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We consider a broad class of nonlinear statistical inverse prob-
lems from a Bayesian perspective. This provides a flexible and in-
terpretable framework for their analysis, but it is important to un-
derstand the relationship between the chosen Bayesian model and
the resulting solution, especially in the ill-posed case where in the
absence of prior information the solution is not unique.

Following earlier work about consistency of the posterior distribu-
tion of the reconstruction, we obtain approximations to the posterior
distribution in the form of a Bernstein—von Mises theorem for nonreg-
ular Bayesian models. Emission tomography is taken as a canonical
example for study, but our results hold for a wider class of generalised
linear models with constraints.

1. Introduction. Inverse problems are almost ubiquitous in applied
science and technology, and because of the need for rigorous analysis to
characterise such problems, derive numerical solutions and assess their per-
formance, not to mention intrinsic mathematical interest, they have long
been the subject of intense mathematical study. In the corresponding ‘direct
problem’; (macroscopic, global) observational data are predicted from the
(microscopic, local) model parameters of the system. In the inverse problem
conclusions about model parameters are inferred from data.

This paper is a contribution to the theory of inverse problems from a
Bayesian perspective. Motivated by important problems in tomographic re-
construction, taken as a canonical example, we consider asymptotic prop-
erties of Bayesian procedures in the small-noise limit, for a class of models
that we call generalised linear inverse problems.

1.1. Inverse problems from a Bayesian perspective. Inverse problems en-
countered in nature are commonly ill-posed: their solutions fail to satisfy at
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least one of the three desiderata of existing, being unique, and being stable.
Thus, the focus is not on a unique solution = € RP of

(1) A(x) = Yexact

for given function A and data vector yexact € R"™, but rather on the cor-
responding set of solutions. Even when the solution = to (1) exists and is
unique for each possible Yexact, lack of stability means that the solution can
be extremely sensitive to small errors, either in the observations or in com-
putations. To circumvent this, the inverse problem is typically regularised,
that is, re-formulated to include additional criteria, such as smoothness of
the solution:

T* = argmin g(z)—y, ... Pen(r),

where pen(x) is a suitable scalar penalty function. If the inverse problem is
ill-posed, the regularised solution x* may differ from the actual value x¢ye
that generated the data Yexact = A(ZTtrue)-

If the data is observed with error, for example if we observe y modelled
as a random variable with p.d.f. or p.m.f. p(y | Yexact) then, allowing for the
possibility of lack of existence or uniqueness, the likelihood is penalised, and
a commonly considered solution of the inverse problem is that maximising
the penalised likelihood, that is,

(2) % = argmin,, [ logp(y | A(z)) + Apen(z)],

with A a positive constant controlling the trade-off between accuracy and
smoothness.

Penalised least squares was one of the first approaches of this kind in
inverse problems. While often natural, this corresponds to a Gaussian like-
lihood, which may not always be appropriate. For instance, Dupé et al.
(2011) study inverse problems where the observations are counts and where
a Poisson likelihood would have been more appropriate.

We now discuss the penalisation. Smoothness, or other ‘regular’ behaviour
of the solution to an inverse problem, is a prior assumption on the unknown
x, information about the model parameters known or assumed before the
data are observed. To use such information thus accepts that the required
solution must combine data with prior information. In a statistical context
it is then natural to follow the Bayesian paradigm.

From this perspective, the solution to (2) is immediately recognisable as
the maximum a posteriori (MAP) estimate of z, the mode of its posterior
distribution in a Bayesian model with likelihood p(y | A(x)), and in which
the prior distribution of x has density proportional to exp{—Apen(x)}.
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However, the Bayesian perspective brings more than a different charac-
terisation of a familiar numerical solution. Formulating a statistical inverse
problem as one of inference in a Bayesian model has great appeal, notably
for what this brings in terms of coherence, the interpretability of regulari-
sation penalties, the integration of all uncertainties, and the principled way
in which the set-up can be elaborated to encompass broader features of the
context, such as measurement error, indirect observation, etc. The Bayesian
formulation comes close to the way that most scientists intuitively regard the
inferential task, and in principle allows the free use of subject knowledge in
probabilistic model building (see, for instance, Rover et al. (2007) and Davis
et al. (1995)). For an interesting philosophical view on inverse problems,
falsification, and the role of Bayesian argument, see Tarantola (2006).

Mathematical analysis of nonlinear inverse problem (1) is typically far
more difficult and technical than for the linear case A(z) = Ax. However, a
modest generalisation is enough to formulate and analyse a broad range of
nonlinear statistical inverse problems of considerable practical importance.
The model class we consider — that of generalised linear inverse problems —
is formally defined in Section 3.

1.2. Convergence of the posterior distribution. The main mathematical
focus in inverse problems concerns how well the true solution can be recov-
ered in the presence of noise, as the size of that noise goes to zero. In the
case of a Bayesian analysis, the focus is on the small-variance asymptotic
behaviour of the posterior distribution of x.

For a differentiable identifiable likelihood and prior distribution positive
and continuous at the “true” value of the parameter, the posterior distri-
bution is asymptotically Gaussian in the case where the “true” parameter
is an interior point of the parameter space. This result is known as the
Bernstein—von Mises theorem. van der Vaart (1998) gives a total variation
distance version of the theorem, adapted from Le Cam (1953) and Le Cam
and Yang (1990), under mild additional assumptions on the error model.
The theorem implies that, under the above conditions, the prior has no
asymptotic influence on the posterior, that posterior inference is consistent
and efficient in the frequentist sense, and that posterior credible regions are
asymptotically the same as frequentist ones.

However, for our motivating example of the Poisson inverse problem, and,
more generally for the class of models we consider, the assumptions of the
theorem do not hold. Firstly, the assumption of identifiability of the likeli-
hood may not hold if the inverse problem is ill-posed. Secondly, the assump-
tion that the “true” value of the parameter is interior to the parameter space
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may not be satisfied. For the tomography example, the unknown parameter
is the vector of image intensities, which are nonnegative and can be zero,
corresponding to holes in an organ for example.

Investigating the literature showed that there has been little study of the
asymptotics of the posterior distribution for so called nonregular models, i.e.
models where the above assumptions are not satisfied. Theoretical founda-
tions for the study of the models where the Bernstein—von Mises theorem’s
assumption of the existence of the first derivative of the loglikelihood is
violated were laid by Ibragimov and Has’minskij (1981), for the case of a
one-dimensional parameter. These authors considered two types of densi-
ties, those with jumps and those with singularities. They gave expressions
for distributions approximating the posterior, differing from the Gaussian
in both cases, and for the rates of contraction of the posterior distribution
(and hence for the correct order rescaling of the parameter) that also dif-
fers from the 1/y/n obtained under the regular assumptions. There were
further developments in this area by Ghosal and Samanta (1995), Ghosh
et al. (1994), and Ghosal et al. (1995); these extend the results of Ibragimov
and Has'minskij (1981) to i.i.d. models with a regular nuisance parame-
ter (Ghosal and Samanta 1995), where the joint approximating distribution
asymptotically factorises into the approximating distribution for the “non-
regular” one-dimensional parameter and a Gaussian distribution for the reg-
ular nuisance parameter. For densities with jumps, when the limit exists it is
a shifted exponential distribution for the recentred “nonregular” parameter,
with the rate of contraction 1/n; for densities with singularities the limiting
distribution is more complex.

Under the conditions of Ibragimov and Has'minskij (1981), Ghosal et al.
(1995) proved the existence of the limit of the posterior for the appropriately
centred and rescaled p-dimensional parameter, without specifying the limit
explicitly in a general setting. Ghosh et al. (1994) characterised the limit of
the posterior distribution (for i.i.d. observations) in the particular case where
the posterior distribution can be “properly centred”. Such a setting applies
to the regular case, to densities with jumps or singularities, as considered
in Ibragimov and Has'minskij (1981), who showed that for densities with
jumps the limit of the posterior does not always exist. Chernozhukov and
Hong (2004) considered a class of nonlinear regression models with additive
errors, where the error density has a jump at 0, that arise in econometric ap-
plications. The authors showed that the limit of the appropriately rescaled
posterior distribution was a product of shifted multivariate exponential dis-
tributions for the “nonregular” parameter and a Gaussian distribution for
the “regular” nuisance parameter of the distribution of errors. A particular
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case of this model where the error density has support on the non-negative
semiline was considered by Hirano and Porter (2003).

In this paper, we extend the Bernstein—von Mises theorem in two direc-
tions, by relaxing both the assumption of identifiability of the likelihood
and the assumption that the “true” value of the parameter is interior to
the parameter space. We consider a broad class of probability distributions
for the data, generalised linear inverse problems, allowing the likelihood to
be unidentifiable, and a broad class of prior distributions. We allow linear
constraints on the solution of the inverse problem and allow the solution of
the exact linear inverse problem to be on the boundary.

We will show that for these models a consequence of relaxing these two
assumptions is that the limit of the posterior distribution, as well as the
rate of convergence, depend on the choice of the prior distribution and that
the limiting distribution is a product of Gaussian and exponential in dif-
ferent directions. We identify the directions in parameter space where the
posterior distribution contracts at different rates. We also show how to de-
rive approximations for Bayesian estimators for a given loss function, how
to study asymptotic distribution of functionals of the parameter, and how
these can be used in practice.

We motivate our study by presenting in Section 2 a nonlinear inverse
problem important in medical imaging, and Section 3 establishes the class
of models we study. In Section 4 we study geometry of the parameter space
determined by the posterior distribution, with an illustration for the linear
inverse problems with Gaussian likelihood and a Gaussian prior. In Section
5 we study local behaviour of the posterior distribution in a neighbourhood
of the limit that is formulated as a version of Bernstein—von Mises theorem
that is illustrated on the motivating example in Section 6. We conclude with
a discussion. All proofs are deferred to the Appendix.

2. Motivation. In this section we consider an important example mo-
tivating the class of models studied in this paper, generalised linear inverse
problems.

2.1. Single photon emission computed tomography. Single photon emis-
sion computed tomography (SPECT) is a medical imaging technique in
which a radioactively-labelled substance, known to concentrate in the tissue
to be imaged, is introduced into the subject. Emitted particles are detected
in a device called a gamma camera, forming an array of counts. Tomographic
reconstruction is the process of inferring the spatial pattern of concentration
of the radioactive isotope in the tissue from these counts.
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The Poisson linear model
(3) yr ~ Poisson(A.x)

independently for different ¢, is close to reality for the SPECT problem (there
are some dead-time effects and other artifacts in recording). Here x repre-
sents the spatial distribution of the isotope, typically discretised on a grid,
x = {x,}, and y the array of detected photons, also discretised y = {y;} by
the recording process. The array A = (a;s) quantifies the emission, trans-
mission, attenuation, decay and recording process; a;s is the mean number
of photons recorded at ¢ per unit concentration at pixel/voxel s.

See Green (1990) for further detail about the model, and an approach
based on EM estimation for MAP reconstruction of x, in a Bayesian formu-
lation in which spatial smoothness of the solution is promoted by using a
pairwise difference Markov random field prior. Later, Weir (1997) investi-
gated fully Bayesian reconstruction.

Since Poisson distributions form an exponential family, this model can
be seen as a generalised linear model (Nelder and Wedderburn 1972), with
identity link function, and since A is ill-posed we can call this a generalised
linear inverse problem.

We formalise the notion of small-noise limit for this Poisson model in a
practically-relevant way, by supposing that the exposure time for photon
detection is extended by a factor 7, and then consider the rate of detection
of photons, letting 7 — co. Thus the data-generation model becomes

TY|Ztrue ~ Poisson(T AiTirue),
independently, for t =1,2,...,n.

2.2. Prior distributions. From the beginning of Bayesian image analysis
(Geman and Geman 1984; Besag 1986), use has been made of prior dis-
tributions for image scenes that express generic, qualitative beliefs about
smoothness, yet do not rule out abrupt changes for real discontinuities (for
example, at tissue type boundaries in the case of medical imaging).

In common with much of the literature, we will concentrate here on
Markov random field prior distributions. The ‘true image’ iy in emis-
sion tomography corresponds to a physical reality, the discretised spatial
distribution of concentration of a radioactive isotope. Of course, this is non-
negative, so we impose the constraints > 0 (interpreted componentwise),
written z € X = [0, 00)P C RP.
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The first prior model we consider is Gaussian, apart from possible trun-
cation by the constraint,

1
) xexp {5 llo - wolfp . we

where ||u||3 = uTBu and B is a non-negative definite matrix. An impor-
tant special case is where xop = 0 and B satisfies By = 1 if s and s’ are
neighbouring pixels (written s ~ §'), otherwise Bsy = 0. Then we have
|z — 20l|% = Y .ow(Ts — 25)?, a pairwise-interaction model. In this and
other important cases B is singular.

A second prior model is a log cosh pairwise-interaction Markov random
field (Green 1990):

J

;26) > log cosh((zs — xs/)/5)> , TEX.

(@) pla) x exp (— =

s~s’

Here the parameter J is considered to be fixed.

This model has some attractive properties. While giving less penalty to
large abrupt changes in « compared to the Gaussian, it remains log-concave.
It bridges the extremes § — oo, the Gaussian model just mentioned, and
0 = 0, the corresponding Laplace pairwise-interaction model, sometimes
called the ‘median prior’.

These distributions are improper since they are invariant to perturbing x
by an arbitrary additive constant, but lead to proper posterior distributions,
save in exceptional pathological circumstances.

3. Model formulation.

3.1. Generalised linear inverse problems. Motivated by the emission to-
mography example, we formulate a general class of inverse problems with
similar properties that we call generalised linear inverse problems (GLIP).

We assume that the joint density of the observable responses Y taking
values in Y C R™ (with respect to Lebesgue or counting measure) can be
written

) p0le) = Fr.Anr) = Cyrewp {1 f,(40)}, v

for some n x p matrix A. The key feature of these models is that the dis-
tribution depends on = € X only via Az, where 7 is a scalar dispersion
parameter; in the Gaussian model, 7 is the variance o2. The observed data
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are generated from this distribution, with z = xt;ue, and we aim to recover
Ttrue @S T — 0.

