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1 A review of differential calculus for functions of more
than one variable

Revision and extension of results from Calculus 1.

1.1 General maps from R to R"

Let x € R™ = (1, xa, . .. ,a:m).

Often in 2D write x = (z,y) or in 3D x = (z,y, 2).

Defn: A scalar map or scalar function, f, say is defined by f: R™ — R s.t. x — f(x). We
write it as f(x).
Defn: A general map, or vector function, say F : R — R” s.t. x — F(x) is defined as

F(X) = (FI(X)7 FQ(X)v R Fn(x))

and the components are scalar maps denoted by F; : R™ - R (i =1,...,n).
Defn: A map F : R™ — R" is linear if Vx,y € R™, and A\, u € R, F(Ax + py) = A\F(x) + uF(y).
Proposition: A map F is linear iff 3 a matrix A € R"*™ s.t. F = Ax.

E.g. 1.1: F:R3 - R% s.t. (21,29, 73) — (v3 — 1,72 + x1). Then
T1
-1 0 1
F(X)—( 11 0) ze | = Ax
T3

is a linear map, since A(Ax + py) = AAx + pAy.

E.g. 1.2: F : R*> = R? sit. (71,72) — (2271,€*). (Not a linear map since, for example,
F(2x) # 2F(x))

1.2 The derivative of a map

Defn: The derivative of the map F : R™ — R" is the n X m matrix F’(x) such that the i, jth
element is

(F(x)}, = %F

! Although written on the page as a row vector, in computations, vectors are actually arranged as column vectors
unless indicated by a T for transpose.



For scalar functions of single variables, the derivative f’(z) is defined to be precisely the function
such that the line formed by

f(xo) + (z — x0) f'(wo)
is tangent at x = xy to the curve f(x).

For vector functions of multiple variables, F’'(xg) is defined to be precisely the matrix such that
F(xo) + F'(xo)(x — %o) (1)

defines the tangent plane at x = xq to the hypersurface formed by F(x).
E.g. 1.3: If F = Ax (a linear map) then F/(x) = A.
Proof: We have

Fy = i Aipxy,
k=1

where A;; is the 4, jth element of A and so

m

, . 8E . al’k o B
(P} = g, = D Augy =4

since Oxy,/0x; = 1 if j = k else zero.

E.g. 1.4: With F(x) = (2921, €"?) we have
To X1
oo - ()
Defn: The matrix F'(x) with elements 0F;/0x; is called the Jacobian matrix.

1.3 The gradient of a function
Defn: The gradient of a scalar function f : R™ — R (i.e. f(x)) is denoted

Vf=(0f/0x1,0f/0xs,...,0f/0xy).

Note: The rows of the Jacobian matrix are formed by gradients of the components of F, viz

(VE)T

(VEy)T
Flg=|
(VE,)T

(More on this later.)



1.4 The directional derivative

Defn: The directional derivative of F at x( along v (such that |v| = 1) is a vector in R" given

by

DF(xy) = (10 F ) B0 ttv)) - dFGo +tv)
v 0) — dt yeeey i tzo 7

It measures the rate of change of F in the direction of v and it is formulated in terms of ordinary
1D derivatives.

t=0

Note: Can be shown that
D,F(x¢) = F'(x¢)Vv.

Proof: (informal)

dF(x¢ + tv)
dt

 lim (F(XO +v) — F(x@) . (F(XO) + F'(x0) (%0 + tV — Xo) — F(XO))

t—0 t t—0 t

t=0

which gives the result. In above, we replace F by equation of tangent plane (l) which coincides
in limit ¢ — 0.

Note: If |v| # 1 then redefine v by v/|v| where |v| = /v? + v+ ... + V2.

Note: If x € R™ and v € R™ with |v| =1 and f: R™ — R is a scalar function then

Dyf =(Vf)v=v-Vf (2)

1.5 Operations on maps and their derivatives

1. (Addition of maps) Let F, G be maps from R™ — R™. Then if H : R™ — R” is the new
function defined as
H(x) = F(x) + G(x)

it follows
H'(x) = F'(x) + G'(x).

Proof: (simple)
0H,; oF;

(x) = oc
8:@ N 81’]'

() + o)

2. (Product of maps) Let F : R™ — R" and f : R™ — R, then if H : R™ — R" is defined by

it follows that H'(x) is the matrix whose i, jthe element is defined by

OH, . Of

=21 OF,
01']- X _al’j

817]-

(x) Fy(x) + f(%) 5 —(x)

using product rule for differentiation. No simple representation for the result using stan-
dard linear algebra.



3. (Composition of maps) If F : R™ — R™ and G : R” — RP| then if we define H : R — R?
by
H(x) = (G o F)(x) = G(F(x))
it follows that
H'(x) = G'(F(x)) F'(x) (3)
where the right-hand side denotes the product of the p x n matrix G'(F(x)) with the n x m
matrix F'(x).

Proof: From the definition, H; = G;(Fi(x1,...,2m), Fa(x1, ..., 2m), .., Fo(x1, ..., 20)).

So
, _ 0H;, . 0G;0F;, 0G;0F, 0G,; OF,
H )}k = ox; (x) = Oz Ox; + Oxg Ox; et Oxy, Ox;
"L 9G; OF,
=3 %% () 2P
1 Tl LL’]

using the chain rule. This summation can be interpreted as the ith row of G/(F(x)) multi-
plied by the jth column of F’(x) and this gives the result.

Note: See the Appendix for a revision of the chain rule and how it applies to multivariable
functions.

1.6 Inverse maps

Let F: R® — R"” and G = F~! be the inverse map such that
(F'oF)(x) =x (4)

Differentiating, applying ([B]) to (@) and using the fact that x = Ix where [ is the n x n identity
matrix we have

(F) (F(x)F'(x) = I.

Thus
(F1)(F(x)) = (F) ' (x). (5)

In other words “the derivative of the inverse is equal to the inverse of the derivative”.
Note: For scalar maps, we recognise this statement as
dv  (dy ! 1
dy \dx S ody
dx

and (Bl generalises this to functions of more than one variable.

