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ABSTRACT. We generalise the a-Ramsey cardinals introduced in Holy and Schlicht (2018) for cardinals « to
arbitrary ordinals «, and answer several questions posed in that paper. In particular, we show that a-Ramseys
are downwards absolute to the core model K for all a of uncountable cofinality, that strategic w-Ramsey car-
dinals are equiconsistent with remarkable cardinals and that strategic a-Ramsey cardinals are equiconsistent
with measurable cardinals for all @« > w. We also show that the n-Ramseys satisfy indescribability proper-
ties and use them to provide a game-theoretic characterisation of completely ineffable cardinals, as well as
establishing further connections between the a-Ramsey cardinals and the Ramsey-like cardinals introduced

in Gitman (2011), Feng (1990) and Sharpe and Welch (2011).!

1 Introduction

Most of the large cardinals above measurable cardinals can be characterised as the critical points of elementary
embeddings j : V' — M, where the strength of the large cardinal notion in question is increased by requiring
more closure of the target model M and more properties of the embedding j. In analogy, Ramsey-like cardinals
were introduced in Gitman (2011) and Gitman and Welch (2011) to be a natural weakening of this concept,
being roughly cardinals « that can be characterised as critical points of elementary embeddings j : M — N
between r-sized ZFC™-models M and N. Here we then increase our consistency strength by requiring more
closure of the domain model M and more properties of the embedding j.

Implicit work in Mitchell (1979) and Donder et al. (1981) shows that Ramsey cardinals are precisely of this
type, in which the derived measure from 7 is both weakly amenable and countably complete.? The question
is then how many of the well-known large cardinals can be characterised in this fashion? Gitman (2011)
introduced various Ramsey-like cardinals, whose definitions we will recall in the next section, and recently
Holy and Schlicht (2018) have introduced a new family of cardinals, called (strategic) a-Ramsey cardinals,
which have the added feature of having a game-theoretic definition.

In Holy and Schlicht (2018) the (strategic) a-Ramseys were considered for « being an infinite cardinal,

and in this paper we will expand this definition to any ordinal a. Section 3 will cover the finite case which
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2For a proof of this result see Theorem 1.3 of Gitman (2011).



allows us to characterise ineffable-type cardinals and show indescribability properties of these cardinals —
these arguments are based on arguments in Abramson et al. (1977).

Section 4 contains the countable case in which we establish that strategic w-Ramseys are equiconsistent
with Schindler’s remarkable cardinals, and use this to show that strategic w-Ramseys are of strictly stronger
consistency strength than the w-Ramseys. We will also consider a hierarchy between w-Ramsey cardinals
and Ramsey cardinals called (w, «)-Ramsey cardinals, which we will show interleaves with the «-iterable
cardinals introduced in Gitman (2011), and lastly show that (w+1)-Ramseys are Ramsey limits of Ramseys
and that strategic (w+1)-Ramseys are equiconsistent with a measurable cardinal.

In section 5 we investigate how the strongly Ramsey and super Ramsey cardinals introduced in Gitman
(2011) relate to the a-Ramsey cardinals and show that these latter cardinals are downwards absolute to the
core model K. The last part of this section is dedicated to showing a tight correspondence between strategic
a-Ramsey cardinals and the a-very Ramsey cardinals introduced in Sharpe and Welch (2011), leading to the
result that strategic w;-Ramsey cardinals are measurable in the core model K below a Woodin cardinal.
Section 6 contains an overview of open problems concerning these Ramsey-like cardinals.

The last section includes two diagrams, showing the relations between all the Ramsey-like cardinals
considered in this paper, both in terms of consistency strength and direct implication. A solid line means that
the (consistency or direct) implication is “strict”, in the sense that no proof exists for the implication in the

opposite direction, and a dashed line means that we do not know whether the implication is strict or not.

2 Setting the scene

In this section we will recall a handful of definitions concerning Ramsey-like cardinals, as well as define the
a-Ramsey cardinals for arbitrary ordinals . We start out with the models and measures that we are going to
consider.

DErFINITION 2.1. For a cardinal , a weak x-model is a set M of size x satisfying that k + 1 < M and
(M, €) |= ZFC™. If furthermore M =" = M, M is a k-model.? -

Recall that 4 is an M-measure if (M, €, ) = "p is a k-complete ultrafilter on «".

DErINITION 2.2. Let M be a weak x-model and p an M-measure. Then p is
¢ weakly amenable if x N € M for every x € M with M-cardinality ;
¢ countably complete if ) X # & for every w-sequence Xev 1
e M-normal if (M, e, ) EVX € "p: AX €
e genuine if |[AX| = & for every k-sequence X € " pi;
e normal if AX is stationary in ~ for every x-sequence X ey
¢ 0-good, or simply good, if it has a well-founded ultrapower;
¢ «a-good for o > 0 if it is weakly amenable and has a-many well-founded iterates.

3Note that our (weak) x-models do not have to be transitive, in contrast to the models considered in Gitman (2011) and
Gitman and Welch (2011). Not requiring the models to be transitive was introduced in Holy and Schlicht (2018).
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Note that a genuine M-measure is M-normal and countably complete, and a countably complete weakly
amenable M-measure is a-good for all ordinals oe. We'll use the fact shown in Holy and Schlicht (2018) that
an M-measure j is normal iff A X is stationary for some enumeration X = (Xg | o < ) of y1. We are also
going to use the following alternative characterisation of weak amenability.

Prorosition 2.3 (Folklore). Let M be a weak k-model, 1 an M-measure and j : M — N the associated
ultrapower embedding. Then y is weakly amenable if and only if j is k-powerset preserving, meaning

that M NP (k) = N nZ (k). —
The a-Ramsey cardinals in Holy and Schlicht (2018) are based upon the following game.*

DermniTION 2.4 (Holy-Schlicht). For an uncountable cardinal £ = x<%, a limit ordinal v < « and a regular

cardinal # > « define the game w f Gg(,«;) of length +y as follows.

I Mo M1 M2
I Ho H1 2

Here M, < Hy is a k-model and p,, is a filter for all o < +, such that p,, is an M, -measure, the M,,’s and
Ha's are S-increasing and (M | § < ap, (ue | € < a) € M, for every v < . Letting p1 := | J,, ., pta and
M =~ Ma, plager Il wins iff 4 is an M-normal good M-measure. —
Recall that two games 1 and G5 are equivalent if player I has a winning strategy in G iff they have one in
G, and player II has a winning strategy in G iff they have one in G5. Holy and Schlicht (2018) showed that
the games w fG2 (k) and wfGY' (k) are equivalent for any  with cof v # w and any regular 6o, 61 > £.
We will be working with a variant of the wfG, (k) games in which we require less of player I but more of
player II. It will turn out that this change of game is innocuous, as Proposition 2.6 will show that they are

equivalent.

DEeriNiTION 2.5 (Holy-Schlicht-N.). Let £ = =" be an uncountable cardinal, v < x and ¢ ordinals and 6 > «
a regular cardinal. Then define the following game Qg(f-@, ¢) with (y+1)-many rounds:

I M, M, M,
I Ho pa Hiy

Here M, < Hy is a weak x-model for every o < v, uq is a normal M, -measure for o < 7, pt is an M.,-

normal good M -measure and the M, ’s and ji,,’s are S-increasing. For limit ordinals o < v we furthermore

4Unless otherwise stated, every game considered will be a game with perfect information between two players I and II.
For a formal framework modelling these games, see e.g. Kanamori (2008).



require that M, = U£<a Me, po = U£<a e and that p, is (-good. Player II wins iff they could continue
to play throughout all (y+1)-many rounds. —

For convenience we will write gi (k) for the game gi(n, 0), and G (k) for gi(n) whenever cof v # w,
as again the existence of winning strategies in these games doesn’t depend upon a specific . Note that we
assume that © = k=" is uncountable in the definition of the games that we’re considering, so this is a standing

assumption throughout the paper, whenever any one of the above two games are considered.

ProposiTion 2.6 (Holy-Schlicht-N.). gg(n), gi(n, 1) and wf Gz(n) are all equivalent for all limit ordinals
v < K, and gi (K, €) is equivalent to gg(n) whenever cof v > w and ¢ € On.

Proor. We start by showing the latter statement, so assume that cof v > w. Consider now the auxilliary
game, call it G, which is exactly like gg(m, 0), but where we also require that “M, € Mq41 and (M |
E<a),{ue | € <aye Mgy for every a < 7.

Claim 2.6.1. G is equivalent to QZ(F&).

Proor of cLam.  If plager I has a winning strategy in G then they also have one in gi(m), by doing
exactly the same. Analogously, if player II has a winning strategy in gi(n) then they also have one in G.
If player I has a winning strategy o in gg(/{) then we can construct a winning strategy ¢’ in G, which is
defined as follows. Fix some @ < 7y and, writing /\_}15 = (Mg | € < apand fig := {pe | £ < o), we set

o' ({Me, pe | € < @) := Hull®? (0 ((Me, pe | € < @) U Mg U {Me, fic}),

i.e. that we're simply throwing in the sequences into our models and making sure that we're still an elemen-
tary substructure of Hy. This new strategy o” is clearly winning. Assuming now that 7 is a winning strategy
for player II in G, we define a winning strategy 7’ for plager II in gg(m) by letting 7/ ({Me, pe | € < @)
be the result of throwing in the appropriate sequences into the models M, applying 7 to get a measure,

and intersecting that measure with M, to get an M-measure. —

Nouw, letting M., be the final model of a play of G, cof v > w implies that any w-sequence Xe M., really is
a sequence of elements from some M for § < v, so that Xe M 41 by definition of G, making M., closed
under w-sequences and thus also jt, countably complete. Since + is a limit ordinal and the models contain the
previous measures and models as elements, the proof of e.g. Theorem 5.6 in Holy and Schlicht (2018) shows
that ju is also weakly amenable, making it (-good for all ordinals ¢.

