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Abstract. We considerthetheoryof supertaskasimplementedn infinite time
Turing machinesWe considerin particularcomputationdn the type of setsof
reals.We give somecommentaryon this and a numberof openproblemsare
raised.

1 Intr oduction

The theory of infinite time computationson setsof integersis now, at
least,reasonablyunderstood\We discusshere someopenquestionsin
both this theory but more particularly in that of the theory concerning
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2 Philip D. Welch

computationsn thenext typeup, thatis usingrealsasinputs/outputsand
setsof realsasoracles.This highertype theoryhasnot asyet receved
the sameattentionasthe theory on integers.The aim of this article is
to provide somecommentaryon what we feel this highertype theory
shouldlook like,andto askanumberof questionsvhoseanswershould
help developthattheory andplaceit in a context with othertheoriesof
reducibilitiesat this level.

In this sectionwe give someof the basicdefinitions(from [HaLe00]),
and mention an alternatve machinearchitecturethat yields the same
classof computableunctionson singletapemachinesin the next sec-
tion we statethe correspondinglefinitionsandfactsfor the highertype
theory We give no proofsof thesdatterresults Oftenthey aresimply the
analogougnesfor the theoryon integers,andthe readercan construct
themfor his or herself.

We refer the readerto [HaLeO(Q or to JoelHamkins’ article in this
volume,for the basicstructure definitions,andresultsconcerningsuch
machinesWelet P, denotethen’th programin somefixedenumeration.
In Section2 we shallassumesomefamiliarity with the notionsof deter
minagy of two personperfectinformationgames see.eg, [Ka94]. For a
pointclassl” “Det(I")” will denotethe assertiorthatgameswith payof
setsA € I" have winning stratgiesfor oneof theplayers.

It wasnotedin [HaSe0] thatthe machinearchitecturecould be re-
placedby a singletapemachineusing0 and1 asanalphabetput only as
long asoneconsidereccomputablégunctionsf : N — N. For functions
F : R — Rt turnedoutthatasingletapeis insufficient.

We first noteherethata not unattractve one(or three)tapemachine
modelis obtainedwhich computeghe sameclassof functions(on either
integersor reals)asthe original machinearchitecturepy allowing into
thealphabeblank cellsonthetape.(To be sureonenow hasa machine
thatin essencavorkson 3“ insteadof 2¢, althoughfor thetheoremabove
we still considerz € R input asaninfinite sequencdrom {0, 1} only.
A function ¥ : R — R is computabldoy sucha machine,f for all real
input strings,theoutputstringsarealsorealstrings,i.e., without blanks.)
Thepurposeof a“blank” or emptycell is to signify ambiguity We adopt
anew limit rule for specifyingthe contentsof cells at limit stagesif a
cell’'s value hasvaried cofinally often belov A, we setthe valueto the
“ambiguous”valueof ablank.
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Ambiguity limit rule: If X is alimit ordinal, thenthe contentsof
thes’'th cell onthetapeat time \, C;(\), is givenby: If Jyy < A
sud thatVe < A(vy < v — Ci(vy) = Ci(v)) thensetC;(\) =
Ci(vp); otherwisesetC;()) to bea blank.

Onethenhas:

Theorem 1 LetC betheclassof functionsF : R — R computableby
the Hamkins-L&vis madinesof [HaLe00], andC’ thoseof the one-tape
madinejust specifiedThenC = C'.

It is not hardto seethatif we now definea one-tapanachineusing
this ambiguity limit rule, thenits action canbe simulatedon a {0, 1}-
valuedthreetape[HalLe0O]-machinelt wasnotedin [HaSeO0] thatthe
singletapemachineswith {0, 1} valuesonly computeda classof func-
tionsthatwasnot closedundercomposition.This hadthe effect thatthe
naturalsimulationof a 3 tapemachineby a 1 tapemachinecouldnotre-
alisethatit hadperformedafinal compressionf thesimulatedutput.(A
compessionis a mapof the form (xoyozoz14121 . ..) — (202122 -..);
althoughclearly 1-tapecomputableonits own, onecannotcomposet in
a 1-tapecomputablgashionwith the otherstepsof the simulation.One
needsa flag or somedevice suchasfurther scratchpad (see[HaSe0]
Theoren®.3)thatis not partof thefinal outputto allow usto know when
thefinal compressioms complete andthe 1-tapecomputatiormayhalt.)