E.g. 1.5: (mapping 2D Cartesian to plane polar coordinates)
Let F: R*? - R? s.t. (r,0) — (rcosf,rsinf) = (z,y).



This means that
F(r,0) dx/Or 0x/00 \ [ cosf —rsind
S\ Oy/or Oy/00 )\ sinf  rcosf )

Taking inverses

(F,(T’Q))—1:< cos sin 6 )

—sinf/r cosf/r

Now consider the inverse map F~! : R? — R? s.t. (z,9) — (/22 + y2, tan ! (y/z)) = (r,6). Then

<F-1>'<x,y>=(87“/8f 87”/81})_( oINPT y/m).

00/0x 00/0y )\ —y/(2®+v?) x/(z?+y?)
Finally,

(F-) (F(r.0)) = (

which is the same as before.

rcosf/r  rsinf/r )

—rsinf/r? rcosf/r?

1.7 Solving equations

Question: Given a function F : R® — R", is there always an inverse function G = F~!, which

satisfies
(GoF)(x)=x7

The same question can be stated in terms of a solution to a nonlinear system of equations. Namely,
let

F(x)=y (6)
for x,y € R™. Or, in full,

F1(951> e >In) =MW

Fn(xl>"'>$n) = Yn-

Then, given y, is there a x such that (@) is solved. If so, then x = F~!(y).

1.7.1 Inverse function theorem

Let F : R" — R", with xg,yo € R" such that
yo = F(xo).

If the Jacobian matrix F’(x¢) is invertible, then (@) can be solved uniquely as
x=F(y),

for y in the neighbourhood of yy.



Note: A matrix is invertible if and only if its determinant is non-zero. The determinant of the
Jacobian matrix F’ is often written as

JF (Xo)

(7)

and called the Jacobian determinant.

Proof: (informal, but instructive)

For x close to xg, we can use ([II) to locally approximate F(x) so that
y =~ F(xq) + F'(x0)(x — o)

which means
x = %o + (F'(x0)) " (y — ¥0)

since yg = F(x¢) but relies on the existence of the inverse of the Jacobian. l.e. given y, x can be
determined.

Note: The theorem tells us nothing about what happens if the inverse does not exist.

E.g. 1.6: Consider the system of equations

x2+y2 o
" —

u, SsInx +cosy = v.

Q: Given (u,v), we want to solve for (x,y). Near which points is this guaranteed to define a
unique function ?

A: We define F : R?\{0} — R? s.t.

2 .2
y =F(x) = (:)3 Y ,sin:c+cosy)
T

(so that y = (u,v) and x = (z,y).)
The Jacobian determinant is

ou,v) | (2* —y?)/2* 2y/x _Msm —2—ycosx
Ax,y) oS T —siny | a? T |

E.g. (i) near xg = (1,1) (where y = (2,sin(1) + cos(1))) we can solve for x in a neighborhood of
xo; E.g. (ii) near x¢g = (7/2,7/2) (where y = (7, 1)) where Jg = 0 we cannot say anything about
existence or uniqueness of solutions.

1.7.2 TImplicit function theorem

Similar to above. Consider an equation for x € R™, y € R” in the form

F(x,y)=0 (8)

7



where F : R — R”,

Note: If F is linear in y then (§) can be written in the form y = G(x) for some G and the inverse

function theorem applies. We suppose that this is not the case.

Suppose that (8)]) is satisfied by the pair xg, yo (i.e. F(xg,y0) = 0.) Then we can express solutions
of this asy = y(x) fory : R™ — R™ in the neighbourhood of y, provided the Jacobian determinant

a(yl, cee 7yn) X=X0,Yy=Y0

1S non-zero.

Proof: (informal but instructive)
The ith component of () is
Fi(x1, .., Ty Y15y Yn) =0

and we suppose that

Y1 = yl(l'la cee ,!L"m)> Yo = yz(il?l, e >£Bm)> e Yn = yn(ifl, ce

Taking the partial derivative of F; w.r.t x) gives (by the chain rule)
OF, OF;0 OF; Oy,
L OF Oy, OF Oy

e =0
81’]' 8y1 8:@ 8yn 81’]'
and this can be interpreted as the matrix equation
OFy oFy oF or, dy1 oy
Or1 7 Ozm dy1 "7 Oyn Or1 7 Ozm
: .o + : . : .o =
OF, OF, OFy OFy Ayn Ayn
ory 77 Ozm dy1 " Oyn ory 7 Ozm
and therefore
Ay Oy OFy oF \ ~1 s om OF
Doy " Oum oy T Oy doy T Do
Oyn Oyn_ OFn OFn OFy, OFy,
ory 77 Ozm Oy1 " Oyn ory 77 Ozm

and the existence of y’(xo) requires (@) holds.
If y'(x¢) holds we can use () for points x close to xq to write
y(x) & y(x0) +y'(x0) (x — Xo)

showing the existence of solutions in the neighbourhood of (xg, yo).

(9)

E.g. 1.7: Consider f(x,y) = 0 where f(z,y) = 2? + y* — 1. This is satisfied by points (2, 7o) on

the unit circle. If we try to express it as y = y(z) we get into trouble since

y==+V1-—2a2



and there are two solutions. The implicit function theorem applied to this example requires the
determinant of the 1 x 1 matrix of

Ay
evaluated at (xg,yo) to be non-zero. This is 2y, which is non-zero apart from at yo = 0. So we

can express the solution y = y(z) local to a point (zq, o) provided yo # 0. Which is obvious in
our case as if yy > 0 we are on the upper solution branch where y = /1 — 22 and vice versa.

1.8 Higher-order derivatives

Start with 2nd order.
Defn: For F : R™ — R",

TR (= (20 g = 2 (28 (= E iy
8xk8:cj N 8$k 8l’j N 81’]- 8xk N 8:@8@

under normal circumstances. For example if f(z,y) = 2* — 3zy?,

0 f 0 f B
fxy:ax—ﬁy__e)y’

fra =

r = m = bx, fny = —6y, fyy = —6,1'

Note: Extended naturally to higher orders.