Now we deal with the first statement, so fix a limit ordinal ~y. Firstly Qg(/ﬁ) is equivalent to gz(m, 1) as
above, since both are equivalent to the auxilliary game G when + is a limit ordinal. So it remains to show
that QZ(H) is equivalent to w f G?,(H)A If player [ has a winning strategy o in w f Gg(/f) then define a winning



strategy o’ for plager I in Qi(/{) as

o' (Mg, pie | € < @)) 1= o ({Mo, o) {Mes1, prer1 | €+ 1< a))

and for limit ordinals o < 7 set o'((Mg, pe | § < @)) 1= U, Me; Le. they simply follow the same
strategy as in w fG,’;(/i) but plugs in unions at limit stages. Likewise, if player II had a winning strategy in
(]3(,%) then they also have a winning strategy in w f Gg(m), this time just by skipping the limit steps in (]g(/i).

Now assume that plager I has a winning strategy o in g?y(m) and that player I doesn’t have a winning
strategy in wa?v(H)' Then define a strategy ¢’ for plager I in wafY(n) as follows. Let s = (Mg, fto | @ <
1) be a partial play of wf Gﬁoy(m) and let s’ be the modified version of s in which we have "inserted’ unions
at limit steps, just as in the above paragraph. We can assume that every i, in s’ is good and M ,-normal as
otherwise player II has already lost and player I can play anything. Now, we want to show that s is a valid
partial play of gi(n). All the models in s are x-models, so in particular weak x-models.

Claim 2.6.2. Every p, in ¢’ is normal.

ProOF OF cLAIM. Assume without loss of generality that oo = 7. Let player I play any legal response M
to s in wf Gg(n) (such a response always exists). If plager II can’t respond then player I has a winning
strategy by simply following s"{M), 4, so player II does have a response p to s” M. But now the rules

of wa?/ (k) ensures that p, € M, so since
(M, e, p) = VX € "u: "AX is stationary in

we then also get that M |= "Ap,, is stationary in ' since p,, < p, so elementarity of M in Hy implies

that Ay, really is stationary in ~, making p,, normal. —

This makes s’ a valid partial play of QZ(H), so we may form the weak x-model M,, := o(s"). Now let
M,, < Hy be a k-model with M,, € M, and s € M, and set o’(s) := M,,. This defines the strategy o’
for player I in w fG,eY(lﬁ:), which is winning since the winning condition for the two games is the same for
a limit.?

Next, assume that plager II has a winning strategy 7 in w ng(fi). We recursively define a strategy 7
for player II in gi(n) as follows. If M is the first move by plager I in gi(n), let Mo < Hy be a k-model
with My € My, making My a valid move for plager I in wfGY (k). Write p1g := 7((Mp)) and then set
7({My)) to be fig := 1o N My, which again is normal by the same trick as above, making iy a legal move
for plager II in Qz(n). Successor stages o + 1 in the construction are analogous, but we also make sure that
Me | € <a+1),{pe | &€ <a+1)ye Mgyyiq. At limit stages 7 outputs unions, as is required by the rules
of gi(n). Since the union of all the /i,s is good as 7 is winning, fi, = |J,, -, fla is good as well, making 7

5More precisely, that ¢ is winning in g?{(n) means that there’s a sequence (fy : K — Kk | n < w) with the f5,’s all being
elements of the last model MW, witnessing the illfoundedness of the ultrapower. But then all these functions will also be

elements of the union of the My ’s, since we ensured that M, 2 M, in the construction above, making the ultrapower of
Ua <y Ma by Uy < Ha illfounded as well.



winning and we are done. |

We now arrive at the definitions of the cardinals we will be considering. They were in Holy and Schlicht
(2018) only defined for v being a cardinal, but given the above result we generalise it to all ordinals ~.

DEerINITION 2.7. Let & be a cardinal and v < x an ordinal. Then & is «-Ramsey if plager I does not have a
winning strategy in gi(n) for all regular § > k. We furthermore say that x is strategic y-Ramsey if player
I does have a winning strategy in gi (k) for all regular § > k. Define (strategic) genuine y-Ramseys and
(strategic) normal v-Ramseys analogously, but where we require the last measure p., to be genuine and
normal, respectively. -

DermniTiON 2.8 (N.). A cardinal k is <v-Ramsey if it is a-Ramsey for every o < +, almost fully Ramsey
if it is <x-Ramsey and fully Ramsey if it is x-Ramsey. Further, say that « is coherent <vy-Ramsey if it’s
strategic -Ramsey for every o < «y and that there exists a choice of winning strategies 7,, in G, () for player
I satisfying that 7, < 75 whenever o < . In other words, there is a single strategy 7 for plager Il in G, (x)

such that 7 is a winning strategy for plager Il in G, () for every a < ~.° —

This is not the original definition of (strategic) v-Ramsey cardinals however, as this involved elementary
embeddings between weak x-models — but as the following theorem of Holy and Schlicht (2018) shows, the

two definitions coincide whenever + is a regular cardinal.

THeOREM 2.9 (Holy-Schlicht). For regular cardinals A, a cardinal & is A-Ramsey iff for arbitrarily large 0 > &
and every A C & there is a weak x-model M < Hy with M=* € M and A € M with an M-normal

1-good M-measure (1 on k. —

3 The finite case

In this section we are going to consider properties of the n-Ramsey cardinals for finite n. Note in particular
that the QZ(F;) games are determined, making the “strategic” adjective superfluous in this case. We further
note that the 6’s are also dispensible in this finite case:

ProrosiTion 3.1 (N.). Let k < 6 be regular cardinals and n < w. Then player I has a winning strategy in
G% (k) iff they have a winning strategy in the game G, (x), which is defined as G (k) except that we don't
require that M,, < Hy.

PROOF. < is clear, so assume that II has a winning strategy 7 in G’ (x). Whenever plager I plays M, in
Gn (k) for k < n then define M} := Hull® (P) where P =~ M, is the transitive collapse of M, and play
M in G% (k). Let ju, be the T-responses to the M}’s and let plager IT play the p’s in G,, (k) as well.

®Note that, with this terminology, “coherent” is a stronger notion than “strategic’. We could’ve called the cardinals
coherent strategic <y-Ramseys, but we opted for brevity instead.



Assume that this new strategy isn’t winning for player Il in G,,(k), so that Ult(M,,, ) is illfounded.
This is witnessed by some w-sequence f := (fi, | k < w) of fx € Fo(M,) N M, with X := {a <
k| feri(@) < fe(a)} € pp forall k < w. Let v » s, H := cHull™ (M, U{f, My, 1in}) be the
transitive collapse of the Skolem hull Hull?» (M, Ui f, M, un}), and 7 : H — H,, be the uncollapse; write
7 := 71 1(x) for all x € ran .

Now A = A for every A € (k) n M,, and thus also fi,, = p,. But now the f}’s witness that
Ult(M,,, i) is illfounded and thus also that Ult(M, u,,) is illfounded since M} = Hull”? (M,,), contra-
dicting that 7 is winning. [ |

For this reason we'll work with the G,,(x) games throughout this section. Since we don't have to deal with
the 0’s anymore we note that n-Ramseyness can now be described using a II3,, , ,-formula and normal n-
Ramseyness using a I13, | ;-formula.

We already have the following characterisations, as proven in Abramson et al. (1977).

THEOREM 3.2 (Abramson et al.). Let & = k=" be a cardinal. Then
(i) & is weakly compact if and only if it is 0-Ramsey;
(ii) k is weakly ineffable if and only if it is genuine 0-Ramsey;

(iii) « is ineffable if and only if it is normal 0-Ramsey.

Proor. This is mostly a matter of changing terminology from Abramson et al. (1977) to the current game-
theoretic one, so we only show (). Theorem 1.1.3 in Abramson et al. (1977) shows that  is weakly compact
if and only if every x-sized collection of subsets of  is measured by a <x-complete measure, in the sense that
every <s-sequence (in V') of measure one sets has non-empty intersection.

For the = direction we can let player Il respond to any M by first getting the <x-complete My-measure
Vg on k from the above-mentioned result, forming the (well-founded) ultrapower 7 : My — Ult(My, v) and
then playing the derived measure of 7, which is Mg-normal and good. For <, if X € &?(k) has size & then,
using that x = k<", we can find a k-model My < Hp with X < M. Letting player I play My in Gy (%)
we get some M-normal good M-measure po on k. Since My is closed under <x-sequences we get that

1o is <k-complete. |

Indescribability

In this section we aim to prove that n-Ramseys are II3, ., ;-indescribable and that normal n-Ramseys are
113, , o-indescribable, which will also establish that the hierarchy of alternating n-Ramseys and normal n-
Ramseys forms a strict hierarchy. Recall the following definition.

DerFNITION 3.3. A cardinal # is T} -indescribable if whenever p(v) is a II,, formula, X < Vj; and V.41 =
[ X], then there is an a < & such that V11 = ¢[X n V,]. —



Our first indescribability result is then the following, where the n = 0 case is inspired by the proof of weakly

compact cardinals being IT}-indescribable — see Abramson et al. (1977).
THeOREM 3.4 (N.). Every n-Ramsey « is I13,, , -indescribable for n < w.

Proor. Let k be n-Ramsey and assume that it is not I13,, , ;-indescribable, witnessed by a Iz, -formula
©(v) and a subset X < V,;, meaning that V.11 = ¢[X] and, for every o < &, Vo1 = —9[X n V,]. We
will deal with the (2n + 1)-many quantifiers occuring in ¢ in (n + 1)-many steps. We will here describe the
first two steps with the remaining steps following the same pattern.

Write ¢(v) = Yu1¢p(v,v1) for a Ygp-formula ¢ (v, v1). As we are assuming that V41 =

—p[X N Vg] holds for every o < k, we can pick witnesses A,(@O) < V, to the outermost existential quantifier
in —p[X N V,].