We have herean extra symbol- namelythe blank - in the alphabet,
andthis givesusenoughroomto setflagsandenableusto closeup under
compositionandthuscalculatethe samefunctionsasthe 3 tapemodel.
(For readerdamiliar with [HaSeO1]this is really an exercise.)However,
the theoremabove notwithstandingwe shall stick to the definitionsand
conventionsof [HaLeOO] for this paper The rest of the definitions of
this subsectiorareall takenfrom that paper It shouldbe notedthatwe
deliberatelyelide the distinctionbetweensubsetf w andtheir charac-
teristic functionsas elementsof 2¥ andwrite “n € ¢” interchangeably
for“g(n) = 1" etc.

Definition 1 ¢, (z), for z € 2¥, denotesheresultof running P, oninput
string .

Forary n, x it is easilyseerthatthereis acountableordinal o sothat
the behaiour of ¢, (x) has“settled” by stagen: eitherit hashaltedor it
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hasentereda permanentooping cycle: notationally eithery,,(x)ly for
somey € 2¢, or elsey, ()1 . For amachinewith anoracle f € 2¥ we
allow the machineto receive 0/1 answergo queriesof the form “Does
f(n) =1"? We write “<p£ (x)Ty” for “programp with inputxz andoracle
f eventually hasa settledy on its outputtape”; in otherwords, there
is atime v, sothatfor all latertimes ¢/ (x) hasy sitting on its output
tape- althoughwithout requiringthatgo;;p(x)i . Therelations® <p£ (x)Ty",

“of (z)1", and“ ¢/ (z)| y" areA; relationsof f, z, (y). Welet WO denote
thesetof realsin 2¢ thatcodewellorderingsof w.

Definition 2 z € W +— 3p € wyp,(0)lx (W istheclassof “writable”
reals).

Fact1 ([HaLeO00] 3.7, 8.3) The“writable” ordinals, (thoseordinals o
sothatthereisz € WN WO with ||z|| = «) formaninitial sggmentof
the countableordinals.

Definition 3 (i) A =4 sup{||z|| : z € WO N W},
(ii) v =4 sup{e | Ip € w ¢,(0)] andhaltsin exactly « steps}.

Definition 4 (i) EW =4 {z € 2¢ | 3pyp,(0)tz}. EW is thesetof “even-
tually writable” reals.(ii) ¢ =4 sup{||z|| : © € WO N EW}.

Definition 5 LetX =4 sup{||t|| : t € AW NWO}. AW is the setof
“accidentally writable” realswheee:

AW =4 {z € 2¥|Jp = appeasonanytapeat anytime of thecompu-
tation of ¢, (0) }.

Theaccidentallywritablerealsarethuslik ely to betransient(An equi-
alentclassof realsis obtainedby restrictingtheappearancef suchreals
to the outputtapealone.)Clearly AW D EW D W. Welet HC denote
the classof hereditarilycountablesets.

Definition 6 We write H () (H(¢), H(X) respectivelyfor the classof
setsy € HC sothatdy € W (EW, AW respectivelyyith g codingy.

WeusethenotationW/, A/ ... H/()\),...forthenotionsrelativised
toareal f.



Posts problemandotherproblemsof supertasksf highertype 5

Definition 7 (The weakjump)For f € 2, fV =4 {n € w|¢{(0)}}.

It is easyto seethat f — fV is a A} function. The notionsof g is a
decidable(or semi-decidable¥etof integers is the naturalone: g must
have atotally (or partially) computablecharacteristi¢dunction:

Definition 8 g € 2¥ is semi-decidablén thereal f if for somee wehave
VneEw n€ge— ol(n)ll.

As usualg is decidable(in f) if bothit andits complementare semi-
decidabl€in f).