1.8.1 Taylor’s theorem

Higher-order derivatives are useful in Taylor’s theorem in dimension > 2, allowing one to approx-
imate functions of several variables near a point.

Recall that for a scalar function of a single variable,

(x — 3)?

9] /" (o) + higher order terms (h.o.t.)

f(@) = f(xo) + (v — 20) f'(0) +

How do we generalise to higher dimensions ? Well, it gets tricky. For a scalar function f(z,y), or
more than one (e.g. 2) variable

Y —"%Yo

1 _ _ f:c:c(l"o,?/o) f:cy(l"o,yo) T — X
+2($(7 Lo, Y yO) ( fyx(ifo,yo) fyy(il?myo) ) ( Y — Yo ) +h.0.t

f(xy) = f(o,y0) + (fa(2o, %o), fy(0, yo)) ( v )

with an obvious generalisation to functions of more than 2 variables.

The higher order terms are complicated and require some complex notation.



For vector functions, F = (Fy, ..., F,) we can use the scalar result above for each scalar function
component, F;. ILe.

Fi(x) = Fy(x0) + (VFi(x0))" (x — x0) + h.o.t of size like |x — xql?.

Stacking equations gives
F(x) = F(x0) + F'(x0)(x — %) + h.o.t

involving matrix/vector multiplications and hence
F(x) ~ F(xq) + F'(x0)(x — xp)

for x close to xg. This is equation (I]) for the tangent plane at the point xg on F. We’ve used this
approximation as the basis of earlier informal proofs.

10



2 Differential vector calculus

2.1 Linear algebra

Focus now on 3D, and adopt convention that position vector r = (z,y,2) = (x1, 12, 23) € R? to
describe equations pertaining to physical applications.

Notation: The Cartesian (unit) basis vectors in R? are X = (1,0,0) = e;, y = (0,1,0) = e, and
z=(0,0,1) = e3 such that r = 2X + yy + 2z = x1€1 + 19€3 + T3€3.

Also use r = |r| = \/2? + 23 + 23 = \/22 + y2 + 22 as the length of the position vector.

Defn: The dot product of two vectors u = (uy, us, uz) and v = (vq, vy, v3) is defined

3
U-V = UjV1 + UV + U3V3 = E U;jV;
j=1

3

Notation: (Einstein summation convention) Drop the Z in the above on the understanding
j=1
that repeated suffices imply summation. IL.e.

u'V:’LLjUj

Fore.g.,r=|r| = -r = /22
Defn: The Kronecker delta, ¢;; is defined by

s L =,
TN 0, ifi .

E.g. 2.1: (Sampling property) Another way of defining d;; is to be the set of elements for
which

x; = 05X, for every 1

3
Note that d;;z; = Z dijx; = x; if and only if the defn above holds.

j=1
E.g. 2.3: (Orthonormality of basis vectors) e; - e; = d;;.

E.g. 2.4: r = zje; and taking dot product with e; gives x; =r - e;.

11



Defn: The cross product of two vectors u, v € R?, vector given by

€e; €y e3
UXVvV=|uU U U3 |= (u21)3 — vgu3)e1 + (Ug’Ul — Ugul)eg + (Ul’Ug — ’UlUQ)eg. (10)
U1 U2 U3
Note: Defintion implies antisymmetry: u X v = —v X u.

Defn: The Levi-Civita tensor (or antisymmetric tensor) is defined by

1. €123 = 1
2. € = 0 if any repeated suffices. E.g. €113 = 0.

3. Interchanging suffices implies reversal of sign. E.g. €1 = —€ji.

Implies €;;, are invariant under cyclic rotation of suffices. Thus €195 = €231 = €312 = 1, €213 =
€132 = €391 = —1, and all 21 others are zero.

Notation: We use [v]; = v; to denote the ith component of a vector.

Note: Another way of defining €;;, are as the set of 27 elements such that

[11 X V]i = €ijkU; V. (11)
3 3
For e.g. [11 X V]l = €1kU; VL = E E €1kU;V = €111U1V1 + €112U1V2 + €113U1V3 + €121 UV T+
j=1 k=1
€129U9V9 + €193U2V3 + €131U3V1 + €132U3V2 + €133U3V3 and this equals U2V3 — U3V2 only if €123 — 1,
€132 = —1 and all 7 other ¢;,;, are zero. Repeat for 2nd and 3rd components.

Note: The defintion of €;;;, guarantees the antisymmetry of the cross product.
Proposition: A (double product)

€ijk€itm = 0j10km — OjmOki- (12)
Proof: Just have to consider all possible (non-trivial) combinations to see it is true.

E.g. 2.6: (A vector triple product)
ax(bxc)=(a-c)b—(a-b)c.

12



Proof: Vector identity, so start by looking at the scalar quantity which is the ith component of
the LHS:

[ax (bxc); = ejrajbxclg

= €ijkaj€klmblcm
€kij€klmajblcm
= (0u0jm — Oimdj1)a;bicm,

ajcjbi — CijjCi = (a . C)bl — (a . b)CZ

True for ¢ = 1,2, 3, so result is proved.

2.2 Scalar and vector fields

Defn: Conventional language:

A scalar field on R? is a function f : R?® — R.
A vector field on R? is a map v : R? — R3. We write v(r) = (v1(r), vo(r), v3(r)) where v;(r)
1 =1,2,3 are scalar fields.

Scalar and vector fields defined in R3 are of particular importance for physical applications. For
example:

e (Scalar fields) Temperature T'(r); mass density p(r) for a fluid or gas; electric charge density

q(r).

e (Vector fields) Velocity v(r) of a fluid or gas; electric and magnetic fields E(r) and B(r),
displacement fields in elastic solid u(r).

In these physical applications, one often derives equations that govern vector and scalar fields
which involve derivatives in space (and time).