We assume a continuous bijective link function G : Y — R" and write
G (Yexact) = ATrue. (In generalised linear models — see Example 3 below —
commonly G has identical component functions.)

We make the following assumptions about the error distribution:

Py,
L Y ~ F(y,G(po), 7), then Y =5 g as 7 — 0, for all 19 € G HAX).
2. For all ug € G71(AX), fu(n) has a unique minimum over AX at
n = G(po).

Assumption 1 states that 7 is not only the dispersion parameter in the model
but also that the distribution of Y contracts to its expected value as 7 — 0.
Assumption 2 establishes identifiability of the likelihood with respect to the
linear predictor n = Ax. It is sufficient to assume that these conditions hold
for (g = Yexact Where yexact is the “exact” data defined in the Introduction.

A particular case of such models is a linear inverse problem with inde-
pendent observations, where all A is independent of n and 7 = 1/n.

For example, Assumption 1 is not satisfied for the Cauchy distribution
(or indeed any distribution with polynomial decay and with scale depending
on 7) since the density cannot be cast in the form (5) for any choice of 7.
Assumption 1 is satisfied for the power exponential (Subbotin) distributions
F(y, 1,0) = Copexp{~[(y — n)?]??/o"} (8 > 0), with 7 = 0 and f, () =
[(y — 2P/,

Assumption 1 is satisfied by generalised linear models.

EXAMPLE 1. In the generalised linear models of Nelder and Wedderburn
(1972), an important class of nonlinear statistical regression problems, re-
sponses Yz, t = 1,2,...,n are drawn independently from a one-parameter
exponential family of distributions in canonical form, with density or prob-
ability function

P(ye; pt, T) = exp (ytb(ut}_c(ut) + d(?]tﬂ')) ;

T

using the mean parameterisation, for appropriate functions b, ¢ and d char-
acterising the particular distribution family. The parameter T is a common
dispersion parameter shared by all responses. The expectation of this distri-
bution is B(ys; e, 7) = pr = ¢ (pe) /U (11e) . Both assumptions are satisfied for
this example.

The tomography example given in Section 2 belongs to this class of mod-
els, with 7 = T—1, b(u;) = log g, c(pe) = pe, pe = Ay and X = [0, 00)P.
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As the link function G is continuous and monotonic, we could consider a
linear inverse problem Az = fexact Where foxact = G (Yexact); ¥ = G(Y) and
Y= G()). Hence, to simplify the notation, we assume below that the link
function is the identity.

3.2. Bayesian formulation of GLIP. We adopt a Bayesian paradigm, us-
ing a prior distribution with density given by

(6) p(z) xexp(—g(z)/7*), z€X,

where v2 is a scalar dispersion parameter for the prior, that may depend
functionally on 7; we relate this to the data dispersion parameter 7 by
7? = 7/v, and express most of our results below in terms of 7 and v. Thus
the posterior distribution satisfies

(7) p(z]y) o< exp(=[f,(Az) +vg(2)]/7), z€X,

where f,(Az) was defined by (5).

Denote f,(z) = f,(Az) and hy(z) = f,(z) + v g(x), so that p(z|y)
e hy(@)/7

We will assume throughout this paper that X = [0, 00)?. We could assume
that the parameter x is restricted to an arbitrary convex polyhedron; this
could be reduced to [0, 00)P by a linear change of variables, and indeed some
of the ideas we discuss would hold true for more general subsets of R?.

We shall also assume that yexact is either an interior or a lower boundary
point of AX. Otherwise, if Yexact; iS an upper boundary point, one can
replace A; with —A; for the corresponding j. We also assume that matrix
A has no zero rows or columns.

We shall use the default norms ||z|| = ||z||2 for both vectors and matrices.

The limiting statements are given in terms of o = /7.

4. Geometrical perspective. In this paper, we study inference for x
given observed vy, in the limit as a noise parameter 7 = o2 (in the SPECT
example, 1/7) goes to 0. We generally assume an identity link function, so
that y becomes concentrated on Azie as 02 — 0.

Because of the ill-posed/ill-conditioned character of the problem, we can-
not expect consistency in inference about e based on the likelihood alone.
Even as 02 — 0, so that y converges to ‘exact data’ Yexact = AZrue, We will
not be able to distinguish between {z : Ax = Axtrye}-

One of the roles of the prior in the Bayesian approach is to resolve this
ambiguity (as well as generally improve reconstruction through ‘regulari-
sation’, even without o> — 0). We recall the ‘physical’ constraint in the
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SPECT problem, that = is componentwise non-negative, that is, x € X,
since it quantifies the isotope concentration.

Insight into the interplay between the possibly ill-posed likelihood and
the possibly degenerate prior, and the role of the constraint x € X can be
obtained from a geometrical view of the problem.

4.1. Gaussian likelihood and prior. In this section, we focus on the Gaus-
sian prior p(z) o< exp(—1/(27?)||z — z0||%) and Gaussian likelihood y|z ~
N(Az, o).

In the limit as 02 — 0, we are interested in solutions of Az = Yexact, Where
Yexact = ATtrue, under the influence of the prior p(x) o exp(—1/(27?)||x —
z0||%). To obtain convergence to a degenerate limit, we will need 42 — 0
as well (though, as shown by Hofinger and Pikkarainen (2007) for the case
B =1, at a slower rate than ¢?).

Thus the posterior is proportional to

exp(—1/(20%)||ly — Az||*> — 1/(2v%)||z — z0||%) subject to = € X.

Let us first ignore any constraint on z. By standard manipulations, we can
write this posterior as

8)  wly~N((ATA+vB) Y (Aly +vBx),0*(ATA+vB)™!),

assuming the inverse matrix exists. A rank condition is needed to ensure
this, so that the information from the likelihood and prior together define a
proper posterior.

PROPOSITION 1. Suppose that A is a real n X p matriz, and B a real
symmetric non-negative definite p X p matrix, both possibly of deficient rank.
Suppose also that the p x 2p block matriz [B : AT A] has full rank p (or
equivalently, the rows are linearly independent). Then for all v > 0, AT A+
vB is nonsingular.

It follows that there exists a nonsingular real matriz P, not necessarily
orthogonal, such that PYBP, PTAT AP, and PT(ATA+vB)P (for allv >
0) are all diagonal.

Furthermore, there exist well-defined finite non-negative definite matrices
C and D with ranks p — q and q respectively, where ¢ = rank(A), such that
v(ATA+vB)™' =C+ Dv+o(v) asv — 0.

The last part of the proposition gives us a full description of the posterior
variance matrix as 02 — 0, 42 — 0 while v = 0?/9? — 0. In summary,
the posterior distribution is Gaussian, with variance scaling differently in
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different directions. If ¢ is the rank of A, then asymptotically the variance
has ¢ eigenvalues scaling like 02 and the remaining (p—q) like the (larger) 7.
Geometrically, contours of equal posterior density are concentric ellipsoids
in RP,

As 02 — 0 and 42 — 0 in such a way that v = 02/7? — 0, the posterior
converges to the point

. 2
(9) o = argmingc v. Ap—y,,... |17 — 2ol/B;
a point that is uniquely determined under the conditions of Proposition 1.

4.2. Constrained Gaussian model and KKT theory. When X is a proper
subset of R?, the ellipsoidal contours are truncated by the constraints x € X.
In the case of interest in SPECT, where we have simply componentwise non-
negativity constraints, the ellipsoids are truncated into the non-negative
orthant. As o2 and v? become small, there are clear qualitative differences
in the impact of this truncation according to whether the centre (AT A +
vB) Y (ATy + vBxy) of the ellipsoids lies in the interior of the orthant, on
its boundary, or outside it.

Equation (9) is a quadratic programming problem, and could be solved
numerically by standard software.

Fic 1. lllustrating the geometry in the case p = 2, n = 1, with B = I. Contours of
posterior when v* > o > 0.

We can get a theoretical handle on the solution through Karush-Kuhn-
Tucker theory (Kuhn and Tucker 1951). In the non-negativity constrained
case, X = [0,00)P, to minimise ||z — zo||% subject to z > 0 and A% = Yexact
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it is necessary and sufficient to find (z*, u, A\) € RP x RP x R™ such that

B(x* —x0) —p+ATA=0
z* >0, Ax™ = Yexacts p=>0

for all s, us =0 or 5 =0

The feasible set X* = {x € X : AT = Yexact } 1S closed and convex, and x*
may be an interior point, or satisfy one or more of the constraints x5 = 0.

In the case where all entries of A are non-negative (in accordance with
physical reality), and for each s there is at least one ¢ with A5 > 0 (and if not,
then x4 is unidentifiable, so might as well be omitted from the model), X*
is a bounded polyhedron (or polytope). Otherwise, X* may be unbounded.

If ¥? remains bounded away from 0 as o2 — 0, then, in the limit, the
posterior has support X*.

If * is an interior point of X'*, there exists a neighbourhood of x* that
lies inside X', and hence, on this neighbourhood, the posterior distribution
is not truncated. In this case, as ¢ and 42 — 0, the posterior distribution
behaves as in the unconstrained case. If 2* lies on the boundary of X™*, there
are two possibilities: either the unconstrained minimum is achieved at x*, or
outside X. In the first case it is easy to see that the posterior distribution of
x recentred by z* is “half-Gaussian” (a multivariate Gaussian distribution
centred at 0 and truncated at 0 where z* is on the boundary). Thus, in
a neighbourhood of z*, the posterior distribution has similar concentration
ellipsoids as in the unconstrained case, but truncated at z* in some directions
(these directions will be defined precisely in Section 4.3). However, in the
second case, where the unconstrained solution to the optimisation problem
lies outside X, for small o and ~y, the posterior distribution no longer exhibits
Gaussian behaviour in the directions orthogonal to the boundary (where z*
is on the boundary). This is essentially a consequence of the tail behaviour
of the Gaussian: if £ ~ N(0,1) and x > 0,

tgrglOP(§>t+x/t|§>t):e* .

The precise formulation of the limit of the posterior distribution is given in
the Section 5, in a more general case.

4.3. Geometry in a general constrained case. The form of (9) strongly
suggests that analogous properties for the limit of the posterior should hold
in a much broader class of models. Provided that 0> — 0 and v — 0 in
such a way that v = 02 /42 — 0, we would expect similar limiting behaviour
under the assumptions in Section 3.
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In a general setting, more delicate, analytic, arguments will be needed to
quantify the convergence precisely. However, for regular problems, the broad
qualitative features of the solution for the Gaussian—Gaussian case (Section
4.1) continue to hold: the posterior becomes increasingly concentrated near
the hyperplane {z : Ax = Yexact}, With its variation about this hyperplane
controlled by 7, while the variance parallel to the hyperplane is of order 2.
The effect of the truncation onto x € X depends on whether in the absence
of the constraint, the maximum of the posterior would lie in the interior of
X, on its boundary, or outside it.

Now we describe the local geometry of the posterior distribution around
the point 2*, under the assumption that functions fyexm and g are differen-
tiable, relaxing the assumption that z* is an interior point by allowing it to
lie on the boundary of X. Such a model is nonregular.

Throughout, we use V; = % as the derivative operator, and V =

(Vi,..., Vp)T as the gradient. Similarly, V;; and V. are operators of the
second and third derivatives, with V2 = (V;;) being the matrix of second
derivatives.

In the limit of zero noise, the Bayesian analysis has solved two optimisa-
tion problems:

X* - min Z),
gxe[()’oo)vax:yexact fyexact( )
(10) & — arg min g(z).
TEX*

We assume that the prior distribution is such that z* is a unique solution.
Denoting n = Ax, the first problem can be reformulated as follows:

(1 1) Yexact — arg nrélg/l", fyexact (77) .

This condition is the identifiability of the likelihood with respect to n = Az.
The second expression is the definition of x*, the point where the posterior
distribution concentrates, which depends on the prior distribution.

Now we use the Karush-Kuhn-Tucker (KKT) theory to study the local
geometry of the solution. If the solution of the optimisation problem z* is
an interior point of X* = {x € X' : AT = Yexact}, then

p

12) 0= (GEo + (U= Par)allco) == Par)Vale”)

where P,r is the projection on the range of A. However, if z* is on the
boundary, the gradient Vg(xz*) may not be zero. This corresponds to the
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maximum in the unconstrained case lying outside X. In this case, the KKT
conditions are:

(13)ijyexact (Al'*) 2 O & [Ax*]J vjfyexact (AI'*) = 07 .7 = 17 -y n,
(14) Vg(a*)=AT N+ ¢ & Gar=0, i=1,...,p

for some A € R™ and ¢ € [0, 00)P.
Define the sets of the nonregular boundary components of Yexact and of
z* by

S={iel,2,...,p: ¢ >0}, Z={j€1,2,....,n: V;fym(Az*) >0},
S*={iel,2,...,p: xf =0}, Zr={j€1,2,...,n: [Az*]; = 0}.

By the KKT conditions, Z C Z* and S C S*. If S # S* or Z # Z*, the
corresponding minimum is achieved on the boundary and the gradient is
zZero.

In the small noise limit, we will show that the posterior distribution ex-
hibits different types of behaviour on 4 subsets Wy, Wi, Ws, W5 of RP such
that X —z* = {z = z—z*, x € X'} = Wo@W1 W2 BWs. These four subsets
are determined by p X pr matrices Vi of rank pp: Wy = {Z?’;I[Vk] 05, o €
RPr} for k = 0,1 and Wy, = {30, [Vi]j o, @ € REF} for k = 2,3, and py
are their dimensions, where the matrices Vj satisfy the following conditions:

Az Vo=0, AV1 =0, AV3=0
VOTAEQAZC’VO and V{I'Vi are positive definite,
Vit¢ =0, V3T¢ is a vector with positive coordinates (Cs € Rf'),

(15) V5E'V fyeraes (%) is a vector with positive coordinates.
where Vj and V) are the matrices of the largest size satisfying the conditions.
These conditions imply that
(16) po = rank(A) —rank(Az), p; = p—rank(A” : Vg(z*)),

po =rank(Az), p3=rank(A” : Vg(z*)) — rank(A).
Note that ps can be either 0 or 1. The four subsets can be characterised as

follows:

a) Woy: likelihood is identifiable, projection of V fy, ... (z*) on Wy is 0;

b) Wi: likelihood is not identifiable, projection of Vg(x*) on W is 0;

c) cone Wy: likelihood is identifiable, projection of V fy. ... (z*) on Wh is
nonzero (projection of x* on Wy is on the boundary of W5);



BERNSTEIN-VON MISES THEOREM FOR NONREGULAR PROBLEMS 15

d) cone Wj: likelihood is not identifiable, projection of Vg(x*) on Wj is
nonzero (projection of x* on Wjs is on the boundary of Ws).
The four matrices V;, define a transform from x to w = (wg, wlT, w2T, wg)T €
RPo+PL % Rﬁﬁp"’:

3
(17) x :x*+Zkak.
k=0
LEMMA 1. If (Vi) satisfy conditions (15), then the matriz V= (Vo : V1 :
Vo : V3) has full rank.

