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Abstract. Weconsiderthetheoryof supertasksasimplementedon infinite time
Turing machines.We considerin particularcomputationsin the type of setsof
reals.We give somecommentaryon this and a numberof openproblemsare
raised.

1 Intr oduction

The theoryof infinite time computationson setsof integersis now, at
least,reasonablyunderstood.We discussheresomeopenquestionsin
both this theorybut moreparticularly in that of the theoryconcerning
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2 Philip D. Welch

computationsin thenext typeup,thatis usingrealsasinputs/outputs,and
setsof realsasoracles.This highertype theoryhasnot asyet received
the sameattentionas the theoryon integers.The aim of this article is
to provide somecommentaryon what we feel this higher type theory
shouldlook like,andto askanumberof questionswhoseanswersshould
helpdevelopthat theory, andplaceit in a context with othertheoriesof
reducibilitiesat this level.

In thissectionwegivesomeof thebasicdefinitions(from [HaLe00]),
and mention an alternative machinearchitecturethat yields the same
classof computablefunctionson singletapemachines.In thenext sec-
tion we statethecorrespondingdefinitionsandfactsfor thehighertype
theory. Wegivenoproofsof theselatterresults.Oftenthey aresimplythe
analogousonesfor the theoryon integers,andthe readercanconstruct
themfor hisor herself.

We refer the readerto [HaLe00] or to JoelHamkins’ article in this
volume,for thebasicstructure,definitions,andresultsconcerningsuch
machines.Welet

���
denotethe 	 ’ th programin somefixedenumeration.

In Section2 we shallassumesomefamiliarity with thenotionsof deter-
minacy of two personperfectinformationgames- see.eg, [Ka94]. For a
pointclass
 “ �
������
�� ” will denotetheassertionthatgameswith payoff
sets����
 havewinningstrategiesfor oneof theplayers.

It wasnotedin [HaSe01] that themachinearchitecturecouldbe re-
placedby asingletapemachineusing � and � asanalphabet,but only as
long asoneconsideredcomputablefunctions ������ � . For functions! ��"# $" it turnedout thatasingletapeis insufficient.

We first noteherethata not unattractiveone(or three)tapemachine
modelis obtainedwhichcomputesthesameclassof functions(oneither
integersor reals)asthe original machinearchitecture,by allowing into
thealphabetblankcellson thetape.(To besureonenow hasa machine
thatin essenceworkson %'& insteadof ()& , althoughfor thetheoremabove
we still consider*+�," input asan infinite sequencefrom -'�/.0��1 only.
A function

! �2"3 " is computableby sucha machine,if for all real
inputstrings,theoutputstringsarealsorealstrings,i.e., withoutblanks.)
Thepurposeof a “blank” or emptycell is to signify ambiguity. Weadopt
a new limit rule for specifyingthe contentsof cells at limit stages:if a
cell’s valuehasvariedcofinally often below 4 , we set the valueto the
“ambiguous”valueof ablank.
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Ambiguity limit rule: If 4 is a limit ordinal, thenthecontentsof
the 5 ’ th cell on the tapeat time 4 , 6879�:4;� , is givenby: If <>=�?A@�4
such that BC=�@D4��:='?E@3=F 687G�H='?��JIK687G�H=��L� thenset 6879�:4;�
I687G�H='?�� ; otherwiseset 6879�H42� to bea blank.

Onethenhas:

Theorem 1 Let M be theclassof functions
! �C"K " computableby

theHamkins-Lewis machinesof [HaLe00], and MON thoseof theone-tape
machinejust specified.ThenM�I+M N .

It is not hardto seethat if we now definea one-tapemachineusing
this ambiguity limit rule, then its actioncanbe simulatedon a -'�/.0��1 -
valuedthreetape[HaLe00]-machine.It wasnotedin [HaSe01] that the
singletapemachineswith -'�/.0��1 valuesonly computeda classof func-
tionsthatwasnot closedundercomposition.This hadtheeffect thatthe
naturalsimulationof a3 tapemachineby a1 tapemachinecouldnot re-
alisethatit hadperformedafinal compressionof thesimulatedoutput.(A
compressionis a mapof the form P�*Q?SRT?SU0?V*CWXRYW9UTW �Z�0�\[^]  PHU0?_UTWLU0` �0�Z�a[ ;
althoughclearly1-tapecomputableon its own, onecannotcomposeit in
a 1-tapecomputablefashionwith theotherstepsof thesimulation.One
needsa flag or somedevice suchasfurther scratchpad(see[HaSe01]
Theorem2.3)thatis notpartof thefinal outputto allow usto know when
thefinal compressionis complete,andthe1-tapecomputationmayhalt.)