The following three first-order differential operations of vector calculus emerge from this:

2.3 Gradient (grad)

Defn: The gradient of a scalar field f, denoted V f, is the vector field given by

V)= (%, %, %) , or, in component form, [Vf]i= 081{’ 1=1,2,3
The gradient maps scalar to vector fields.
E.g. 2.7:
1 (YN _ —Y T _ 1 A A
V tan (;) = <x2 il +y270) = +y2(—yx+xy).



E.g. 2.8: Recall r = \/2? + y? + 22. A direct calculation gives

Vi = (f’ y’ f) - (a:,y,z) = r or, in component form, [VT],' = xi/T
rror r T

Note: r/r is the unit vector from the origin to the point r; we often denote this as t.

E.g. 2.9: If f(r) = g(r) (i.e. a function depends only on the distance from the origin) then

Vool = G = SE B = g9 = g0) (5),

since r is a function of x1, x5 and z3 and by using the Chain rule.

Thus Vg(r) = ¢'(r)t (c.f. potentials, central forces in Mech 1).
Recall from Calculus 1, two important interpretations of the gradient:
2.3.1 Interpretation of the gradient

Provided V f is nonzero, the gradient points in the direction in which f increases most rapidly.

Proof: let v be s.t. |v| = 1. Then rate of change of f in direction v is the directional derivative
(see @) Dyf(r) =v-Vf=|Vf|cosf, where 0 is the angle between v and V f. Maximised when
6 = 0. Le. when v in direction V f.

2.3.2 Another interpretation of the gradient

The gradient of f is perpendicular to the level surfaces of f.

(A level surface S is defined by values of r s.t. f(r) = C, a constant.)

Proof: Let c(¢) lie in S. Then f(c(t)) = C, for all t. The chain rule yields

d :
0=~ fle(t)) = Vi) c(t)

and since ¢/(t) is parallel to S at c(t), we have our result.

E.g. 2.10: Consider the temperature 7" in a room to be a function of 3D position (z,y, 2):

e” sin(my)
T(r)= —7
Q: If you stand at the point (1,1, 1) in which direction will the room get coolest fastest ?

A:

VT - e’sin(my) me® cos(my)  2ze” sin(wy)
S\ 1+22 7 1422 (1+22)?
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and at (z,y,2) = (1,1,1), VT = (0, —%e, 0). So a vector pointing in the direction where tem-
perature gets coolest (i.e. decreases most rapidly) is (0, 1,0).

E.g. 2.11: Take f(z,y) = 2% + 2y* Then Vf = (2z, 4y).

For instance V f evaluated at (z,y) = (1,1) is (2,4) and so the steepest ascent of f at (1,1) is in
direction tan~!(2) w.r.t. x axis and gradient in that direction is |V f| = 2/5.

2.4 Divergence (Div)
Defn: The divergence of a vector field v(r), denoted V - v, is the scalar field given by

81}1 i 81)2 4 8213 _ 0
Ory  Ory  Oxs  Oxy

V.v= vj(r) = 0,v;.

Note: The use of a ‘dot’ between the symbol used for the gradient and the vector field is purely
notational. Do not get the divergence, which is a differential operation, confused with the dot
product. For e.g. the dot product is a-b = b - a since multiplication is commutative, but

0
v-V =y + V9

0:)31 + U3

#V -v.

81’2 81’3

2.4.1 Interpretation of divergence

Harder without physical setting, but broadly it measures the expansion (positive divergence) or
contraction of a field at a point.

For example, consider (i) v(r) = (x,y,0) then V-v = 2 and (ii) v(r) = (—y, x,0), then V-v = 0.

Note: The first case corresponds to a 2D radially spreading field and the second to a 2D circular
rotating field (just believe me) which is why the divergence is positive (expanding) and zero (nei-
ther expanding nor contracting) in the two cases.

E.g. 2.12: v(r) = (zyz,2yz, xyz) then V - v = yz + zx + 2y

Ox;
E.g. 213: V.r=_=§;=3.
& r 825']‘ 7
0 0
E.g. 2.14: V- (axr) = a—zieijkajxk = eijkajaix]: = €100, = €;5;a; = 0 since €;;; = 0.

15



2.5 Curl

Defn: The curl of a vector field v(r), denoted V x v, is the vector field (i.e. in R?) given by

Xy
Vxv=|0, 0,
U1 V2 U3

I T T T O
N \oy 02 0z 0x oxr Oy

Alternatively (and very conveniently)

[V X V],’ = Eijka—l’jvk (13)

as for cross products.

2.5.1 Interpretation of Curl

Again harder without physical setting, but broadly it measures the rotation or circulation of a
vector field (because it needs direction) at a point.

Using same examples from ‘Div’ section: (i) v(r) = (z,y,0) then V xv = 0 (the radially spreading
field has no rotation); and (ii) v(r) = (—y,2,0), then V x v = 2Z (the rotational field has !)

XV zZ
E.g. 2.16: Let v(r) = (y*,2% y?). Then V x v = 9 Og d, | = (2y,0,2(z —y))

Eg 2.17: [V X I']i = Eijkajl'k = eijkéjk = €55 = O, soVxr=0.

2.6 Second-order differential operations

Schematically, grad, div and curl act as follows:

grad: scalar fields — vector fields
div: vector fields — scalar fields

curl: vector fields — wvector fields

The operations of grad, div and curl can be combined. Thus, only the following combination of
operations make sense:

curl(grad): scalar fields — vector fields
div(grad): scalar fields — scalar fields
grad(div): vector fields — vector fields
div(curl): vector fields — scalar fields
):

curl(curl): vector fields — vector fields
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2.6.1 Two Null Identities

1) For any scalar field f
V x (Vf)=0.

Proof: We have that
[V X (V)i = €jx0i0nf = —€ixj0;0 f = —€n;jOc0; f = —[V x (V f)];.

Thus since the expression equals its own negative, it must vanish.

2) For any vector field, v,
V- (Vxv)=0

Proof: We have that
V. (V X V) = 8,~e,~jk8jvk = eijk@@jvk,

which must vanish for the same reason.

The remaining combinations of grad, div and curl are related to a second-order differential operator
called the Laplacian...

