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Infinite Time Turing Machines

Hardware: justasfor ordinaryTuring Machinesan

infinite tape(to theright). Onetapepositionis

designatedin advance,asthe“Limit Position”.

� �

� �0 1Start/LimitCell

� �R/W Head

Limit Position

�
0 0 1

Software: just asfor ordinaryTuring Machines,but

with theadditionof anextra “limit state” �	� .

Let 
���
 ��� � ��� enumerateall programs.



Action: At times � � � � � : obey theusualT.M. rules

of theprogram� 
 .

At limit times � : R/W Headreturnsto theLimit

Position;

Cell values����� �"!$# eventualvalueas % & � (if such

exists): otherwiseaB.

' ( 
 �*)+!,�-) . /1032546�7498 :;! denotestheresultof

running � 
 on input string ) .

' < �=4>)+?A@ � �CB sothatthebehaviour of ( 
D�*)+! has

“settled” by stage@ : eitherit hasenteredapermanent

loopingcycle or it hashalted: ( 
E�*)+!GFIH for some

H . /+J .



' Decidableproperties:Arithmetic; “ ) . K L ”; (thus)

any M BB predicate.

Note: “ (1N �*)+!GF	H (in @ steps)”,“ (1N �*)+!GO ” areboth P BQ
properties(in acodefor @ ).



Kripk eanTheoriesof Truth

An operatorRTS,U or R3V thatassignsto eachsoundpairW � � W X 4 W Y ! anextension/anti-extensionof Z[ over


]\ 4 W � asupersetpair R^� W !_� 8 � �`8 X 498 Y !ba W
' Thesearemonotoneinductive definitionsandhence

resultin fixedpoints.

' RTS,U is a “supervaluation”operator

' R S,U is anoperatorderivedfrom Kleene’s 3 valued

logics.

Pro: Elegance,simplicity, metatheoretically

undemanding.

Contra: For R3V : c ( de f (hg . W
for a fixedpoint

W
.

R3V 4iRTS,U bothallow
[ � f (hg !1j k [ � f (hg ! to holdat

W
,

withouteitherof
[ � f (lg !m. W X

or
[ � f (hg !�. W Y



Cir cular definitions

Let n beafirst orderlanguage,andlet n X
beits

extensionby apossiblyinfinite setof new predicate

symbols Zo 
D�-)1BT46pIp6pq)r
"! . For each Zo thereis a

definitionfrom thesetof definitionss of theform

�q�T! Zo 
 �-) B 46pIp6pq) 
 !$� tGu W v �*) B 4Ip6p6pq) 
 !wp
If wespecialise to \ , andhave a singledefinition

arisingfrom afixedfirst orderformula ( �-xzy{4 Z| ! , we

set:

| } X B~� �	��� | � !$� tGu 0	�m��
]\ 46pIp6p�4 | � � � � ( �-�=4 Z| !9:
For theTarskianoperator��� in thelanguagen �� , we

would write:

| } X B�� �	��� | � !_� tGu 0 f�� g ��
]\ 4Ip6p6p34 | � � � � �C� Z[�� !�:



Coherencyfor Bootstrapping Policies

Suchpoliciesshouldhave theCoherencyfeaturesthat

(i) if for all sufficiently largeordinals @ � � ) falls

into (fallsoutof) thedefiniendum
o

atstage@ (wesay

thatit is “stably t (f) at thelimit”) thenit shouldfall in

(out resp.)at stage� .

(ii) � thenassignstruthvaluesto theother
o �*)+! not

coveredby (i) in someotherway.

Wecanthenview � asactingon sequencesof limit

ordinallength



Revision Sequences

Definition 1 A revisionsequencebasedon ��4�� is then�� � 
 | � ��@ � � � where at each stage theoperators

� or � havebeenapplied.

' For successor@ � � � � � | � � ��� | � !w�
' For limit � ���b��
 | � �;@ � �r��!$� | �

.

Possiblebootstrappingpolicies:

Herzberger Rule ��y : | � � o �*)+!�! is always � unless

forcedto beotherwise.A “ ���¡  �£¢A¤ ” rule.

Gupta Rule � v
: for thosevaluesnotdeterminedby

stability, weset
| � � o �*)+!�!$� | y¥� o �*)+!�! .

BelnapRule �=¦ : any
| �

is allowedconsistentwith

theCoherency requirement.



The Gupta-BelnapTheory of
Truth

TheTarskian“revision operator”% � �,�6§©¨ ,

Definition 2 (Belnap-Gupta)Thecategoricaltruthset

using ªE« , overarithmetic ¬5­ are thosesentencesof

n �� thatarestablytrue in all revisionsequencesusing

� � and � : ¬ ­ �® 0 � X ¯ ¦ � �� � 
 | � �z@ � � �
is a revisionsequencebasedon � � , � :°p

where

� X ¯ ¦ � tGu 0z± � fz� g �{?5@ < � ² @ ± . | ³ :
Pro: Solvesquitea few of the“dif ficulties” mentioned

for theKripkeantheory.