Now we propose a way to construct the matrices V and V1.

DEFINITION 1. Define Zy to be a subset of Z such that rank(Az) =
rank(Az, ) = |Zs|, so that for every j € Z, AjT7 can be written as a linear
combination of vectors (A}:,j € Zy) with nonnegative coefficients: Az =
oAz, where a € [0, 00)l41x1%21

Define Zy C Z¢ such that (A;, j € Zy) are linearly independent and
(A, 7 € ZyU Zy) are linearly independent. In particular, py = |Zo| =
rank(A) — | Zs|.

The subset Z; exists by Caratheodory’s theorem (p. 37 of Bertsekas
(2006)).

Here is one way of constructing the matrix U = VL. Let 1, € RPXP
satisfy
(18) (AT Vg(a)'Vi =0, VI'Vi=1,

rank(V;) = p — rank(A” : Vg(a*))

such that the matrix [V4]se, is of highest possible rank. Take U = (U{ : U{ :
Ul )T with
(19) Up= Az, U=V, Us=Az, Us=("

In Proposition 2 below, we give the explicit expression for V = U~!, and

study the image of X — 2* under the transformation U, rescaled as follows.
Define the following scaling transform S = S, ,: X —a* — RPOTP1 xRE? tps,

(20) S(x —a*) = D;}YV_l(:r — %),

where D, ., = diag(cly,, VIp,, 021p,, V2 1p,) and V = (Vo = V1 @ Vo @ V3)
is defined by (15). This corresponds to rescaling each of the four subsets
independently. As we shall see in Theorem 1, this is the appropriate scaling
for the posterior distribution.
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PROPOSITION 2.  Let the matriz U be defined by (19) with Vi satisfying
(18). Then,

1) the matriz V.= U~" satisfies conditions (15),

2) the matrices Vy, Vo and V3 are defined by
@OVz =¢/IIC1% Vi = (I — Puo)AZ, (Az, (I — Bn)AZ )
for (k,m) € {(0,2),(2,0)}, with~p7’0jectz'ons on the range of Ag}’ (P),
on the range of (I — PO)A%’ (P2,0) and on the range of (I — PC)Agk,
(Prc):
Py=Pyr Pyo = (I — Py)AY, (Az,,(I — Po)AL, ) 1Az, (I — Ry),
Pe=CC/ICIP, Pog = (I = P)AL, [Az, (I - P)Az, ) Az, (I — F)

(== Po) — )¢

(if p, = 0, then the projection matrixz that uses the corresponding Uy
is zero);

3)if Z =27* and S = S* and |S| = p2 + p3, the linear transform S =
D;AV=! maps X — x* onto RPOTPL x RE2TPS ynder conditions (29);

4) more generally, under conditions (29), the linear transform S = D;’}YV_I
maps X — x* onto V* C RPOTPL x R}_’ﬁp‘?’ defined by

P* — { {(U07U17U27U3) : [Vk}sk,vk’ >0, k= Oa 1a3} Zf

{(vo, v1,v2,v3) t c[Vo]ss,v0 + [V3]ses,03 > 0& [Vi]g, v1 > 0F  if ¢ >0,

where the inequalities are component-wise, Syz3 = Sg U S3 and

51 = {E e s*: [Vl]g, 7& 0},
(22) S5 = {£eS : Vil =0&[V3] #0),
So = {fe5": [Vilo =08& Vsl = 0& [Vols, # 0}.

In particular, |So| < |Zo N Z*| and S1 has at most s = |S*| — pa — p3
constraints.

In Section 5 we show that the posterior distribution has different asymp-
totic behaviour in these four sets of directions. Now we shall look at some
examples.

EXAMPLE 2. Consider the Poisson likelihood with identity link: Y/o? ~
Pois(Az/o?) (n =1, p = 2), with A = (1,1). We take x¢ue = (1,0)7, so
that y* = Axtrue = 1. The linear inverse problem Ax = y*, i.e. x1 +x9 =1,
subject to constraints x1, xo > 0, is ill-posed. To resolve the ambiguity, we
use the penalty ||x — xol|2, with two different xg.
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1. o = (4,2)T. Then o* = (1,0)7. In this case, p; = 0 since for n =
v =1, Vofy(n) = =1/n+1 = 0. Thus, py = rank(A) = 1, and
we take Uy = A = (1,1). The null space of A is {a(1,—1)T,a € R}.
The gradient of the negative log prior at x* (up to a factor 1/42) is
—(3,2)T = —3 AT4-¢ where ¢ = (0,1)T. The gradient is not orthogonal
to the null space, hence p3 = 1 and thus py = 0, with Uz = (0,1)T.
The corresponding Vo and V3 are Vo = (1,0)T and V3 = (—1,1)T. The
conditions of item 3) in Proposition 2 are satisfied hence the image of
X —a* under S in the limit is R x Ry

2. 9 = (3,3)T. Then x* = (0.5,0.5)T. Since y* is unchanged, we again
have ps = 0. We can take the same Uy = (1,1)T. The gradient of g at
x* here is x* —x9 = —2.5(1,1)T and is orthogonal to the null space of
A, {a(=1,1)T a € R}. Therefore, we have V; = Ul = +/0.5(—1,1)T.
Since the kernel is one-dimensional, p3 = 0. Here Vo = 0.5(1,1)T.
Here we are again under conditions of item 3) in Proposition 2, hence
V* =R%

Further examples can be found in Sections 5.4 and 6.1.
5. Analogue of the Bernstein—von Mises theorem.

5.1. Assumptions on the likelihood and the prior. In addition to assum-
ing that we have a GLIP model with 7 = ¢, we make the four main assump-
tions that the posterior distribution is proper, that the log likelihood and log
prior density have bounded third order derivatives with respect to z, that
the log likelihood and its first two derivatives are continuous with respect
to y, and that the posterior distribution is concentrated in a neighbourhood
of z*.

Assumption P.

We assume that the prior distribution is such that the posterior distribu-
tion is proper:

almost all y e ).

Yexact

dog >0: Vo <o, / e~ @/ qr < 00 forP
X

Assumption S (smoothness in z).
There exist o > 0, k = 0, 1, 2, 3, such that there exist uniformly bounded

derivatives up to third order: 3 fzsm), 3g0™) on Bs(x*) for Py, almost all
y €Y, m=1,23, and 3C}3, Cy3 < oo such that for all x € Bs(x*), with
probability — 1 as 0 — 0 and all 1 < 4,5,k < p,

(23) |Vijify(x)] < Cys, Vijkg(x)] < Cgs,
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where Bs(z*) = {x € X : V™Y (z—2*) € Bs} and Bs = B(0, o) x B2(0, §1) x
BOO(O, (52) X BOO(O, (53)

Assumption C (continuity in y).

The derivatives of fy(z*) converge to the corresponding derivatives of
Jyexacs () with probability — 1 as ¢ — 0, i.e. for all 1 < ji,..., jq < p with
d=0,1,2,

(24) VitdadY (@) = Vi i fyexae (T7) = 0 as o — 0.

These assumptions are satisfied if EIVﬁO fuo(x) for d = 1,2,3 and these
derivatives are bounded for P almost all ug € V.

Assumption L.

For §; > 0 defined in Assumption S,

Yexact

(25) P(Ag(d) - 0) =1 as o —0,

where

(26)  Ag(8) = o P02y hi-2 / oy (@)=hy @)/ g
X\Bs(x*)

where pj, is the non-degenerate dimension of Ug(X — z*), k = 0,...,3. For

k =0 and k = 2, pr = pg. This assumption implies that for small o, the
posterior distribution is concentrated on Bs(z*).

5.2. Notation. The limiting behaviour of the posterior distribution is
characterised by the matrices of second derivatives:

Vy(z) = szy(Ax), B(z) = VQQ(:U),
Hy(z) = V?hy(z) = ATV, (2)A +vB(x),
Qoo = Vi V?fyeae (#)Vo = ViT ATV,

Yexact

(z%)AVp,
and by the following projections of the gradients:

a= V2vaycxact (z%), ay = VQT[ny(:L‘*) + vVg(z™)],
(27) b= V4 Vg(z"),

where Hyy = VOTHy(:U*)VO, and B;j = V;TBVJ-, i,j = 0,1,2,3. By the con-
ditions (15), a is a vector with positive coordinates, b > 0 if ps > 0, and
Qoo and By are positive definite. For U and V considered in Proposition 2,
b = 1 if p3 > 0. The smallest components of the vectors a, and a will be
denoted by ay min = min; a,; and ayi, = min; a; respectively.
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5.3. The Bernstein—von Mises theorem. In the theorem below, which is
an analogue of the Bernstein-von Mises theorem, we show that the posterior
distribution converges to a finite limit, after the rescaling and the change of
variables defined in Section 4.3. This can be used to approximate the poste-
rior distribution in practice, for small values of o, and to study asymptotic
properties of Bayes estimates.

THEOREM 1. Consider the Bayesian GLIP model defined in Section 3
such that matriz A has no zero rows or columns, and let Assumptions P, S,
Cand L on f, and g stated in Section 5.1 hold. Assume also that, as o — 0,

(28) EHO, v — 0, c:lim%<oo.
y oc—0 7y
For Vi, k = 0,...,3, satisfying conditions (15), we assume that Byy —
BmBl_llBlo is positive semi-definite, and that the following limit exists for
all w:
ao(w) = g [lm [ VTV v ()] + eV Vg(a)]

Define a random probability measure on V* = lim,_,o S(X —2*) C RPOTPLx
R;inrps:

(W) = N (a0(w), Qg ) x Ny, (0,By) x Eapy, (a) x Eapy, (b)} 1ys,

where transform S is defined by (20), Exp,, (v) is the distribution of an m-
dimensional vector & with independent coordinates & ~ Exp(v;), and Ly« is
the indicator function of set V*. If support V* degenerates to a manifold of
a smaller dimension, then p*(w) is normalised be a probability measure on
this manifold, and it has mass 1 on the degenerate part of RP.

Then, as 0 — 0,

Py ue
HPS(:L’—J:*)\Y - IU*HTV = 0.

If pr. = 0 then the corresponding factor in the definition of p* disappears.
In particular, if * is an interior point, the limit is Gaussian distribution
with no constraint on its support. If the likelihood is also identifiable, the
statement is the classical Bernstein-von Mises theorem.

If 2* or Az* is on the boundary of its corresponding parameter space,
then there is at least one direction where the posterior distribution con-
verges faster than the convergence around an interior point. If the plane
AT = Yexact does not intersect the boundary at the right angles, i.e. if the
positivity constraints on the coordinates imply nontrivial constraints after
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the change of variables, it is possible to have degeneration of the support of
the posterior distribution of S(z — x*) due to mutually exclusive constraints
(see Examples 4 and 5).

Assumption of finiteness of ag(w) implies that Vi (V fy (o) (2%) =V fyeaee (%))
not only converges to zero (Assumption C) but also that it converges at rate
o or faster. This holds in the case where Y; are independent and their distri-
bution belongs to the exponential family, since fy (1) = — > i1 b(ng)a(Y;) —
Z}Ll c(n;), and its variance is proportional to o?.

The assumption of the existence and boundness of the third derivatives
of f, and g can be relaxed. It is sufficient to assume that the supremum
of the absolute value of each component of Vil V2 f,(z*)Vo, Vi V2g(z*)V1,
ViV f,(z*) and Vi'Vg(z*) on Bgs(x*) converges to zero as 6 — 0 at the
appropriate rate, with probability 1.

We will also state a nonasymptotic bound on the distance between the
posterior distribution of the rescaled parameter and its limit.

ProposiTION 3. Take 0 > 0, k = 0,...,3, satisfying the following
conditions

max[0.5v||Bool| /K4, ollap(w)]|]] < do < min[0.2Amin(Qo0) /K4, [|[Uox™||],
61 < min[Amin(B11) /68, [[U12*]]], 6 < [|Upz™|oo, k = 2,3,
0.50||VL V(x| < kr}loaﬁ[ékczk] < 0.2amin/3,

1 (6] < b/

where constants ey, are defined in the proof, and the inequality 5o > o||ag(w)]|
holds with high probability.
Define the following events

A(0) = {w: IV Vo) (@) = Ve (@)oo < M max oy },

A2(8) = {w: [IVF IV fr@) (@) = V2 fyoae (@)V0l| < Ma2bo},
Az = {w: [[Qooao(w) — Vg Vg(z*) — o7 V5 Viy (@) < o},

for some p — 0 as 0 — 0 and positive constants My and M.
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Then, under the assumptions of Theorem 1, on A= A1 N Ay N Az,

Amin(Q00) (80 /0 — ||ao]])?
Ps@—anyy — #llrvy < 2pomax{0050, 1-T < (Q200)( (;/a l|ao|])
. 2
2p1 maX{C’l(Sl, 1-T <Amm(3211)51 | pl)}
2y 2

2ps max {0252, exp{—amin62/02}}

2p3 max {0353, exp{—bég/72}}

Cp {04 [Go/ + 0o/ + 83/4]* + 05[52/72}”15}
Calo(9),

+ o+ + o+

where py, is the dimension of the non-degenerate part of Up(X —x*), k = 1,3,
and the constants are defined explicitly in the proof.

The upper bound implies that for the total variation to be small in prac-
tical applications, the dimensions p; should not be too large compared to
the corresponding rate, and that the smallest values of the parameters apin,
b and the smallest eigenvalues of the precision matrices (g9 and B1; cannot
be too small, namely cannot be smaller than the corresponding rate.

