. Thus ®*(7*) = 7% for any w,
so via iteration we find ®¢ "“ (7% "“) = 7 and strong convergence of (S.4)
then demands that 7% = n*. Thus 7 = 1 and therefore A = \. It remains
to show that h = h. To this end, first note that for any ¢, € L£(X), with

supy, [|@n|| < oo,

Qi) @) s o Qlen)@) &
7= Ao R (x)n” “(en)| < 0= ()(@) — 77" (o) :

il ‘ S )
(S.15) — 0, as n— o0

where the identity [['=) Ao, = 7°Q% (1) = @9 "“(n’ "<)Q¥(1), which holds
due to the measure equation in (2.18), then (H2), and then (S.4) and (S.8)
have been applied. But, under the hypotheses that Q* (k%) = A, h* and
7*(h*) = 1 for all w, using the already proved = 1, we have the equality

w BG"M T o —m
Qﬁi;g D8 ™) = ) = ),

so taking ¢, = h?"“/R?"“(h"“) in (S.15), and noting that under (H2),

we find h*(x) = h¥(z). This completes the proof of part 4), and therefore
the proposition. ]

PROOF OF PROPOSITION 3.

WQgE(1) = H “Qp

_ 1. 1—[1/LQ er )()

= H (pw erw H (I)w Gei”w
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8 N. WHITELEY AND A. LEE

and so
1 1 n—1
—1 ot = — P
- log pQ (1) - > log Agru
p=0
1 n—1
(S.16) + [mg [@;;(u)(@"%)] ~log Agpw} .
p=0

Now the X part of (2.17) ensures that E[[logA|] < oo, so by the ergodic
theorem, the first term on the right of (S.16) converges:

n—1
> log Agp, — EflogA], P —a.s.
p=0

1
n
For the other term, replacing w with 8"w in (2.15) gives

‘@;’(,u)(Gen“’) — Agnw| — 0, as  n— oo,

and under (H2), 0 < inf, , G¥(z) < sup,, , G¥(x) < 00, 50

‘log [@;’(,u)(Gen“)] —log Agnwy| — 0, as n — oo.

The second term on the right of (S.16) converges to zero by Cesaro averaging.
The proof is complete upon recalling from Proposition 1 that n~! log uQ% (1) —
A, P — a.s., and noting that by Proposition 2, Q“(h%) = A\, h®. O

REMARK 8. In the case that Y consists of a single point, |Y| = 1, then
1©2] = 1, and (H1) holds automatically. In this situation, dropping w from the
notation, (n,h,\) are the Perron-Frobenius eigen-measure/function/value
of @, and X\ = e”. The twisted Markov kernel Q(z,dxz')h(z')/\h(z) =
M (z,dx")h(z") /M (h)(z) is of interest when importance sampling for cer-
tain Markov chain rare events [1|. A time-homogeneous Markov chain with
this transition is known as the h-process associated with @): for a discus-
sion of this and related matters, see [3, Section 2.7.1], references therein and
Remark 10, below.

Proofs for section 2.4. Throughout this section we assume N > 1 is
fixed arbitrarily.
For M € M, define

(S.17) R(w,z,d2’) = G(w, z)2¢" (z, 2')>M(w, z, dz').
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SUPPLEMENTARY MATERIAL FOR: TWISTED PARTICLE FILTERS 9

The proofs of Proposition 4 and Theorem 1 involve a generalized eigen-
value and eigen-function for ﬁ, and our first objective is to verify that such
quantities exist. In order to do so, we now check that when (H2) holds, R
satisfies a regularity condition of a similar form. Define

J(w,x) = G(w,2)%¢*(z,2')*M(w, z, dz’)
XN
and ) .
w / /
L(w,x,dz’) = G((“)?J") ¢ (ZL‘,IL‘) M(W,l’,dl’)j
J(w, )
so clearly

R(w,z,dr’) = J(w, z)L(w, z, dz’).

LEMMA 5. Assume (H2), let M be any member of Ml and let ¥ be the
accompanying measure in (2.26). Then there exist constants a € [1,00),
(6_,64) € (0,00)% and p € P(XN), such that

J(w7$) / /
(S.18) Wga, V(w,w,m,w)EQQXXQN,
LON 2
(S.19) (dz) [%(w)} 5(dx)
and
(S.20) S_p() < L(w,z,)) <oyipu(), V(wz)eQx XV,

PROOF. For any A € X®N,
[ (PN o, da)
A

:/ de(x,-)(x,)du®N (o dv

2 —
) (a:’)] MY (x,dx")

€ dv

s21) < EE /A [dy@N(az’)rﬁ(dfc')<oo,

where Lemmal, (H2) and the definition of M have been used. By a similar
argument,

/ ¢ (2, 2') Mz, da’)
A

(8.22) > 62;? /A [dﬁN(x’)ra(d:ﬁ').
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10 N. WHITELEY AND A. LEE

By Lemma 1 and taking A = X" in (S.21) and (S.22), the bound of (S.18)
holds with

The bound of (S.20) holds with 6_ = (e*Ve3) / (e2Ve}) and 6, =1/6_. O

REMARK 9. Having established the regularity properties (S.18)-(S.20),
we notice that R will have properties which are exactly similar to those
properties of ) established in Propositions 1, 2 and 3, which we shall now
summarize (we will not write a proof explicitly, since the arguments fol-
low precisely the same programme as in the proofs of the afore-mentioned
Propositions). We shall write

RY = Id, RY = ﬁﬁ_lﬁanflw, n > 1.
ForanyNZlandMGM,
e there exists a constant =y € (—o0, 00) such that for any u € P(XN),
(S.23) %loguf{‘,‘j(l) — =N, asn—oo, for P—a.a w.

e there exists a random variable £ : Q@ — R, (depending on N) and a
function £ : Q x XY — R, measurable w.r.t. F @ XY@V such that

& lw, )
S.24 sup < 00, sup < 00,
( ) w,w' gw’ w,w!,x,z’ E(WPTI)
and
(S.25) R (e‘“) e

o for any z € XV,

f{w (e&w) (1.)