2.7 The Laplacian

Defn: The Laplacian of a scalar field f(r), denoted V2f (or Af), is the scalar field defined by
Af=V-Vf(r)=0f= (—+—2+—)f.
T z

The definition can also be extended to consider the Laplacian of a vector field v(r) which is

Av = (Avl, A/UQ’ Avg) .

E.g. 2.18: For a vector field v(r),

Av=-Vx(Vxv)+V(V- v).

Proof: We consider the ith component of the 1st RHS term:

[V x(VxV); = €50,V xV]
= Eijkaj@clm&lvm
= Ekij@clm&j&lvm
= (0i40jm — 0im0j1)0;0vm,
= 0;0mvm — 0;0;v; = [V(V -v) — Av];

which shows that all components agree with our claim.
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2.8 Curvilinear coordinate systems

All differential operators defined above were expressed in Cartesian coordinates. For many prac-
tical problems more natural to express problems in coordinates aligned with principal features of
the problem. E.g. Polars are appropriate for circular domains.

Q: How do we recast the differential operators in a differential coordinate system ?

2.8.1 Coordinate transformations

Defn: Curvilinear coordinates are defined by a smooth function r : R® — R3 which maps a
point q = (q1, ¢2, g3) in one coordinate system to a point in Cartesian space: r = (z,y,2) = r(q) =
r(q1,q2,q3). Le.

r=12(q1,q2,03), ¥v=y(q,q29), z=2z2(q,q¢0, )

The inverse map, if it exists (see later) is
@ =aq@y,2), ©@=e@y2), 6=qeusyz2)

For example: in 2D, if ¢; = r and g2 = 0 then z = x(r,0) = rcosf and y = y(r,0) = rsinf. The
inverse map is r = r(z,y) = /22 + y%, 0 = 0(z,y) = tan"'(y/z).

Defn: The surfaces ¢; = const are called coordinate surfaces. The space curves formed by their
intersection in pairs are called the coordinate curves. The coordinate axes are determined
by the tangents to the coordinate curves at the intersection of three surfaces. They are not, in
general, fixed directions in space.

The two points r(q1, g2, g3) and r(q1+dq1, g2, g3) lie on a coordinate curve formed by g9, g3 constant.
Thus, the g;-coordinate axis is determined by letting dg; — 0 in

or
r(qi, 2, q3) + dgy=— — r(q1, ¢2, g3) + h.o.t. order (dg;)?
r(q1 +dqi, g2, g3) — v(q1, G2, G3) _ (41, 42, 08) + dn oq (41,02, 45) (da) or

dq, dq - a—611

(after Taylor expanding). Repeat with ¢ and ¢3. Thus, we can describe the point q = ¢1q; +
¢2Q2 + g3qs in terms of the local coordinate basis given by unit vectors directed along the local

coordinate axes:
. 1 Or 1 or 1 Or
q1 = .

Thon P T hon P o

where, to ensure |q;| = 1, we have normalised by

A A~

or
dq;

The h; are called the metric coefficients or scale factors.

18



Note: the use of Greek indices in, for e.g.

_Lor
o= 9ga

A

for a = 1,2, 3 indicates that the summation convention is not applied.

Remark: Is this always possible 7 l.e. is there always a unique map from one system to another
? This is the same as asking if there is an inverse map. Thus (by the inverse function theorem)
the answer lies in the Jacobian matrix of the map, given here by r'(q) which is the matrix with
haQe as column vectors (for o = 1,2, 3). Thus the Jacobian determinant

h [Q1]1 hz[(lz]l h3[513]1
a ) ) 1 A~ A~ A~
(x Y Z) hl[Q1]2 h2[‘l2]2 h3[‘l3]2
hl[(h]s h2[fl2]3 h3[fl3]3

Jo =

a(éha q2, Q3)

must be non-vanishing. The 2nd representation simply shows that no new calculations are needed
to populate the entries of the Jacobian determinant.

Defn: If local basis vectors of a curvilinear coordinate system are mutually orthogonal, we call
it an orthogonal curvilinear coordinate system. Convention dictates that the system be right-
handed, or q; = §» X §3. (or, form axes from your thumb, index and middle fingers of your right
hand and order basis vectors 1, 2, 3 on each respective digit.)

In the following, we will deal exclusively with orthogonal systems.

E.g. 2.19: Consider the linear map
r = Rq, such that x; = Rijq;

and R is an orthogonal matrix (a matrix s.t. BT R = I which implies R~! = RT). Then

or
a—ql — (R117 R217 R31)7
or
a—qg — (R127 R227 R32)7
or
a—qg — (Rl?n R237 R33)-

The scale factors are

or

5| = \/ R% + R3, + R, and similarly for hy, h3
Q1

hy =

The matrix equation RTR = I can be expressed as

6ij = Ry Ry; = RiiRy; (14)
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Hence hy = 1 (and similarly hy = hg = 1).

Thus the local basis vectors are
4; = (Ryj, Ry, Rs;), j=1,2,3.

These are constant, i.e. they do not vary with position.

Note: From the definition of the basis vectors and using summation notation for the dot product
we have §; - q; = Ry Ri; = 6;; (using (I4) and so the basis vectors are othonormal.

In other words, the new coordinate axes are a general rotation of the original X, ¥, Z axes.

Figure 1: A local basis in cylindrical polar coordinates.

E.g. 2.20: In 3D, cylindrical polar coordinates are defined by the mapping
(x,y,2z) =r(r,0,z) = (rcosf,rsind, z)
see Fig. [Il It follows that

or ) or ) or
5 = (cos@,sinb,0), 0= (—rsind,rcosf,0), — =(0,0,1).

The scale factors are

or or or
h,r = |—| = 1’ h = || =T, hz = |—| = 1 1
ar "~ oo GE (15)
Thus the local basis vectors are (using standard notation):
i = (cosf,sin6,0), 6= (—sinh,cos6,0), z=(0,0,1), (16)
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Figure 2: A local basis in spherical polar coordinates. The vector ¥ points along a ray from the
center, ¢ points along the meridians, and 0 along the parallels.

and these vary with position. Note that T - 0=%-2=0-2=0and t = 0 x Z, so cylindrical
coordinates are indeed orthogonal.