It is interesting to note that the smallest 0 satisfying the local con-
straints (given in the first four lines of the upper bound) coincide with an
upper bound on the Ky Fan distance between the posterior distribution and
its limit d,+ on the corresponding subspace/cone of the parameter space
(Bochkina 2012). Thus, it appears that the Ky Fan distance determines
the radius of the largest ball centred at z* where the concentration of the
posterior distribution can take place.

5.4. Fxamples of degenerate support. It follows from Theorem 1 and
Proposition 2, that in some cases the limit of the posterior distribution
of S(x — z*) can degenerate due to degeneration of its support.

In a first example we consider the degeneracy where the solution of the
unconstrained optimisation problem coincides with that of the constrained
problem and occurs on on the boundary of the parameter space.

ExaMpPLE 3. Consider the Gaussian likelihood with the identity link:
Y ~ N(Az,0%) (n = 1), with A = (1,1). We take z4ue = (0.8,0.2)T, so
that y* = Axirue = 1. The linear inverse problem Ax = y*, i.e. x1 + x9 =
1, subject to constraint x1, o > 0, is ill-posed. To resolve the ambiguity,
we use the penalty ||z — xo||2, with xo = (3,2)T. Then the solution to the

Po
2

)}
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constrained optimisation problem is x* = (1,0)T, the same as the solution
to the unconstrained problem.

The gradient V fy,....(A2*) = —Yexact/(Ax*) + 1 = 0 implies Wy is empty
and py = 0. The gradient of g at * is 2* — 29 = —(2,2)T = =2 AT +( where
¢ = (0,0)T. Thus, Ws is also empty even though x* occurs on the boundary.

Therefore, we have that Wy and Wy are nonempty, with Uy = (1,1) and
U = Vi =v0.5(-1,1)T, since the kernel of A is {a(1,—1)T, o € R}. The
corresponding Vo is Vo = 0.5(1,1)T. By statement 4) in Proposition 2, the
image of X — x* under S is R x Ry, since the only constraint is [Vi]sv1 =
V0.5vu; > 0, d.e. v > 0. Hence, p* is normal distribution N(Z(w),1) x
N(0,1) truncated to V* = R x Ry where Z(w) = (Y (w) —1)/o ~ N(0,1).

Another case where the support can degenerate is where the kernel of A
intersects the constrained parameter space at a single point. We give two
examples.

EXAMPLE 4. Consider a linear inverse problem with A = (1,1) and
Tirue = (0,0)T. Then y* = Axirue = 0. Under the Poisson error model with
the identity link, the true distribution of data is degenerate: Piyue(Y = 0) =
1. Even though ill-posed, the linear inverse problem Ax =0, i.e. x1+x9 =1,
subject to constraints x1, x2 > 0, has a solution * = (0,0)T that is unique
due to the constraints, for any penalty.

Since Yexact = 0 and V fy,...(Az*) = 1, we have Z = {1} and thus
Us = (1,1) and pg = 0. Take penalty ||z — zo||2 with xo = (a, B)T € (0, 00)2.
The kernel of A is {a(1,—-1)T, a € R}, Vg(a*) = —xy.

If a =B, (1,-1)Vg(z*) = 0 and hence Vi = Ul = +/0.5(1,-1)T and
p3 = 0. By Proposition 2, Vo = 0.5(1,1)T and the constraints are v/0.5v1 > 0
and —/0.5v1 > 0 due to Sy = {1,2}, that imply that vi must be zero.

If a # B, then p1 = 0 and Uz = ((B — @)+, (a — B)+). Taking B =1 and
a =2, we have Us = (0,1), Vo = (1,0)T and V3 = (—1,1)T. By statement 4)
of Proposition 2, the constraints are —vs > 0 and vy > 0, implying vs = 0.

Hence, in both cases, the limit of the posterior distribution of S(xz — z*)
is Exp(1) for the first component, and the second component is 0 with prob-
ability 1 with V* =Ry x {0}.

Now we consider a higher-dimensional example of this phenomenon.

1111 B - L
1100> and xie = (0,0,1,1)". Then y* =

Aztrue = (2,0)7. The likelihood is Poisson with the identity link: Y;/o? ~
Pois(A;x/a?). The linear inverse problem Ax = y*, i.e. x1 + 29 = 0 and

EXAMPLE 5. Take A = <
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Zle x; = 2, subject to constraints x; > 0Vi, is ill-posed. The constraints are
equivalent to x3+x4 = 2, x3, x4 > 0, x1 = x5 = 0. To resolve the ambiguity,
we use the penalty ||z — xol|2 with zo = (1,3,4,1)T. Then x* = (0,0,2,0)T.
To construct Us, find Vo, fy=(n) = —yi/ni + 1, thus V, fy(y*) = (0,1)7
and Z = {2}. Thus, Uy = (1,1,0,0) and Uy = (1,1,1,1).
The null space of A is {a(1,—1,0,0)T + 3(0,0,1,—1)T, a, 8 € R}. The

gradient of g at x*, x*—x¢ = (—1, -3, -2, 1), is orthogonal to (1, —1,0,0)T+

B(0,0,1,—1)T — a direction in the null space of A — if B = 2a. Thus,
Vi = V0.1(1,-1,2,-2)T is the direction of Wi. A wvector ¢ that satisfies
(14) is ¢ = (2,0,0,1)T implying S = {1,4}, and U3 = (2,0,0,1). This
implies that Uy = v/0.1(1,—1,2, —2) and

Vo=02(-1,1,3,2)T, Vo =0.1(3,7,-4,-6)7, V3=0.2(2,-2,—-1,1)T.

Now we check the constraints using Proposition 2. We have s = |S*| — pa —
ps = 1, and the constraints are [Vi]yv1 > 0 for £ € S; = S* = {1,2,4}, i.e.
we must have vy = 0.

Hence, pi* = N (V2Z(w) — 4¢,2) x 810y x Exp(1) x Ezp(1) truncated to
V¥ =R x {0} x R2 where Z(w) = lim,_,o(Yi(w))/v2 — 1) ~ N(0,1) in
probability.

5.5. Approrimate Bayes estimators. Now we apply the approximation
of the posterior distribution stated in Theorem 1 to approximate the dis-
tribution of Bayes estimators. We use a similar approach to that of Cher-
nozhukov and Hong (2004), by approximating the distribution of recentered
and rescaled Bayes estimates with the distribution of the corresponding
Bayes estimates obtained under the limiting distribution, for a wide class
of loss functions. The approach of Chernozhukov and Hong (2004) relies on
Theorem 1.10.2 in Ibragimov and Has’minskij (1981) that implies this result
from an analogue of Theorem 1, under some additional conditions.

Assumption Q. We consider loss functions @ : RP — [0, 00) satisfying
the following properties:

1. Q(z) >0, Q(z) =0 if and only if z = 0, and @ is convex;
2. Q(z) is dominated by a polynomial in ||z||s as ||z||cc — 00.

This loss function is applicable to the modified parameter v = S(x — x*),
and the corresponding Bayes estimate of v is

50 =8, 1) oy 2O Pl

where pg(;_g+)|y is the density of the posterior distribution of S(x —z*) with
respect to Lebesgue measure. Since S is a bijection, the corresponding Bayes
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estimate of x is
b = g inf, [ QS(— o pla’ | )’
reX X

and 0g = S(ig — x*). Thus, the corresponding loss function for z is Q(z) =
Q(Sz).

In the next theorem we state the asymptotic distribution of Zg as o — 0.
If ¢ = limy,_y00/y% = 0 and there is no degeneracy of the support (the
conditions of item 3) in Proposition 2 are satisfied), then V* factorises to
V* = ®3_Vy where Vj, C RP* for k = 0,1 and Vj, C RP* for k = 2,3. If
¢ > 0 and there is no degeneracy, then the factorisation is Vyz x V1 X Vo, up
to a permutation of the coordinates, since in this case the scales of V and
V3, o and 2, are of the same order and there are joint constraints on vy
and vz (Proposition 2). To simplify the statement, let S; be the map from
X —z* to Vi (So = oUy, S1 = U1, So = 02Us, S3 = 72U3) and . be the
marginal distribution on V. If there is no degeneracy of the support, the
marginal distribution is Gaussian on Vy and V; and exponential on Vo and
V3 (Theorem 1).

THEOREM 2. Suppose that conditions of Theorem 1 hold, and that the
loss function Q) satisfies Assumption Q). Then, for &g defined above,

(1) S(zg — z*) iwu’é as o — 0, where

v (w) = arg inf Qv —vdp*(v',w),
vEV* V*
and p*(-,w) is the limit of the rescaled posterior distribution defined
in Theorem 1;
(2) Zf Q(U) = Zz:o Qk(vk’) and V* = ®2:(]Vk' where v = (U07U17U27U3)7
v € Vi, k=0,1,2,3, then

Si(&g —2¥) LN v k(W) = arg inf Qr(ve — v )dpf(vy,, w)dvy,.
€V Jy,

d o
Here — denotes convergence in distribution.

This theorem establishes consistency, rates of convergence, and limit dis-
tributions of Bayes estimates.

For example, for the quadratic loss function Q(z) = ||z||3, gk, is the mean
of the corresponding limiting distribution, i.e. UZ},O(W) = ap(w), vH1 = 0,
vg.2 18 the vector (1/a1,...,1/ap,) and v§ 5 is the vector (1/b1,...,1/bp,).
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To obtain the MAP estimate, we take Q(v) = >0, I(Jv;| < €)/e — an ap-
proximation of the Dirac delta function that satisfies the above assumption,
obtain the corresponding Bayes estimate and take the limit ¢ — 0, indepen-
dently of o. Thus, it can be shown that the rescaled and recentred MAP
estimate S(Z5, — x*) converges in distribution to the mode of the density of

(W)
6. The Bernstein—von Mises theorem for SPECT.

6.1. Approzimation of the posterior distribution. Consider the SPECT
model defined in Section 2, and allow some coordinates of yexact t0 be zero.
This model is nonregular, since Py, (Y; = 0) = 1 for j € Z; hence, with
probability 1, V; fy (Az*) = 1 = V; f .. (Az*), and, since we assume that
matrix A has no zero rows or columns,

Vet (@) == D Yexactj A/ (A2*) + Y A; =) A £0.

j:yexact]‘3’é0 Jj=1 Jj€Z

The nonregularity arises from the elements where there is no data (Yexact i=
0) but, since A; # 0, it gives us information about those x; where A;; # 0.

The assumptions of Theorem 1 are satisfied since the derivatives of the
log posterior are bounded up to order 3 (Assumption S), Assumption C
holds due to convergence in probability V; fy (Az*) =1 =Y} /Yexact ;= 0=
Vi Fyewnet (Ax*) as o — 0 for j ¢ Z, and the convergence assumption is true
for the second order derivatives and the functions as well. Assumption L
is satisfied since both Poisson likelihood and the log cosh prior have expo-
nential tails for large values of their arguments, the appropriate rescaling is
either of the same order as D, # (leading to the integral over the complement
of a ball with radius tending to infinity) or smaller (leading to an integral
with a factor tending to zero), hence the integral outside of the ball vanishes.

The matrices U and V' determining the change of variables can be taken
as given by (19) and in Proposition 2 respectively. Then, if p3 > 0, b = 1
and the parameter of the other exponential distribution is given by a =
VQTAE 17 =a,.

For the log cosh prior with density defined by (4), the prior precision
matrix B(z) has the following non-zero entries:

2(1+4 Ts—T s —2
Bu(z) — (5) 5 [1+ edteseid]
2(1 -2
BSS/ (:L‘) = _((;i_d) |:1 + 62(2?3—2381)/5] , 1f S, ~ S.
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Note that B is singular, as the prior is improper (x is a priori identified
only up an additive constant). The matrix [ATA : B] is of full rank since
the null space of B, {v = a(l,...,1)T, a € R}, is one-dimensional and
A(1,...,1)T # 0 since A does not have zero rows, and all of its elements are
nonnegative. The precision matrices are given by

By = VlTB(:E*)Vl, Qoo = VE)TAgdiag(1/[yexact]Z)AZ,Vb-

ag = Qoo Vil AZe £+ Qg Vi V(%) ~ N (cQg Vi Vg(a*), Qg )

where &; ~ N(0,1) for j € Z¢is the limit of \/Yexact (Y} /Yexactj —1)/0 as o —
0, & are independent due to independence of Y;, and € = (&1,...,&,)T. The
random variable ag is centred at zero (and hence the posterior distribution
of Up(z — x*)/o is not affected by the prior) if ¢ = lim,_,0 = =0.

6.2. Ill-posed-ness and unidentifiability. The results in Bochkina (2012)
prove that, under a subset of our stated conditions, the posterior degenerates
to the point 2* in the small-variance limit. The proof assumes that the data
model p(y|z) is correctly specified; in subsequent work we intend to relax
this. However, in respect of the other key model component — the prior for
x — no such assumption of correctness is made either in Bochkina (2012)
or the present paper. The prior is regarded as the invention of the analyst,
who, of course, has no knowledge of e, the true value of . Yet the point
z* does depend on the prior, and so we need to understand the impact of
the prior on the difference between i,y and x*.

The point x* is defined (Section 4.3) as the point maximising the prior
density p(x) subject to the non-negativity constraints z € [0,00)P and the
constraint that the model fits the exact data: Ax* = Yexact = Axtrue. Thus x*
agrees with x¢,e perfectly in directions orthogonal to the model hyperplane
AT = Yexact, 1.€. Py (2% — Tirue) = 0.

In contrast, parallel to this hyperplane, there is no information in the
data about xtrue, SO * is determined solely by the prior; there is no rea-
son for (I — Pyr)(x* — Xtrye) to be small. For example, for the Gaussian
prior p(z) o exp(—1/(27?)||z — z0||%), discussed in Section 4.1, if the un-
constrained maximum lim, _,o(A”T A +vB) " (AT Azpye + v Bxg) satisfies the
non-negativity constraints, then z* is given explicitly by this expression, and
so equals Tyye if and only if (I — Pyr)zo = (I — Par)Ttrue-

6.3. Practical implications of the approximate posterior. In this section,
we briefly discuss some practical implications of Theorem 1. On a realis-
tic scale where p is of the order 2226 we cannot hope to construct and
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manipulate p X p matrices such as V'; this seems to rule out any practical
use. However, there are well-developed methods for SPECT reconstruction
using our model, using Markov chain Monte Carlo computation, deliver-
ing not only approximate, simulation-consistent, posterior means, but also
variances; see Weir (1997). In this context, the theorem provides valuable
knowledge which can enrich the interpretation of numerical results, enabling
approximate probabilistic inference.