() P(dw).

(S.26) Eny =Ellogé] = /Qlog

Note that in the above displays, the dependence of various quantities on M
is suppressed from the notation.

We can now deal with the proof of Proposition 4 and then a collection of
Lemmas which prove Theorem 1.
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SUPPLEMENTARY MATERIAL FOR: TWISTED PARTICLE FILTERS 11

PROOF OF PROPOSITION 4. By Proposition 1, for any pg € P(X),
2 w
—loguo@e(1) — 2A, forP—a.a. w,
n

and by (S.23),

1 -
(S.27) —log u¥NR¥(1) — En, for P —a.a. w.
n

Then as

w NRw(l)

nN — )
[Mon( 0@y (D)

the proof is complete, with TN(M) =EnN — 2A. O

REMARK 10. Further to Remark 8, if |Y| = 1 and additionally N = 1,
then we have (again dropping w from the notation)

M(z,d2" Yh(z’') M (x,dz")h(2)

M(h) () —  M(h)(x)

so that the Markov kernel addressed in Theorem 1 is exactly that of the
h-process associated with Q.

The proof of Theorem 1 is now given in Lemmas 6-8. The first can be
viewed as generalizing the necessity part of the proof of [1, Theorem 3| to
the case of non-negative kernels driven by an ergodic shift.

LEMMA 6. [1)=2)] If TN(M) = 0, then for P-almost all w € Q) there
exists A, € XON such that v®N (AS) = 0 and for any x € A,

fB Mw ZL‘ dx/)héw( /)

M*¥(z,B) = Jiw M= (z, dz)h? ()

for all B e xX®N.

PROOF. We need to introduce a notational convention before proceeding
with the main body of the proof. For any ¢ : © x X — R a function
measurable w.r.t. F @ X®V let the P-essential supremum of the collection
of functions {¢(-,z);z € XV} (in the sense of [4, V, 18.]) be x, i.e. x is a
random variable on (2, F,P). In a slight abuse of our w-section notation we
shall write, for any w in €Q,

(S.28) ess sup, () == Xw.
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12 N. WHITELEY AND A. LEE

Let y(w,z) = h(w,z)?/¢(w,z), and p be the P-essential supremum of
the collection of functions {’y(-, z); xe XV } Then in accordance with the
convention (S.28) we shall write:

€ss su hw(SU)Q =
pw 5‘”(3}) = Pw-

From (S.24), the definition of h in (S.24) and (2.17),

¥(w, x) h* (z)? Ew/(x’)
S.29 _ =
( ) w,i}l,lm),a:’ 7(0‘}/7 $/) w,osj}ial?,z’ Ew(x) hWI (l‘/)

5 <0

and therefore, at least up to a set of P-measure zero, p,, is uniformly bounded
above and below away from zero in w. This observation, the bound (S.29) and
Lemma 5 will ensure that various expectations appearing below are finite.
We now proceed with the proof. Since by Proposition 2 and (S.24), A and
& are uniformly bounded above and below away from zero in w, we may
write TN(M) =Ey—2A =E [log %} (where the first equality is as in
the above proof of Proposition 4). We are going to prove that the condition
E [log %} = 0 implies that for P-almost all w € Q, there exists A4, € X®N

such that v®V(A¢) = 0 and for any x € A,

B fB M« (z, dz")ho (z')

= for all B € X®N.
fo M(z,dz)h%(z)’ ora <

(S.30) M (z, B)

For any x € XV,

Re(£04) ()
()

1 w( )2 wxl,/Qwa 2 wa/Z
o [ @R A e ()

gw:

A\

1 . 2
S.31 > — /Gw z)¢” (z, 2 YM¥ (z, dz’)h? (2 ]
($31) i | [ G @0 N )
1 0 2
= — wx,d:n'hwx'}

iy || @)

hv 2
(S.32) = ——@Lag P— a.s.,

pewﬁw(q;)
where the first equality is just (S.25), the inequality (S.31) is due to Jensen’s
inequality and the equality in (S.32) holds due to Lemma 2. Here and sim-

ilarly elsewhere in the proof, the existence of the set of full P-measure on
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SUPPLEMENTARY MATERIAL FOR: TWISTED PARTICLE FILTERS 13

which the equations hold is deduced using the definition of the essential
supremum of a collection of functions, Tonelli’s theorem and the fact that
R¥ (z,-) is equivalent to the probability measure p in Lemma 5. The following
inequalities then hold for P-almost all w:

€
1 1

(S.33) > ——esssup, /G“’(x)Qc;Sw(x,a:')zM“’(z,dx/)hew(a:')2
Pbuw ()
A2 h* (z)?
S.34 > — esssup, .
B2 s P )

We then have

E [log¢]
> /Qlog [p;w esssupmgwix)/f{“’(w,dm’)hew(x’)Q] P(dw)
:/Q {log [esssupxgwtx)/f{w(%dfﬂ/)hew(fﬂl)ﬂ —logﬂew} P(dw)

(8.35) = /Qlog _ess sup,, gwl(x) /f{“(x,dx’)hew(x’)ﬂ P(dw) — E [log p]

[1 1 ~
:/log esssupx/Rw(x,dx')hew(m’)Q] P(dw)
Q

vz ()
A2 h* (z)?
(S.36) > /Qlog e ess sup,, Zw(m)} P(dw)

(S.37) =E [log A?] = E [log¢],

where (S.33) has been applied; (S.35) holds because 6 preserves P; (S.36)
holds due to (S.34) and similarly because 6 preserves IP; and the final equality
in (S.37) holds by hypothesis (since we are trying to prove (S.30)). Thus we
conclude

E [log ]

R (1012 (s
(S.38) :/Qlog plwesssupxR ([Z)(:j)>( ) P(dw).