E.g. 2.21: Spherical polar coordinates are defined by the mapping
(x,y,2) =r(r,¢,0) = (rsin¢cosf, rsin ¢sin b, r cos @),

see Fig. 2l Now the derivatives with respect to the coordinates are

% = (sin¢cosf,sin ¢sin b, cos @),

g—; = (rcos¢cosf,rcos¢sinf, —rsin ¢),
or ) ) .

55 (—rsin¢sind, rsin ¢ cosd, 0),

and the scale factors become (check):

@
or

or

hr: a—¢

=, hez'% = rsin ¢. (17)

Thus the local basis vectors are

= (sin¢cosf,sin ¢sin b, cos @),
(cos ¢ cos B, cos ¢ sin , — sin ¢),
= (—sin6,cos6,0), (18)

D S
|

-~

and vary with position. Again, t - 913 —F.0 = o - 0=0,and i = 913 x 0, so spherical coordinates
are orthogonal.
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2.8.2 Transformation of the gradient

The differential operator V is the Cartesian vector

_ (9 9 0
C\oz oy’ 0z )

We want this to be transformed into derivatives w.r.t the local coordinates ¢, ga, g3.
Consider f(r) = f(r(q)). Then for fixed a = 1,2, 3, the chain rule gives

1L of 10x;9f
haﬁqa T hy 0qq Ox; = Ga- V/ (19)

(summation over j is implied, but not «).

Now if u = u1qy + u2qs + u3qs then the orthonormal property of the local basis functions means
uj =u-q,;. If welet u= V[ and with (I9) we find

3

éla a-f éla a
szzh_a@—qa’ and so V:Z——. (20)

a=1 a=1

E.g. 2.22: In cylindrical polar coordinates, according to (20) and (IH), we have

0 ~1 0 A@
V=i 0 gt

E.g. 2.23: In spherical coordinates, according to (20) and (IS,

810é10

V_r8_+¢r8¢ rsingb@

2.8.3 Transformation of the divergence

To find V - u in curvilinear coordinates we first need to express the vector field u in the local
coordinate system. L.e.

u = u1q; + u2Qa + u3qs.
The difficulty here is that both u; and §; depend on (¢1, g2, q3). We come at the divergence in a
slightly roundabout way.

First, we note from (20) that

Now note that

V X (qQng) = (2 (V X (VQ3)) +(Vq2) (ng) q2 X % = i .
S——— h2 hg hghg

=0
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Then from §2.6.71 (Null identites: V- (V x A) =0, V x (Vf) =0 for any A, f,)

(Ala Q1
2l =0 .
V x (ha) , AV <h2h3

Results true for the 2 cyclic permutations (1 — 2,2 — 3,3 — 1)

@\ _ o (G )\ _
v <h1h3) =V <h1h2) =0
So now
V-u = V. (ulhghg) + 2 cyclic perms
hghg

A

)-o

— h(:ilzg -V (urhahs) + (urhohs) V - (h(:}lzg) + 2 cyclic perms
3
_ a1 Ao 8(u1h2h3) .
= oh (; e a + 2 cyclic perms
_ 1 |:0(U1h2h3) 8(th1h3) + 0(u3h1h2)]
hlhghg 0q1 an an,
using the fact that §, - §g = dags-
E.g. 2.24: (Cylindrical polar coordinates.) First write
u=u,t -+ ueé + u,Z.
with h, =1, hg =1, h, =1, so
1 [0(ru,)  Oug  O(ru.) ou, u, 10uy Ou,
VoustlTa Y T [T T T T
For example, if u = f(r)0 then V - u = 0.
2.8.4 Transformation of curl
Taking a similar approach to ‘Div’, we write
Vxu = Vx ((hlul) 2 ) + 2 cyclic perms
1
= V(huy) X h_ + (hyu)V X h_ + 2 cyclic perms
1 1
Z Ga O11n1) % + 2 cyclic perms
a aQa h’l
92 a(hlul) Gz 9(hiuy) .
— + 2 cyclic perms
hihs  Oq3 hihy  Ogo Y P
_ Q (8(h3U3) _ 8(h2u2)) i Q2 (8(h1u1) _ 8(h3U3)) 4 as (8(h2uz) _ 3(}11”1)
hahs Iq2 dq3 hihs g3 Iq hyhy Iq Iq2
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Now we see A A A
1 hi@:  hoQa  hsQs
0/0q1 0/0qs 0/0q3

hiuy hous hsus

2.9 Examples

E.g. 2.25: The Laplacian of a scalar field ¢ is A¢ = V - V¢. Since

a¢+91%+ _¢

Vo= or r 00 0z

we use the defn of div to give

96\ 106 10¢ 00\ P 10 10 0%
BO= 5y <8r)+rar+ 6 <r89>+8z <8z) *

E.g. 2.26: Now the curl in cylindrical polars:
B 10u, Oug)\ . Oou, Ou,\ a Oug o 10u,\ .
Vixu= (? a0 _E)H(az - 8r)9+<8r +__?ae)z’

Exercise: Do the same for spherical polars !!

o T ror o o

Remark: If curvilinear system not orthogonal then we are in a real mess.
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3 Integration theorems of vector calculus

Having done differential vector calculus, we turn to integral vector calculus. These are equally
important in applications as you will see in APDE2, Fluid Dynamics and beyond. We shall derive
three (quite stunning) main integral identities all of which may be considered as higher-dimensional
generalisations of the Fundamental Theorem of Calculus:

L/f@szﬂw—ﬂw

The LHS is a one-dimensional integral (i.e. an integral over a line) which is equated to zero-
dimensional (i.e. pointwise) evaluations on the boundary of the integral (here at = = a,b).

Remark: The formula for integration by parts is found by letting f(x) = u(z)v(x) in the above !