Inferential questions of real interest, including (a) quantitative inference
about amounts of radio-labelled tracer within specified regions of interest,
or (b) tests for significance of apparent hot- or cold-spots, can be answered
using approximate posterior distributions for linear combinations ATz of
elements of z, and are particularly amenable to treatment in this way. More
specifically, if for any non-empty set of pixels R C {1,2,...,p}, off denotes
the vector with elements ozf = 1/|R| for j € R, 0 otherwise, then to deal with
case (a) we can take A = off to deliver Az as the average concentration of
tracer in region R, and for case (b) take A\ = af't —a®2 to give the difference
in average concentration in region R; compared to R2. To avoid bias in such
inferences arising from the lack of identifiability caused by ill-posed-ness, it
is important to check that A lies in the row space of A.

The approach we propose would exploit analyis of MCMC output of Az,
together with a numerical MAP estimate & = argmax,p(z|y), calculated
using an EM-based algorithm (Green 1990). This can be used to identify x*
and hence S, thus partitioning elements of x into those that are asymptoti-
cally normally or exponentially distributed; we anticipate py > p1, p2, p3 in
practical situations. It will commonly be the case that j ¢ S for all j such
that A\; # 0, in which case the theorem tells us that Mz is asymptotically
normally distributed, and its mean and variance, computed by MCMC, can
be directly used to specify the approximating normal distribution and an-
swer the inferential question posed. In the contrary case where \; # 0 for
some j € S, a little work is needed to separate the asymptotically normal
and exponential components of = contributing to A7 . The simplest example
of this would be a test for x; = 0 for a j such that £; = 0 and so j € S.
For such j, z; is asymptotically exponentially distributed a posteriori, with
a parameter that can be readily estimated from the MCMC output.

6.4. Finite sample performance. Finally, we briefly discuss the extent to
which the approximation in Theorem 1 holds true for data on the scale of a
real SPECT study. A formal assessment of this would entail a major study
beyond the scope of this paper, so instead we present selected results from an
analysis of synthetic data based on a real SPECT scan of the pelvic region
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Fic 2. First row: a sample from the posterior, contour map of acceptance rates, marginal
posteriors for a section of 9 consecutive pizels through the image (row 12, columns 23
to 31), showing ground truth in blue. Second row: histogram of marginal posterior for a
high-spot pizel (row 12, column 28), with truth indicated by blue line, and the same shown
as a QQ plot against the normal and exponential distributions respectively. Third row, the
same but for a low-spot pizel (row 12, column 31).
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of a human subject.

The matrix A was constructed according to the model in Green (1990)
and Weir (1997), capturing geometry, attenuation and radioactive decay for
a setup consisting of 64 projections from a 2-dimensional slice through the
patient, each projection yielding an array of 52 photon counts, correspond-
ing to a spatial resolution of 0.57cm. Synthetic data was generated using this
A and a ‘ground truth’ obtained from an approximate MAP reconstruction
from real data. The total photon count was 62953; individual counts ranged
from 0 to 114, averaging 18.9. Reconstruction was performed on a 48 x 48
square grid, with pixel size 0.64cm, using the log cosh prior with hyperpa-
rameters fixed at v = 25 and § = 8, was obtained using a simple MCMC
sampler. We employed 20000 sweeps of a deterministic-raster-scan single-
pixel random walk Metropolis sampler on a square-root scale for x, chosen
to avoid extremes in acceptance rate at high- and low-spots in the image.

Figure 2 shows selected aspects of this analysis; see caption for details. Our
tentative conclusion from this is that the marginal posterior distributions
for individual pixels z; do appear to be approximately normal in high-spots
and approximately exponential in low-spots, consistent with the theoretical
limits presented in Theorem 1.

7. Discussion. When the posterior distribution concentrates on the
boundary, we have showed that the classic Bernstein—von Mises theorem,
stating the limit of the posterior distribution recentred and rescaled by /n
for n independent random variables, does not hold. Instead, the limit differs
in two respects, in directions towards the boundary: the limiting distribution
is an exponential, and the appropriate scale is n, i.e. the convergence is
faster. Parallel to the boundary, however, the classic version of Bernstein—
von Mises theorem is applicable. Our results also extend the Bernstein—von
Mises theorem to the case of non-iid observations and of a non-identifiable
likelihood, for models that belong to the GLIP class.

These are examples of nonregular problems, differing from those consid-
ered by Ghosal and Samanta (1995), Ghosh et al. (1994) and Chernozhukov
and Hong (2004). In their case, the density of the errors has a jump whose
location depends on the unknown parameter; this is similar to a change
point problem, whereas in our case there is a degeneration of the likelihood.
This difference is reflected in the limiting distribution, that in the former
case is shifted by a random variable that depends on data, whereas in our
case there is no shift and no dependence of the exponential distribution on
the data.

The nonasymptotic version of the main result shows that other parameters
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of the model can also affect convergence in practice, such as the smallest
eigenvalues of the precision matrices in the Gaussian part of the limit and
the smallest parameter of each of the exponential distributions.

There are interesting questions, beyond the scope of this paper, concern-
ing the appropriateness of different prior formulations (as assessed from a
frequentist perspective). Within a subjectivist Bayesian paradigm, real prior
information is necessary for an informed choice.

An interesting direction for future work is to study both the behaviour of
the posterior distribution, and the question of optimal prior specification,
in a framework where the spatial resolution is infinitely refined, placing
smoothness class constraints on Zirye-
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APPENDIX A: PROOFS
A.1. Proofs, Section 4.

PROOF OF PrROPOSITION 1. For arbitrary v > 0, suppose x € RP is such
that (ATA + vB)z = 0,, the zero vector in RP. We have to show that
z = 0p. But (ATA + vB)z = 0, implies 27 (ATA + vB)z = 0, and so by
non-negative-definiteness of B and AT A, "Bz = 0 = 2T AT Az. But then
Bx =0, = AT Az, and so 27 [B : ATA] = 0%;,. By the assumed full rank of
this matrix, x must be 0,.

Now fix vy > 0. By Theorem 2 of Searle (1982), page 313, (with his
A replaced by AT A + 14B), there exists a nonsingular real matrix P, not
necessarily orthogonal, such that PT(AT A + voB)P = I and PTBP is the
diagonal matrix A of the solutions for A to |B — A(AT A+ 19B)| = 0 (which
all satisfy 0 < \ < V(jl). But then PTATAP = I — 1A and for any v > 0,
PT(ATA+vB)P = I+ (v—up)A, both of which are of course also diagonal.

The matrix P can depend on the choice of vy, but evidently always diago-
nalises AT A, B and any linear combination. Also, A depends on vy, but since
|B—MNATA+1yB)| = (1—A1p)?|B—aAT Al where a = \/(1— Aup), the (di-
agonal) elements in A are A\; = «; /(14 ;1) where {«;} are the solutions to
|B—aAT A| = 0 (possibly some a; = +o0). So PLBP = diag(a;/(1+ aivp)),
PTAT AP = diag(1/(1+ a;1%)) and for any v, PT (AT A+vB)P = diag((1+
a;v)/(1 + a;vp)). For the final assertions, note that v(ATA + vB)™! =
Pdiag(v(1 + a;19)/(1 4+ a;v))PT, which converges to Pdiag(s;)PT = C,
say, where §; = vy if a; = 400, and 0 otherwise. Further, we can estimate
the difference: v(ATA+vB)~! - C = Pdiag(v(1 +a;10)/(1+av) —6)PT =
vPdiag(¢;) PT+0(v?), where ¢; = 0 if a; = +00 and otherwise ¢; = 1+a;vp.

Transformation by P scales and skews the result, but in a way independent
of v, so the limiting behaviour of (AT A+vB)~! follows from the facts that
the diagonal terms corresponding to a; = 400 have finite positive limits and
the remaining ones scale as v. We see from PTATAP = diag(1/(1 + a;p))
that the number of a; not equal to +oo is just the rank of AT A, i.e. rank(A).
Thus v(ATA+vB)~! = C + Dv + o(v) as v — 0 as required. O

PrRoOOF OF LEMMA 1. The matrix V is of full rank if
3
> Viwp =0, wo€R™, wy € R”, wy € R, wy € RE?
k=0

implies wy, = 0 for all k. }
Multiply the above expression by [Vz fye... (2*)]T Az we have that

0= [vnyexact (x*)]TA27 ‘/QUJQ
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Since vector Vil ALV 4 fycxact (z*) has positive coordinates and wy has non-
negative coordinates, the condition holds only if wy = 0.
Multiplying the above expression by VOTAE Az and use wy = 0, we have
that 7
0= Vi AZ Az, [Vowo + Vaws] = Vi' Ay Az Vowg

Since matrix VOTAE,A 7, Vo is of full rank, the above condition implies wgp = 0.
Now we multiply the condition by Vg(z*)? and use wg = 0 and wq = 0:

3
0="> Vg(@*) Viwy = Vg(a*) Viwr+Vg(a*) Vaws = ("Viwi+¢" Vaws = ¢ Vaws.
k=0

Vector VBTC has positive entries therefore this condition implies w3 = 0.
Now we multiply the condition by [V4]%. J with J ge = Iige) and J g =0,
and use wg =0, wy = 0 and wz = 0:

3
0=">Y [Wilke JViwy = [Vi]§e [Vi]gews.
k=0

Since matrix [Vﬂg&Vﬂ e, is positive definite, this condition implies w; = 0.
Thus, we showed that the p x p matrix V has p linearly independent

columns, thus it is of full rank.
O

PrROOF OF PROPOSITION 2. Conditions (15) state that p x p; matrix V}
consists of p; linearly independent columns that satisfy AV; = 0 and ¢TV; =
0. If ¢ = 0 (i.e. Vg(x*) is in the image space of AT) then V; consists of the
p1 = p — rank(A) vectors that form a basis of the null space of A. If ¢ # 0,
then ( is linearly independent of the columns of A and V; consists of the
p1 = p — rank(A”T : ¢) = p — rank(A4) — 1 vectors that form a basis of the
null space of (AT : ¢)T.

Therefore, if ( = 0, p3 = 0, otherwise ps = 1 and V3 is a vector in the null
space of A that satisfies V3 ¢ > 0.

1. Introduce the change of variables w = U(x — z*), where U = V1 is
defined in the statement of the lemma. Condition UV = I is equivalent to
Uka = ka and UkVJ =0 for k 7é j, i.e.

AZO,‘/O = Ip07 AZQ,VQ = Ip27 Ul‘/i = Ip17 CT‘/3 = 1p37
AVi =0, AV3=0, Az Vo=0, Az Vy=0,
e=0, ("vo=0, ("vi=o,
(29) UiV, =0, k#1.
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Thus, to show that all conditions (15) are satisfied, we need to show that

VOTAEC’A ze, Vo is positive definite,

VQTAQV 7 Fyenncs (AT*) is a vector with positive coordinates.

Recall that V;f, .. (z*) > 0 for all j € Z.

If the matrix Az is of full rank, then Z; = Z and V AZ = I,,, hence
the latter condition is satisfied. Otherwise, by Caratheodory’s theorem (p.37
of Bertsekas (2006)), 37> C Z such that vectors {A;, j € Zo} are linearly
independent and define the cone {w = ZjeZ A}:Mj; i > 0}, i.e. for any
Jj € Z, Aj can be written a linear combination of vectors A;, j € Zy with
nonnegative coefficients, in particular, for Zoy = Z\ Zs, Az,, = BAz, with
Bij > 0,i=1,...,|Z|, j =1,...,]|Z2|. Then, vector VQTAZVnyexact@*)
has positive coordinates

VQTAngfycxact (:E*) = vZ2 fycxact (:I"*) + ﬁTVZ22 fycxact (:E*) > 0’

where the inequality is componentwise.

By definition of Zj, there exist matrices ap and ap such that Aze =
apAz,, + Az, , in particular |Z¢| x pp matrix ayq is of full rank. Therefore,
Aze Vo = ap and the matrix %TA§C7AZC,% = aforozo is of full rank, hence
the first condition is also satisfied.

Columns of matrix (ATO?,AEQ,, V1,() are linearly independent and span

RP, hence, matrix UlT can be written as a linear combination of the columns
of this matrix,

Ui = 0k0Azq, + 12 Az, + 00 Vi + Sa¢”
Conditions (30) imply that U; = V{I.

2. Columns of matrix (Agm : Ag% : V1 : {) are linearly independent and

span RP, hence, any matrix VkT can be written as a linear combination of
the columns of this matrix, i.e. for £k =0, 2, 3,

Vi = A%, 0o + AZ, Sk + Vidk + COgs,

and the same holds for U{. By the conditions (30), multiplying the expres-
sion for V3 by Az, , Az,, Vi and ¢T implies that d3; = 0, 33 = 1/|¢||?,
03m = (AZm’AT ) 1Azm Cd33 for m = 0,2, implying Vs = ¢/||C||?, where

Py="Pyy Pao = (I=Py)AZ, (Az, (I-Po)AL, ) Ag, (I-Py), (= (I—Pag)(I-Po)C.
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For (k,m) € {(0,2),(2,0)}, multiplying the expression
Vi = AL Ok + AL, Okm + Vidkt + (Oks
by Az, ., Az, ., Vi and ¢T and using conditions (30), we obtain
Vi = (I = P)AZ, (Az, (I = Pro)AZ )Y

where Pe = (¢"/|[¢|[* and Py¢ = (I - P) A, [Az,, (I - P)Az, | " Az, (I~
).

3, 4. Now we study the image of map S.
Since [Yexact]z+ = 0 and x; # 0 for all j € S*¢, we must have Az« g+« =0
since
0= [yexact]Z* = Az*75*l’§* + Az*’s*cl‘g*c = Az*,s*cxg*c.