Now for € > 0 and w € €, introduce

A = {m  9() < (1;6) hw(m)Q} .

imsart-aos ver. 2012/08/31 file: suppmaterials_aos.tex date: May 28, 2013



14 N. WHITELEY AND A. LEE

Then for any € XV,

he 2 hv 2
“(x) > (z) +e (z) Iae (z), P—a.s.
Pw Pw ’

Now by Proposition 2 and the definition of h, we know inf,, ; h(w,z) > 0,
and similarly, by (S.24), inf,, , ¢(w,z) > 0. Combined with Lemma 5 this
ensures that there is a strictly positive constant k independent of € and w
such that for any z € X,

Rw (g@w)
& =
Rw([hewp) () . o
2T @) pate@) Jay, IR
R ([0%]") (@)
Poute () +@k 1(Agy ), P—as.,

where p is as in Lemma 5. Thus we find, once again using the fact that 6
preserves P,

R¥ ( [h%]7) ()
Bllog) > [ 1og |- esssup, ([gw(j)> (4, | B(d),

but we have already proved (S.38), and since €, k and p,, are strictly positive
and finite we deduce that

(S.39) P ({w: u(A§, ) =0}) =
Now for any w € €, if u(Ag, ) = 0, then by (5.19) (dv®N /dD) () is zero

for v —a.a. x € AS
find

Ow,e’

and then v®V(Ag ) = 0. Therefore, from (S.39) we

1 :P({wzy G c ) =0})

(S.40) =P ({w: v®" (Ape) =1}) =P ({w: vON(A,) = 1}),

where the final equality holds since 6 preserves P.
From the definition of A, it is clear that for any w,

(S.41) M Aui/m = {x () = 1h°’(x)2} A,

m>1 Puw
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SUPPLEMENTARY MATERIAL FOR: TWISTED PARTICLE FILTERS 15

and
<S42) Aw,l/(erl) - Aw,l/m7 Vm > 1.

Now suppose that for some w € Q, (A, 1/,) = 1 for all m > 1. Then
in light of (S.41) and (S.42) , continuity of probability under v®V dictates
v¥N(A%) = 1. On the other hand, if v®V(A%) = 1, then it must be that
vON (A, 1/m) =1 for all m > 1. Therefore

(S.43) {w: VEN(AY) = 1} = ﬂ {w: I/®N(Aw71/m) =1}.

m>1
Evaluating v®Y on the sets in (S.42) we find
(S.44) {w: V®N(Aw’1/(m+1)) =1} C{w: V®N(Aw’1/m) =1}, Vm>1
Then by (S.40), (S.43), (S.44) and continuity of probability under P,
(S.45) P ({w:v®N(4L) =1}) =1

Now (S.45) ensures that, for P—a.a. w, A% is non-empty, so it is legitimate
to write, for any z € A},

gl Rw (gGw) hw( )2

) [Q”(h"“)( )
Rw ([hHw )
.
Pu (z)? [ ¢ (z,2")* M (z, dz’)h% (2')?
2
Pow Gw <f (bw x,T )MW(LU dx’ )hew( ))

Pu
S.46 N
( ) T Pow

where the final inequality is due to Jensen’s inequality. Therefore we have
proved

g—w@>1 P—a.s.

A2 Pw

However, by hypothesis, E [log p} = 0, and combined with the fact that 0
preserves P we find

§w Pow §
/Q log <AEJ’Z}> P(dw) = E [log v} + /Q log pouP(dw)— /Q log poP(dw) = 0
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16 N. WHITELEY AND A. LEE

therefore it must be the case that in fact

570-2 Phw

4 Pow
(547 AL P

=1, P-a.s.

Equation (S.47) implies equality must hold in the instance of Jensen’s
inequality (S.46), i.e. for P-almost all w, and all z € A%,

¢ (z, 2" % (2) = & (x), Mw(az, ) —a.s.,
and therefore

— 1
M¥(z,B) = C“’(:U)/BMM(% dz')h®(z), for any B € X®V.

Normalization then dictates

~ MY (z, dz'Yh? ('
Mw(l‘,B) _ fB Mi(hgw))('r) ( )7

and this completes the proof. O

LEMMA 7. [2)=8)] If for P-almost all w € Q there exists A, € XN
such that v®N (AS) = 0 and for any x € Ay,

_ fB M (z, dz')h? (z')

M B) = M, debie(z)

for all B € xX®N,

then sup,, ]7,“;]\, < 00 for P-almost all w € Q.