Let Mg be a weak x-model such that V,, < Mg and /T(O),X € My. Fix a good My-normal M-
measure o on &, using the 0-Ramseyness of x. Form A(© := [A(©)] 1o € Ult(Mo, o), where we without
loss of generality may assume that the ultrapower is transitive. M-normality of 1o implies that A < V,
so that we have that V. 1 = [ X, .A(®)]. Now ko$’ Lemma, M g-normality of 1 and V;, € M also ensures
that

Ult(Mo, o) = Vier1 = —9[X, AT (1)

This finishes the first step. Note that if n = 0 then — would be a Ag-formula, so that (1) would be absolute
to the true Vj, 41, yielding a contradiction. If n > 0 we cannot yet conclude this however, but that is what we

are aiming for in the remaining steps.

Write ¢ (v, v1) = JvaVusx(v,v1,v2,v3) for a Xy, _qy-formula x (v, v1, v, v3). Since

we have established that V.1 = ¢[X, A®] we can pick some B(®) < V;, such that
Vst b= Yusx[X, A, B, 5] (2)
which then also means that, for every o < &,
Vag1 | Jus—x[X A Vo, ADBO AV, 0s]. (3)
Fix witnesses A € V,, to the existential quantifier in (3) and define the sets
SO = (e < k| Aéo) AVy =AY AV}

for every o < k and note that S((I,O) € o for every o < k, since V, € M ensures that A©®) AV, € Mg and
M-normality of po then implies that SO e o is equivalent to

Ult(Mo, o) = AD AV, = AO ~ 1,



which is clearly the case. Now let M; © M, be a weak x-model such that A0 E(l), 5(0), B e M.
Let p11 2 po be an Mj-normal M;-measure on «, using the 1-Ramseyness of &, so that M-normality of z;
yields that ASO ¢ 1. Observe that € € AS©) if and only if Aéo) AVy = AQ AV, forevery o < &, soif €
is a limit ordinal then it holds that Aéo) = A0 A Ve. Now, as before, form AD = [141'(1)]M1 € Ult(Myq, u1),
so that (2) implies that

Vs = x[X, A(O)7B(O),A(1)]
and the definition of the AS”’s along with (3) gives that, for every o < &,
Va1 E XX n Vo, AD, BO AV, AN

Nouw this, paired with the above observation regarding AS©) means that for every o € AS© A Lim we
have that

Var1 E XX n Ve, AD AV, BO AV, AL,
so that M -normality of p1 and +.0§8" lemma implies that
Ult(My, 1) | Vg1 | —x[X, AQ BO 4D,

This finishes the second step. Continue in this way for a total of (rn + 1)-many steps, ending with a Ag-formula
@(v,v1,...,V2,41) such that

Vis1 E o[ X, A(O),B(O), o ,.A("_l),B("_l),A(")] (4)

and that Ult(M,,, n) = Vi1 E —¢[X, A© BO . AM]" But now absoluteness of —¢ means that
Vir1 E —0[X, A BO  AM)] contradicting (4). [ ]

Note that this is optimal, as n-Ramseyness can be described by a I1},,, ,-formula. As a corollary we then

immediately get the following.
CoroLLARY 3.5 (N.). Every <w-Ramsey cardinal is AZ-indescribable. —

The second indescribability result concerns the normal n-Ramseys, where the n = 0 case here is inspired by
the proof of ineffable cardinals being IT3-indescribable — see Abramson et al. (1977).

THeoREM 3.6 (N.). Every normal n-Ramsey « is 113, | ,-indescribable for n < w.

Before we commence with the proof, note that we cannot simply do the same thing as we did in the proof
of Theorem 3.4, as we would end up with a I} statement in an ultrapower, and as II1 statements are not



upwards absolute in general we would not be able to get our contradiction.

ProoF. Let x be normal n-Ramsey and assume that it is not I13,, | ,-indescribable, witnessed by a IIz,42-
formula ¢(v) and a subset X < Vj. Use that x is n-Ramsey to perform the same n + 1 steps as in the proof
of Theorem 3.4. This gives us a ¥;-formula ¢(v,v1,...,va,+1) along with sequences <A(0), e 7./4(")},
(BO ... B 1) and a play (M, px | k < n) of G,,(x) in which player Il wins and ,, is normal, such
that

Vi1 = o[X, AQ, BO, Al Bl 4] (1)
and, for p,-many o < k,
Var1 E—0[X A Ve, A AV, BO AV, ..., A AV, BOD A1, A,

Now form S&n) € pyn, as in the proof of Theorem 3.4. The main difference now is that we do not know if
S e M, (in the proof of Theorem 3.4 we only ensured that Sk ¢ M.41 for every k < n and we only
defined S® for k < n), but we can now use normality’ of u,, to ensure that we do have that AS™ s

stationary in . This means that we get a stationary set S < « such that for every a € S it holds that
Var1 E =0[X A Vo, AD AV, BO AV, ... B" YDAV, A™ A V,]. (2)

Now note that since # is inaccessible it is ¥}-indescribable, meaning that we can reflect (1). Furthermore,
Lemma 3.4.3 of Abramson et al. (1977) shows that the set of reflection points of ¥}-formulas is in fact club, so

intersecting this club with .S we get a ¢ € S satisfying that
Ver = elX n VC’A(O) n VCaB(O) NV, ... ,B(n_l) N VQ.A(") s VC],
contradicting (2). .

Note that this is optimal as well, since normal n-Ramseyness can be described by a I3, ;-formula. In
particular this then means that every (n+1)-Ramsey is a normal n-Ramsey stationary limit of normal n-
Ramseys, and every normal n-Ramsey is an n-Ramsey stationary limit of n-Ramseys, making the hierarchy of

alternating n-Ramseys and normal n-Ramseys a strict hierarchy.

Downwards absoluteness to L

The following proof is basically the proof of Theorem 4.1.1 in Abramson et al. (1977).

“Recall that this is stronger than just requiring it to be My-normal — we don’t require S e M.
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THEOREM 3.7 (N.). Genuine- and normal n-Ramseys are downwards absolute to L, for every n < w.

ProoF. Assume first that n = 0 and that « is a genuine 0-Ramsey cardinal. Let M € L be a weak x-model
— we want to find a genuine M-measure inside L. By assumption we can find such a measure p in V; we
will show that in fact 41 € L. Fix any enumeration (A | £ < k) € L of (k) n M. It then clearly suffices
to show that T’ € L, where T := {a < k | A¢ € u}.

Claim 3.7.1. T na e L for any o < k.

PrOOF OF cLAM. Let B be the p-positive part of A meaning that By := A¢ if A¢ € pand Be := —A¢
if Ae ¢ p. As p is genuine we get that AB has size £, so we can pick § € AB with § > «. Then
Tna={{<a|de A¢}, which can be constructed within L. —

But now Lemma 4.1.2 in Abramson et al. (1977) shows that there is a II; formula ¢(v) such that, given any
non-zero ordinal ¢, Vy41 = ¢[A] if and only if ¢ is a regular cardinal and A is a non-constructible subset
of ¢. If we therefore assume that T ¢ L then V.1 | ¢[T], which by IT3-indescribability of x means
that there exists some « < & such that V.11 | ¢[T n V,], ie. that T n « ¢ L, contradicting the claim.
Therefore 1 € L. It is still genuine in L as (Au)* = Ay, and if 4 was normal then that is still true in L
as clubsin L are still clubs in V. The cases where & is a genuine- or normal n-Ramsey cardinal is analogous. l

Since (n+1)-Ramseys are normal n-Ramseys we then immediately get the following.

CoroLLARY 3.8 (N.). Every (n+1)-Ramsey is normal n-Ramsey in L, for every n < w. In particular, <w-

Ramseys are downwards absolute to L. —

Complete ineffability

In this section we provide a characterisation of the completely ineffable cardinals in terms of the a-Ramseys.
To arrive at such a characterisation, we need a slight strengthening of the <w-Ramsey cardinals, namely the
coherent <w-Ramseys as defined in 2.8. Note that a coherent <w-Ramsey is precisely a cardinal satisfying
the w-filter property, as defined in Holy and Schlicht (2018).

The following theorem shows that assuming coherency does yield a strictly stronger large cardinal notion.
The idea of its proof is very closely related to the proof of Theorem 3.6 (the indescribability of normal n-

Ramseys), but the main difference is that we want everything to occur locally inside our weak x-models.
THEOREM 3.9 (N.). Every coherent <w-Ramsey is a stationary limit of <w-Ramseys.
Proor. Let k be coherent <w-Ramsey. Let 8 » & be regular and let My < Hy be a weak x-model with

Vi. € M. Let then player I play arbitrarily while player II plays according to her coherent winning strategies
in G,,(k), yielding a weak x-model M < Hy with an M-normal M-measure 1 := | J,,_, ttn 0N K.
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Assume towards a contradiction that X := {£ < « | £ is <w-Ramsey} ¢ p. Since X = () X and X € M,
where X, := {¢ < k | £ is n-Ramsey}, we must have by M-normality of i that =X}, € u for some k < w.
Note that =X}, € M by elementarity, so that =X, € po as well. Perform the k& + 1 steps as in the proof
of Theorem 3.6 with p(§) being "¢ is k-Ramsey’, so that we get a weak k-model My < Hy, an My 1-
normal My 1-measure fig41 on k, a Xp-formula o(v,v1,va, ..., v2k4+1) and sequences <A(0), e ,A(k)>
and (B ... B®*=1 such that

Vist b olr, AQ,BOAD, BO . AG=D =1 A(R)] (2)
and there is a Y € fig41 with Y € =X} such that given any £ € Y/,
Verr o6, ALY, BO a Ve, AD BO Ve, .., AFD, BED v, AP, (3)

where A = [AD],,. € Ult(M;, u;) as in the proof of Theorem 3.4.