For the ordinarynotion of Turing computabilityonehasthe equva-
lencebetweerthe semi-decidable,e., therecursvely enumerablesets
of integersasthosethat are the domainof somecomputablefunction,
with, asalternatve, thosethat are the rangeof such.One canestablish
this by observingthatfrom the universalityof Kleenes T-predicateone
may simply testintegersto seeif they codea whole courseof compu-
tation of the relevantfunction, andseeingif they terminatein a desired
numberoutput. The pointis thatthe courseof computatiorcanbe coded
as somethingwithin the domainof the Turing machine. But is that the
casefor infinite time Turing machines®r dowe have in thephraseology
of Sacks[Sa80],a “violation of parity” (betweenthe type of the object
in the domainof the computationandthat of the computationitself)?
In essenceve areaskingwhether(a codefor) a haltingcomputatiorcan
alsobetheresultof a haltingoutputof anothercomputationFor thisit is
enoughto have a real codefor the lengthof ary halting computationto
be a potentialoutputof somehaltingcomputationOncewe have sucha
codeto handwe canthenwrite a programsimulatingthe original course
of computatioralongthatordinal,andsooutputa codefor the courseof
that computationIn the termswe have defined,we are askingwhether
~v < A. This had beenthe principal openproblemleft from [HaLe0O].
Theansweis affirmative.

Theorem2 ([WeOOa] Thm.1.1) A = +, and by relativisationfor all
fe2v M =4l

Oncewe have this resultwe cananswera numberof questionsasto
whatthe decidablesetsof integersare,whatis compleity of the weak
jump operatorwhatarethesetsH () etc.
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Theorem 3 ([We00a]Cors.3.1,3.3,3.5For 6 € {),(, X}
H(0) = Ly, andforany f € 2*  H/(67) = Ly[f].

Corollary 4 Thedecidablesetsof integers are preciselythoseof
'P(w) N L)‘.

TherelationshipbetweerthevariousH (6) setsis givenby:

Theorem5 ([We00] The® (A, ¢, X) Theoem”) (i) L) <x, L¢ <s, Ls.
(i) (), ¢, X) isthelexicographicallyleasttriple of ordinalssatisfyinghis
relation.

Thistheoremimpliesthatwe may considerthe definablesetsof inte-
gersasthoseY;-definableinsidetheleastmodelof K P with atransitve
Yy-endextension.It furtherimpliesthat Ly, L, areadmissiblesetssat-
isfying strongreflectionpropertiesFor example,thereareunboundedly
mary « belov ary of theordinals\, ¢, whereL, E ¥,-KP (mean-
ing Kripke-Plateksettheorywith ¥,-Collectionand A,-Comprehension
axioms).

By appealingo Theoren?2 asy/ = A/, Theorem3, andby consider
ing therunningof suchmachinesnside L, [ f] onesees:

Corollary 6 fV € % (Lys[f])-

As fV isnotan f-decidablesetof integers it cannotlie insideL ;[ f].
It is thusperhapsunsurprisinglya 3;-mastercodéor L,.

Corollary 7 ((We0Qq ) fV is (ordinary) Turing isomorphido X, -Th(L,),
thecompleteX, theoryof L.

Thereis the naturalreducibility relationassociatedo reals:
Definition 9 For x,y € 2¥:
T <o Y — IVk € wpl(k)1 <> x(k) = 1A Q% (k)0 < z(k) = 0]

Corollary 6 enablesoneto seethatthe assignmenyf — )/ satisfieshe
usualSpectorCriterion:

Lemmas8 (i) x <o y +— z € Ly[y]; thus(ii) z <, y —> AT < \Y;
(i) Theassignment — \* thensatisfiesa Spectorcriterion:
T <o Y = (7Y <o Y & AT < W),
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The analogyof <. with ordinary Turing reducibility is explored
in [HaLe0O0]. We take Lemma8 as indicating that the properanalogy
hereis ratherwith somethingintermediatebetweenhyperdgrees(with
the assignment — w?! andthatof Al-degrees(with assignment
A5 (x))-

The principle openquestionwe canformulateat this pointis thefol-
lowing.

Questionl Let D be a countablesetof infinite time degrees.Does D
havea minimalupperbound?

This questionremainsunresoled for hyperdgrees For Al-degrees
therearetwo differing but completepictures,both with affirmative an-
swers,dependingon whetherR C L or not (see[Fr74]). Therearesome
partialresultson Questionl in [We99],but they arevery partial,andthe
problemlooks difficult?.