We have herean extra symbol- namelythe blank - in thealphabet,
andthisgivesusenoughroomto setflagsandenableusto closeupunder
composition,andthuscalculatethesamefunctionsasthe3 tapemodel.
(For readersfamiliar with [HaSe01]this is really anexercise.)However,
thetheoremabove notwithstanding,we shallstick to thedefinitionsand
conventionsof [HaLe00] for this paper. The rest of the definitionsof
this subsectionareall taken from thatpaper. It shouldbenotedthatwe
deliberatelyelide thedistinctionbetweensubsetsof b andtheir charac-
teristic functionsaselementsof (�& andwrite “ 	c�ed ” interchangeably
for “ df�g	O�hIi� ” etc.

Definition 1 j � �k*;� , for *��l( & , denotestheresultof running
���

oninput
string * .

For any 	�.m* it is easilyseenthatthereis acountableordinal n sothat
thebehaviour of j � �k*;� has“settled” by stagen : eitherit hashaltedor it
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hasentereda permanentloopingcycle: notationally, either j � �g*;�mo�R for
someRp�q( & , or else j;rs�k*;�Lt . For a machinewith anoracle �u�q( & we
allow themachineto receive ��vw� answersto queriesof the form “Does�x��	O�yIi� ”? We write “ jxzr �k*;�gt�R ” for “program{ with input * andoracle� eventually hasa settled R on its output tape”; in other words, there
is a time = , so that for all later times j�zr �g*;� has R sitting on its output
tape- althoughwithout requiringthat j zr �g*;�ko . Therelations“ j zr �g*;�ktxR ”,
“ jxzr �g*;�|t ”, and“ jxzr �k*;�ko�R ” are } W` relationsof �2.m*~.)��R/� . Welet ��� denote
thesetof realsin (�& thatcodewellorderingsof b .

Definition 2 *���� �� <T{���b8j;rs�����|o0* ( � is theclassof “writable”
reals).

Fact 1 ([HaLe00] 3.7, 8.3) The“writable” ordinals, (thoseordinals n
sothat there is *F��� ����� with ��� *h����I�n ) form an initial segmentof
thecountableordinals.

Definition 3 (i) 4�I
� z��L��� ->��� *h������*��F���,����1 ;
(ii) ��I
� z��m��� -'nq�T<T{���bej2rs�:���ko andhaltsin exactly n steps1 �
Definition 4 (i) �x� I�� z -)*��l( & �L<T{Qj;rs�:���kt0*O1 . ��� is thesetof “even-
tually writable” reals.(ii) ��I�� zJ�m��� ->��� *h�����h*��F���,������1 .
Definition 5 Let ��I
� z��L��� ->��� �)���C�;���u�A� ����� 1 . �A� is thesetof
“accidentallywritable” realswhere:�A� I
� z -)*��p(�&��L<T{#* appears on anytapeat anytimeof thecompu-
tationof j2rs�:���;1 .
Theaccidentallywritablerealsarethuslikely to betransient.(An equiv-
alentclassof realsis obtainedby restrictingtheappearanceof suchreals
to theoutputtapealone.)Clearly �A� ¡#�x� ¡c� . We let ¢�6 denote
theclassof hereditarilycountablesets.

Definition 6 We write ¢£�H42� ( ¢£�:�Y��.V¢£�H�¤� respectively)for theclassof
setsR¥�l¢�6 sothat <§¦R¥��� ( �x��.V�A� respectively)with ¦R coding R .

Weusethenotation� z .S4 z �0�0� .S¢ z �H4 z ��. �0�0� for thenotionsrelativised
to a real � .
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Definition 7 (The weakjump)For ���F( & , �y¨�I�� z -�	F��b��L© z� �:���ko>1 .
It is easyto seethat �� �y¨ is a } W` function. The notionsof d is a
decidable(or semi-decidable)setof integers is the naturalone: d must
havea totally (or partially) computablecharacteristicfunction:

Definition 8 d¥�F( & is semi-decidablein thereal � if for someª wehave

B;	F��b 	F��dE�� j z« �g	O�|o�� �
As usual d is decidable(in � ) if both it and its complementaresemi-
decidable(in � ).