Since & in particular is 1 -indescribable, Lemma 3.4.3 of Abramson et al. (1977) implies that we get a club
C < & of reflection points of (2). Let Mgi2 2 My11 be a weak x-model with AF) e My, 1o, where the
above (n + 1)-steps ensured that the B(*)’s and the remaining .A()’s are all elements of M, ;. In particular,
as C'is a definable subset in the A()’s and B(Y)’s we also get that C' € M, 5. Letting fix» be the associated
measure on k, My o-normality of fix12 ensures that C' € fig+2. Now define, for every o < &,

Sa={eY |Vi<k: AD AV, =AY A V,)

and note that Sy, € fig42 for every a < k. Write S := (S, | a < ) and note that since S is definable it is an
element of M4 as well. Then My, 2-normality of fi42 ensures that NS e fik+2, so that C' N AS e [bet2
as well. But letting ( € C' n AS we see, as in the proof of Theorem 3.4, that

0 1 k
Vesr b l¢, A, BO AV, 4D, BD A1, ..., AP

since AS < Y, contradicting (3). Hence X € p, and since M < Hy we have that M is correct about

stationary subsets of x, meaning that  is a stationary limit of <w-Ramseys. |

Now, having established the strength of this large cardinal notion, we move towards complete ineffability. We

recall the following definitions.

DermviTION 3.10. A collection R € Z(k) is a stationary class if
(i) R#;
(i) every A € R is stationary in k;
(iii) if Ae Rand B 2 A then B € R.
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DerFINITION 3.11. A cardinal « is completely ineffable if there is a stationary class R such that for every
A€ Rand f:[A]?> — 2 there is an H € R homogeneous for f. —

We then arrive at the following characterisation, influenced by the proof of Theorem 1.3.4 in Abramson et al.
(1977).

THeoReM 3.12 (N.). A cardinal k is completely ineffable if and only if it is coherent <w-Ramsey.

PROOF. (<=): Assume r is coherent <w-Ramsey, witnessed by strategies (7, | n < w). Let f : [k]*> — 2 be
arbitrary and form the sequence (A | a < k) as

AL = {8>a| f({a.8}) = 0}.

Let M be a transitive weak ~-model with Al e M, and let ;¢ be the associated M ¢-measure on & given
by 70.% 1-Ramseyness of « ensures that 47 is normal, meaning A is stationary in . Define a new sequence
Bf as the {4 ¢-positive part of A7 9 Then Bf € uy for all o < , so that normality of 17 implies that ABT is
stationary.

Let now /\/l’f be a new transitive weak x-model with My < M'f and pf € M/f, and use 7 to get an
Ms-measure pts 2 1y on . Then ABf A {€ < k| Ag € pus}and ABT A {€ < k| Ag ¢ s} are both
elements of ./\/l’f, so one of them is in u’f; set Hy to be that one. Note that H¢ is now both stationary in &
and homogeneous for f.

Now let g : [Hf]? — 2 be arbitrary and again form

Al ={BeHy|B>ang({ap}) =0}

for v € Hy. Let M4 2 M/ be a transitive weak x-model with A9 € M;, and use 75 to get an M ,-
measure fif g =2 u’f on k. As before we then get a stationary Hy , € ,u'f , which is homogeneous for g. We
can continue in this fashion since 7,, € 7,41 for all n < w. Define then

R:={Ack|3f: Hrc A},

where the f’s range over finite sequences of functions as above; i.e. fo : [k]2 — 2 and fyy1 : [Hy, ] — 2for
k < w. This is clearly a stationary class which satisfies that whenever A € R and g : [A4]? — 2, we can find
H € R which is homogeneous for f. Indeed, if we let ]F be such that H 7S A, which exists as A € R, then
we can simply let H := H . This shows that « is completely ineffable.

(=): Now assume that & is completely ineffable and let R be the corresponding stationary class. We show
that  is n-Ramsey for all n < w by induction, where we inductively make sure that the resulting strategies
are coherent as well. Let plager I in Go(x) play My and enumerate 22(k) n Mg as A°(A° | a < k) such

8Technically we would have to require that M f < Hg for some regular 6 > & to be able to use 7o, but note that we
could simply get a measure on Hull#6 (M ¢) and restrict it to M . We will use this throughout the proof.
9The p-positive part was defined in Claim 3.7.1.
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that Ag c Ag implies £ < (. For a < k define sequences r,, : @« — 2 asr,(§) = liff a € Ag. Let <, be

the lexicographical ordering on “2. Define now a colouring f : [k]?> — 2 as

0 if Tmin(« < x Tmax(a min «,
e, BY) == (@.9) <ic (o, | min(a, )
1 otherwise

Let Hy € R be homogeneous for f, using that « is completely ineffable. For a < « consider now the sequence
{reta | & € Hy A § > a), which is of length & so there is an 7 € [o, k) satisfying that rg [ o = 74 |
for every 8,7 € Ho with n < 8 < v. Define g : kK — k as g(«) being the least such 7, which is then a
continuous non-decreasing cofinal function, making the set of fixed points of g club in s — call this club C.

Since Hj is stationary we can pick some ¢ € C n Hy. As ¢ € C we get g({) = ¢, meaning that
rg | ¢ = ry | ¢ holds for every 3,y € Hy with { < 8 < . As ¢ is also a member of Hy we can let 8 := (, so
that - = 7., 1 ¢ holds for every v € Hy, v > ¢. Now, by definition of r,, we get that for every o,y € Hyn C
witha <~vand €& < a,a € Ag iff v e Ag. Define thus the M-measure pg on & as

po(A2) =1 iff (Ve HonC)(B>¢— fe AY)
iff (HﬁeHomC)(5>§A5€Ag)7

where the last equivalence is due to the above-mentioned property of Hy n C. Note that the choice of
enumeration implies that g is indeed a filter. Letting B = (B, | a < k) be the po-positive part of A°, it
is also simple to check that Hy n C' < AB, making po normal and hence also both Mg-normal and good,
showing that « is 0-Ramsey.

Assume now that & is n-Ramsey and let (Mo, po, . .., My, i, Mpy1) be a partial play of G, 11(k).
Again enumerate 2 (k) N My, as A" = <Ag+1 | € < k), again satisfying that £ < ¢ whenever
Ag“ c AZLH, but also such that given any £ < & there are , (' € (&, k) satisfying that A?’Ll € P(k)NnM,
and AZL,H € (Z(k) N My41) — M,,. The plan now is to do the same thing as before, but we also have to
check that the resulting measure extends the previous ones.

Let H,, € R and C be club in  such that H,, n C < Apu,, which exist by our inductive assumption. For
a<kdefiner,:a—2asr,(§) =1liffae Ag‘“, and define a colouring f : [H,]?> — 2 as

0 if Tmin(a <min(a’ﬁ) Tmax(a fmln avﬁ
f{a, BY) :_{ (a,8) Slex (a,) ( )

1 otherwise

As H,, € R there is an H,, 11 € R homogeneous for f. Just as before, define g : kK — & as g(«) being the
least 7 € [«, k) such that g | o = 7, | « for every 8, € Hy4+1 with n < 8 <+, and let D be the club of
fixed points of g. As above we get that given any o,y € Hy4 1 n D witha <vand € < o, a € Ag“ iff
~vE A’g“. Define then the M,, ;1-measure fi,41 on Kk as

1 (AT =1 iff (VBe Hyynn D C)(B>E— e AP
iff (38€Hup1nDnCO)B>EnBe AL,
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Then H,11 " DnC S Apiyy1, making pi,, 1 normal, M, +1-normal and good, just as before. It remains to
show that pt,, © 1. Let thus A € p,, be given, and say A = A?H = A}, where A™ was the enumeration
of (k) N M,, used at the n’th stage. Then by definition of y,, we get that for every 8 € H,, n C with
B >mn, Be Ap. We need to show that

(38€ Hus1 n DA C)(B > € A fe APt

holds. But here we can simply pick a § > max(£,n) with 8 € H,.1 n D n C < H, n C. This shows that

tn S fint1, making x (n+1)-Ramsey and thus inductively also coherent <w-Ramsey. |

4 The countable case

This section covers the (strategic) y-Ramsey cardinals whenever v has countable cofinality. This case is special
because, as mentioned in Section 2, we cannot ensure that the final measure is countably complete and so the
existence of winning strategies in the Qz(ﬁ) might depend on 6, in contrast with the uncountable cofinality

case; see e.g. Question 6.3.

[Strategic] w-Ramsey cardinals

We now move to the strategic w-Ramsey cardinals and their relationship to the (non-strategic) w-Ramseys.
For this we define a new addition to the family of virtual cardinals from Gitman and Schindler (2015), the
virtually measurable cardinals.

DEerFINITION 4.1. A cardinal « is virtually measurable if for every regular v > & there exists a transitive M
and a forcing IP such that, in V¥, there exists an elementary embedding j : HY — M with critj = k.

We'll need the following well-known lemmata; see Lemma 7.1 in Holy and Schlicht (2018) and Lemma 3.1 in
Gitman and Schindler (2015) for their proofs.

Lemma 4.2 (Ancient Kunen Lemma). Let M = ZFC and j : M — N an elementary embedding with
critical point k such that k +1 < M < N. Assume that X € M has M-cardinality k. Then j | X € N. A

Lemma 4.3 (Absoluteness of embeddings on countable structures). Let M be a countable first-order structure
and j : M — N an elementary embedding. If W is a transitive (set or class) model of (some sufficiently
large fragment of) ZFC such that M is countable in W and N € W, then for any finite subset of M, W has
some elementary embedding j* : M — N, which agrees with j on that subset. Moreover, if both M and
N are transitive e-structures and j has a critical point, we can also assume that crit(5*) = crit(j). -
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THEOREM 4.4 (Schindler-N.). Every virtually measurable cardinal is strategic w-Ramsey, and every strategic

w-Ramsey cardinal is virtually measurable in L.