1.1 Eventually infinite time degrees

Thereis onesensan which onecouldarguethattheordinal( is perhaps
morefundamentathan\. It is afterall the point by which the behaiour
of themachineon a computatiorof theform ¢, (k) is determinedeither
it hashalted,or it hasbegunto loop permanenthat someordinal{ < (.
(Moreover thereis e sothatthis upperboundis attainedhere.lt would
take ustoofar afieldhere,but it is essentiallythe patternof the universal
machineyy’s output tape at stage( thatis recursvely isomorphicto
certainsetsof interestoccurringin therevision theoryof truth basedon
Herzbegersequences.)

We couldthusdefineareducibility relation“z is eventuallywritable
from y”.

Definition 10 = <.o y ¢— = € EWY.

We definea jump:

Definition 11 7 is thesetofindices{p € w | 3y € EW* 7 (0)1y}.

1 We write w? for theleastordinalnotrecursvein z
2 [We99] usessomeunexplained notationwhich we hereclarify: F(e, f) = 3 abbraiates
" 0f(0){ in exactly 3 steps”
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We have parallelto the above:

Lemmag (i) z <eoo y — 2 € Lev[y]; thus(ii) z <eoo y — ¢* < (¥,
(i) Theassignment — (* thensatisfieghe Spectorcriterion:
T Zeoo Y — (T Seo ¥ ¢ (7 < (Y).

Lemma 10 z is Turing isomorphicto the completeX,(L-[z]) setof
integers.

Againthevariantof Questionl arises.

Question2 Let D bea countablesetof eventuallyinfinite time degrees.
DoesD havea <., minimalupperbound?

Definition 12 LetF = {z € 2¥ |z € L= }.

We notethatit makesno differencewhetherwe write ¢* or A? in this
definition, sincethereis a programthatgivenanx asinput, searches$or
its L-rank.Oncefoundwe canensureheprogramhalts.Henceif = € F
thenz € Ly.. Thereis ananalogyherewith @, (see[Ke75]or [Mo80,
4F.4] for the basicpropertiesandstructureof Q) the largestthin I} set
of quickly constructiblereals:Q) =4 {z|z € Ly }.

We maydefineanaturalierarchyof eventuallyinfinite degreeghrough
F in thespirit of [Ke73 (wherethisis donefor  andhyperdgrees)y
eo = [0].; eqt+1 = [€a].; €, ~ lub{ eq | @ < p} for Lim(y) if defined.
(Here"lub” abbreriates“leastupperbound”in thedegreeordering.)

Question3 Whatis thenatural lengthof this hierarchy?Thatis, whatis
theleastp sothate,, is undefined?

(Theversionof thisquestiorfor theinfinite time degreeshasaknown
answerthenaturalhierarchyis undefinedevenatthew’th stage.)

2 Higher Type Computation

We briefly review againtherelevantdefinitionsfrom [HaLe00].

For A C 2¢ go;‘(x) representshe functiondefinedby the p’th pro-
gramin arecursve listing of programsallowing queriesof thesetA, as
to whethera real currently on the scratchtapeis, or is not, in A (and
receving asimple0/1 answer)usingrealinput z.
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Definition 13 ([HaLe0O0] Thestrongjump)
0Y =4 {(n,z) € wx 2| pu())} .
For A C 2@ defineAY =4 {(n,z) € w x 2¢ | p(z)}}.

Thereis anassociatededucibilityrelationassociatetb setsof reals:

Definition 14
A< B+—InVz € 29 [pP(a)ll+—z€ A A @l (2)l0 +— z ¢ A]
We malke specificallysemi-decidabilityinto a definition:

Definition 15 A setofrealsA is semi-decidablén a setof realsB if and
onlyif:
Invz € 2¥ [pl(2)l +— 2z € A ]

(i) AsetofrealsA is semi-decidablén asetof realsB andarealy € 2%
if andonlyif:

InVz € 2 [pBY(z)|l +— z € A |

We want a notion of “semi-decidability” that resultsin a pointclass
of setsclosedundercontinuouspreimagesThus(whensufiicient deter
minag) it shall have a Wadgerank, which in turn givesa measureof
compleity to the notion of semi-decidabilitywe have defined.(Wadge
definedthe following orderingon setsof reals: A <y B if thereis a
continuougreductionof A to B: i.e.thereis acontinuousf : 2“ — 2 so
thatr € A < f(z) € B. Then<yy, iseasilyseerto bereflexiveandtran-
sitive. Thiswill give usanotionof Wadge rankof the setsof realsin ary
givenpointclassI’ providedwe know that <y restrictedto I is well-
founded.Assumingsufficient determinag Wadges Lemma(cf. [Mo80,
7D.3]) assertghat <y sorestricteds (virtually) alinearordering,anda
theoremof Martin (cf. [M080, 7D.14]) asserts still assumingsufiicient
determinay, thatit is wellfounded.For " equalto the classof Borel
setsnodeterminay is required(indeed,unlike Borel Determinag, these
factscanbe provenin secondorderarithmetic). Assumingthe full ax-
iom of determinayg, AD, thenthe Wadgehierarchyso obtainedhasrank
© =4 sup{y|Jg:R — v,gonto}.)