3.1 The line integral of a scalar field

An ordinary 1D integral can be regarded as integration along a straight line. For example if F'(z)
is the force on a particle alowed to move along the z-axis,

/:2 F(z)dx

is the “work done” moving it from z; to 2. We want to integrals along general paths in R? or R3.

Defn: A path is a bijective (i.e. one-to-one) map p : [t1, 2] — R? s.t. ¢ — p(¢). It connects the
point p(t1) to p(t2) along a curve C, say. We say the curve C' is parametrised by the path.

Defn: The line integral of a scalar field f : R® — R along a curve C' is denoted

/C F(r)ds.

and ds = |dr| denotes the elemental arclength. Since r = p(¢) on C, dr = p/(t) dt and so
to
[ rwds= [ reo)p ol
C t1

E.g. 3.1: Let p(t) = (¢,t,t) for t € [0, 1] connects the points (0,0,0) to (1,1,1) by a straight line
of length /3. If f = zyz then

' V3
/fds:/ 1t5”\/1+1+1dt:T
C 0

E.g. 3.2: Let p(t) = (t?,t%,¢?) for t € [0, 1] parametrises the same curve as in E.g. 3.1. With the
same f we have
V3

/Cfds: /Oltﬁ\/(2t)2_|_ (202 + (202 dt = v
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Note: Parameterisation is not unique. Suggests value of line integral is independent of parametri-
sation.

Proof: Consider the bijective map ¢t = g(u) for t; < ¢ < t5 such that t; = g(uq), t2 = g(uz). Then

/f )P (1) dt = /f P (g(u))g'(u du—/f ()] du.

after letting q(u) = p(g(u)) and noting q'(u) = ¢'(u)p’(g(u)) by the chain rule.
Note: Value of line integral does depend on direction of path along C"

o o

x2 1
(—C' is C in reverse). We are used to this notion in 1D, viz / f(z)dz = —/ f(z)dz

z1

3.2 The line integral of a vector field

Defn: Let F(r) : R® — R3 be a vector field, and let p(t) be a path on the interval [t;,t,]. The
line integral of F along p is defined by

[ o= [ TEw) po

t1

as above.

Note: As above, the value of the line integral is not dependent on parametrisation of C' but is
negated by a reversal of C.

E.g. 3.3: Integrate F = sin ¢z (¢ is polar angle in spherical polars) along a meridian of a sphere
of radius R from the south to the north pole.

A: From the description of the path, C', convenient to use spherical coordinates (r, ¢, ). Le.
p(¢) = Rt = R(sin ¢ cos @, sin ¢ sin §, cos ¢);
(see earlier defn of £, 8, ¢ in spherical polars (IR)) then

Z_Z = R(cos ¢ cos B, cos psinf, —sin ¢) = RdA).
Thus we can see that z - ¢A) = —sin ¢ and so

/CF-dr:/WOF-p’(gb)dgb:R/WOsingbi-équ:—R/Osin2¢d¢:%.

™

Proposition: Let f(r) be a scalar field and let C be a curve in R3 parametrised by the path p(t),
tl S t S t2. Then

/C Vf-de = f(p(t)) — F(p(ty)).
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This is the fundamental theorem of Calculus for line integrals.

Proof: We have .
/ Vi dr = / Vi(p(t) v (t) dt.
C t

1

But from the chain rule it follows that

F(0) = P(1) - V(1)

Therefore,
/C V) de = / () dt = f(p(ts)) — F(p(1)),

from the Fundamental Theorem of Calculus.

Note: If C is closed, the line integral over a gradient field vanishes. As a result, line integrals of
gradient fields are independent of the path C'.

Remark: The line integral of a vector field is often called the work integral, since if F represents
a force, the integral represents the work done moving a particle between two points. If F = V f
for some scalar field f (often called the potential) then the work done moving the particle is
independent of the path taken. Moreover the work done moving a particle which returns to the
same position is zero. Such a force is called conservative.

3.3 Surface integrals of scalar and vector fields.

We now generalise 1D integrals to 2D integrals. We start with parametrisations of surfaces.

Defn: A path p(t), for ¢t € [t1,ts] is closed if p(t;) = p(t2). A closed path is simple it it does
not intersect with itself apart from at the end points ¢, t,.

Defn: Let D C R?, let 0D represent the boundary of D (it should be a simple closed path) and
let D be DUOD.

Now define a map s : D — R® s.t (u,v) + s(u,v) and 9s/0u, ds/0v are linearly independent on
D. A surface S € R? is given in parametrised form by S = {s(u,v) | (u,v) € D}.

E.g. 3.4: Let
D = {(u,v) |u*+v* < R?*}.

Then 9D is the circle {(u,v)|u® + v? = R?} of radius R. Let s(u,v) = (u,v, vV R? — u? — v?),
then S is a hemispherical surface since the map defines x = u, y = v and z = VR? — u? —v? =

/R2_l;2_y2.
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Note: this is not the only way to parametrise a hemisphere; could (and will) use spherical polars.

Defn: The integral of a scalar field f over a surface S is denoted by

/5 f(r)ds = / 7(x) las|

where dS = AdS and 1 is a unit vector pointing out from S (a surface element is defined by its
size dS and a direction, i1, being the normal to the surface).

Note: [ dS is the physical area of the surface S in the same way that / ds is the physical length
S c
of the curve C.

Now the two vectors s(u + du,v) and s(u,v) both lie on S and, assuming du vanishingly small,
and Taylor expanding,

s(u+ du,v) —s(u,v) = s(u,v) + du?(u, v) —s(u,v) + h.o.t. order (du)?.
w
Do the same thing with v. It follows that the two vectors
Js Js
%du, %d'l}

lie in the tangent plane to the surface S and the area dS of the elemental rhomboid formed by
these two vectors in the direction normal to dS'is

Os Os Js Os
dS = —du x —dv = N(u,v)dudv, N(u,v) = 3 % 5

and so

[ 1was = [ pistu.o)Nidude

Note: If S lies in the 2D plane, then s(u,v) = (z(u,v),y(u,v),0) is a mapping from 2D to 2D

and so
0(x,y)
O(u,v)
is the Jacobian of the map (easy to confirm). We know this from Calculus 1 (e.g. dzdy — rdrd?d).