Proor. Let x be virtually measurable and fix a regular v > &, a transitive M, a poset P and, in VP an
elementary embedding 7 : HY — M with crit 7 = k. Fix a name /i and a P-condition p such that!°

pl-"f1is a 1-good H,-normal H,-measure’

We now define a strategy o for player Il in G, (k) as follows. Whenever player I plays a weak x-model
M, < H,Y , player II fixes p,, € P, an M,,-measure u, and a function =, : M,, — V such that py < p,
Pn < py for every k < n and that

Pl My, = fin A Tp =7 | My, (1)

Note that by the Ancient Kunen Lemma 4.2 we get that = | M,, € M < V, so such 7, always exist in V.
The wy,,’s also always exist in V, by weak amenability of . Player II responds to M,, with u,. It’s clear that
the f1,,’s are legal moves for player II, so it remains to show that p, := |J,,_, ttn is good. Assume it’s not, so

that we have a sequence {g,, | n < w) of functions g,, : K — M., := J,,, My such that g,, € M,, and

Xny1:={a <k | gnt1(a) < gn(a)} € po (2)

for every n < w. Without loss of generality we can assume that g,,, X,, € M,,. Then (2) implies that

Prs1 F"T(Gns1)(F) < 7(gn) ()", but by (1) this also means that

Pt = g1 (Gns1) (R) < Tn(gn) (), 3)

so defining, in V, the ordinals cv, := 7, (g,)(k), (3) implies that i, 1 < v, foralln < w, 4. So p,, is good,
making ¢ a winning strategy and thus also making « strategic w-Ramsey since v was arbitrary.

Next, let  be strategic w-Ramsey and fix a winning strategy o for player Il in G/ (x) for a regular v > k.
Let g < Col(w, HL) be V-generic and in V[g] fix an elementary chain (L, | n < w) of weak x-models
L, < HE such that HY < |, _,,

II follows o, resulting in a H-normal HZ-measure j on k.

L, , using that v is regular and has countable cofinality in V'[g]. Player

Claim 44.1. Ult(HE, ;1) is well-founded.

PROOF OF cLAIM.  Assume for a contradiction that Ult(HL, u) is illfounded, witnessed by a sequence
{gn | n < w) of functions g,, : K — v such that g, € HL and {a < K | gnr1(a) < gn(@)} € p.
Now, in V, define a tree 7 of triples (f, My, puy) such that f : kK — v, My is a weak x-model, ;17 is an
M g-measure on x and letting fo <7 --- <7 fn, = f be the T-predecessors of f,

o (Myy, fifys- .- My, , py, ) is a partial play of G, () in which player II follows ¢; and

10Recall that an M-measure p is 1-good if it's weakly amenable and Ult(M, p) is well-founded.
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e {a<k| frr1(a) < fr(a)} € pgy1 for every k < n.

Nouw, the g,,’s induce a cofinal branch through 7 in V[g¢], so by absoluteness of well-foundedness there’s
a cofinal branch b through 7 in V' as well. But b now gives us a play of G, (x) where player Il is following

o but player I wins, a contradiction. Thus Ult(HL, 1) is well-founded. —

Let j : HY — Ult(HE, i) ~ M be the ultrapower embedding followed by the transitive collapse, so that
M = L, for some a by elementarity. Let now h < Col(w,x"*)* be L-generic, so that HL is count-
able in L[h] and (trivially) M € L[h]. By Lemma 4.3 we then get that there’s an elementary embedding
j* : HE — M in L[h] with critical point x. Since we also have that M € L and as v was arbitrary, this

makes  virtually measurable in L. |
We get the following immediate corollary.

CoroLLARY 4.5 (Schindler-N.). Strategic w-Ramseys are downwards absolute to L, and the existence of a
strategic w-Ramsey cardinal is equiconsistent with the existence of a virtually measurable cardinal. Further,
in L the two notions are equivalent. —

Note also that the proof of Theorem 4.4 shows that whenever & is strategic w-Ramsey then for every regular
v > K there’s a generic extension in which there exists a weakly amenable H -normal H,-measure on k.

We end this section with a result showing precisely where in the large cardinal hierarchy the strategic
w-Ramsey cardinals and w-Ramsey cardinals lie, namely that strategic w-Ramseys are equiconsistent with
remarkables and w-Ramseys are strictly below. Theorem 4.8 of Gitman and Welch (2011) showed that 2-
iterables are limits of remarkables, and our Propositions 2.6 and 4.13 shows that w-Ramseys are limits of
l-iterables, so that the strategic w-Ramseys and the w-Ramseys both lie strictly between the 2-iterables and
l-iterables. It was shown in Holy and Schlicht (2018) that w-Ramseys are consistent with V' = L. Remarkable
cardinals were introduced by Schindler (2000), and Gitman and Schindler (2015) showed the following two
equivalent formulations.

DEerINITION 4.6. A cardinal « is remarkable if one of the two equivalent properties hold:
(i) Forall A > & there exist v > ), a transitive set M with H /‘\/ € M and a forcing poset P, such that in
VP there’s an elementary embedding 7 : HY — M with critical point £ and 7(k) > \;
(ii) For all A > & there exist v > ), a transitive set M with *M < M and a forcing poset PP, such that in
VP there’s an elementary embedding 7 : HY — M with critical point x and 7(x) > \.
_'
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THEOREM 4.7 (N.). Let x be a virtually measurable cardinal. Then either k is either remarkable in L or

L, k= "there is a proper class of virtually measurables’. In particular, the two notions are equiconsistent.

Proor.  Virtually measurables are downwards absolute to L by Lemma 4.3, so we may assume V = L.
Assume & is not remarkable. This means that there exists some A > & such that for every v > ), transitive
M with HY < M and forcing poset P it holds that, in V¥, there’s no elementary embedding 7 : H) — M
with critm = k and 7(k) > A.

Fix v := A" and use that & is virtually v-measurable to fix a transitive M and a forcing poset P such that,
in VP there’s an elementary 7 : H,Y — M. Note that because M =V = L and M is transitive, M = L,
for some o > v, so that HY = L, < M. This means that 7(x) < A < v since we’re assuming that # isn’t
remarkable. Then by restricting the generic embedding to HY we get that HY < H %ﬁ) = H}r/(m), using that
7(k) < vand HY = HM by the above.

Note that () is a cardinal in H) since 7(k) < v, and as HY <; V we get that 7(x) is a cardinal. But

then, again using that Hyy <1V, kis virtually measurable in H v

() Since being virtually measurable is I1s.

This means that for every ¢ < & it holds that

HY, ) | 3a > & "avis virtually measurable’,

(kK

implying that HY |= "There is a proper class of virtually measurables’. [ ]
Now Theorem 4.7 and Corollary 4.5 yield the following immediate corollary.

CoRrOLLARY 4.8 (Schindler-IN.). Let  be strategic w-Ramsey. Then either k is remarkable in L or otherwise

L, k= "there is a proper class of strategic w-Ramseys'. In particular, the two notions are equiconsistent. —

Now, using these results we show that the strategic w-Ramseys have strictly stronger consistency strength than

the w-Ramseys.
THEOREM 4.9 (N.). Remarkable cardinals are strategic w-Ramsey limits of w-Ramsey cardinals.

Proor.  Let k be remarkable. Using property (i¢) in the definition of remarkability above we can find
a transitive M closed under 2"-sequences and a generic elementary embedding 7 : HY — M for some
v > 2% We will show that k is w-Ramsey in M. Note that remarkables are clearly virtually measurable,
and thus by Theorem 4.4 also strategic w-Ramsey; let 74 be the winning strategy for plager Il in G (k) for all
regular 6 > k.

In M we fix some regular § > « and let ¢ be some strategy for plager I in gi(,‘i)M . Since M is closed
under 2"-sequences it means that Z(#(k)) S M and thus that M contains all possible filters on . We
let player II follow 7, which produces a play o * 7 in which player II wins. But all player II's moves are in
P (P (k)) and hence in M, and as M is furthermore closed under w-sequences, o * 7 € M. This means that

M sees that o is not winning, so « is w-Ramsey in M.
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This also implies that « is a limit of w-Ramseys in H,. But as x is remarkable it holds that H,, <2 V, in
analogy with the same property for strongs and supercompacts, and as being w-Ramsey is a Ils-notion this

means that x is a limit of w-Ramseys. ]
This immediately yields the following corollary.

CoROLLARY 4.10 (Schindler-N.). If  is a strategic w-Ramsey cardinal then

L, |= "there is a proper class of w-Ramseys’. —

(w, @)-Ramsey cardinals

A natural generalisation of the v-Ramsey definition is to require more iterability of the last measure. Of course,
by Proposition 2.6 we have that G (~, ¢) is equivalent to G- (x) when cof v > w so the next definition is only

interesting whenever cof v = w.

DermviTioN 4.11 (N.). Let v, 8 be ordinals. Then a cardinal x is («, 8)-Ramsey if player I does not have a
winning strategy in G (, () for all regular 6 > .11 —

DEFINITION 4.12 (Gitman). A cardinal & is a-iterable if for every A C « there exists a transitive weak x-model
M with A € M and an «-good M-measure . on M. —

ProposiTion 4.13. If 5 > 0 then every («, §)-Ramsey is a S-iterable stationary limit of B-iterables.

Proor. Let (M, €, 1) be a result of a play of Q’Z+ (k, 8) in which player Il won. Then the transitive collapse
of (M, €, 1) witnesses that « is S-iterable, since p is 8-good by definition of gf (k, B).

That  is S-iterable is reflected to some Hy, so let now (A, €,v) be a result of a play of G’ (, 8) in
which plager IT won. Then N < Hy, so that  is also B-iterable in \V. Since being 3-iterable is witnessed by
a subset of x and 3 > 0 implies!? that we get a x-powerset preserving j : N' — P, P also thinks that  is

B-iterable, making & a stationary limit of S-iterables by elementarity. |

We now move towards Theorem 4.17 which gives an upper consistency bound for the (w, «)-Ramseys. We
first recall a few definitions and a folklore lemma.

DEerFINITION 4.14. For an infinite ordinal «, a cardinal « is a-Erdés for o < & if given any club C' € & and
regressive ¢ : [C]<% — & there is a set H € [C']* homogeneous for ¢; i.e. that [c“[H]™| < 1 holds for every

n<w. —

Note that an a-Ramsey cardinal is the same as an (c, 0)-Ramsey cardinal.
12Recall that 8-good for 8 > 0 in particular implies weak amenability.
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DErINITION 4.15. A set of indiscernibles I for a structure M = (M, €, A) is remarkable if I — ¢ is a set of
indiscernibles for (M, e, A,{(¢ | £ < 1)) for every ¢ € I. —

Lemma 4.16 (Folklore). Let x be a-Erdds where « € [w, k] and let C' < k be club. Then any structure M
in a countable language £ with k + 1 = M has a remarkable set of indiscernibles I € [C']*.