Thenotion* A is decidablein B” (respectivelyin areal and B”)
is asusual:thisrelationholdsif both A and—A aresemi-decidablén B
(respectiely in arealandB).
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Definition 16 A <, ., B denoteghat A is decidablein B andareal.

For therestof this section“semi-decidability”will abbreviate“semi-
decidabilityin areal” - theboldfacenotion.

Definition 17 (i) T'y =4 {A C 2¢ | A is semi-decidabléromareal }
(||) AO :df F() ﬁ_ﬂ[‘() .

Theorem 11 (Hamkins-L&vis)[HaLe0Q A C Alisac-algebra,closed
under Suslins opemtion .4, properly containingthe Selivanaskf C-
sets.

It is easyto verify thatthe semi-decidablén = setsof realsareprovably
Al(z) andthus,by aresultof Solovay (aproofis givenin [FeNo74]),are
all absolutelymeasurableandenjoy the propertyof Baire.
Therearetwo questiongelatedto hierarchiesith aclassicaflavour
(asopposedo the descriptve set-theoreticziewpoint basedon the later
effective theoryof Moschosakisandothers).Thefirst is to askhow the
semi-decidablsetssit with relationto the Kolmogoros R-sets.

Question4 Classifythesemi-decidablsetsof realswithin thehierarchy
of the R-sets.

We conjecturethat they sit very low down in this hierarchy The
reademay consult[Hi78] V.4 andV.5 for anaccountof classicalhier-
archieshroughAl}. Thereis anothemotionof generalisedtomputation,
dueto Blackwell [BI78], the “Borel programmableunctions - derived
from thetheoryof dynamicprogrammingn probabilitytheory For this,
let X, Y beperfectpolishspacesand2¥ be CantorspaceA programis
afunctionp : 2¢ — 2¥ sothatVnz(n) < p(z)(n) (thuswe arereally
thinking, viacharacteristi¢unctions,of p asoperatingon asubset: of w
andreturninga possiblylargersetp(z)). We iteratep in anobviousway,
andlet p, bethea'th iterate,with py(z)(n) = sup,., po(n) for all n at
limits \. Let po bethefixed point function attainedat some2 < w;. A
Borelfunctione : X — 2“ is calledanencoderaBoreld : 2¥ — Y isa
decoder Let ¢; bethe constanfunctionon w with values.

® The Selivanorski C-setsare the smallesto-algebraof setscontainingthe Borel sets,and
closedunderoperationA.
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Definition 18 A function f : X — Y betweenperfectpolish spaces
X, Y isBorelprogrammabléf it is of theform dopq oe for somed, p, e of
theaboveform.AsetA C X is Borel programmabléf its characteristic
functionpy : X — 2¥ is(whee py(z) = ¢ if x € Aandpy(z) = ¢ if

x ¢ A)

Question5 Aretheinfinite time Turing madinedecidablesetsall Borel
programmablesets?

It is easyto seefrom the definition of Borel programmabldunc-
tions, thattheir computatiorcould be effectedon aninfinite time Turing
machinglequippedvith oraclesor therequisiteBorel codesof thefunc-
tionsconcerned)Thequestionconcernghereverseinclusion.Theques-
tion prima facie is not unreasonablesinceby a resultof Burgessand
Lockhart[BuLo83] the Borel programmablesetsalso properlyinclude
the C-sets However we conjecturehe answeiis negative

In [HaLe?? a positive solutionto Posts problem(whethertherecan
be A with 0 <o, A <, 0Y) is proposedIn facttwo countablesemi-
decidablesetsA, B C 2%, whichcouldbeconstruedisconstructedlefin-
ablyoverL,, areseerntobe <., -incomparableiaaFriedbeg-Muchnik
type construction Sincethe setsconstructedarecountablethey areob-
viously both of degree0 when consideringthe boldfacereducibility of
decidabilityin reals.Onecan“remedy” thatasfollows

Lemmal2 (V = L). ThesetF of fastrealssatisfies) <., F < 0Y.
Moreover F is not decidablein a real,and 0¥ is not decidablein any
realand F'; thatis 0 <, o, F <, 0Y.