PRrROOF. Let C € F with P(C') = 1 be a set of w’s for which the hypothesis
of the Lemma holds. Then for each n > 0, let C,, := ﬂZ:O 0~PC, and C* :=
Moy Cn. Since 6 preserves P, it follows that P(C,,) = 1 for all n > 1, and
since Cy, N\, C*, we have by continuity of probability P(C*) = 1. Furthermore,
by construction, we have that for any w € C* and any n > 0 there exists
Agny, € X®N such that v®N (A5, ) = 0 and for any x € Agny,,

MO, da b )

= , forall Be x®V,
S MO (2 de)h o (z)” "

(S.48) M”"“(z, B)

Now pick any w € C*. This w remains fixed throughout the remainder of
the proof. Observe firstly that for any n > 0 and x € Agn,,, using Lemma 1
and the fact that by Proposition 2 h is strictly positive, the measures v®V
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SUPPLEMENTARY MATERIAL FOR: TWISTED PARTICLE FILTERS 17

M?"“(z,-) and MO (z,-), are mutually absolutely continuous. Assume now
that n > 2 and observe secondly that since G () = \,h*(z)/M® (h%)(z),

we have from (S.48) that, for any (x1,...,2,) € [ngl Agpw],

T o o7 b (x1) Ty
G7 ¥ (2p)9" “ (p, Tpt1) = 7w Agreo-
;)1_[1 P P> Tp+ h?" (2,,) pl_[ i

Combining these two observations with @V (Agn,) = 0 and again using
G¥(z) = \,h®(z) /M¥ (h%)(x), we obtain:

uGVRY(1)

n—1
= Eu]</ H Gepw(Cp)2¢9pw(Cpa Cp+1)2

p=0

n

—1
=EX ]IAgp-Hw(CP)GOPW(CP)QQbGPW(Cm Cp+1)2

_p 0
2
n_l - W (¢)
— w w 2w 2 ( = BGlI)
= | I | & |e@rs ey )
2
= | b*()? ) ((h*(¢) )
- )\Pw X “ b n
e | B | e (0 ) ()
n—1 2 hw( ) 4
< H/\apw (( S}lp A h‘*”(i’)) EX [éf’w(CO’Cl)Q}
p=0 w,w’,r,T
= i h¥(x) 462N€+ dv®N7?
+ ~
49 = ,JHOAG”” (ui?ixq h‘“"(x’)) Z ”([ dv ] )

where the final inequality is an application of (S.21). In the case n < 1 a simi-
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18 N. WHITELEY AND A. LEE

lar upper bound can be obtained. Now using G¥(z) = A h% (z)/M*“ (h%%)(z),

2
n—1
0@y (V) = E° | ] ¢7(X,)
p=0

2 r 2

n—1 n—1
RO (X,)
— >\9pw Ew p
1 s

2 r 2

= | [[ 2w | E h*(Xo) ﬁ % (Xp)

6 PO (X) oy MO0 () (X )
1 2 _ 2
(s e (@)

S.50 > Aores ],

(520 - g) " <<w753w7x’> = (w’))

where E¥ [h%"%(X,)| Xo,...,Xp-1] = Mopil“’(hgp”)(Xp,l) has been ap-
plied. Combining (S.49) with (S.50), we arrive at

~ 6
FVRe(1 he
sup%Tn(g < ( p hw/(x,) ) < 00,
n>1 [:U’OQn(l)] (w,w',z,x") (CC )

where the final inequality is due to Proposition 2. O

LEMMA 8. [3) =1)] If sup,, l};N < o0 for P—a.a. w, then TN(M) =0.
PROOF. Obvious. O

PROOF OF LEMMA 3. We first address 1) = 2). By Theorem 1, if T (M) =
0, it must be the case that up to w and x being in null sets,

_ fB M (z, dz")ho (z')
Jsow M@ (2, dz)h% (z)’

and therefore using (H2), we find there must exist a random variable, say
X, such that

for all B € X%V,

M (z, B)

QN

for P —a.a. w, h¥(z)=yx,, forv*" —a.a.z.

Under (H2), the first equation in (2.18) shows that the probability measure
n* is equivalent to v and therefore

for P —a.a. w, [1*]*Y (h*) = x..
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SUPPLEMENTARY MATERIAL FOR: TWISTED PARTICLE FILTERS 19

But by the third equation in (2.18), we have [“]®" (h¥) = n*(h¥) = 1, and
it follows that

(S.51) for P —a.a.w, h¥(x)=1, forv—a.a.z.

Now we show 2) = 3). Suppose that (S.51) holds. Then on appropriate
sets, Q¥ (h%) = A, h* reduces to

GY(x) = Ay =: Cy.

Finally, we show 3) = 1). Suppose there exists a random variable C' : Q —
R such that

for P —a.a.w, G¥(z)=0C,, forv—a.a.z.

Then since by hypothesis M* = M¥ we have lz,(’f N = 1 foralln > 1 and
P —a.a. w. Therefore YT 5 (M) = lim,, oo n~ ! log V,‘;”N = 0 with P probability
1. This completes the proof. O

Proofs for section 3. The following operators will enter into our N —
oo analysis of the twisted particle system. Define

Fw Fw MQw(dx)d)w(x)
¥ . P(X) = P(X), o dr) .= "——"F"—*~ € P(X).
(X) = P(X) (1) (dx) Q2 (07 € P(X)
and also for each N > 1,
w w 1 Fw 1 w
D PO - P, T30 = 800 + (1 ) 90, € P0G,
o = 1d, %,N::F%deo---of%‘}orw, n>1.

For purposes of developing limits and fluctuation studies in the regime
N — oo, it is convenient to construct the particle system of interest as
follows.