Proor. Let (¢, | n < w) enumerate all £L-formulas and define ¢ : [C']<“ — & as follows. For an increasing
sequence ay < -+ < gy € C let

c({aq,...,ag,}) ;= the least A < a1 such that 36; < -+ dpIm < w : A ={m, d1,...,0k)A
M '7é @m[g, ag, ... 7a7l] <« cpm[(i Ap+1y- - 70[2n]
if such a A exists, and ¢(s) = 0 otherwise. Clearly c is regressive, so since & is a-Erdds we get a homogeneous

I € [C]* for ¢; ie. that [c“[T]"| < 1 for everyn < w. Then c({ay,...,a2,}) = 0foreveryay,..., a0, €1,
as otherwise there exists an m < w and §; < - - - such that forany oy < ... < g, € I,

MEpn[d,a1,...;an] © Ooml0, tnit, ..., a2, (1)
But then simply pick a1 < ... 9, < @) < -+ < a},, so that both {a,...,a9,} and {af,...,a},} wit-
nesses (T); then either {avy, ..., an, o, 0, }or {ai,...,an, 00, 1,. .., a5, } also witnesses that () fails, 7. W

THEOREM 4.17 (N.). Let o € [w,w1] be additively closed. Then any a-Erdds cardinal is a limit of (w, «)-

Ramsey cardinals.

Proor. Let x be a-Erdés, § > « a regular cardinal and 8 < « any ordinal. Use the above Lemma 4.16 to get
a set of remarkable indiscernibles I € [k]® for the structure (Hy,€,{¢ | £ < ), and let ¢ € T be the least
indiscernible in /. We will show that plager I has no winning strategy in QZ (¢, @), so by the proof of Theorem
5.5(d) in Holy and Schlicht (2018) it suffices to find a weak -model M < Hjy and an a-good M-measure on
t. Define

M :=Hull”* (U T) < Hy

and let 7 : I — I be the right-shift map. Since I is remarkable, I (= I — ¢) is a set of indiscernibles for the
structure (Hy, €,{¢ | € < v)), so that 7 induces an elementary embedding j : M — M with critj = ¢,
given as

j(TM[£7 Ligy« - Lik]) = TM [ga Lig+1s-- -5 Lik+1]7

with E C ¢. Since j is trivially ¢-powerset preserving we get that M < Hy is a weak ¢-model satisfying ZFC™
with a 1-good M-measure p; on ¢. Furthermore, as we can linearly iterate M simply by applying j we get
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an a-iteration of M since there are a-many indiscernibles. Note that at limit stages 7 < « our iteration sends
TMIE Ligs -1, ] to TME, Lig4~s - - - s Lip++] SO here we are using that « is additively closed.

This shows that player I has no winning strategy in QZ(L, «). Since ¢ > B and 8 < k was arbitrary, x is
a limit of 7 such that player I has no winning strategy in G (1, ). If we repeat this procedure for all regular
0 > k we get by the pidgeon hole principle that « is a limit of (w, «)-Ramsey cardinals. |

As Theorem 4.5 in Gitman and Schindler (2015) shows that («+1)-iterable cardinals have a-Erdés cardinals
below them for o > w additively closed, this shows that the (w, «)-Ramseys form a strict hierarchy. Further,
as a-Frdés cardinals are consistent with V' = L when o < w! and w;-iterable cardinals aren’t consistent
with V' = L, we also get that (w, «)-Ramsey cardinals are consistent with V' = L if @ < w! and that they

aren't if @ = wy.

[Strategic| (w+1)-Ramsey cardinals

The next step is then to consider (w+1)-Ramseys, which turn out to cause a considerable jump in consistency
strength. We first need the following result which is implicit in Mitchell (1979) and in the proof of Lemma 1.3
in Donder et al. (1981) — see also Dodd (1982) and Gitman (2011).

THEOREM 4.18 (Dodd, Mitchell). A cardinal  is Ramsey if and only if every A € k is an element of a weak
k-model M such that there exists a weakly amenable countably complete M-measure on . —

The following theorem then supplies us with a lower bound for the strength of the (w+1)-Ramsey cardinals.
It should be noted that a better lower bound will be shown in Theorem 5.9, but we include this Ramsey lower

bound as well for completeness.
THEOREM 4.19 (N.). Every (w+1)-Ramsey cardinal is a Ramsey limit of Ramseys.

Proor. Let x be (w+1)-Ramsey and A < k. Let o be a strategy for player I in ijil(ﬁ;) satisfying that
whenever /\7la # [iq is consistent with o it holds that A € Mg and pto € Mgy for all @ < w. Then o isn't
winning as k is (w+1)-Ramsey, so we may fix a play o * fi, of ggil(n) in which plager II wins. Then by
the choice of o we get that y,, is a weakly amenable M, ,-measure on &, and by the rules of ggil (k) it’s also
countably complete (it's even normal), which makes x Ramsey by the above Theorem 4.18.

Since  is Ramsey, M, |= "« is Ramsey' as well. Letting j : M,, — N be the x-powerset preservering
embedding induced by p,,, we also get that N = "k is Ramsey' by r-powerset preservation. This then im-
plies that x is a stationary limit of Ramsey cardinals inside M, and thus also in V' by elementarity. ]

As for the consistency strength of the strategic (w+1)-Ramsey cardinals, we get the following result that
they reach a measurable cardinal. The proof of the following is closely related to the proof due to Silver
and Solovay that plager II having a winning strategy in the cut and choose game is equiconsistent with a
measurable cardinal — see e.g. p. 249 in Kanamori and Magidor (1978).
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Treorem 4.20 (N.). If » is a strategic (w+1)-Ramsey cardinal then, in V°!(«:2) there’s a transitive class
N and an elementary embedding j : V. — N with critj = k. In particular, the existence of a strategic
(w+1)-Ramsey cardinal is equiconsistent with the existence of a measurable cardinal.

Proor. Set P := Col(w, 2") and let o be player II's winning strategy in gg:l(m). Let M be a P-name of an
w-sequence (M,, | n < w) of weak x-models M,, € V such that M,, < HY, and 2(r)" < |J,,_,, Mn,
and let /i be a P-name for the w-sequence of o-responses to the M,,’s in (jf}:l(n)v.

Assume that there’s a P-condition p which forces the generic ultrapower Ult(V, | J,, ftn) to be illfounded,
meaning that we can fix a P-name f for an w-sequence {f,, | n < w) such that

pi-Xn = f{a < k| fas1(@) < fu(@)} € (] fn.

n<w

Now, in V, we fix some large regular § »  and a countable N' < Hy such that M, 1t f, H;ﬁ ,o,p € N.
We can find an A-generic ¢ < PV in V with p € g since N is countable, so that A/ [g] € V. But the play
MZ * (19 is a play of gff (k)Y which is according to o, meaning that | J,,__, /1%,
X9 # @ butifa e (),_ X9 then (f9() | n < w) is a strictly
decreasing w-sequence of ordinals, 4. This means that Ult(V, J,, ) is indeed wellfounded.

is normal and in particular
countably complete (in V). Then

n<w n<w

This conclusion is well-known to imply that  is a measurable in an inner model; see e.g. Lemma 4.2 in
Kellner and Shelah (2011). [ |

The above Theorem 4.20 then answers Question 9.2 in Holy and Schlicht (2018) in the negative, asking if
A-Ramseys are strategic A-Ramseys for uncountable cardinals A, as well as answering Question 9.7 from the

same paper in the positive, asking whether strategic fully Ramseys are equiconsistent with a measurable.

5 The general case

Gitman’s cardinals

In this subsection we define the strongly- and super Ramsey cardinals from Gitman (2011) and investigate

further connections between these and the a-Ramsey cardinals. First, a definition.

DermviTION 5.1 (Gitman). A cardinal x is strongly Ramsey if every A € & is an element of a transitive -
model M with a weakly amenable M-normal M-measure p on «. If furthermore M < H,+ then we say

that x is super Ramsey. —

Note that since the model M in question is a k-model it is closed under countable sequences, so that the
measure £ is automatically countably complete. The definition of the strongly Ramseys is thus exactly the
same as the characterisation of Ramsey cardinals, with the added condition that the model is closed under

<k-sequences. Gitman (2011) shows that every super Ramsey cardinal is a strongly Ramsey limit of strongly
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Ramsey cardinals, and that « is strongly Ramsey iff every A < « is an element of a transitive x-model
M = ZFC with a weakly amenable M-normal M-measure £ on .

Nouw, a first connection between the a-Ramseys and the strongly- and super Ramseys is the result in Holy
and Schlicht (2018) that fully Ramsey cardinals are super Ramsey limits of super Ramseys. The following
result then shows that the strongly- and super Ramseys are sandwiched between the almost fully Ramseys
and the fully Ramseys.

THEOREM 5.2 (N.-W.). Every strongly Ramsey cardinal is a stationary limit of almost fully Ramseys.

Proor. Let & be strongly Ramsey and let M = ZFC be a transitive x-model with V,, € M and u a weakly
amenable M-normal M-measure. Let v < s have uncountable cofinality and o € M a strategy for player I
in G-, (k). Now, whenever player I plays M, € M let player II play ;1 M, which is an element of M
by weak amenability of i As M =" < M the resulting play is inside M, so M sees that ¢ is not winning.
Nouw, letting j,, : M — N be the induced embedding, x-powerset preservation of j, implies that i is
also a weakly amenable A -normal A -measure on . This means that we can copy the above argument to
ensure that  is also almost fully Ramsey in N, entailing that it is a stationary limit of almost fully Ramseys
in M. But note now that X is almost fully Ramsey iff it is almost fully Ramsey in a transitive ZFC-model
containing H(,xy+ as an element by Theorem 5.5(¢) in Holy and Schlicht (2018), so that  being inaccessible,

Vi € M and M being transitive implies that  really is a stationary limit of almost fully Ramseys. |

Downwards absoluteness to K

Lastly, we consider the question of whether the a-Ramseys are downwards absolute to K, which turns out
to at least be true in many cases. The below Theorem 5.4 then also answers Question 9.4 from Holy and
Schlicht (2018) in the positive, asking whether a-Ramseys are downwards absolute to the Dodd-Jensen core
model for a € [w, k] a cardinal. We first recall the definition of 0Y.