Fisthus,in L, a(boldface)strictly intermediateset. Thatsomekind
of settheoretichypothesiss necessaryo build intermediatesetswill be
seenbelow.

We take the view herethatonetendsnot to considerthe relation of
“Ais Al in B" betweensetsof reals (althoughof coursethis makes
perfectsensdor setsof integers).We shouldlike to generalisehe no-
tion of boldfacesemi-decidabilitythatis affordedby Kleenedegrees(see
[HrSi80] for a discussiorof this notion). Briefly, for setsof reals A, B
onewrites A <x B (“A is Kleenerecursve in B”) iff thereis a real

4 We aregratefulto JohnBurgessfor bringingthis exampleto our attention- albeitin arather
differentcontext.
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y sothatthe characteristicunction y 4 of A is recursve (in the sense
of Kleene[KI59]) in y, x  andtheexistentialintegerquantifier 2E. The
computationamodelherediffersfrom theinfinite time Turingmachines,
but onecanview it asa machineequippedwith ability to quiz anoracle
for B andy, with a countablyinfinite memory andan ability to search
thatmemoryin afinite amountof time.

The Kleenerecursve setsare then the Borel sets,and the Kleene
semi-recursie setsarethe coanalyticsets.Solovay hadshown ([So71))
thatunderAD, the axiom of determinay, the Kleenedegreesarewell-
ordered Thecompletesemi-recursie setis WO, thell; setof realscod-
ing wellorders.The natureof the reducibility ordering<x dependson
onesuniverseof discoursecontrastingvith Solovay’s AD resultalready
mentionedjn L, or in setgenericextensionghereof,thereare2® < -
incomparablesemi-recursie setsbelow the degreeof WO ([HrSi80]).
A sharperresultthanSolovay’s (no punintended)is the factthatif IT}-
determinayg holdsthenall Kleenesemi-recursie,non-recursie setshave
thesameKleenedegree. Thisis aresultof Steel[St80]. Thecorversealso
holdsby Harrington[Ha78, Theorend.4]. We shouldexpectanentirely
analogouspicture to obtain for the degreesof the semi-decidablesets
definedabove.

In the following we usefreely the naturalgeneralisationsf the def-
initions andnotationsfrom thefirst section.We thus,for example,write
“\B” for thefirst ordinalthatis not (codedby) the outputof ary halting
computatiorwith oracleB, oninputO.

It followsfrom aversionof the* \, {, ¥-Theorem”(Theorenb above)
thatthe setsof realssemi-decidablén z € 2¥ arethosesetsA express-
ible asfollows: let 1 (v, v1) beaX; formula,thenlet

Y€ A— L)\@,y)[xay] IZ ?/Jo(x,y)-

A is semi-decidablen B (A, B C 2¥) andx € 2“ canbe seento be
givensimilarly as:

Yy e A— L)\(“:’y,B)[xayaB] ’: 1/}0(3:’2/’3)'

In the latter equivalence we shouldhave preciselythe notion of A
being Kleene semi-recursie to B, if one simply replaced\®#5) py
wf’y’B). However we arenot simply mimicking a (versionequivalentto)

Kleenesdefinitionhere.Supposave aregivenary functionf : D — On
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of ordinaryTuring degreego countableordinalsthatis definableviaa ¥,
formula(ve, v1) sothatfor ary (ordinary) Turing degree|y|; we have
f([y]lr) = aiff Lly] & ¥(y, «); thenwe may definea slice throughA
by defininga lightfacepointclassl’y asfollows: A € Ty if andonly if
for someformula(vy, v1) we have z € A «— Lyy)lz] = 0(z). (A
boldfacedefinition would addin a real parametej How high a rank f
hasin PX; modulothe Martin measurgcf [Ka94] p386),assumingsay
Det(A)), determineghe compleity of the classl’y. By somemeasures
A? is alargeordinal,andwe aredealingwith acomple class.