For theordinarynotionof Turing computabilityonehastheequiva-
lencebetweenthesemi-decidable,i.e. , therecursively enumerable,sets
of integersas thosethat are the domainof somecomputablefunction,
with, asalternative, thosethat arethe rangeof such.Onecanestablish
this by observingthat from theuniversalityof Kleene’s ¬ -predicateone
may simply test integersto seeif they codea whole courseof compu-
tationof the relevant function,andseeingif they terminatein a desired
numberoutput.Thepoint is thatthecourseof computationcanbecoded
assomethingwithin the domainof the Turing machine.But is that the
casefor infinite timeTuringmachines?Or dowehavein thephraseology
of Sacks[Sa80],a “violation of parity” (betweenthe type of theobject
in the domainof the computation,and that of the computationitself)?
In essenceweareaskingwhether(a codefor) ahaltingcomputationcan
alsobetheresultof ahaltingoutputof anothercomputation.For this it is
enoughto have a realcodefor the lengthof any haltingcomputationto
bea potentialoutputof somehaltingcomputation.Oncewe havesucha
codeto handwecanthenwrite aprogramsimulatingtheoriginal course
of computationalongthatordinal,andsooutputacodefor thecourseof
that computation.In the termswe have defined,we areaskingwhether�c­®4 . This hadbeenthe principal openproblemleft from [HaLe00].
Theansweris affirmative.

Theorem 2 ([We00a] Thm.1.1) 4eI¯� , and by relativisationfor all����(�& 42zJIe�;z .
Oncewehave this resultwe canansweranumberof questions,asto

what thedecidablesetsof integersare,what is complexity of the weak
jump operator, whatarethesets¢£�H42� etc.
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Theorem 3 ([We00a]Cors.3.1,3.3,3.5)For °A�±-T4O.S�>._��1¢��:°��hI#²y³ , andfor any �F�l( & ¢ z �:° z �yI#² ³9´�µ �2¶ .
Corollary 4 Thedecidablesetsof integersarepreciselythoseof· �kb8�O��²h¸ .

Therelationshipbetweenthevarious ¢£��°�� setsis givenby:

Theorem 5 ([We00]The“ �H4O.S�>._�¤� Theorem”) (i) ²h¸�¹�º/»h²h¼�¹Jºs½�²�º .
(ii) �H4O.S�>._�¤� is thelexicographicallyleasttriple of ordinalssatisfyingthis
relation.

This theoremimpliesthatwemayconsiderthedefinablesetsof inte-
gersasthose�¾W -definableinsidetheleastmodelof ¿ � with a transitive�8` -endextension.It further implies that ²y¸s.S²h¼ areadmissiblesetssat-
isfying strongreflectionproperties.For example,thereareunboundedly
many n below any of theordinals 4~.V�Q.S� where ²yÀÁ�IÂ�8` - ¿ � (mean-
ing Kripke-Plateksettheorywith �8` -Collectionand }A` -Comprehension
axioms).

By appealingto Theorem2 as �fzJIc4Qz , Theorem3, andby consider-
ing therunningof suchmachinesinside ² ¸ ´ µ �2¶ onesees:

Corollary 6 � ¨ �F�¾WZ��² ¸�´sµ �2¶|� .
As � ¨ is notan � -decidablesetof integers,it cannotlie inside ² ¸Ã´�µ �2¶ .

It is thusperhapsunsurprisinglya �¾W -mastercodefor ²h¸ .
Corollary 7 ([We00] ) � ¨ is (ordinary)Turing isomorphicto �¾W - ¬JÄ~�:²h¸'� ,
thecomplete�¾W theoryof ²h¸ .