DerniTion 5.3. 07 is “the sharp for a strong cardinal”, meaning the minimal sound active mouse M with
M | crit(FM) = "There exists a strong cardinal’, with M being the top extender of M. —

TueOREM 5.4 (N-W.). Assume 0Y does not exist. Let A be a limit ordinal with uncountable cofinality and
let k be \-Ramsey. Then K |= "k is a A-Ramsey cardinal’.

Proor. Note first that k¥ = x* by Schindler (1997), since « in particular is weakly compact. Let o € K be
a strategy for plager I in gf (k)X so that a play following ¢ will produce weak x-models M < K|x*. We
can then define a strategy & for plager I in Q'f () as follows. Firstly let (@) := Hull?«+ (K|x U o(@)).
Assuming now that (Mg, jiq | & < 7) is a partial play of g§+ (k) which is consistent with &, we have two
cases. If fi, € K for every o < ~y then let (M, | & < ~y) be the corresponding models played in g§+ (k)&
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from which the M, ’s are derived and let
F(Mas fia | @ < 7)) 1= Hulls* (K| O 0((Mas fia | @ < 7)),

and otherwise let & play arbitrarily. As « is \-Ramsey (in V) there exists a play (M, fio | @ < \) of g§+ (k)
which is consistent with & in which plager IT won. Note that My N K|x* < K|x* so let A be the transitive
collapse of My n K|sT. Butif j : N'— K|x* is the uncollapse then crit j is both an A/-cardinal and also
> k because we ensured that K|x © N. This means that j = id because  is the largest A/-cardinal by
elementarity in K |x7, so that My n K|s™ = N is a transitive elementary substructure of K |r*, making it
an initial segment of K.

Now, since p := fiy is a countably complete weakly amenable K |o(N')-measure!?, the “beaver argu-

"14 shows that i € K, so that we can then define a strategy 7 for plager II in g§+ (k)X as simply playing

ment
1 N € K whenever plager I plays A/. Since p = fi\ we also have that 4 n M, = fiq N M, so that o

will eventually play NV, making 7 win against .!° |

Note that the only thing we used cof A > w for in the above proof was to ensure that x4 was countably
complete. If now k instead was either genuine- or normal «-Ramsey for any limit ordinal « then p,, would

also be countably complete and weakly amenable, so the same proof shows the following.

CoROLLARY 5.5 (N.-W.). Assume 0% does not exist and let o be any limit ordinal. Then every genuine- and
every normal a-Ramsey cardinal is downwards absolute to K. In particular, if « is a limit of limit ordinals

then every <a-Ramsey cardinal is downwards absolute to K as well. —

Indiscernible games

We now move to the strategic versions of the a-Ramsey hierarchy. The first thing we want to do is define
a-very Ramsey cardinals, introduced in Sharpe and Welch (2011), and show the tight connection between
these and the strategic a-Ramseys. We need a few more definitions. Recall the definition of a remarkable set
of indiscernibles from Definition 4.15.

DEFINITION 5.6. A good set of indiscernibles for a structure M is a set I < M of remarkable indiscernibles
for M such that M |s < M forany ¢ € I. —

DEFINITION 5.7 (Sharpe-W.). Define the indiscernible game G (x) in v many rounds as follows

I My My Moy
II IO 11 I2

13Here we use that N <K.
14See Lemmata 7.3.7—7.3.9 and 8.3.4 in Zeman (2002) for this argument.
I5Note that 7 is not necessarily a winning strategy — all we know is that it is winning against this particular strategy o.
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Here M,, is an amenable structure of the form (J,[A],€, A) for some A € &, I, € [k]" is a good set of
indiscernibles for M, and the I,’s are =-decreasing. Player II wins iff they can continue playing through all
the rounds. —

DeriNiTION 5.8 (Sharpe-W.). A cardinal  is vy-very Ramsey if player II has a winning strategy in the game
G (k). -
v

The next couple of results concerns the connection between the strategic a-Ramseys and the a-very Ramseys.
We start with the following.

THEOREM 5.9 (N.). Every (w+1)-Ramsey is an w-very Ramsey stationary limit of w-very Ramseys.

ProoF. Let & be (w+1)-Ramsey. We will describe a winning strategy for plager Il in the indiscernible game
GIL (k). If plager I plays Mo = (J[Ao],€, Ao) in GL (k) then let player I in gf,:l(n) play

Ho = Hull=+ (J,[Ao] U {Mo, K, Ag}) < Hir.

Let player I now follow a strategy in ggil () which starts off with H, and ensures that, whenever M, * i,
is consistent with playger Is strategy, then p1, € M4 for all oo < w. Since player Il is not losing in ggil(n)
there is a play M = Lo, in which player I follows this strategy just described and where player II wins — write
’H(()a) = M, and u(()a) = [t for the models and measures in this play.

Iy A He Y

i g = us” o

By the choice of player I's strategy we get that yéw) is both weakly amenable, and it’s also countably complete
by the rules of Q(’Zil(m) (it's even normal). Now Lemma 2.9 of Sharpe and Welch (2011) gives us a set of
good indiscernibles I € Méw) for My, as My € H(()w) and ug‘)) is a countably complete weakly amenable

# ) -normal () -measure on . Let plager I play Iy in G (k). Let now My = (J.[A1],€, A;) be the
next play by player I in G (k).

I M, M,
1l I

Since ,uéw) =U, ,uén) we must have that I € ,uén“) for some ng < w. In the (ng+1)’st round of gf,:l(n)

we change plager I's strategy and let plager I play
o H, ¢ (k) (k)
Hi o= Hull™«* (J:[Ao] U {Mo, Mu, K, Ao, A1, (Hy sty | k< nop}) < Hi+

and otherwise continues following some strategy, as long as the measures played by player II keep being
elements of the following models. Our play of the game ggjl(n) thus looks like the following so far.
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I A - ' Hi

II ﬂ(()O) T N((JHO)

Now player II in Q:’:l(/@) is not losing at round ny, so there is a play extending the above in which player

I follows their revised strategy and in which player I wins. As before we get a set I] € ,ugnl) of good

indiscernibles for M1, where n; < w. Since Iy € u(()m’) c uﬁ"l)

we can let plager Il in GI (k) play
L:=I)nlIje ,ugm). Continuing like this, player II can keep playing throughout all w rounds of GZ (k),
making x w-very Ramsey.

As for showing that & is a stationary limit of w-very Ramseys, let M < H,.+ be a weak x-model with
a weakly amenable countably complete M-normal M-measure ;2 on &, which exists by Theorem 4.19 as «
is (w+1)-Ramsey. Then by elementarity M = "k is w-very Ramsey" and since & being w-very Ramsey is
absolute between structures having the same subsets of « it also holds in the p-ultrapower, meaning that « is

a stationary limit of w-very Ramseys by elementarity. |
The above proof technique can be generalised to the following.
THEOREM 5.10 (N.). For limit ordinals «, every coherent <wa-Ramsey is wa-very Ramsey.

Proor.  This is basically the same proof as the proof of Theorem 5.9. We do the “going-back” trick in
w-chunks, and at limit stages we continue our non-losing strategy in QZ;(F;) by using our winning strategy,
which we have available as we are assuming coherent <wa-Ramseyness. We need « to be a limit ordinal for
this to work, as otherwise we would be in trouble in the last w-chunk, as we cannot just extend the play to
get a countably complete measure, which we need to use the proof of Theorem 5.9. |

As for going from the a-very Ramseys to the strategic a-Ramseys we got the following.

Tueorem 5.11 (N.). For v any ordinal, every coherent <v-very Ramsey'® is coherent <vy-Ramsey.'’

Proor. The reason why we work with <vy-Ramseys here is to ensure that player II only has to satisfy a
closed game condition (i.e. to continue playing throughout all the rounds). If v = 5 + 1 then set ¢ := /5 and

otherwise let { := v. Let x be ¢-very Ramsey and let 7 be a winning strategy for playger II in Gé(/@)l Let
M., < Hy be any move by plager I in the o’th round of G¢(x). Let A, S & encode all subsets of x in M,

15Here the coherency again just means that the winning strategies o, for player Il in GZ (k) are C-increasing.

1"Here a “coherent <v-very Ramsey cardinal” is defined from ~-very Ramseys in the same way as coherent <vy-Ramsey
cardinals is defined from ~v-Ramseys. When + is a limit ordinal then coherent <vy-very Ramseys are precisely the same as
~-very Ramseys, so this is solely to “subtract one” when ~ is a successor ordinal — i.e. a coherent <(y + 1)-very Ramsey
cardinal is the same thing as a «y-very Ramsey cardinal.
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and form now
No = (Js[Aal, €, An),

which is a legal move for plager I in Gé(n), yielding a good set of indiscernibles I, € [x]® for N, such
that I, < Ig for every 8 < a. Now by section 2.3 in Sharpe and Welch (2011) we get a structure P, with
N, € P, and a P,-measure fi,, on x, generated by I,,.!8 Set p1, := fio N M, and let plager II play zi,, in
Ge(k).

As the p,’s are generated by the 1,,’s, the u,’s are S-increasing. We have thus created a strategy for

player Il in G (x) which does not lose at any round « < +, making x coherent <7y-Ramsey. |
The following result is then a direct corollary of Theorems 5.10 and 5.11.