The values of Us(z — 2*) = Ag, (v — 2*) = Ay, s-xg+ are positive since
Az, g = 0 and Az, g+x5. = 0 is the lower boundary point of AX. The
KKT conditions imply that for j € Z*, [Az*]; is a boundary point of AX,
and therefore A; (x —2*) = Ajx — [Az*]; > 0, since we assumed that [Az*];
is a lower boundary point of AX.

If ps # 0, Us(z — 2*) = (T(x — 2*) = (Lowgs. If S # S* and S is empty,
then ¢Z. = 0 and hence the image of Us(x — x*) is zero, a single point. If S
is not empty, then the image of Us(x — 2*) is [0, 00) since z; > 0 and (; > 0
for j € S.

If we can choose Zj such that Zo N (Z*\ Z) = 0 and S*¢ # 0, values of
Uo(z —2*) = Az, (z —2*) can be both positive and negative for z € X’ since
Az, ; # 0 for all j € S*¢ (otherwise matrix A would have a zero column).

If Z # Z* and Zy N Z* # 0, then for j € Z* N Zy, Aj g = 0 and the
values of [Up|; (x —2*) = Aj g2+ can only be nonnegative for x € X, since
we assumed that AX has only lower boundary points, that could only be
zeroes. Denote Zj = Z* N Zy and z = |Z§].

Values of U; (z —2*) can be both positive and negative if [U1]; g+, that is,
[Vi]ls*e i , is nonzero for all ¢ € 1,...,p;. This is equivalent to any solution
v to the equation (AT : ()Tv = 0 satisfying vg«e # 0. The condition is
equivalent to

0= [(A7S*v5*)T . ’UZ:*CS*]T + [(Avs*cvs*c)T : O]T

Since Az« g+ = 0, vg« is a solution of (Ag*,s* : ¢s+)Tvg+ = 0. The num-
ber of linearly independent nonzero solutions vg« is |S*| — rank((Ag*’S* :
Cs+)) = |S*| — p2 — p3 — z > 0. The remaining condition is A grcvgre =
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—A s+vg+. Note that since Az, are linearly independent vectors that are
not in the range of Ag’ and Az« g« = 0, this condition is equivalent to
Azp\zz 5+cvg= = 0 (using column elimination), and also rank(Az, g«) +
rank(Az, s+) = rank(Aznz,,) = rank(A) and hence rank(Az, g+ ) = rank(Azy\ 7z 5+) =
po. Hence, the number of linearly independent nonzero solutions vg«c of the
above equation is [S*¢| — rank(Az,\ z: s+) = p — [S*| — po.

Thus, if the number of linearly independent nonzero solutions vg+ p —
|S*| — po is equal to py, i.e. if [S*| = pa2 + p3, then the range of Uy (z — x*)
includes both positive and negative values. If p — [S*| —po < p1 (i.e. |S*| >
p2 + p3 + z), then, s = |S*| — py — p3 rows of [U] g+ are zero (say, the last
s rows) (thus, [Ui]i.s,5+c = 0 and [Vi]g«e 1.5 = 0). Then, for £ € 1 : s,

[wl]g = [Uﬂg’(x—:c*) = [Ul]g,s*xs*+[U1]475*c(x5*c—x§*c) = [Uﬂz’s*l‘s* = [Vl]jsﬂ*’g T S*.

Then, if [Vi]g+, includes both positive and negative values, the range of
[w1]e includes both positive and negative values. If [Vi]g« ¢ has only positive
or only negative values, then the range is either nonnegative or nonpositive.

Now we also need to check whether there is a constraint on vy arising
from the constraints on .

Constraints: x,—x = x; = [Vole, vo+7[Vile, v1 —I—O'Q[Vz]g, vo -+ [V3]p vz >
0 for £ € S*. In the limit, the dominating order is v, hence for £ € S* such
that [Vi],, # 0, the constraints imply [Vi]ev1 = [Vile1:s[vi]1:s > 0.

For ¢ € S* such that [V4],, = 0, the dominating order is 2, if ¢ =
limo/v? =0, and 42 and o if ¢ > 0. If ¢ = 0, for £ € S* such that [V3], # 0,
the constraints become [V3]pvg > 0. Thus, if all nonzero values of [V3], for
¢ € S* are positive, the constraint is v3 > 0. However, if [V3]g+ has both
positive and negative values, the constraint implies w3 must be zero, thus
we have the degeneracy of the support of vs. If ¢ > 0, the same holds for
¢ € S* such that [V3], # 0 and [Vp],, = 0.

If ¢ > 0, for £ € S* such that [V3]y # 0, the constraints become [V3]pvg 4+
c[Vole,vo > 0.

Thus, if ¢ = 0, then V* is defined by

V* = {(vg,v1,v2,v3) € RPo+PI—S o Rj_+p2+p3 . [Vk]sk,vk >0,k=0,...,3}
where the inequalities are component-wise. If ¢ > 0, then V* is defined by
V* = {(vg, v1,v2,v3) € Rpoerl*sxR‘fpﬁ_m : c[Volsys, 00+[V3]sps,v3 > 0& [Vils,, vk > 0, k = 1,2}

where Spz = Sp U S3 and the inequalities are component-wise.
In particular, the inequality on v; is only on the last s components:

[VI]Sl,(pl—s—irl):pl [Ul](m—s-l-l):m > 0.
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A.2. Upper and lower bounds on the log posterior density. We
give two lemmas that provide random and nonrandom upper and lower
bounds on the log of the posterior density.

LEMMA 2. Let By = By(0,d0)x B2(0, 1) X Bxo (0, d2) X B (0, d3), Bs(z*) =
{z € X: V7l(z—2*) € By, and denote 64 = ||V||s0[00/Po+01/P1+02+63].
Denote also

2 4
Ka = §(0f3+2ycg3), KB:?ngg,
g3ka
b = 50\\302!\2oo+51\!312\!2oo+ H322Hoooo+525+ o
5 = & q3”B
by = oHBO?,Hzoo+51||313||zoo+52H323Hoooo+*|!B33Hoooo+5+53

where Hij = V;HV]" and Bij = VBV, i,j € {0,1,2,3}, qx = |[Villoo,c0 for
k=23.

1. Upper bound. Then, for x € Bs(x*), we have the following upper
bound:

[hy () — hy(@)]/0? < (ay +6a1) va + (b+ 651) w3 + || Ho (vo — Hog Vhy(a¥)/0)||?/2
1 ~_
1Byt *o1l[3/2 = 551 Hog >V hy (@) + || Buolld0d /o

where By, = By + 6161 P Hoo = Hoo + dok alp,
2. Lower bound. For x € Bs(z*) and small enough §y, and v, we have
the following lower bound:

[hy(z) = hy(a*)]/0® > (ay —0al) va + (b — & 1) g + [[Hoj? (vo — Hog' Vhy(2*) /o) |[2/2
1/2 ——1/2 *
B0 3/2 — ol Hop Ty )2 — | Buolldodn /o
where Bj; = By — 01681, Hoo = Hyp — dokalp,-

PRrROOF. Approximate hy(x) by a quadratic function using Taylor decom-
position in a neighbourhood of z*:

1
hy(z) = hy(z*) + [Vhy(2*)]T (z — 2%) + 5(1‘ — 2T H(z — 2%) 4 Ago(2).
We start with looking at the gradient:

Vhy(z*) = Pyur(Vf(a*) +vVg(x*))+v(I — Pyr)Vg(z™).
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Using the properties of the local geometry described in Section 4.3 and the
representation x = r* + 22:0 Viwy, we have

3
(1’ - x*)vayexact (f]}'*) = [Z kak’]vayexact (x*) = wg%TAZ7vnyexact (A'r*) = aTw27
k=0

(z — 2V (a*) = wiVadAyVzfy(Az*) +wi VoV fy(z),
due to VIV fyeee (#*) = 0, AV = 0 and AV3 = 0. Also,
3
(2 —2")"Vg(*) = Y wiViVg(a*) = w Vi Vg(a*) + wj V5 Vg(a*) + wi V5 Vg(a*),
k=0
due to V¥ Vg(z*) = 0. Combining these expressions together, we have
(x — ) Vhy(2*) = wlViVh,(a*) +wda, +vwib.

Now we bound Agg for w = V~!(z—x*) € B; using Taylor decomposition
of hy(x): . € (z,2*):

1 * * *
Bow(@) = ¢ > Vigrhy(xe) (@i — x7) (2 — 23) (2 — )
ijk
1 * 9 *\ 1T 72 *
= = Z(% — acl)a—zz [(:U —x%)" Vohy(2)(x — )Lﬂrc
Note that
3
(x = 2 V2hy(2)z —2*) = Y wfVIVhy(2)Vju,
k,j=0

3
= Z wi VIV f,(2)Viw; + v Z wi ViEV2g(2)Viw;.
k,j=0,2 k,j=0

Differentiating with respect to z and bounding the third derivatives of f,
and ¢ using Assumption S, we have that for every i, with high probability,

lwi ViE ViV2 fy(2)Viws| < Crs [|Vywj| |y || Views| 1.

Then, we can use inequalities ||Viwg||1 < /p||Viwk|l2 < /bllwk||2 for k& =
0,1, and ||[Viwg||1 < ||wk]1]|Vi||so,00 for k = 2,3. Denote g = ||Vi||oo,00 for
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k =2,3. Then,

(2 = a*) ViV hy(2) (2 — 2¥)|

N. BOCHKINA & P.J. GREEN

IN

k,j=0,2 k,j=0
3

IN

k=0

+ 4vpCysllwi]|3 + 4vCyags||ws|l7.

Therefore, using the constants k4 and xp defined in the lemma, we have

1
[Boo(3)] < glle — 2™ max|(z — 2*)' ViV hy(2) (@ — o)

1
< g+ [(pllwoll3 + 6243 [w2][1)(2C 3 + 4vCys) + 4vCoalp||wi |3 + 03¢5 ||ws| 1] |

1)
< = [kallwoll3 + kpvllwi|3 + kag3da|lwall1 /p + vrpadds|lwsl|1/p]

2

since |[z—a*[|1 = |[Vw|li < |[V]|oo|lwlly < [[Vlooly/Podo+/P101+02+ 03] =

5y

1. The upper bound. Making the change of variables v = S(x — z*), we

have

[hy () — hy(x*)]/UQ

IN

+ o+ 4+

IA

1 1
agvg + bTU3 + ingOOUO — nghy(x*)/a + 5@?311@1
Vvvg Boror + 8+ [kal [vol|* + k|v1]7] /2

2
[Ungo + ’yvlTVl] BV3T1)3 + %vnggvg
2
o
[cvg Vo + ywiVi + 7203 Vo] BVy w3 + ?UgBZQUQ

1)
% [kBa303||vs|[1/p + Kag3dalv2]|1/p)]

(b+ 051)" 03 + (ay + 6a1) 02

1 - - -

5(’01 + \/;Bl_llBlo'UO)TBH(Ul =+ \/IjBl_llBlg’U(])

1 ~_ ~ ~

5(110 — H(]Othy(m*)/J)THoo(vo — H(]Othy(x*)/J)
1 =—1/2 .

552 1Hoo*Vhy ()],

since Hjp = vBj;, if at least one of j,k is 1 or 3.

3
Crs Y WViwgllu [[Viwslh +vCys Y [[Viwg||1 [[Vyw;lh

2C s [|[Vowol[: + |[Vawal[}] + 4vCy3 > [|Viwgl |7

< 2p(Crs + 2vCy3)|lwoll5 + 263 (Cys + 2vCys3) |Jws |7
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Therefore, an upper bound is given by
[y () = hy(a*)] /0 < (b+10) w3 + (ay + 102 va + || Hg) (vo — Hog Vi () /)| /2

nl/2 S— ~—1/2
+ 1B (01 + VZB Biowo)|13/2 — =51 Hop /> Vhy ()]

1
2. The lower bound. A similar argument leads to the following lower
bound:

[hy(z) — hy(@)]/o? = (b—81) w3 + (ay — 6a1) vs + [|[Hyy (vo — Hog Vi (2¥) /o) |2/2
_ _ 1 N
+ 1B (01 + VB Buowo)|13/2 = 55 1o Ty ().
Il

LEMMA 3. In the notation of Lemma 4, introduce the following events

(30) A1 = {w: W Vv (@) = Ve (@)l < 280},
(B1) A = {w: [IV§ V2 fr() (@) = V2 fyerae (@)]V0ll < 26400}

Then, on Ay N Asg, for x € Bs(x*),

[hy(z) — hy(x¥)]/0? < (a+841) v+ (b+ 61) vz + od Qoovo/2 — Ve Vhy(x*) /o
+ [1B1101]13/2 + || Biol 16001 /02,

=
<
—
8
~
|
>=
<
8
%
P
~
Q
no
vV

(a—6a1) g + (b — 6 1) w3 + vf Qoovo /2 — vl Vhy(2*) /o
— IB1{?0113/2 — | Buo|6061 /0,

where

oq4 = 35Q+V‘|V2Tv9(x*)|’7
QOO = QOO -+ (3/‘41,4(50 + V)\max(BOO))I7
Qoo = Qoo — (35490 — VAmin(Boo))I.

PROOF. There are two random leading terms in the expressions of the
upper and the lower bounds, a, and Hyy. The lower bound has positive (or
positive definite) coefficients if

50 > 053 IV IV £y (@) = V2 o @)IVall, S0 > 0503 | Bool
50 > 05|V IV (@*) = ¥ fyonen @l 80 > 0.50][V5 V(a1
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The random part of these conditions is satisfied on A; N As.
On Ala

ay—a = V3 [V fy (&%) + vV g(a")] = Vo V e (2%) < (28 +v|[V5 Vg (a*)|])1
where the inequality is componentwise, and similarly a, — a > —(26, +
v||[V5' Vg (a*)]])1.

On event As, Weyl’s inequality implies
Ae(Hoo) > M(VEEATV2 £, (2) AVD) + vAmin(Boo) > Ak(Qo0) — 264300 4 ¥ Amin(Boo),
Me(Hoo) < Ae(Q00) + 26400 + Y Amax(Boo)s

where \g(M) is the kth largest eigenvalue of matrix M. Applying these
inequalities to the bounds in Lemma 4, we obtain the statement of the
lemma.