Thereis thenaturalreducibilityrelationassociatedto reals:

Definition 9 For *~.VR¥�F()& :
*�­JÅ�RE�^ </	QBCÆ���b µ j�Ç� �HÆ/�ko��JÈ *��:Æ��yI���É�j�Ç� �HÆ/�ko��ÊÈË*��HÆ��yIÌ�T¶
Corollary6 enablesoneto seethat theassignment��Í 4 z satisfiesthe
usualSpectorCriterion:

Lemma 8 (i) *£­JÅ�RE�^ Ë*���²y¸_Î µ Rs¶ ; thus(ii) *±­JÅiR ]  4�ÏÐ­e4 Ç ;
(iii) Theassignment* ]  4>Ï thensatisfiesa Spectorcriterion:*£­�ÅiR ]  �g*h¨q­JÅ�RE�^ 4 Ï @+4 Ç � .
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The analogyof ­�Å with ordinaryTuring reducibility is explored
in [HaLe00]. We take Lemma8 as indicating that the properanalogy
hereis ratherwith somethingintermediatebetweenhyperdegrees(with
theassignment*pÍ byÏW 1 andthatof } W` -degrees(with assignment*pÍ } W` �k*;� ).

Theprincipleopenquestionwecanformulateat this point is thefol-
lowing.

Question1 Let Ñ be a countablesetof infinite time degrees.Does Ñ
havea minimalupperbound?

This questionremainsunresolvedfor hyperdegrees.For } W` -degrees
therearetwo differing but completepictures,both with affirmative an-
swers,dependingon whether"ÓÒe² or not (see[Fr74]). Therearesome
partialresultson Question1 in [We99],but they areverypartial,andthe
problemlooksdifficult2.

1.1 Eventually infinite time degrees

Thereis onesensein whichonecouldarguethattheordinal � is perhaps
morefundamentalthan 4 . It is afterall thepoint by which thebehaviour
of themachineon acomputationof theform j « �HÆ�� is determined:either
it hashalted,or it hasbegunto loop permanentlyat someordinal ¦�^­#� .
(Moreover thereis ª so that this upperboundis attainedhere.It would
takeustoo farafieldhere,but it is essentiallythepatternof theuniversal
machine j§Ô ’s output tapeat stage � that is recursively isomorphicto
certainsetsof interestoccurringin therevision theoryof truth basedon
Herzbergersequences.)

We couldthusdefinea reducibility relation“ * is eventuallywritable
from R ”.
Definition 10 *�­ « Å#RA�^ Ë*������ Ç .

We definea jump:

Definition 11 Õ* is thesetof indices -S{���bÌ�T</R����x� Ï j�Ïr �:���kt)RQ1 .
1 Wewrite Ö/×» for theleastordinalnot recursive in Ø
2 [We99] usessomeunexplainednotationwhich we hereclarify: Ù§ÚÜÛVÝgÞ)ß¾àuá abbreviates

” â ´ã ÚÜämßæå in exactly á steps”
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We haveparallelto theabove:

Lemma 9 (i) *�­ « ÅeRE�^ Ë*���²y¼ Î µ Rs¶ ; thus(ii) *�­ « Å+R ]  � Ï ­+� Ç ;
(iii) Theassignment* ]  � Ï thensatisfiestheSpectorcriterion:*�­ « Å#R ]  �ÃÕ*�­ « ÅeRE�^ ��ÏÐ@ç� Ç � .
Lemma 10 Õ* is Turing isomorphicto the complete�8`'�:²h¼ × µ *>¶k� set of
integers.

Again thevariantof Question1 arises.

Question2 Let Ñ bea countablesetof eventuallyinfinite timedegrees.
Does Ñ havea ­ « Å minimalupperbound?

Definition 12 Let
! I�-)*��F(�&��)*l�l²h¼ × 1 .

Wenotethatit makesnodifferencewhetherwewrite ��Ï or 4�Ï in this
definition,sincethereis a programthatgivenan * asinput,searchesfor
its ² -rank.Oncefoundwecanensuretheprogramhalts.Henceif *�� !
then *u�,²h¸ × . Thereis ananalogyherewith è , (see[Ke75]or [Mo80,
4F.4] for thebasicpropertiesandstructureof è ) the largestthin é WW set
of quickly constructiblereals:èÓI�� z -)*h� *��l² & ×» 1 .

Wemaydefineanaturalhierarchyof eventuallyinfinitedegreesthrough!
in thespirit of [Ke75] (wherethis is donefor è andhyperdegrees)byê/ë I µ �'¶ Õ ; ê/ì>íyî I µ Õª0À�¶ Õ ; ê/ï^ðÓñ ��ò - ê/ì ��nu@eóx1 for Lim �gó~� if defined.