Let Ky be set of all bijections between {1,..., N} and itself, and let its

power set be Kn. Let Zy := (XN X KN)N be the set of infinite sequences
valued in XN x Ky, endow it with the o-algebra Zy = (XN ®ICN)®N,
so as to form a measurable space (Zy, Zx). Let {(Zn, mn> ;n > 0} be the

coordinate process on Zy.

imsart-aos ver. 2012/08/31 file: suppmaterials_aos.tex date: May 28, 2013



20 N. WHITELEY AND A. LEE

| X

~N . -

), =7 E (5% n > 0.
i=1

Now for some fixed w € €, let us introduce a probability measure, P%;, on
(Zn, Zn) according to the following prescription. Under P%, the sequences

En;n > 0} and {kp;n > 0} are independent. The sequence {Zn, n> O} is
a Markov chain with the following law. At time n = 0, the random variables
~3N
{Cé}‘ . are independent and identically distributed according to pg. At time
1= N N
n > 1, the random variables {Cfl}
1=

Cn—l; and

| are conditionally independent given

~ ~pn—1 e ~ n—1 ~ .
(8'52) Evlanfl ~ @’ w(m]zv—l)’ Cfl|<ﬂ*1 ~ of w(ﬁflv—ﬁa i=2,...,N.

Finally, the components of the sequence {k,;n > 0} are independent and
identically distributed according to the uniform distribution on (Ky, Cy).
Expectation under P%; will be denoted by EY;.

REMARK 11. Our interest in this construction is that if we define, for

eachn >0and ¢=1,..., N, the random variables
Go= G

we obviously have the identity of empirical measures
1 & 1 &
~N N
(5.53) TIn :NZ;(S@»:NZ;%:”"’ n>0.
1= 1=

Furthermore, using the fact that with M as in (3.1), for any (w,A) €

Q x XN M“(m,A) is invariant to permutations of the coordinates x =
(zt,...,2N), it is straightforward to check that under P%;, the process {(,;n > 0}
is Markov, with

(S.54) ClGr ~ M7 (Gr,), n> 1,

which is exactly the transition law of interest. The important thing here
is that the identity of random measures (S.53) permits us, by construc-
tion, to perform asymptotic analysis of functionals of the empirical measures
{Nfl Efil O¢i;n > 0} through study of the random variables {Zn, n > 0}
rather than {(,;n > 0}: the conditional independence structure of the former
as per (S.52) is easier to work with than that of the latter under (S.54).
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SUPPLEMENTARY MATERIAL FOR: TWISTED PARTICLE FILTERS 21

REMARK 12. To see that Algorithm 3 does indeed implement (S.54),
notice that for A € XN 2 = (2!,... 2V) e XV, 2z = (21,...,2N) e XV,
and

/ M (z, d=) " (=)

Z/ ) ERE KA I

j=1 Zz 1Gw xl)

where ][ indicates tensor product of measures and we have abusively written
Y% (2F) to represent the function which maps z = (z%,...,2V) € XV
Y% (2%) € Ry. In particular then,

N

XN

Mw(x dz w@w [ZQ(» w@w i ] /

and

1 SN QU(at,d) (zﬁil@wuﬂdzkw%(zk))
S. — .
599 N;/A 171 Soivy G(a) SN Qw(wh) ()

We proceed with a crude but simply proved L,, error estimate.

LEMMA 9. Assume (H38). Then for each w € Q, n > 1, p € P(X) and
p > 1 there exist finite constants By and C;,, such that for any ¢ € L(X),

(5.56) 05 0) — 2500)] ()] < ol e

(8.57) e[| -] ] < oll 2.

PROOF. The proof of (S.56) is by induction. At rank n = 0 the inequality
holds trivially since ®f = ®§ = Id. Suppose the inequality holds at rank
n — 1. Then at rank n,

D) — 25 ()] ()]
<[P 1 () = 97051 (00)] (9

)
[T () = 97 @ )] ()
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22 N. WHITELEY AND A. LEE

< B0 o () — 0 ()] (0
M1 (10Q7 () [1 F%M(mcﬁ"‘lw(l)”
T 0@ =) || @ (0@ = ()
[F%,n_l(ﬂ) - ‘Pﬁfl(u)} Q" ' (p)
@, (NQ™ () /

+

+

and the result holds by the induction hypothesis and some simple manipu-
lations.
The proof of (S.57) is also by induction. At time n = 0, the random

variables {(0} » are iid according to pg, so by the Marcinkiewicz—Zygmund
(MZ) inequality,

_ 1 Cy
e[|~ ol (D] < el 22

Suppose the inequality holds at rank n — 1. Then at rank n,

e (1Y — i) @]
s389)  <Ex[|[-ry @ o] @]
(5.5 e [| [ @) -8 o] @]
(3.60) | [ = T ) ()]

The term in (S.58) is dealt with by application of the MZ inequality and the
term in (S.60) is dealt with using (S.56). For the term in (S.59),

TG - T 0] ()

1 ~gn—1 —~ n—1,
= [ - 8 )| ()
77n 1Q0n @ “(v) 77n 1Q9n 1 (1)
1 - - ——"|1-—=
() e )
(N O A ()
+ (1 - N> [Tn—1 — -] W’

and the result follows by elementary manipulations involving the MZ in-
equality and the induction hypothesis. O
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SUPPLEMENTARY MATERIAL FOR: TWISTED PARTICLE FILTERS 23

PROOF OF LEMMA 4. The result follows from the L, estimate (S.57), a
standard Borel-Cantelli argument and the identity (S.53). O

Lemma 10 is an extension of the CLT in [2, Chapter 9, Theorem 9.3.1]
to the case of certain random test functions and the setting of the twisted
particle system. It is established by an application of [6, Theorem 3.33, p.
478].