Contra: Complicated;metatheoreticallydemanding.
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Validity in ¶�·

Definition 3 Let n beanyfirst order language, and

n X a n containpredicateletters for new definiendao . s . Let � � �=¦ .

(i)
W

is valid on s in ¸ in thesystemªD« ( ¸ � � ¹ W
)

iff for all initial hypothesesº , andall revision

sequences
�� with

| y � º , then
W

is stablytrue in � .

Thatis for all sufficientlylarge @ 
�¸ 4 | � � � � W
.

(ii)
W

is valid on s in ªE« ( � � ¹ «°» ) iff for all modelş

of n , ¸ � � ¹ W
.



Definability in ¶m·

Definition 4 Let n , n X a n , � � � ¦ beasabove.

(i) A formula
W �-x y ! of n X

(weakly)definesa set¼ ½ �©¸ � in ªE« if: ) . ¼
iff for all initial hypotheses

º , andall revisionsequences
�� with

| y � º , thenW �*)+! is stablytrue in � . Thatis for all sufficiently

large @ 
¾¸ 4 | � � � � W
.

(ii) If additionally ) ¿. ¼
iff .... stablyfalse..... then

wesay
W

stronglydefines
¼

.



Theorem1 Thestabletruth set ¬5­ for arithmeticis

definableover \ (via anylimit rule � that is

P B3�`À � 46.�! definable.) Thesetsof integers so

definableare the M BQ sets.

Corollary 2 Thestronglydefinablerealsareprecisely

the P BQ reals.



Let � 
�� �Á4ÃÂ B	46p6pIpÄ� beavery weaklyacceptable

countablestructure(i.e. hasa RT-stronglydefinable

pairingfunction).

Definition 5 (i) Let Å ¨ � Æ$Ç�È � ! betheleastlevel

of theGödelhierarchy built over (with elementsof

� � asurelemente); with � ¨ theleast -stable

ordinal; where:

(ii) � ¨ is theleast � sothat Æ Ç � ! is a É B
substructure of theuniverse.

ÅÊ¨ is thusthe“next stable”setover .



Theorem3 Thestronglydefinablesubsetsof a

countablev. weaklyacceptable are thoseof the

first stablesetover , that is Å ¨ .

Paraphrasingby Levy-Schoenfield,wehave the

characterisation:

Corollary 4 Let beasabove. The Â [
-definable

subsetsof � � are thoseM BQ � ! , andthestrongly

definableare thoseP BQ � ! .



Fully Varied Theory of truth

Definition 6 A revisonsequence
�� � 
 | � �;@ � � �

is fully varied(fv) if for all functions
| ¦ that could

becoherentlyappliedat � , thereare cofinallymany

� � � when
| � � | ¦ .

Onemayshow:

Theorem5 Let ¬ X � ¬ X­ bethestabletruth setover

arithmeticin this revisionscheme. Then ¬ X
is (i)

RT-definableover \ ; andis (ii) completeM BË .
Pro: Correctlyclassifiessetsof sentencesof the

Gupta-Puzzletype;ensurescertain Â [
-definitions

convergeto theirostensiblevalues(McGee).

Contra: Membershipquestionsaboutthecategorical

truthsetof arithmeticarenow independentof Ì Í �



Let

[ � 03Î . \ � < ) . J / ?ÏH . J / (=Ð �-)Ñ!ÒF HÓ:
' [

is completeM BQ .
Theorem6 Let theuniversal machine ($Ô �`2¥! be

startedon a zero tape: theordinal Õ at which the

machinestartsto loopandtheordinal É of its

periodicityis preciselythoseordinalsassociatedby

Herzberger to his revisionsequence�º � 
 º � ��@ � � � startingwith anemptyhypothesis

º y � Ö , andusingtheHerzberger limit rule � y .



Realisticand Algorithmic Theories

Definition 7 A revisionsequence
�� is realistically

variedif for all limit � � � � � is chosenasa coherent

extensionof � in thefollowing fashion:let� � � � X ¯ � 4 � Y¯ � ! bethelocal pair of stabilitiesat � .

(i) Either � � is recursivein � or in some� � for an

@ � � , and � � hasnot beenusedasa bootstrapping

policycofinallyin � ;

(ii) Or, if at stage � there is no � � that satisfiesclause

(i), then � � maybechosenarbitrarily.

Maxim: “Use thesimpleonesfirst”



Algorithmic variance

Let ussupposethatin thetheoryof realisticvariance

thechoicesof limit extensions� � have beendonein

somefashionthatshows that � � hasbeenchosenin

somereasonablyuniformmannerin � from the

precedingsequence.Let ussay, beinggenerous,that� � is P B;� �� × �r! definableuniformly in � in someweak

settheory, say Ø � , Kripke-Platek.(The � v
and �ÚÙ

bothconformto this,but weareaddingto thesethe

requirementof realisticvariance.)Call sucha

sequencea (generalised)algorithmicallyvaried

sequence.

