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Infinite Time Turing Machines

Hardware: justasfor ordinaryTuring Machinesan
Infinite tape(to theright). Onetapepositionis
designatean advance,asthe“Limit Position”.

R/W Head
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Start/LimitCell 0

f

Limit Position

Software: justasfor ordinaryTuring Machines put
with theadditionof anextra“limit state”q;..

Let (P, | n < w) enumeratall programs.




Action: Attimesr = 5 + 1: obey theusualT.M. rules
of theprogrampP,,.

At limit timesyv: R/W Headreturnsto the Limit
Position;

Cell valuesC;(v) ~ eventualvalueast — v (if such
exists): otherwisea B.

o o,(z)(xr €“{0,1, B})denotegheresultof
running P,, oninputstringx.

e Vn,zrda < w; sothatthebehaiour of ¢, (x) has
“settled” by stagex: eitherit hasentereca permanent
loopingcycle or it hashalted: v, (x)]y for some

y € “3.




e DecidablepropertiesArithmetic; “x € WO”; (thus)
ary 111 predicate.

Note: “¢, (z)Jy (in « steps)”,“ v, (x)1" areboth A}
propertieqin acodefor «).




Kripk eanTheoriesof Truth

An operatorj, r Or ji thatassigngo eachsoundpair
A = (AT, A~) anextension/anti-gtensionof 7" over
(N, A) asupersepairj(A) =B =(BT,B")D A

e Thesearemonotonanductie definitionsandhence
resultin fixedpoints.

¢ j,F ISa“supenaluation” operator

¢ j,r ISanoperatordervedfrom Kleenes 3 valued
logics.

Pro: Elegance simplicity, metatheoretically
undemanding.

Contra: For jx: ¢ A "' € A for afixedpoint A.
JK, Jjor bDothallow T'("¢) v =T (") to holdat A,
withouteitherof T("p™) € AT orT("¢") € A~




Circular definitions

Let £ beafirst orderlanguageandlet £ beits
extensionby a possiblyinfinite setof new predicate
symbolsG,, (z1, . ..z, ). For eachG thereis a
definitionfrom the setof definitionsD of theform

(1) G’n(xl, .. [L‘n) =df Ag(ajl, .. xn)

If we specialiseM to N, andhave asingledefinition

arisingfrom afixedfirst orderformulayp(vy, X), we
set:

Xa+1 = 0,(Xa) =¢r {nl(N,..., Xa) F o(n, X)}

For the Tarskianoperator - in thelanguage’;., we
would write:

X1 = 04(Xa) =ar {To7UN,..., Xa) F o[T])}




Coherencyfor Bootstrapping Policies

Suchpoliciesshouldhave the Coheencyfeatureghat

() if for all sufficiently largeordinalsa < A x falls
Into (falls out of) thedefiniendum(z atstagex (we say
thatit is “stablyt (f) atthelimit”) thenit shouldfall in
(outresp.)atstagel.

(i) T thenassigngruth valuesto theotherG(x) not
coveredby (i) in someotherway.

We canthenview I' asactingon sequencesf limit
ordinallength




Revision Sequence!

Definition 1 Arevision sequencéasednd, I’ is then
s = (X, | a < 0) whele at eadh stege the operators
0 or I' havebeenapplied.

e Forsuccessotv =7+ 1: X, =4d(X,);
o Forlimit \:T((X, | a< ) =X,.

Possiblebootstrappingpolicies:

Herzberger RuleT'y: X, (G(z)) is always f unless
forcedto beotherwise A “lim inf” rule.

Gupta Rule I';: for thosevaluesnot determinedy
stability, we set X (G(x)) = Xo(G(x)).

Belnap RuleI': ary X, Is allowedconsistentvith
the Cohereng requirement.




The Gupta-Belnap Theory of
Truth

TheTarskian“revision operator"r = ., a4,

Definition 2 (Belnap-Gupta)lhecategyoricaltruth set
usingSr, over arithmeticVy are thosesentencesf
L thatare stablytruein all revisionsequencessing
o0, andI: Vy =

M 5o | §=(Xa | @ < o0)
IS arevisionsequencéasedond,, I }.

whele

stw=ar{k="0"|3aV8 >a ke Xz}

Pro: Solvesquiteafew of the“difficulties” mentioned
for theKripkeantheory

Contra: Complicatedmetatheoreticallglemanding.