Ford >1and m > 1, let ¢ : (p,q,z) € Nx{l,...,m} x X = ppq(x) €
R? be a bounded measurable function and for each N > 1 let gV :=

{ é\fq; (p,q) e Nx{1,... ,m}} be a collection of R%-valued random variables

on the probability space (Zy, Zn, P%) such that for any p > 1 and 1 < ¢ <
m, f;fq is measurable w.r.t. O’(Z(),...,Zp_1> and {ﬁé\fq;q €{l,...,m}} are
constants. Then let the random function fV : (p,z) € N x X fN(z) € R
be defined by

m

(8.61) F7N) =) Bpepg(@), 1<i<d,
q=1

where fév " is the ith coordinate of fév , and for n > 0 define

MNP = SN - TR @) ()]
p=0
with the convention that T, '« (M) (¢) = po. Clearly {Mr‘f’N(fN); n > O}

is an R?valued martingale w.r.t. to the natural filtration of {va n > 0}.

LEMMA 10. Assume (H3) and that there exist deterministic and finite
constants (Bp.q; (p,q) € N x {1,...,m}) each valued in R? such that for each

D, 4,1,
N .
(S.62) MZ — Bé,q

in probability as N — oco. Then with
Tp(@) =D By (@),
q=1

for any fized w € Q, the R%*-valued martingale {\/NM%’N(fN); n > 0} con-

verges in law to an R¥-valued Gaussian martingale { M (f);n > 0} such that
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24 N. WHITELEY AND A. LEE

forany 1 <4,j <d,

V>0, (M(f), M2(f7)), = > 1y [(fp =y (D) —n ()]

p=0
where M“(f?) is the i-th coordinate of M“(f) .

PRrROOF. For a € R let [a] be the integer part of a and let {a} = a — [a].
Consider the decomposition

(n+1)N

where for any 1 < k < (n + 1)N and (p,i) satisfying 1 < i < N and
k= pN + 1,

(@ - @], kN =1,

UN(FY) = f
= [R@ @] ke =i
We will establish distributional convergence of the process
[Nt]+N
XNy =Y Ui,
k=1

to a continuous Gaussian martingale by application of [6, Theorem 3.33, p.
478]. The dependence on w of UY (fV), XV () and various other quantities
is suppressed from the notation in the remainder of the proof.

For fixed N, let ’H{CV be the g-algebra generated by the random variables

Z]i, for any (p,i) such that pN + ¢ < k. Then

[Nt]+N

S B [UNOUN (L] = O (N ),
k=1

where

CY (™, M) = Cy (AN F77) + 8CY (F, FY9),

- ; 1w, . 1 o
CRGM %) = L)+ (1- 5 ) aia)
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SUPPLEMENTARY MATERIAL FOR: TWISTED PARTICLE FILTERS 25

D) = @) [RR].

o o A
= R =@l (),

p—1/\Jp
o ) 1 ,
L= B e @) (5,
and
SO (fNE, )
1 ~

[ty /o~ TN PN,j
= I[[Nt] - N[t] > 1] - 87(7) [fﬁﬂfﬁil}

([Nt] - NTt| - 1)
N

[t~ 7N, FN,j
I[Nt — N[t] > 2 o) [Fyi Fv)

with the convention ®° '« (7N,) = @'« (7N)) = 1.
Now for n > 0 consider
Calf 1) = g [y = g ) = ()] -
p=0
By Lemma 4 and (S.62), for any n > 0 and t € Ry, (and using [Nt]/N — t)
Ca' (FY 1) = Cal 7, 1),
and
OC(FM, FM)
= bt [ (Fo = 8 Ula)) (R = i ) |

both in probability as N — oo. Defining

Co(f', ) = Cy(f*, 1) + {t} (Cga (f, F7) = Cy(f*, 7))
we have proved that for any ¢t € R,

> ER [OXFFHOY ()M — Cullf ).
k=1
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26 N. WHITELEY AND A. LEE

in probability as N — co.
We now need to verify the conditional Lindeberg condition is satisfied: we
shall prove that for any ¢t € Ry and € > 0,

[Nt]+N

w 2
863 > B [JUNUMPHUN M) > A o,
k=1
in probability as N — oo. To this end, fix t € Ry, set n = [t] + 1 and define
||g0”n = vOSpSn,lSqu,lSiSd HSO;%QH Now fOI‘ any 1 S k S [Nt] + N, setting
p = [(k—1)/N], we have by hypothesis of the lemma that 5., is measurable
w.r.t. HkN_l for any ¢ € {1,...,m}, and therefore

B [[U () IU ()] > el

1/2

d m d m ]
4 i 2
NZZ H qu I2 EZ‘ H%xq“ > eVN
i=1 qg=1 i=1 g=1
4 d m d m 1/2 i
< el o I8N P L N g, (SN I8 >
i=1 g=1 i=1 ¢=1
3/2 .
N3/2 par l‘ﬁzjvqu} ’
So in turn,
[Nt]+N )
> B U P HuR )] > i
k=1

3/2

8 ——3/ - i
(S.64) <—=l > Zz}ﬁﬁé

The right hand side of (S.64) converges to zero in probability as N — oo
due to (S.62) and the continuous mapping theorem. This establishes (S.63),
as required.

Therefore { XV (fV);t € Ry} converges in law to a continuous Gaussian
martingale {X;(f);t € Ry} such that for any ¢t € Ry and 1 <1i,5 <d,

(XD, X(F7)), = Cul ).
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The proof is complete upon noting for n € N, X (fV) = v NMﬁ’N(fN). O

PROOF OF THEOREM 2. We first address convergence of the unnormal-
ized measures. Keeping in mind (S.53), consider the decomposition:

YN (@) = ()

= N Qi (0) = QI ()
p=0

SR CT) P g— L U R T P
e o0t () (p0)

= >N [ = o @) g
p=0

(S.65) = RN 4+ MmN,

with the conventions that 4} NQt~lw = @bt 'w (ﬁﬂ) = 1“‘19\1;_1 (ﬁNl) = po;
and where
op PP 0P—1lw (AN or
gpn . Q w( ) P ¢ (npfl) nf;;(@),

o0 () (wo)

with the convention ¢*/® (7%;) (¥*) = 1; and

M Z Ny [y - T% e @) | (g,

RaN z V) [ @) - o @) ()
- NZ @[3 @) " )] )

= NZWG@QH (@) (g5).
p=0

where %" (77;;\[ 1) (g}‘,“’;{\f) = 0 has been used. Lemma 4 and the continu-
ous mapping theorem ensure that %" (1) — 7¥(1) and VNRYY — 0 in
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28 N. WHITELEY AND A. LEE

probability as N — oo. By Slutsky’s lemma it remains to prove the conver-
gence in distribution of v/N. MY This is achieved using Lemma 10 and a
programme of arguments similar to [2, Proof of Proposition 9.4.1.]; therefore
some steps are only summarised.