Maxim: “Usesomealgorithmto choosewhich limit

ruleyouuse”



Theorem7 Let
| ¦ � � | X¦ 4 | Y¦ ! arisefroman

algorithmicallyvariedrevisionsequence. Then:

(i)
| ¦ is a completearithmeticalquasi-inductiveset.

(ii)
| ¦ is a Kripkeanfixedpointusingthe

supervaluationscheme.

Challenge ProblemFind a setof sentences8 thatis

intuitively of acertaincategory undersomestarting

hypotheses,but, for example,thatis badlyclassifiedas

“sometimesunstable”,accordingto realisticor

algorithmicvariance.

Contra: difficult to describe.

Pro: Metatheoreticallyfar simplerthanG-B RT; sets

high thehurdleof findingsetsof sentencesill-treated

by theseschemes



Definition 8 Let
�� � 
 � � �Û@ � � � bean

algorithmicallyvariedrevisionsequence. Let the

stabilizationordinal, � � �� ! , betheleast � sothat< @ Ü � ?Ý� ² @ � � � � ³ .

Theorem8 Underthehypothesesof thelast theorem� � �� ! is (equivalently)at most:

(i) Theleastordinal Õ sothat ÆmÞ hasa transitive É Q
endextension;

(ii) Thesupremumof theinfinite timeturing machine

“eventuallywritable” ordinals;

(iii) Thestartingpointof the“Herzberger Grand

Loop” basedon initial hypothesisº � 2 .

(iv) Theclosure ordinal of arithmetical

quasi-inductivedefinitions.



StrongTheoriesof Formal Truth

' Let ¬ Í beCantini’s theoryof formal truth

correspondingto Kripke’s theoryof truthusing R SßU .

' Wemaymake anextensionof ¬ Í by definitions,

addingapredicate� for the“computablydecided”

sentencesover arithmetic.Essentially� is interpreted

to consistof thosesentenceswhichare“hereditarily

algorithmicallydecided”- essentiallytheseform an

“inner model”of Kripke-Feferman.

Onemaythenaddfurtheraxiomsstatingthatthereare

towersof setsof sentencesin theclass� which form

anincreasingchainsof KF models.

' Thisalsogivesanaxiomsystemto distinguish

betweensupervaluationfixedpoints,andstabletruth



The strength of the machines

Thereis thereducibilityrelationassociatedto realsor

setsof reals: ) à ¦ Hr4 W à ¦ 8 :

) à ¦ H µ & ?Ï� ( 
E�*)+!GF	H
W à ¦ 8 µ & ?á� < ) (hâ
 �-)Ñ!ãF¥� if ) . W 4äFT2 if ) ¿. W

' For ) . å / let �Óæ betheleastordinalthatamachine

canwrite on input ) . Then:

(i) ) à ¦ H µ & ) . Æ �3ç � H �
;

(ii) theassignment) & � æ satisfiesa Spector

Criterion.

' Thisletsusdevelopa degreetheoryon realsthat is

somewhere intermediatebetweenP BB -degrees(or

hyperdegrees) and P BQ -degrees.



L è � tGu 0Ï�*�l4�)+!b. � é å / � ( 
 �*)+!GFÊ: (“StrongJump”).

Def ê � tGu
0 W ½ å / � W is semi-decidablefrom a real : �
0 W ½ å / ��?Ïë . å / ?Ï� < ) ) . W µ & (íì
 �-)Ñ!ãFC�=: .î � ê ï_kíê .

Fact (Hamkins-Lewis)
î ½ î ðñ is a � -algebra,

closedunderSuslin’soperationò . ê formsaSpector

pointclass.

Let
W à ì § ¦ 8 denote

W
is infinite timecomputable

from arealand 8 .



It follows from theabove thatthesetsof reals

semi-decidablein ) . å / arethose
W

expressibleas

follows: let ó y �*x y 4>x B ! bea É B formula,thenlet

H . W ô e Æ �¥õ÷ößøùçÃú � )û4�H � � � ó y �*)û4�HA!wp
W

is semi-decidablein 8 (
W 498 ½ å / ) and ) . å / can

beseento begivensimilarly as:

H . W ô e Æ � õ÷öüøùçýøÿþ5ú � )û4�Hr498 � � � óly �*)û4�Hr498 !wp



Post’s problem: arethere

1)
W ½ å / ,

W . �m4 W notdecidablebut 2 è dà ì § ¦ W
?

2)
W 4Ã8 . W dà ì § ¦ 8 � 8 dà ì § ¦ W

?

' In Æ , theconstructibleuniverse,thereare
W 498 asin

2).

'�� Î��,� Boolean�*�=!�! e any
W . ���3� ï k�� satisfies

2 è � ì § ¦ W
.

' � Î���� Boolean�*�=!�! e thereareinnermodelsof large

cardinals.

Conclusion:thepointclassof semi-/co-semidecidable

setssitshighupwithin theWadgehierarchy inside P BQ .