CoroOLLARY 5.12 (N.). For limit ordinals o, x is wa-very Ramsey iff it is coherent <wa-Ramsey. In particular,
Kk is A-very Ramsey iff it is strategic A-Ramsey for any \ with uncountable cofinality. —

We can now use this equivalence to transfer results from the a-very Ramseys over to the strategic versions.
The completely Ramsey cardinals are the cardinals topping the hierarchy defined in Feng (1990). A completely
Ramsey cardinal implies the consistency of a Ramsey cardinal, see e.g. Theorem 3.51 in Sharpe and Welch
(2011). We are going to use the following characterisation of the completely Ramsey cardinals, which is Lemma
3.49 in Sharpe and Welch (2011).

THEOREM 5.13 (Sharpe-W.). A cardinal is completely Ramsey if and only if it is w-very Ramsey. —

This, together with Theorem 5.9, immediately yields the following strengthening of Theorem 4.19.

CoroLLARY 5.14 (N.). Every (w+1)-Ramsey cardinal is a completely Ramsey stationary limit of completely
Ramsey cardinals. —

The above Theorem 5.11 also yields the following consequence.

CoroLLARY 5.15 (N.). Every completely Ramsey cardinal is completely ineffable.

Proor. From Theorem 5.13 we have that being completely Ramsey is equivalent to being w-very Ramsey,
so the above Theorem 5.11 then yields that a completely Ramsey cardinal is coherent <w-Ramsey, which we

saw in Theorem 3.12 is equivalent to being completely ineffable. |

Now, moving to the uncountable case, Corollary 5.12 yields that strategic w;-Ramsey cardinals are wq-very
Ramsey, and Theorem 3.50 in Sharpe and Welch (2011) states that w;-very Ramseys are measurable in the

IBBQ generated here we mean that X € i iff X contains a tail of indiscernibles from /.
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core model K, assuming 0% doesn’t exist, which then shows the following theorem. We also include the

original direct proof of that theorem, due to Welch.
THEOREM 5.16 (W.). Assuming 07 doesn't exist, every strategic wi-Ramsey cardinal is measurable in K.

ProoF. Let k be strategic wi-Ramsey, say 7 is the winning strategy for player II in G, (k). Jump to V[g],
where g = Col(wy, k™) is V-generic. Since Col(wy, k™) is w-closed, V' and V[g] have the same countable
sequences of V, so 7 is still a strategy for plager Il in G,,, (x)"'19], as long as player I only plays elements of
V.

Now let (k4 | @ < wy) be an increasing sequence of regular K-cardinals cofinal in 7, let player I in
Gu, (k) play M, := Hull?®(K|k,) < Hpy and plager II follow 7. This results in a countably complete

719

weakly amenable K-measure y,,,, which the “beaver argument”™ then shows is actually an element of K,

making x measurable in K. |

A natural question is whether this behaviour persists when going to larger core models. It turns out that the
answer is affirmative: every strategic w;-Ramsey cardinal is also measurable in Steel’s core model below a
Woodin, a result due to Schindler which we include with his permission here. We will need the following
special case of Corollary 3.1 from Schindler (2006).2°

THEOREM 5.17 (Schindler). Assume that there exists no inner model with a Woodin cardinal, let i be a
measure on a cardinal k, and let m : V' — Ult(V, ) = N be the ultrapower embedding. Assume that N
is closed under countable sequences. Write KN for the core model constructed inside N. Then KV is a
normal iterate of K, i.e. there is a normal iteration tree T on K of successor length such that MZ; = KN,
Moreover, we have that 7., = 7 | K. -

THEOREM 5.18 (Schindler). Assuming there exists no inner model with a Woodin cardinal, every strategic

wi-Ramsey cardinal is measurable in K.

Proor. Fix a large regular 6 » 2*. Let k be strategic w;-Ramsey and fix a winning strategy o for player II
in Gy, (k). Let g € Col(ws, 2") be V-generic and in V[g] fix an elementary chain (M, | @ < w1) of weak
k-models M,, < H} such that M, € V,“M, S M, 1 and H;/+ < M, =U M,.

Note that V' and V[g] have the same countable sequences since Col(wy, 2) is <ws-closed, so we can

a<wi

apply o to the M,’s, resulting in an M,,, -measure p on . Let j : M, — Ult(M,,,, p) be the ultrapower
embedding. Since we required that “M, < M, we get that M,,, is closed under w-sequences in V[g],
making p countably complete in V[g]. As we also ensured that H XJ, < M,,, we can lift j to an ultrapower
embedding 7w : V — Ult(V, u) =~ N with N transitive.

Since V' is closed under w-sequences in V[g] we get by standard arguments that N is as well, which

means that Theorem 5.17 applies, meaning that 7 | K : K — K is an iteration map with critical point &,

19See Lemmata 7.3.7—7.3.9 and 8.3.4 in Zeman (2002) for this argument.
20That paper assumes the existence of a measurable as well, but by Jensen and Steel (2013) we can omit that here.
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making « measurable in K. |

6 Questions and answers

In this section we give an update on previously posed open questions in the area, as well as posing further
open questions. We provide answers for the following questions, which were posed in Holy and Schlicht
(2018).

(i) If v is an uncountable cardinal and the challenger does not have a winning strategy in the game gi(f@),

does it follow that the judge has one?

(i) Ifw < a < k, are a-Ramsey cardinals downwards absolute to the Dodd-Jensen core model?

(iif) Does 2-iterability imply w-Ramseyness, or conversely?

(iv) Does k having the strategic »-filter property have the consistency strength of a measurable cardinal?

Here the “challenger” is player I and the “judge” is player II, so this is asking if every y-Ramsey is strategic
~-Ramsey, when + is an uncountable cardinal. Theorem 5.16 therefore gives a negative answer to (i) for all
uncountable ordinals 4. Theorem 5.4 and Corollary 5.5 answer (ii) positively, for a-Ramseys with a having
uncountable cofinality, and for <a-Ramseys when « is a limit of limit ordinals. Note that (i) in the @ = w
case was answered positively in Holy and Schlicht (2018).

As for (iii), it's mentioned in Holy and Schlicht (2018) that Gitman has showed that w-Ramseys are not in
general 2-iterable by showing that 2-iterables have strictly stronger consistency strength than the w-Ramseys,
which also follows from Theorem 4.9 and Theorem 4.8 in Gitman and Welch (2011). Corollary 3.5 shows
that w-Ramsey cardinals are AZ-indescribable, and as 2-iterables are (at least) IT3-definable it holds that any
2-iterable w-Ramsey cardinal is a limit of 2-iterables, so that in general 2-iterables can’t be w-Ramsey either,

answering (iii) in the negative. Lastly, Theorem 4.20 gives a positive answer to (iv).

QuEsTION 6.1. It’s not too hard to see that, for a regular uncountable )\, & is strategic A-Ramsey iff there’s a
<-closed forcing P such that, in V¥, there’s a weakly amenable measure on x with a wellfounded ultrapower.
Can we get similar characterisations of strategic a-Ramseys for a countable? The proofs of Theorems 4.4 and
4.20 give plausible candidates.

QUESTION 6.2. Are genuine n-Ramsey cardinals limits of n-Ramsey cardinals? We conjecture this to be
true, in analogy with the weakly ineffables being limits of weakly compacts. Since “weakly ineffable = IT}-
indescribability + subtlety”, this might involve some notion of “n-iterated subtlety”. The difference here is that
n-Ramseys cannot be equivalent to 113, ;-indescribables for consistency reasons, so there is some work to

be done.
QuesTIoN 6.3. Fix some <y with countable cofinality and an uncountable k = x=<*. For § > & say that & is

(v, 0)-Ramsey if player I has no winning strategy in gZ (k), so that  is y-Ramsey iff it’s (v, #)-Ramsey for

every 0 > k. Do the (v, 0)-Ramseys then eventually form a strict hierarchy? Le. is there some 6 > & such
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that ZFC + "there exists a (v, #1)-Ramsey cardinal’ - "there exists a (v, 8p)-Ramsey cardinal’ holds for every
61 > 6y = 6? Or, at the opposite end of the spectrum, do the (-, §)-Ramseys become eventually equivalent?
Le. is there a 6 > & such that x is (v, 8p)-Ramsey iff it's (, 61 )-Ramsey, for all 81,6y = 6?
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7 Diagrams

Consistency implications?!

[Measurable = Strategic (w+1)—Ramsey]

Fully Ramsey

Super Ramsey

Strongly Ramsey

Almost fully Ramsey

a-Ramsey

Completely Ramsey

Ramsey

wq-Erdés

(w,w:)-Ramsey

Iter‘able Vel

(w,a+1)-Ramsey

(a+1)-iterable

o-Erd6s

(w,a)-Ramsey

a-iterable

2-iterable

[Remarkable = Strategic w-Ramsey = Virtually measurable]

w-Ramsey

l-iterable

[Completely ineffable = Coherent <m—Ramsey]

N

<w-Ramsey

(n+1)-Ramsey

Normal n-Ramsey

Genuine n-Ramsey
|

n-Ramsey

Ineffable = Normal 0-Ramsey

[Weakly ineffable = Genuine O-Ramsey]

Weakly compact = 0-Ramsey

21Here dashed lines represent consistency implications which might be equiconsistencies.
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Direct implications

Measurable |All lines are direct implications|

Strategic fully Ramsey

Fully Ramsey

J

Strategic a-Ramsey

Q(}st fullly Ramsey Super Ramsey
a-Ramsey a>w Strongly Ramsey

L Completely Ramsey ﬁ

(w,ws)-Ramsey —ﬁ

Iterable ws-Erdds
=L
Remarkable W (w,a)-Ramsey ————— o-Erdés
Virtually measurable ﬁ A countable L
) and additively
o-iterable closed

Strategic w-Ramsey

¥ w-Ramsey
[ Completely ineffable = Coherent <w»Ramsey]
<w-Ramsey

(n+1)-Ramsey

Normal n-Ramsey 1-iterable
|

Genuine n-Ramsey
I

!
n-Ramsey
[ Ineffable = Normal 0-Ramsey ]
[ Weakly ineffable = Genuine 0-Ramsey

[ Weakly compact = 0-Ramsey ]

22Here dashed lines represent provable direct implications which might be equivalences.
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