(Here“lub” abbreviates“leastupperbound”in thedegreeordering.)

Question3 Whatis thenatural lengthof thishierarchy?Thatis, whatis
theleast ô sothat ê/õ is undefined?

(Theversionof thisquestionfor theinfinite timedegreeshasaknown
answer:thenaturalhierarchyis undefinedevenat the b ’ th stage.)

2 Higher TypeComputation

Webriefly review againtherelevantdefinitionsfrom [HaLe00].
For �DÒ�( & j�ör �g*;� representsthefunctiondefinedby the { ’ th pro-

gramin a recursive listing of programsallowing queriesof theset � , as
to whethera real currently on the scratchtapeis, or is not, in � (and
receiving asimple ��vw� answer),usingrealinput * .
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Definition 13 ([HaLe00] Thestrongjump)�2÷�I
� z -w��	x.L*;�¤��bçøF( & �Tj � �g*;�|o>1 .
For ��Òe()& define� ÷ I
� z -w�g	x.m*;�ù��bqøF(�&��Tj ö� �g*;�|o>1 .

Thereis anassociatedreducibilityrelationassociatedto setsof reals:

Definition 14

��­�Å3úi�^ </	QB2*l�F( &�û jxü� �g*;�|o��J�^ $*���� Éýjxü� �k*;�ko��Ê�^ $*Áv���¾þ
We makespecificallysemi-decidabilityinto adefinition:

Definition 15 A setof reals � is semi-decidablein a setof reals ú if and
only if: </	>B2*l�F( & û j ü� �g*;�|o����� $*���� þ
(ii) A setof reals � is semi-decidablein asetof realsú andareal R^�F( &
if andonly if:

</	QB2*l�l( & û j üfÿ Ç� �g*;�|o��
�^ Ë*����Óþ
We want a notion of “semi-decidability”that resultsin a pointclass

of setsclosedundercontinuouspreimages.Thus(whensufficient deter-
minacy) it shall have a Wadgerank, which in turn givesa measureof
complexity to thenotion of semi-decidabilitywe have defined.(Wadge
definedthe following orderingon setsof reals: �$­�� ú if thereis a
continuousreductionof � to ú : i.e. thereis acontinuous�l�s(�&E ()& so
that *����#È �x�g*;�ù�lú . Then ­�� is easilyseento bereflexiveandtran-
sitive.Thiswill giveusanotionof Wadgerankof thesetsof realsin any
givenpointclass

�
providedwe know that ­�� restrictedto

�
is well-

founded.Assumingsufficient determinacy Wadge’s Lemma(cf. [Mo80,
7D.3]) assertsthat ­�� sorestrictedis (virtually) a linearordering,anda
theoremof Martin (cf. [Mo80, 7D.14]) asserts- still assumingsufficient
determinacy, that it is wellfounded.For

�
equalto the classof Borel

setsnodeterminacy is required(indeed,unlikeBorelDeterminacy, these
factscanbe proven in secondorderarithmetic).Assumingthe full ax-
iom of determinacy, AD, thentheWadgehierarchysoobtainedhasrank� I�� z��m�/� -)�±��<wd¥��"e $��.md onto 1 .)

The notion “ � is decidablein ú ” (respectively“in a real and ú ”)
is asusual:this relationholdsif both � and �§� aresemi-decidablein ú
(respectively in a realand ú ).
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Definition 16 �ý­�� ÿ Å ú denotesthat � is decidablein ú anda real.

For therestof thissection“semi-decidability”will abbreviate“semi-
decidabilityin a real” - theboldfacenotion.

Definition 17 (i)
� ?�I
� z -��ÓÒe(�&���� is semi-decidablefroma real 1

(ii) � ë I
� z � ?;��� � ? .

Theorem 11 (Hamkins-Lewis)[HaLe00] �ÂÒ	� W` isa 
 -algebra,closed
under Suslin’s operation � , properly containing the Selivanovski3 6 -
sets.

It is easyto verify thatthesemi-decidablein U setsof realsareprovably} W` ��U�� andthus,by aresultof Solovay(aproof is givenin [FeNo74]),are
all absolutelymeasurable,andenjoy thepropertyof Baire.