For 0 < p < n, define

N 1y /o~ w
VY = VN [ = TR @) | ().

We shall first apply Lemma 10 to address the convergence in law of the
random vector (VON, cee VnN). For the quantities in (S.61) let m = 2, d =
n+1 and for i =0,...,n, set

O () Qe ()
o0t () (o)

Polil = 1lp = i]Q5 (), 0 <p <m,
ph =Tp=iy", 1<p<n,

and BN i+l cp”l I[i = 0]. Then by construction, for p =0,...,n,

= [y % @) Zﬁp Ty

o7 (1) Q% ()
B (1) ()

- L
= |y —Th < ([@0)] | Qusple) +u™

[~N _F%“_lw (AN >- ( wN)

= _np 77p—1 | gpn
N/ /N
where Mg N (fN#+1) is the p + 1th coordinate of MY (fN) appearing in
Lemma 10. Thus by Lemma 10, the random vector (VON oo, VN ) converges
in law to a centered Gaussian random vector, say (Vp,...,V,). Then using

the again the fact that for each n, 7' (1) converges to v,(1) in probability,
Slutsky’s lemma together with the continuous mapping theorem ensure that
VNMEN converges in law to ZZ:O vp(1)V,, and by exactly similar argu-
ments to |2, Proof of Corollary 9.4.1.], the components of (Vj,...,V,,) are
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SUPPLEMENTARY MATERIAL FOR: TWISTED PARTICLE FILTERS 29

independent, so Y 7,(1)V} is a Gaussian random variable with variance
as given in the statement of the theorem.
Now for the normalised measures. Consider the decomposition:

M (P =1(9) = T Qon(®) +Zn (@) = T 1 Qp1.,(?)
= Rﬁ’N+M$;’N,
where @ = ¢ — n¥(p) and

MeN = ST TR )] Q@)

p=0
ReN = NI @Y ) Q@) — Y1y (9)
=1
Pn ) 1 .
SO o
= S [EEE) e @) o)
p=1

n ~N 0P~y
+Z<1 S >><1>9‘” (ip1) @pn(®):

1 (GP)

with the convention Feflw (ﬁ 1) = po. Lemma 10 provides the desired con-

vergence in distribution of \/ NM} “(p), so by Slutsky’s lemma, it remains
only to prove that v N Rw — 0 in probability. To this end, noticing that
n;’Q:’n(@) = 0, we have
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and

E% —Hqﬁ”‘l (1) = 12| Qon(#)] ]1/2

—w ~ -1, 27 1/2
> N ﬁévfl (Gep—lw) 77;)71 (Ggp—lw)
L 1 w % P o1/
oy [~ ] Gl

IN

—+

Y

o ~ — 1/2
an 1?G9” 1H N U[n G )ﬂ
w ‘2] 1/2

1 = Jpp— B
WE% U [77;];\771 - npfl] prl,n((p)
o—

where for the final inequality

Ty 1@y 1.n(2) /T4 (GGZHWM <, < G e ) Q%) /7 (G9P71w>

has been used. Then by application of Lemma 9 we conclude that there exists
a constant b, (n) such that

NER [|R2N]] < el bu(n),

which implies, via Markov’s inequality, that v N’ RN 5 0in probability, as
required. ]

We now turn to the proof of Proposition 5. As per (S.17), we will work
with the non-negative kernel

ﬁ(w, z,dz’) = G(w,z)?¢ (x, m’)Ql\N/I(w, x,dr’),

In order to prove Proposition 5 we shall introduce the kernel

S(w,z,dz’) = mﬁ(w,x,dx') [hew(x')r,

which may be regarded as a randomized similarity transform of R. Then
writing, in the usual fashion,

(S.66) S¥ . =8¥...80" W >,
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it is clear that
w 1 oW 0" w 2
S, ()(z) = o) Ry | |h (),

and we have

LEMMA 11. Assume (H1), (H2) and

Y ()
wiu:(;px/ ww ( I)

< 00

Then for any x € XV

lim —logS‘”( )(z) = lim —long( )z), P—a.s.

n—oo n n—oo n

PROOF. Using the bound sup,, . . h¥(x)/h* (') of Proposition 2, we
have

n

Liogsae) = oy ([87]") ) - Z1os )

1 ~ c
< ZlogR¥(1 —
< ~logRY(1)(@) + -,

for some finite constant ¢ which does not depend on w or n. This bound,
combined with a similar lower one, complete the proof. O

The second component in the proof of Proposition 5 is the following
Lemma, whose proof we briefly postpone.