O
A.3. Proofs, Section 5.3.

PROOF OF THEOREM 1. Consider a neighbourhood of z*, Bs(z*) = (x*+
V Bs)NX, where Bs = By(0,00) X B2(0,01) X Boo(0,02) X Boo (0, d3). Denote
v = D;;Vﬁl(m — x%), with the Jacobian of this change of variables being
J = 0—P0—2p27—ﬁ1—2ﬁ3/ det(V).

Denote pi the smallest rate such that for some My > 0, as 0 — 0,

P{fy () (%) = Fyexact (@)]| > Mopo} — 0,
P{IVS [V fy @) (@) = V fyoraes (@)l > Mipr} — 0,
P{I[VE' [V2 fy () (") = V2 fyeraer ()] > Mapa} — 0.

Due to Assumption C, pp — 0 as ¢ — 0.

For the rescaled parameter, we use the corresponding neighbourhood Br
and its limit B defined by

Br = [Ba(0,Rg) x By(0,Ry) x [0, Ro]P? x [0, R3] N D'V 1(&x — 2,
BE = [BQ(O, Ro) X BQ(O, Rl) X [0, Rg]m X [O, R3]p3] ny*
where

Ry =dp/0, Ry =061/7, 32:52/02, R3:53/72.

We assume that ;. are such that 0 — 0 and R — oco. In addition, we will
need conditions

Ry = 0(7/0)7 Ry = 0(7/02)7 R3 = 0(1/7)7 Ry = 0(1/0)7
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and Ry = o(y2/0?) if ¢ > 0. These conditions hold, for instance, with Ry =

Ck[—log o]* for some positive constants Cy, and ay. Under these conditions,

C(9) defined in Lemma 6 tends to 0 as ¢ — 0, that will be used below.
The triangle inequality for the total variation norm gives us

Ps@—onyy = £ llrv - < |IPs@—anyley — 1 1 llTv

(32) + w1y, — w7y + Ps@—n)y1Bs — Ps@—anyllrv,

where the balls BY, are defined above. Here n1 B, 1s a probability measure
p truncated to By and normalised to be a probability measure.

If measures 1, po are absolutely continuous with respect to some measure
1 with densities f and g respectively, then the total variation norm can also
be written as

mu—mmvzzfgf—m#m

where (2); = max(z,0) (van der Vaart 1998). In each of the summands
in the upper bound (33), the first measure is absolutely continuous with
respect to the second one, so we will use this expression to evaluate the
total variation norm.

We start with the distance between the truncations of the rescaled pos-
terior distribution and the limit on B%. Introduce additional notation:

@ =a-+0641, b =b+1,

i —a—641, b =b—03yl,
and u(-;x,Q, B,a,b) is a measure on YV = RPOTPL x R{fﬁm, such that for
z = (z1,22) €V,

wu(dz; o, 2, B) = exp {—H21/2z1|\2/2 + 2l a - IBTZQ} dz.

This measure is finite if matrix X is positive definite, « is finite and all
components of vector 3 are positive. If B, = V = RPo+P1 x RE2¥P? or B, =
B1 X B (0,72), we have

p2+p3

nVia,s,8) =[] 87t ldet(®)] V2 (@m0 2 expla”s a2},
=1

p2+p3

p(Bi X Boo(0,712);0, 5, 8) = p(V;e, 3, 8) (BT ', X7 ] [1 - exp{-Bira},

i=1

where ®(B; a, Q) is the measure of B under the Gaussian distribution centred
at a with covariance matrix Q).
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If B, degenerates to a manifold of a smaller dimension, then we slightly
abuse the notation and assume that p has mass 1 on the degenerate part
of By, i.e. we replace the Lebesque measure in the definition of p with the
counting measure on the degenerate part.

By Lemma 5, on A; N As for any B, C Bs(x*), with B, = D~'V~1(B, —
x*) C Bp, we have

/ exp {—[hy(z) — hy(z*)]/0?} dz > J/B exp {—ETU;; - 6Tvg}

T v

< exp {1082 v0l2/2 + o Vhy(*) o — | B2 3/2 — Vel B } o
= JM(BU;ayaiag)a

where Oéy — ([Vhy(l'*)]T/U’ O)T’ g = (EL/F’ZT)T’ i - <f§/2%)10 \/gim) ‘

Similarly, using Lemma 5, we obtain an upper bound:

/ exp {—[hy(2) — hy(a")]/0?} do < J / exp {—aTvy — Tv)
B B

v

cexp {0200l 2/2 + o Vhy (@) — (1Bl /2 Vi By} o
= JM(BU;Oéy,E,B),

> _7 T = 0 \/ljB()l
where 3 = (a”, 0T and ¥ = ( 00 — .
p=I ) VvBio  Bn
To simplify the notation, denote

A(dv) = p(dv; oy, 5, 8),  fi(dv) = p(dv; ay, 3, ).
Define event As:
Az = {w : [|Q00a0(w) — 0/7* Vi Vg(a*) — oV V fy ) (@)oo < p}

where p is the smallest value such that P(A3) — 0 as 0 — 0. On Aj3,
IV hy ()(x*) /o — Qooao(w)||ec < p. Therefore, on A3, measure fi is finite
since «y, is finite, and all other parameters are positive or positive definite.
Measure i is finite on As if §p < bmin, 04 < Gmin, 01 < Amin(B11)/kp and
90 < Amin(£200)/(3K4)-

Hence, the posterior density of S(z — 2*) normalised by the posterior
measure of B} is bounded on A; N Ay by

fidv)
#(BR)

pldv) _ dp(S(x—a*) |Y)
i(By) —  p(BRlY)

IN
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Therefore, the total variation distance between the rescaled posterior distri-
bution and its limit, both truncated to B}, is bounded on A; N Az by

o[ [Rarivesy ) et
B

IN

Ps(@—a)y1ms — 1" 1ps |V

PR V) Y, (B
< 2/ [u(dv) 1 (Bg) _1] p* (dv)
Uy LA(BR) pr(dv) + W (Bg)
Now, ;7*((52*2) = 55523’525,%3) where o* = (agQ00,0)", 5* = (a”,b")7,
¥* = diag(Qoo, B11). Denote po(dv) = p(dv; ¥*, a*, 5*). Then, with vg; =
(vg, 017,
fi(dv)

exp{0417va + 017 vz + v (Z* — Z)vo1/2 + vy (ayy — a¥)},
1o (dv)

which implies

fi(dv) po(Bp)
o(dv) 7i(By)

exp{(vor + (£* = £)"Hay — a*))T (2 = ) (vor + (Z* — £) 7y — a”))/2}

X

exp{0417 vy + 01T v3 — (ay — )T (Z* = ) (o, — a*)/2}
IBE exp{—a’vy — bTvz} exp{—||Z*2vp1|2/2 + viia* }dv
S, exp{=(a+641)Tvy — (b+ 1) v} exp{—||EY 2001][2/2 + vy }do-

To show that this expression is greater than 1, it is sufficient to show that
for any B C {vo1 : (vo1,v2,v3) € By}, the following expression is positive:

o (ay—a*)T (55 —5) " (ay—a*) /2 / oI5 12212 /242T o Yz [ exp{—[|15Y/ 222 /24 2T ay g,
B
_ / o 1I5Y22)12 /2427 0 [emy—a*)T[(i—z*)*—(i—m-l}(ay—aw><
B

% T (E=E")z/242T (0" —ay)+(a* —ay ) T(E=5%) " (a* —ay) /2 _ 1} dz >0

which is indeed the case since

Y% = diag([3%400 + YAmax(Boo) Ipes 616815 )
-3 —(E-%% = ¥ -5 =diag([6xk400 + ¥ Amax(Boo) — Amin(Boo))) Ip> 2614515)

are positive definite matrices.
Therefore, on A; N Ay, £ (dv)_po(BR) > 1 and hence

po(dv) p(BY)
Ado) (B ] i) . [a(Bh)
By 1 (dv) 1] ‘2[ 1]'

IPsz—a)ylps, — # 1psllry < 2/ [
B
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Since fi(dv)/dv > p(dv)/dv for all v € Bg, fi(By)—n(Bf) < i(Bgr)—i(Br),
and thus

_{ < ABr)—(Br) _ iMBr)— i(Br)
MBR) T A(BR) i(By)

The difference of measures of Bg is bounded by

i(Br) — il(Br) = /B emelBa/2rlon T oy LT (S - D)2 /2+ (B - B 20} — 1] a2

IN

/B [Zil“(i N 2)21/2 + (E N B)TZQ} e—leizl/Q-i-leay—BTzzdz
R

IN

(2m)@otP1)/2[qet(S)) /26w = aw/2 H Bt

- 5)25  ay |I” + trace(E TN (S - 5 b
x| []( ) ayl|® + trace(X 7 ( ))+miniai+minib¢

20 Ap2 20,3 ]

(27r)(po+ﬁ1)/2 [det(i)}—l/%agi*l%/? H 3@,-1

25 ap2 20pP3 ]
— 4+ ——
min; a;  1min; b;

IN

X 501[||27]_104y||2 + trace(i]_l)] +

due to inequality ¥ — 1 < ze” for x > 0, where
o1 = max([6x400 + v(Amax(Boo) — Amin(Boo))], 2015B).
Therefore,

IPs(e—anyy1es, — 0 1ps 7y < 2[A(BR)) L (2m) P40/ 2 det(8)] 120 = /2 T 7

20 4p2 n 203 }
Amin — 04 bmin — 66

x [01[||Z Ty ||* + trace(Z71)] +

which goes to zero since 6 — 0 as o0 — 0.
The total variation distance between the posterior distribution truncated
to Br and to BY is bounded by

IPsz—a)y1Bs, = Ps@—an)yleglltv < 2[Ps@—ot)y1le:l(Br\ Bg)

20 (Br \ By maxe (o) /do]
/i(BR) ’

where i, (B) is the Lebesgue measure of B. By Lemma 6, ur(Br\ B;) — 0

as o — 0.

<
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For the measure p(dz; o, &, 8), max.eyp|u(dz; o, B, 8) /dz] = exp{a’ ¥ ta/2}.
Therefore,

_ +P3 ~ -1
maxye gy [f(dv)/dv] _ r5-15os)5-14 RTT 3 NE& —(po+51)/2 [M(BR)]
P s ey v i det(X 27 PoTP1 — .
(Bn) [1 5 faer®] ™ ) V)

The difference & — & = O(max(dy, d1)) — 0, on As, Y lay, and iflay are
bounded as well as B . Now we need to show that the last factor is bounded.
Choose ¢ small enough so that B = B(0, Ry) x B(0, R;1) x [0, RaJP? x
[0, R3]P3. This condition is satisfied if | [Ugz*|| > O for k = 0,1 and ||Upa™*||co >
0 for k = 2, 3. If the degeneration of the support takes place, the degenerate
dimensions are excluded. Due to B(0, /R3 + R?) C B(0, Ro) x B(0, Ry) and

to inequality 1 — ®(B(0, R);a,X"1) <1-T (%W | %), we have

ABr) (Amm@)(\/R% PR oyl ot pl)

2 2

p3

X H[l — exp{—a;R2}] H[l — exp{—ERg,}]

i=1 i=1

which is close to 1 for large Ry, k = 0,1, 2, 3. Therefore, HIP’S(I,QJ*NYIBE —
PS(m—z*)|YlBRHTV —0aso— 0.

The total variation distance between the limit measure and its truncation
to BY, is bounded by

" — p 1psllrv < 2p*(By) = 2u*(Br) 4 2u*(Br \ B)
} p2+P3
< 2ur(Bg\ BR) [det(SM)]'? (2m) -tz TT gy
=1
)\min(QOO)(RO — ||CL0||)2 ’ @ «T )\min(Bll)R% | ]ﬁ «
2 2 2 2

+ 2—2F<

p3

x [JIt — exp{—a;Ro}] [ [[1 — exp{—biRs}] — 0
i=1 =1

as 0 — 0, since R, — oo and pur(Bg\By) — 0 as 0 — 0 by Lemma 6 where
By, is the complement of Bj.
The total variation distance between the posterior distribution and its
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truncation to Bpr is bounded by

IP(s@—zv)1Br — Psa—anymllry < 2P(s@—z)v)(BR)
S\ By (o) ©XP{=(hy (@) = hy(2¥))/0?} d
[y exp{—(hy(z) — hy(2*))/0?} dx
2det(V)[f(Br)] " Ao (9)
1+ det(V)[ii(Br)] "t Ag(d)’

where

Ao(8) = oPotopeypitdss / exp{—[hy () — hy(z*)]/0%} d..
X\Bs(z*)

By Assumption L, with probability — 0, Ag(d) — 0 as 0 — 0, and p(Bgr) —

/L()(B R) > 0.
Combining these bounds, we have that

Ps(z—a)y — & llrv < 20" (Br) + 2det(V)Ao(6)/1(Br)
+ 20(BR)]) 7 (2m) P2 [det (2)) 7 2en e 2 T B!
20 4p2 20pP3 }

Amin — 5A bmin - 6b

+ 2u1(Br\ Bg) [ggﬁ [W*(dv)/dv] + maX“EZR z[ii;lv)/ dvq Fruge

_|_

X [501[\|f}1ay\|2 + trace(X7H)] +

as 0 — 0, which gives the statement of the theorem.
O

LEMMA 4. Under conditions of Theorem 1, pup(D~*V =1 (Bs(z*) — 2*) \
V*) < C(8) det(V~L) where

[11Val|oo,00 02/ 0150, c=0,

C(6) = [IIVblloe,200/7 + IVl o 0002/ 7 + |%\|oof53/'v]'51+{ 11Vl o o 27201151 >

sets Sy are defined in Proposition 2 and uy, is the Lebesque measure.

PROOF. We study the constraints on vy, under D=1V ~Y(Bs(a*) —2*) \ V*
using notation from the proof of Theorem 1.