Therearetwo questionsrelatedto hierarchieswith aclassicalflavour
(asopposedto thedescriptive set-theoreticviewpoint basedon the later
effective theoryof Moschovakisandothers).Thefirst is to askhow the
semi-decidablesetssit with relationto theKolmogorov � -sets.

Question4 Classifythesemi-decidablesetsof realswithin thehierarchy
of the � -sets.

We conjecturethat they sit very low down in this hierarchy. The
readermayconsult[Hi78] � ��
 and � ��� for anaccountof classicalhier-
archiesthrough � W` . Thereis anothernotionof generalisedcomputation,
dueto Blackwell [Bl78], the “Borel programmablefunctions” - derived
from thetheoryof dynamicprogrammingin probabilitytheory. For this,
let ��.�� beperfectpolishspaces,and (�& beCantorspace.A program is
a function {ç�x(�&p (�& so that B;	
*���	C��­Ó{��g*;�Ã��	O� (thuswe arereally
thinking,viacharacteristicfunctions,of { asoperatingonasubset* of b
andreturningapossiblylargerset{��g*;� ). We iterate{ in anobviousway,
andlet {>À bethe n ’ th iterate,with {>¸Y�k*;�Z��	C�ùI �m��� À��Y¸ {>ÀQ�g	O� for all 	 at
limits 4 . Let {�� bethefixedpoint functionattainedat some�3@cbyW . A
Borel function ªÊ���  (�& is calledanencoder, aBorel �^��(�&  � is a
decoder. Let �_7 betheconstantfunctionon b with value 5 .

3 The Selivanovski � -setsare the smallest � -algebraof setscontainingthe Borel sets,and
closedunderoperation� .
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Definition 18 A function � ���  � betweenperfectpolish spaces
��.�� is Borelprogrammableif it is of theform �! �{��" >ª for some�>.H{O.Sª of
theaboveform.A set �ÓÒ#� is Borelprogrammableif its characteristic
function ô ö �$�ý (�& is (where ô ö �k*;�ùI%�)W if *±��� and ô ö �k*;�ùI&��? if*uv��� .)

Question5 Aretheinfinite timeTuring machinedecidablesetsall Borel
programmablesets?

It is easyto seefrom the definition of Borel programmablefunc-
tions,thattheir computationcouldbeeffectedon aninfinite timeTuring
machine(equippedwith oraclesfor therequisiteBorelcodesof thefunc-
tionsconcerned).Thequestionconcernsthereverseinclusion.Theques-
tion prima facie is not unreasonable,sinceby a result of Burgessand
Lockhart [BuLo83] the Borel programmablesetsalsoproperly include
the 6 -sets.Howeverweconjecturetheansweris negative.4

In [HaLe??] a positivesolutionto Post’s problem(whethertherecan
be � with �Á@¾Å �ý@¾Å¯� ÷ ) is proposed.In fact two countablesemi-
decidablesets�Ê.Sú�Òe(�& , whichcouldbeconstruedasconstructeddefin-
ablyover ²y¸ , areseento be ­�Å -incomparableviaaFriedberg-Muchnik
typeconstruction.Sincethesetsconstructedarecountable,they areob-
viously both of degree � whenconsideringthe boldfacereducibility of
decidabilityin reals.Onecan“remedy” thatasfollows

Lemma 12 �'�DI�²�� . Theset
!

of fastrealssatisfies:�^@¾Å ! @�ÅÌ� ÷ .
Moreover

!
is not decidablein a real, and � ÷ is not decidablein any

real and
!

; that is �E@�� ÿ Å ! @(� ÿ Å+� ÷ .
!

is thus,in ² , a (boldface)strictly intermediateset.Thatsomekind
of settheoretichypothesisis necessaryto build intermediatesetswill be
seenbelow.

We take the view herethatonetendsnot to considerthe relationof
“ � is } W� in ú ” betweensetsof reals(althoughof coursethis makes
perfectsensefor setsof integers).We shouldlike to generalisethe no-
tion of boldfacesemi-decidabilitythatis affordedby Kleenedegrees(see
[HrSi80] for a discussionof this notion).Briefly, for setsof reals �Ê.Sú
onewrites �$­�)Âú (“ � is Kleenerecursive in ú ”) if f thereis a real

4 We aregratefulto JohnBurgessfor bringingthis exampleto our attention- albeit in a rather
differentcontext.
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R so that the characteristicsfunction * ö of � is recursive (in the sense
of Kleene[Kl59]) in R , * ü andtheexistentialintegerquantifier `,+ . The
computationalmodelherediffersfrom theinfinite timeTuringmachines,
but onecanview it asa machineequippedwith ability to quiz anoracle
for ú and R , with a countablyinfinite memory, andan ability to search
thatmemoryin afiniteamountof time.