Kripkean Monotone
theory of Inductive
truth definition
anexampleof
Analysis of TI} & The next
positve elementary admissible
definitions set

Gupta- Revision
Belnap Theoretic
theory of definability
truth scheme

anexampleof

?




Validity in Sr

Definition 3 Let £ beanyfirstorderlanguage, and
L1 D L containpredicateletters for new definienda
G e€D. Letl' =T..

(i) AisvalidonD in M in thesystemSt (M |Ep A)
Iff for all initial hypotheses, andall revision
sequencesSwith Xy = h, thenA is stablytruein oo.
Thatis for all suficientlylarge o (M, X,,) = A.

(i) AisvalidonD in Sy (lz%)oo) Iff for all modelsM
of L, M ):p A.




Definability in St

Definition 4 Letl, LT D £, T =T, beasabove

(i) Aformula A(vg) of LT (weakly)definesa set

Y C|M]|in Srif: x € Y iff for all initial hypotheses
h, andall revisionsequences with Xy = h, then
A(x) is stablytrue in oo. Thatis for all suficiently
largea (M, X ) = A.

(i) If additionallyx ¢ Y iff .... stablyfalse..... then
wesay A stronglydefinesy.




Theorem 1 Thestabletruth setVy for arithmeticis
definableover N (via anylimit rule I' thatis
A1(HC, €) definable) Thesetsof integers so
definableare theIl} sets.

Corollary 2 Thestronglydefinablerealsare precisely
the Al reals.




Let M = (M|, Ry, ...) beaveryweaklyacceptable
countablestructure(i.e. hasa RT-stronglydefinable
pairingfunction).

Definition 5 (i) LetSy¢ = L,,, (M) betheleastlevel
of the Godelhierarchy built over M (with element®f

| M| asurelementg with o, theleastM-stable
ordinal whete:

(i) oaq istheleasto sothat L, (M) isa
substructue of theuniveise

Sy 1S thusthe“next stable”setover M.




Theorem 3 Thestronglydefinablesubset®f a
countablev. weaklyacceptableM are thoseof the
first stablesetover M, thatis S,,.

Paraphrasindpy Levy-Schoenfieldwe have the
characterisation:

Corollary 4 Let M beasabove The RT-definable
subsetof | M| are thoselll (M), andthe strongly
definableare thoseAl (M).




Fully Varied Theory of truth

Definition 6 A revisonsequenceé = (X, | a < oo)
Is fully varied(fv) if for all functionsX ., thatcould
be coheentlyappliedat oo, there are cofinallymany
A < ocowhenX, = X.

Onemayshow:

Theorem5 LetV+ = V" bethestabletruth setover
arithmeticin thisrevisionscheme ThenV ™ is (i)
RT-definableoverN; andis (ii) completdl..

Pro: Correctlyclassifiessetsof sentencesf the
Gupta-Puzzleype;ensuregertain R1'-definitions
cornvergeto their ostensiblevalues(McGee).

Contra: Membershipguestionsaboutthe catayorical
truth setof arithmeticarenow independenof Z FC




T={eeN|Vxe3d“dye3d” pcr) |y}

e T iscompletell.

Theorem6 Lettheuniversal madine ¢ (0) be
startedon a zewo tape: theordinal ¢ at which the
madiine startsto loop andtheordinal X of its
periodicityis preciselythoseordinalsassociatedy
Herzbepger to hisrevisionsequence

h= (ha | a < co) startingwith an emptyhypothesis
ho = 0, andusingtheHerzbeger limit rule T




Realisticand Algorithmic Theories

Definition 7 Arevisionsequence is realistically
variedif for all [Imit A < oo s IS chosenasa coheent
extensionof s in thefollowing fashion:let

s = (sT,,sZ,) bethelocal pair of stabilitiesat A.

() Either s, isrecussivein s or in somes,, for an

a < A, andsy hasnotbeenusedasa bootstapping
policy cofinallyin X;

(i) Or, if at stage A thereis no s, thatsatisfiexlause
(), thens, maybechosenarbitrarily.

Maxim: “Usethesimpleonesfirst”




Algorithmic variance

Let ussupposehatin thetheoryof realisticvariance
thechoicesof limit extensionss, have beendonein
somefashionthatshavsthats, hasbeenchosenn
somereasonablyiniform mannein A from the
precedingsequencel_et ussay beinggenerousthat
sx 1ISA1(5 | A) definableuniformly in A in someweak
settheory say K P, Kripke-Platek(Thel'¢ andl'y
bothconformto this, but we areaddingto thesethe
requiremendf realisticvariance.)Call sucha
sequencea (generlised)algorithmicallyvaried
seqguence.