We find the Lebesgue measure of V B\ (VV*), then the Lebesgue measure
of Br\ V*is det(V~"Yur(VBgr\ (VV*)). For £ € S,

Vile,v1 > —a/v[Vole, vo — 0 /y[Va]e, v2 — y[Valevs and  [Vi]e, v < O.
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which is a subset of —Roo /v/|[Vole,|l2—0?Re//|[Vale,|lo =7 Rs[Vale < [Vilg, 01 <
0. This set could be empty, or its Lebesgue measure could be up to [Roo /|| Vol|co2+
02 Ra /Y||Val|oo.00 +7R3[V3]oo] 1. Tf Ry is chosen in such a way that Roo/y —
0, 02Ry/y — 0 and yR3 — 0 (which is possible), the measure of this set
tends to 0.
For ¢ € S3 and ¢ = limo/y? = 0, 0 > [V3]pvs > —[Vols, voo /2. This set
is empty, since either p3 = 0, or p3 = 1 and v3 > 0 and [V3], > 0.
For ¢ € Sp3 and ¢ > 0, 0 > [Vs]pvs + [Vole,vo > —[Va]s, vao? /7% >

—[|Valso,00 R20?/~4%. This set is either empty, or its Lebesgue measure is
at most [||Va||oo.co R20? /721501155 provided Ryo?/~? — 0.

For £ € Spand ¢ = limo/v% = 0,0 > [Volp, vo > —[Va]r, vao > —||Val|so,00 R20.
This set is either empty, or its Lebesgue measure is at most [||V2|| .00 R207]0!
provided Reo — 0.

For ¢ € §*¢ such that [Vi],, # 0, the constraints are

Vilevi > =} /v + o /v[Vole,vo > —x} /v + o/v[Vole,vo,

and [Volevg > —a /o if [Vi]s, = 0. Since there is no constraints on [Vi]gv1
and Vplg v for £ € §*¢, the difference Vg« Br \ (VV*) is empty.
Therefore, the Lebesgue measure of VBr \ (VV*) is at most

[Roo /7| Volloo,240” Ra /Y[ Val [oo,00+7 R3] [Va] o] S+ [[[Va [oo,00 Rao? /77] 1501 H55]
if ¢ > 0, and is at most
[Roo /7|Valloo2 + 0% Ra/71[Vallss.oo + 7R3 [Valloc] ™ + [[[ V2 Joo,00 R20] ™!

if c=0.
O

ProOF OF PROPOSITION 3. Collecting the non-asymptotic conditions on
0 in the proofs of Theorem 1 and Proposition 2, we have
0.5v||Bool|/ka < 60 < 0.2Amin(Q00)/k 4,
Ok < ||Ugz™||, k=0,1; & <||Upz"||0, k= 2,3,
0.50||VEVg(2*)|| < 64 < 0.2amin,
01 < Amin(B11)/6B, 06 < bmin,

and inequality 6o > o||ap(w)|| should hold with high probability.
These assumptions imply that d4 < 54, and

1100 — Qoo|| = 65460 + v(Amax(Boo) — Amin(Boo)) < 10k 48.
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Collecting the upper bounds on the total variation distance from the proof
of Theorem 1 and using the upper bound on pr,(Br\ By) given in Lemma 6,
on A; N As N Az, we have

_ 11/2 T5-1 p2tps
Psta—aopy = 177w < 280(6) det(V) [det(5)|  (2m) "m0/ /2 TT 5
i=1

p2+p3
+ 20(8) det(V 1) (2m)~ote)/2 TT F [det(5%)]M? x
i=1
Ts—1/3_$\5—1 iy = 1/2
oF S B o2 T (5 5) [den() det (2]

x |1+ — =
) /R21p2_||15—1 2 _ -
T ()\mln(z)( R0"‘21'%1 12" ayll) ‘ po-gp1> % TTP2 [1 _ efaiRz] | |fi1[1 _ efbiRs]

=1

Amin(QOO)(RO_HaOH)Z Po )\min(Bll)R% b1 = —a;Ro - —b;R3
+ 2 2r< 5 RN G s iﬂlu e ]}‘[1[1 e~bifts)

+ 2[E(Br)] T (@2m) PP 2 et (8)) 2T E 2 T B

> 5 20 204D
X [501[|’Z_1ay|!2 + trace(X7H)] + AP2 | bpsé ] ’
b

Qmin — 04 bmin —
and on Ags,
1= ay| IS B ey || < flao(@)]] + 11200 |12,
a, X (E - 8)E Sot |11 (llao (@)l + 11€2%0 1 10)?,
ap X ey > A (SIS (Jao (W) — (192 110)?,

<
<

where dp; = max(10k 400, 201KR).
Using inequalities 1 — (1 —z)(1 —2) <z+z,e*—1 <ze”, (14+2)" -1 <
mxe™® for x,z > 0, we have on A; N Ay N A3, we have

HHDS(x—x*)W — 1wy < CalAp(d) + CpC(0) + 2p2€—aminRz + 2p3€_bminR3
. _ 2 . 2
+ 2<1_F<)\mm(900)(§0 HCLOH) |p20>) +2<1_F<)\mm(-§11)}%1 ‘ ];1))

105ap2 251)]53 :|
Gmin — 90q bmin — 0 ’

+ 2C4 [501[||Z_1ay||2 + trace(i]_l)] +



BERNSTEIN-VON MISES THEOREM FOR NONREGULAR PROBLEMS 49

where
_ 112 el 1 p2+p3 »
Can = 2det(V) [det(Z)} (27)~(Potp1) /2|22 [(llao ()11 =180 [10)*/2 H B;,
i=1
p2+p3
Cp = 2det(V1)(2m)~wotr)/2 TT g [det(34)]"* x
i=1
eI lan( 1965 107 2 2257 (B ) [den(B) / det()] 2
X 1+
(S —|lao ()]~ a b
r <)\mm(2)(\/m 2|| o(W)I=1120 l10)? | poJQrpl) % fil[l — ¢~iRa] Hli’il[l — e~bilts)
Ca = [A(Br)] ™ 2m) PP 2[det(£)] 72 T] B exp (IS ([lao(w)|| + 1200 112)*/23-
Denoting

I _ = 10ps|| B, 2ps|| B
Co = Ca [srallIE P laa(wl] + 921102 + trace(s 1) 22 Prellce 2ol Bl |

Amin — 55(1 bmin — 51)
esllS ~ o 10pa||Bi2||2.00 23|I B3],
C1 = Ca|ksl||E7=*2(llao(w)]] + |90 ||)? + trace(X )] + 2| B12]2,00 3||. 13”200]’
L Gmin — Hdq bmin — Op
_ —5[|’B22”oo,oo+5+q§/€14/p] 153”_823”00700/1)2
CQ = CA ’
L Qmin — 55(1 bmin - 51)
o — CallBslloeo +0+43r5/p)
3 B )
bmin_(sb
Cy = max|||Voloo,2, [[Valloo,c0 [[V3]lso] ¥,

ms = |So| + [S3] if ¢ = 0 and m5 = [So| if ¢ > 0, C5 = [|[V2|[3, and
grouping the terms for each §x, we have the statement of the proposition.
Assumptions 0.5V\|V2TVg(x*)H < 0g < 0.2amin, 0p < bmin are satisfied if

0.50| |V Vg(a*)|| < kgloa{<2[5k02,k] < 0.2amin/3,

2 [63.] < b4

where ¢392 = || B23||0o,00 and

Cok = ||Brall2.00 for k=0,1,  ca2 = 0.5[||Baa|los,00 + 6+G354/D),
c3 = || Brs||2,00 for k =0,1, ¢33 = 0.5[|| B33||co,00 + 0+G558/D)-
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A.4. Proof of Theorem on Bayes estimates.

ProOOF OF THEOREM 2. The limit Bayes estimate va is measurable by
the Jennrich’s measurability theorem since it minimises the objective func-
tion that is continuous in data and parameters.

To prove the theorem, we follow Chernozhukov and Hong (2004) and
apply Theorem 1.10.2 of Ibragimov and Has’minskij (1981) (p. 107), which
allows one to obtain the limit distribution of the Bayes estimates provided
the following conditions on the penalised likelihood ratio process £,(v) =
exp{—(hy(z* + S71v) — hy(x*))/7} are satisfied. The results of Theorem
1.10.2 of Ibragimov and Has'minskij (1981) and the auxiliary lemmas apply
since the factor exp{—(g(z* + S~ 'v) — g(2*))/+?*} is non-random and is
bounded on a compact neighbourhood of 0.

1. Holder continuity of Ei/ 2(1}) in the mean square, and the exponential
bound on the expected tail of £;(v). The first condition is that for any
compact K C X 3C4,Cy that depend on K such that for any v,v € K,
[[v]oos [[v']|oe < R,

E|(0)'? = 6:(0') /2P < CL(L + R%)[Jo — /||

for some a € (0, 1].

The second condition is that any compact K C X Jg,(z) : [0,00) —
(0, 00) such that for any fixed 7, ¢-(z) increases to infinity as z increases to
oo, and for any N € N, lim; 0, .00 Ne—ar(2) = 0, so that for all for all
veSHX — 1Y),

El, (v)'/2 < e (lvlleo).

These conditions are checked below.

2. Finite-dimensional convergence of ¢,(v) to the density of p* is satisfied
(Theorem 1).

3. The limit Bayes problem,

vg(w) = arg inf Qv —v)dp*(v',w),

vERPO+P1 X RE2HP3 /RP0+P1 xRE2TP3

is uniquely solved by a random vector v{,. This condition is satisfied since Q
is convex with a unique minimum, and p* is a proper probability measure.
In fact, this weaker condition on ) can replace the convexity condition.

4. Conditions on the loss functions @) are satisfied.
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Now we check the first condition, using notation defined in the proof of
Theorem 1. By Lemma 5, for v € Bg, on A = A; N Az N A3,

()2 = exp{—(hy (2" + 8 1v) — hy(z"))/(27)}

< exp{—(amin — 0a)[|v2[1/2 — (bmin — 0p)||v3|]1/2
— Amin(Q00)|[v0]3/4 — Amin (B11)||v1]]3/4
+  [lvoll2 (||Q00a0(w)|| + p) /2 + V|| Biol|1,1 |[v1loc |[v0]oc/2}

Then,
Bl (0)'? < exp{=g:([v]lc) }P(A) + 1 = P(A) = exp{—g7(|[v]loe) }(1 + 0(1)),
due to P(A) =P(A1 N A2 N A3) — 1 as 7 — 0, where

)

- [amin - 5A + bmin - 5b - \/]TO(HQOOQO(W)H + p)]z/z
+ Pmin(Q00) + Amin(B11) — 2v/7||B1ol|1.1]2%/4

q-(z

satisfies the required conditions for 7 small enough.

The second part: by Lemma 5, using both upper and lower bounds on the
log posterior, for v,v" € K C Bp for a compact K, on A = A; N Ay N A3,
we have

log (KT(U)/ET(U’))

IN

—(a—6a1) vy + (a+021)T0h — (b—0,1) w3 + (b — 6,1) 0

— o Qoovo/2 4 v Qoovh /2 — vl Byivy /2 + v By /2

vt Hoozo — vl Hooo + v/vvi Biovg — v/l Biou)

lally 102 — thlloe + Balloa + wblls + [l 1105 — v5lloe + 4l los + el
— (vo + vp) Qoo (vo — v5)/2 + v5" Qoo — Qoo)vh/2

— (v1 + )T Bi1(v1 — v}))/2 4+ v{F (B1y — Bip)v}/2

+ (vo — v)) 'V hy(x*) + Vv (v1 — v])T Biovo + Vvl Bio(ve — vp)-

IN +

Thus, we can write

3
67—(1))1/2/57(1)/)1/2 < eXp{CQ(l—FRO—I-Rl)H’U—’U/|Oo+zck(5kRk}.
k=0

Taking 0 such that 4, — 0 and 0yR; — 0, the last four terms in the
exponent tend to 0 as ¢ — 0. Therefore, using inequality e* — 1 < ze” for
x>0, for k=0,...,3, on A,

10 (0) 2 = 0, ()2 (V)2 (co(1 + Ro + R1)|Jv — v'|]oo + 0(1))

<
< (co(l + Ro+ Ry)||lv — U/Hoo + 0(1)) eXp{_QT(HU,HOO)}-
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This implies that E|¢,(v)'/2 — £.(v)/2] < C||v — v'||se + 0(1). Thus, condi-
tions 1-4 of Theorem 1.10.2 of Ibragimov and Has’minskij (1981) are satisfied
and hence S(Z¢g — z*) 4 VG- -

A.5. Auxiliary results.

LEMMA 5. Let S be a nonempty subset of {1 : p} and denote Rg = {x €
RP : 2; > 0Vi € S}

Then, a linear map Rg — Rg defined by matriz V is a bijection if and
only if Vs r(s) = diag(ar, ..., ag)) for some ap > 0 and Vs ge = 0 for some
permutation m of S.

Note that this statement also holds for V1.

PrROOF OF LEMMA 7. We need to show that (Vz), > 0 iff 5 > 0 for
each k € S. Then, we need to show that

Vs,szs + Vs,sexge € [0,00)° iff  zg € [0, 00)"

which holds iff Vg gc = 0 and Vg g is an invertible matrix with nonnegative
entries. Denoting U = V1, these conditions imply that Ug s = [Vss] ™! and
Us,ge =0.

Now, matrix V! must satisfy the same conditions, i.e. Us se = 0 (which
is satisfied) and [V ~!]g g = [Vs,s] 7! is an invertible matrix with nonnegative
entries.

Thus, we must have that both Vg ¢ and [Vs,g]_l have nonnegative entries.
We can prove, for instance, by induction, that this implies that both Vg g
and [Vs s]~! have to be diagonal matrices with positive eigenvalues, up to
a permutation of the coordinates in S. For |S| = 2 it is a necessary and
sufficient condition (base of the induction). Suppose the statement is true
for |S| = m; then, for |S| = m + 1, nonnegativity of the matrices’ elements
implies that both matrices can be written in the block form of sizes m and
1. For each matrix, the block of size one must be a positive number, since
the matrices are invertible, and the block of size m must be a diagonal
matrix with positive eigenvalues, up to a permutation of the coordinates.
This implies the statement of the lemma.

O
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