The Kleenerecursive setsare then the Borel sets,and the Kleene
semi-recursive setsarethecoanalyticsets.Solovay hadshown ([So71])
thatunderAD, the axiom of determinacy, the Kleenedegreesarewell-
ordered.Thecompletesemi-recursivesetis ��� , the é WW setof realscod-
ing wellorders.The natureof the reducibility ordering ­�) dependson
one’suniverseof discourse:contrastingwith Solovay’sAD resultalready
mentioned,in ² , or in setgenericextensionsthereof,thereare (�-/.�­�) -
incomparablesemi-recursive setsbelow the degreeof ��� ([HrSi80]).
A sharperresultthanSolovay’s (no punintended)is thefact that if 0

îî -
determinacy holdsthenall Kleenesemi-recursive,non-recursivesetshave
thesameKleenedegree.Thisis aresultof Steel[St80].Theconversealso
holdsby Harrington[Ha78,Theorem4.4]. We shouldexpectanentirely
analogouspicture to obtain for the degreesof the semi-decidablesets
definedabove.

In thefollowing we usefreely thenaturalgeneralisationsof thedef-
initions andnotationsfrom thefirst section.We thus,for example,write
“ 4 ü ” for thefirst ordinal that is not (codedby) theoutputof any halting
computationwith oracleú , on input 0.

It followsfromaversionof the“ 4O.S�>._� -Theorem”(Theorem5above)
that thesetsof realssemi-decidablein *£�Á( & arethosesets� express-
ible asfollows: let 1�?'�32'?0.42�WL� bea �¾W formula,thenlet

R¥���e�^ ² ¸65 ×87 Î:9 µ *~.mRY¶§� I;1�?'�g*~.VR/� �
� is semi-decidablein ú ( ��.Sú Ò (�& ) and *��D()& canbe seento be
givensimilarly as:

R¥���#�^ ² ¸<5 ×87 Î 7 = 9 µ *~.VR2.SúÊ¶x� I>1x?'�g*~.mR;.Sú � �
In the latter equivalence,we shouldhave preciselythe notion of �

being Kleenesemi-recursive to ú , if one simply replaced 4@?aÏ ÿ Ç ÿ üBA by
b ? Ï ÿ Ç ÿ üCAW . Howeverwearenotsimplymimickinga(versionequivalentto)
Kleene’sdefinitionhere.Supposewearegivenany function ����D3 �Ð	
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of ordinaryTuringdegreesto countableordinalsthatis definablevia a �¾W
formula 1
�E2T?).42�WL� so that for any (ordinary)Turing degree µ Rs¶GF we have�x� µ RY¶HF;� IDn if f ² µ Rs¶ù� I	1J��R2.Sn§� ; thenwe maydefinea slicethrough } W`
by defininga lightfacepointclass
O? asfollows: � �Ì
O? if andonly if
for someformula °��32'?).42�WL� we have *Ó��� �^ ² zJIaÏLK µ *>¶��I °��k*;� . (A
boldfacedefinition would addin a real parameter.) How high a rank �
hasin MON�W modulotheMartin measure(cf [Ka94] p386),assumingsay�
�����'� W` � , determinesthecomplexity of theclass
O? . By somemeasures4�Ï is a largeordinal,andwearedealingwith acomplex class.

We maythen,to bespecific,askquestionsaboutthesemi-decidable
setsbelow � ÷ asfollows:
1) Is there�ÓÒe(�& , ��� � ? , � notdecidablein a real,but satisfyingthat� ÷ is notdecidablein a realand � ?
2) Are there ��.SúK� � ? neitherof which is decidablein a realfrom the
other?

Theoutcome,justasfor Kleenedegrees,dependson thesettheoreti-
cal universeoneinhabits.

Theorem 13 In ² , the constructibleuniverse, (or in setgenericexten-
sionsthereof)thereare �Ê.Sú asin 2).