We maythen,to be specific,askquestionsaboutthe semi-decidable
setsbelav 0V asfollows:
1) IsthereA C 2¢, A € Ty, A notdecidablan areal,but satisfyingthat
0Y is notdecidablen arealand A?
2) ArethereA, B € Ty neitherof whichis decidablen arealfrom the
other?

Theoutcomejustasfor Kleenedegreesdepend®n the settheoreti-
cal universeoneinhabits.

Theorem 13 In L, the constructibleuniversg (or in setgenericexten-
sionsthereof)there are A, B asin 2).

We have not checled, but fully expectthat,thereare2® mary such
incomparablesetsA. We list anumberof problemswhich aresupposed
to elucidatethe boldfacereducibility orderingin the constructibleuni-
verse.We expect their answer(and solution) to be similar to that for
Kleenedegrees.

Question6 Assuméd’ = L.
(i) Canthere bea semi-decidablesetA of minimal <, .,-degree?
(i) Canthere beinfinite descendingequencesf <, ,.-degrees?

(iii) Arethe <, .-degreesof semi-decidablesetsdensebetween) and
0Y?

(We conjecturgheanswetto (iii) to beaffirmative,thussolvingtheother
two parts.)In the following we let for T' (ary pointclass)Boolean(T")
denotethe pointclassobtainedfrom the setsof I' andclosingup under
complementatiomndfinite unions.

Theorem 14 Det(Boolean(T)) = any A € T\ A, satisfiesnY and
A are mutuallydecidablein areal.
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Thussufficient determinag ensureshe answergo both questiongs
negative. In essencall onehasto do for this lattertheoremis to quotea
resultof Steel([St80]) thatfor any boldfacepointclasd” thedeterminag
of setsin Boolean(T') ensureshatary setnotI'-self-dualis continuously
reducibleto anothersuchset.

Thereremainghe questionof how to measurehe compleity of T'y .
Onemethodis to ascertaicthow muchdeterminag Det(Boolean (T ))
actuallyis. Canonefind anequivalencan termsof innermodelsof large
cardinalaxioms?Ve formulatethis asfollows:

Question7 Determinghestrengthof Det(Boolean(T'y )). Canthesharp
of aninner modelof somearge cardinal axiombe foundwhich is equiv-
alentto this?

In generalthe directionfrom a sharpto the determinay is difficult.
For the theory of Kleenedegreeswe have alreadyremarled that there
is a preciseanswerDet(Boolean(IT})) yields, by the abose comments,
thatall non-Borelco-analyticsetsare Kleenemutually reducibleto the
completell! set.This conclusionhadbeenobtainedby Steelassuming
just Det(I13). (Of courseHarringtonshaved that Det(IT1) implied the
existenceof z# for ary realz, andthis wasknown by work of Martin to
imply Det(Boolean(I1}))).

We canappeato methodsf Steel[St82],usingFriedman-stylgames
to shav thatDet(T'g ) impliesreasonabléarge cardinalstrengthWe first
have:

Theorem 15 Thefollowingis a (lightface)decidablerelation

“(z,y) € 2% codescountablepremiceM, N <, 0YandM <, N
in the (pre)mouserdering’

In theabove the (pre)mouserderings<, and<, arethecanonicabnes.
For premiceM <, N is to beinterpretedas“In the comparisorcoit-
erationof M with N to modelsM,, Ny theneither(i) 6 is leastso that
one of the modelsis illfounded, andthat modelis M, or (ii)) M, is an
initial segmentof N,.” The notation0Y denotesthe sharpfor aninner
modelof a strongcardinal(if it exists).UsingthefactthatDet(T')) im-
plies Det(I1]) we may usethe Y3-correctnes®f the core model built
assuminghereis no innermodelwith a strongcardinal([StWe94]) and
obtain:
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Theorem 16 Det(T) implies0Y exists.

This latter embeddingpropertyis known as0% (readas “0-pistol”)
andin factonehasz¥ for ary realz. But this seemdar from anoptimal
result.Indeedto aska questionasto lower bounds:

Question8 Doesthemutualdecidabilityin realsofall A, B € Ty \ Ay
imply 29 existsfor all z € R? Doesit imply z# exists?

We expecttheanswershouldbe affirmative.
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