Maxim: “Use somealgorithmto choosewhich limit
ruleyouuse”




Theorem7 Let X, = (X1, X ) arisefroman
algorithmicallyvariedrevisionsequenceT hen:

() X« Isacompletearithmeticalquasi-inductiveset.
() X~ Is aKripkeanfixedpointusingthe
supervaluatiorsdheme

Challenge ProblemFind a setof sentence® thatis
Intuitively of a certaincateory undersomestarting

hypotheseshut, for example,thatis badlyclassifiedas
“sometimeaunstable”accordingo realisticor
algorithmicvariance.

Contra: difficult to describe.

Pro: Metatheoreticallyfar simplerthanG-B RT; sets
high the hurdleof finding setsof sentencesl-treated
by theseschemes




Definition 8 Lets = (s,|a < co) bean
algorithmicallyvariedrevisionsequenceletthe
stabilizationordinal o (s), betheleasts sothat
Va > ocdB > a sq = s3.

Theorem 8 Underthehypothesesfthelasttheoem
o(S) is (equivalently)at most:
(1) Theleastordinal ¢ sothat L hasa transitiveX;

endextension;

(i) Thesupremumof theinfinite timeturing madine
“eventuallywritable” ordinals;

(i) Thestartingpointof the“Herzberger Grand
Loop” basedoninitial hypothesis: = 0.

(iv) Theclosuee ordinal of arithmetical
guasi-inductivadefinitions.




Strong Theoriesof Formal Truth

e Let V F' beCantini'stheoryof formal truth
correspondingo Kripke’s theoryof truthusingj, ».

e \We may male anextensionof V F' by definitions,
addinga predicateC for the“computablydecided”
sentencesver arithmetic.EssentiallyC' is interpreted
to consistof thosesentencewhich are“hereditarily
algorithmicallydecided’- essentially{theseform an
“inner model” of Kripke-Feferman.

Onemaythenaddfurtheraxiomsstatingthatthereare
towersof setsof sentencem theclassC' whichform
anincreasingchainsof KF models.

e Thisalsogivesanaxiomsystento distinguish
betweersupenaluationfixed points,andstabletruth




The strength of the machines

Thereis thereducibilityrelationassociatedo realsor
setsof reals:x <. y, A < B:

T <o Y Hngpn('x)¢y

A <o B+ InVzpl (x)|lifz € A [0ifzx ¢ A

e For z € 2% let \* betheleastordinalthata machine
canwrite oninputz. Then:

() z <oo y <— z € Lyvlyl;
(i) theassignment — A\* satisfiesa Spector
Criterion.

e Thisletsusdevelopa deggreetheoryonrealsthatis
someavhele intermediatebetweem\ I -degrees(or
hyperdgree$ and Al-degrees.




OV =4 {(n,z) € wx2¢|p, ()} (“StrongIump”).

Def I' =4

{A C 2¥| Ais semi-decidablérom areal} =

{AC2¥|Tre2¥InVe x€ A+— ol ()1}
A=IN-TI.

Fact (Hamkins-Lewis) A C A3 isao-algebra,
closedunderSuslins operationA. IT' formsa Spector
pointclass.

Let A <, - B denoteA is infinite time computable
fromarealandB.




It follows from the above thatthe setsof reals
semi-decidablen x € 2“ arethoseA expressibleas
follows: let v (vg, v1) bea X, formula,thenlet

Yy € A<= LA(«’B,W [xay] IZ ¢0(flfay)

A is semi-decidablen B (A, B C 2¥) andz € 2¥ can
beseento begivensimilarly as:

(U= A= L>\<m’y’3> [xay7B] |: ¢0<x7y7 B)




Post’s problem arethere
1) A C 29, A €T, A notdecidableout0Y £, ., A?
2)A,Be AL, o BANB £, A?

e In L, theconstructibleuniverse thereare A, B asin
2).

e Det(Booleanfl')) = ary A € I'\I' N —I satisfies
1M =, 0 A.

e Det(Boolear{l')) = thereareinnermodelsof large
cardinals.

Conclusion:thepointclassof semi-/co-semidecidable
setssitshigh up within the Wadgehierarcly inside Aj.