We have not checked,but fully expectthat, thereare ( -L. many such
incomparablesets� . We list anumberof problems,whicharesupposed
to elucidatethe boldfacereducibility orderingin the constructibleuni-
verse.We expect their answer(and solution) to be similar to that for
Kleenedegrees.

Question6 Assume�ÓIÌ² .
(i) Cantherebea semi-decidableset � of minimal ­�� ÿ Å -degree?
(ii) Cantherebeinfinitedescendingsequencesof ­P� ÿ Å -degrees?
(iii) Are the ­�� ÿ Å -degreesof semi-decidablesetsdensebetween� and� ÷ ?

(Weconjecturetheanswerto (iii) to beaffirmative,thussolvingtheother
two parts.)In the following we let for

�
(any pointclass)QSR$R ñ �6T�Uf� � )

denotethepointclassobtainedfrom thesetsof
�

andclosingup under
complementationandfinite unions.

Theorem 14 �
�Ã���3QSR$R ñ �JT�UC� � ?��L�yIWV any ��� � ?LX���? satisfies:� ÷ and� aremutuallydecidablein a real.
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Thussufficient determinacy ensurestheanswersto bothquestionsis
negative.In essenceall onehasto do for this lattertheoremis to quotea
resultof Steel([St80])thatfor any boldfacepointclass

�
thedeterminacy

of setsin QSR$R ñ �JT�UO� � � ensuresthatany setnot
�

-self-dualis continuously
reducibleto anothersuchset.

Thereremainsthequestionof how to measurethecomplexity of
� ? .

Onemethodis to ascertainhow muchdeterminacy �
�Ã�)�'QSR$R ñ �JT�UO� � ?;�L�
actuallyis. Canonefind anequivalencein termsof innermodelsof large
cardinalaxioms?Weformulatethis asfollows:

Question7 Determinethestrengthof �
�����3QSRYR ñ �6TZUO� � ?;�m� . Canthesharp
of an innermodelof somelargecardinal axiombefoundwhich is equiv-
alentto this?

In generalthe directionfrom a sharpto the determinacy is difficult.
For the theoryof Kleenedegreeswe have alreadyremarked that there
is a preciseanswer:�
�Ã�)�'QSR$R ñ �JT�Uf�'0 WW �L� yields,by theabove comments,
thatall non-Borelco-analyticsetsareKleenemutually reducibleto the
completeé WW set.This conclusionhadbeenobtainedby Steelassuming
just �
�����30 WW � . (Of courseHarringtonshowed that �
�Ã���30 WW � implied the
existenceof *C[ for any real * , andthis wasknown by work of Martin to
imply �
�Ã�)�'QSR$R ñ �6T�UC�'0 WW �m� ).

Wecanappealtomethodsof Steel[St82],usingFriedman-stylegames
to show that �
�Ã��� � ë � impliesreasonablelargecardinalstrength.Wefirst
have:

Theorem 15 Thefollowing is a (lightface)decidablerelation
\ Pg*~.VR [ �F()& codescountablepremice]#.4^ @P_���` and ] ­�_S^
in the(pre)mouseordering.”

In theabovethe(pre)mouseorderings@P_ and ­�_ arethecanonicalones.
For premice ] ­�_a^ is to be interpretedas“In the comparisoncoit-
erationof ] with ^ to models ]p³).�^Ð³ theneither(i) ° is leastso that
oneof the modelsis illfounded,andthat model is ]p³ or (ii) ]p³ is an
initial segmentof ^Ê³ .” The notation ��` denotesthe sharpfor an inner
modelof a strongcardinal(if it exists).Usingthefactthat �
�Ã�)� � ?_�m� im-
plies �
�Ã���30 WW � we may usethe � Wb -correctnessof the coremodelbuilt
assumingthereis no innermodelwith a strongcardinal([StWe94])and
obtain:
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Theorem 16 �
�Ã��� � ?S� implies � ` exists.

This latter embeddingpropertyis known as ��` (readas “0-pistol”)
andin factonehas *C` for any real * . But this seemsfar from anoptimal
result.Indeedto askaquestionasto lowerbounds:

Question8 Doesthemutualdecidabilityin realsof all ��.Sú�� � ?@X���?
imply * ` existsfor all *l��" ? Doesit imply * [ exists?

We expecttheanswersshouldbeaffirmative.
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