LEMMA 12. Assume (H2),

P (x)
wcsultrp:v’ ww ( /)

and fix w € Q. Then for any N > 2 and x € XV,

< 00,

o1 [2 up ) _1]

N —1|" (. 2exe ¥% ()

.- (Mw 1[;0“’ > up h"”(z)_h"”(z’))
sexv \ M¥@(hf)( ex wew(z) PP (2)

where A, s as in Proposition 2.
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PROOF OF PROPOSITION 5. Let us choose the initial distribution ug to
be the eigen-measure 1 defined in Proposition 2. Iterative application of the
equation n“Q“ = A\,n? shows that

n—1

Ew H Gepw H )‘pr ’

p=0

and then by Lemma 11, Proposition 4, (S.66) and the property that 6 pre-
serves [P, we have

TN(M) = ILm — log S¥(1 - Z log Agre,
SUJ
< log [IP’ — €55 sup,, (sup (2)()>] ,
zeX Aw

where the limit holds for P almost all w. Applying Lemma 12, and notic-

ing sup,cx~ Mw(v,baw)(z)/M‘”(hew)(z) < supgex ¢9w(x)/h9w(x), the proof
is complete. ]

PROOF OF LEMMA 12. At various places in the proof we shall write, for
some suitable function ¢, osc(y) := sup, , [¢(r) — ¢(y)|-
The starting point is the expression:

M_l — M ¢9w / M"J hgw(z)2

2 WZhe ()2 RETRE
- e [ >}«IZ:°U(<ZZ)> -
- <(;ii:)<( >) M dz) }zl;:j 5ot
s LR (RG]
= /| M*(z, dz) [ dlv;’f( $’) (2) - 1]

where M“(h%?) = A h" /G has been used, and the final equality, included
only for purposes of exposition, is valid with the Markov kernel Mopt (x,dz) =
M (z,dz)h™(2)/M“ (h"")(z).
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The main strategy of the proof is to introduce, for each w € €, two
judiciously chosen Markov kernels, K« : XV x X®2 — [0,1] and L* : XV x
X®2? — [0,1] such that we can write

M¥(z,dz)h* (z) | M¥ (™) (z) h%(z) 1
XN “how)(z) | M@ (h%)(z) 4% (2)
(S.68) _ /X K d='?) — 19, d2)] £, 2%,
where
e M (55) (@) B()
(S.69) f¥:(x,2)eX X +— M (000 (2) 075 (2) 1 € R,

and such that we can control the magnitude of (S.68) using an estimate of
|K“(x, ) — L*(x, )|, Now for any w and x, by definition M“(z,-) is a
symmetric measure. For 1 < ¢ < N and z € XV, we shall write M%Jq) (z,-)
for the marginal of M*“(z, -) over the first ¢ < N coordinates.

The first Markov kernel we introduce is:

N N
1 M“(x dﬁ)hgw(ék) ¢9w(3l) 1:2
dez / 0w —d( 0y (dz7),
kZlZ xo N M=(00)(z) YN (s 6

where here, and henceforth, 3 = (3%,...,3")

tions then yield

€ XN. Elementary manipula-

Kw(l', dzl:2)fo.)(x7 22)
X2

M- (2, dz)h" (2) [M%wewxx) b))

xv - Me(bf)(z) | M@(h%)(z) % (2)

where f“ is as in (S.69).
The second Markov kernel is:
ML&) (x’ le:Z)th(zl)¢0w(Z2)

L¥(z,dz"?) = M (how)(z)M® (%) (x)

so that then
/ L¥(x, dzY2) f<(x, 2%) = 0.
X2

Furthermore, we have:
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K¥(x,dz"?)
N (z Ow (K 0wk
sz/xN L d3)h7C(3%)  PPe(3") ‘ 5(3k73k)(d21:2)
k=

Me(bf)(@) 3T 0 (3)
{E le 2)h0w(21)w9w(22)
) M« (h%)(x)

/ ML(UN—2) (.TC, dﬁl:N_z)
N-2 N-1 wew )+¢0w(z2)+ZN 2¢9w( )}
(ﬂﬂadzm)hew(z )% (2?)
(2)
= (1- N> M (7))
M‘(’JN_z)(%dﬁl:N_Q)[ &(Z < 751 N_Q)]

XN -2

(S.70) -

LN=2) — ¢6w(zl)+¢9w(22)+2;‘v:712 V().

where in the final display (2!, 22, 3
for M, (z,-) — almost all 212 €

Then, noting that L¥(z, ) < K¥(z,-),

X2,
dL¥(z,-) 4.
QE%ZQE;TS(le)
1\ 1 1
= (1‘N> N (%) (2) N
N-2 -\ !
( / My g (2, d5" N 2) lw"%%)w“(%w Zw%f)] )
j=1
1\ ! 1 1
: (“N) Mo (0 (2) N
N-2

: lw”(zl) + 7% + / > v )My g (2, da“V”)]

1 [Wzl) +w9w<)z2> ).

SN MG

where the first inequality uses (S.70) and the second is due to Jensen’s in-

equality.
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SUPPLEMENTARY MATERIAL FOR: TWISTED PARTICLE FILTERS 35
Since L¥(z,-) < K¥(x,-), we then have, with the set

_ ALz, ) g
A—{ZI2EX2.W(212) > 1},

2 = Kl = [ |G (1) = 1] Ko dst?)

1 2SUP3 ¢9w(5) _ W dyl2
= /AN—lle(w@w (v) 1]K o

)
1 [2sup, ()
= N—llmw@p@w)m‘ll'

(S.71)

The tv-norm can also be expressed as
1K (@, ) = L (2, ) |l

= sup / [K“(z, dz¥?) — L¥(x, dz" 2)] o(24?)

{p:0sc(p)<1}

and combining this with (S.67), (S.68) and (S.71) we obtain
“(1
e

)
1 o) ] (M @)
SN lzzi“ﬁxwwz') 1] p(MW(hewxm)) ()
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