IN| =

Defn: Let v be a vector field on R3. The integral of v over S, is denoted

/SV~dSE/Sv-ﬁdS:/Dv(s(u,v))~N(u,v)dudv,

as above.

Important remark: By analogy with line integrals, can show that the surface integral of a vec-
tor field is independent of parametrisation up to a sign. The sign depends on the orientation of
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the parametrisation, which is determined by the direction of the unit normal i = N/|IN|. Thus,
the direction of i, (or N) must be specified in order to fix the sign of the integral unambiguously.

E.g. 3.5: Calculate / B - dS where B(r) = rz + & (expressed in cylindrical polars) in which
S
S ={(x,y,0)| 2%+ y* < 1} is directed in positive z-direction.

A: Cylindrial polar coordinates are a sensible parametrisation of S, i.e.
s(r,0) = (rcosf,rsinb, 0),
so that D ={(r,0) |0 <r <1, 0<60 <2r}. Then

_Os _0Os

N=5 %

=rz,

(factor r is the Jacobian determinant in this 2D mapping) and points in direction Z normal to the
2D plane as required by the question. Then

2m 1 2 1 o
/B-dS:/ /(ri+f)-irdrd9:/ / r¥drdf = —
S o Jo o Jo 3

and we have used -z = 0.

3.4 Stokes’ theorem

Consider that the vector field v is expressed as the curl of another vector field, i.e. v =V x A.
This frequently happens in applications.

Defn: The boundary of the surface S is denoted 95 and, since it is mapped from the boundary
dD, it inherits its properties, being a simple closed path. If c(t) € R? is the simple closed path
along 0D then

is the simple closed path along 0S.

Note: A closed path has no start and finish point and can be oriented in either the anti-clockwise
or clockwise directions.

Proposition: (Stokes’ theorem) Let S be a surface in R* with boundary 95; let A be a vector
field. Then

/VxA-dS: A - dr, (21)
S oS

where dS and 0S must be consistently oriented according to the right-hand THUMB rule.
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Defn: (Right-hand thumb rule) Point the thumb of your right hand along curve 0S (either
clockwise or anti-clockwise). Wrap your fingers around the curve; your fingers will indicate the
direction of the normal N (or 1) of the surface that must be chosen in accordance with your choice
of direction around the curve.

E.g. 3.6: Compute / V x f -dS where f(r) = w X r and w = (w1, ws,ws) is a constant vector.

s
S is the hemisphere in z > 0 of radius R with the normal to the surface defined to point inwards
towards the origin.

A: On problem sheet 2, we have shown that V x f = 2w = (2wy, 2ws, 2w3).
We will calculate the surface integral using three different approaches.

(i) Cartesian coordinates. Use the parametrisation defined in E.g. 3.4. Le. the map
s(u,v) = (u,v, VR2 — u2 — v?).

maps the domain D = {(u,v) | u®+ v? < R*} onto S.

Now

N(u,v) = 28 95 _ (1,0,—%) X (0,1,—3> - (3 3,1),

ou  Ov w w’ w

abbreviating w = v/ R? — u? — v2, which is the z-coordinate on the sphere. We can see N points
in same direction as s which is in the direction of the outward normal: ¥ = (u,v,w)/R. This is
not the direction we specified so we must adjust the sign of N by inserting a minus sign in

/fo~dS = —/VXf~N(u,v)dudv
s D

2 2
— _/ ( e + it + 2W3) dudv = —/ 2ws dudv = —2mw3 R?
w2402 < R2 w w u?+v?<R?

(using the oddness of the functions w.r.t. u and v in the first two terms).

(ii) Use spherical polars, we define the map
s(¢,0) = Rt = (Rsin ¢ cosf, Rsin ¢ sinf, R cos ¢),
which maps D = {(0,¢)|0 < ¢ < 7/2, 0 <0 < 27} onto the hemisphere.

So now p 9
N = £ X 8_: = ... = R*(sin? ¢ cos 0, sin® ¢ sin 0, sin ¢ cos ¢) = R?sin ¢,

and, as before, N points outwards on S. Because we defined the integral in terms of a surface
pointing inwards we have to reverse the sign of N and write

T/2 27
/fo~dS:—/ / 2w - (R’ sin 6¢) dOdo
S 0 0
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but
2 2
/ w-tdf = / (w1 sin ¢ cos O + wy sin ¢ sin @ + w3 cos @) df = 2mws cos ¢.
0 0

Thus, taken together,
w/2
/V x f -dS = —47TR2w3/ sin ¢ cos ¢ dp = —2m R?ws,
s 0

the same as before.

(iii) Using Stokes’ theorem (21I]) the answer is

/ f-dr
a8

where 0S5 is the edge of the hemisphere, radius R, where it meets z = 0. This is the circle of radius
R in the (z,y)-plane. By the RH thumb rule, the integral needs to be directed in the clockwise
direction (looking from above).

We define the circle by the path p(f) = Rf = (Rcosf, Rsin6,0), 0 < 0 < 27. Now

/65f cdr = /:f(p(ﬁ)) -p'(0) b,

™

and we have A
p'(0) = R(—sin6,cosf) = RO,

(in cylindrical polars) and on 05S.
0 A 0 A
/ f~dr:/ (w x (Rf))~R0d9:R2/ (#x0) wdb
oS 21 27

using a vector result a- (b x ¢) = b - (¢ x a). Since £ x 8 = Z we end up with

0
/ f-dr= R2CU3/ df = -2 R*ws,
a8 27

the same as before (and confirms Stokes’ theorem, for this example).

3.4.1 Outline proof of Stokes’ theorem (non-exam)

We first prove for a rectangle in (u,v)-space. The loose argument then proceeds that rectangles
can be assembled as a checkboard into larger domains, given that the limit of rectangle size can
be taken to go to zero and since contributions from adjacent sides cancel leaving just the circuit
around the total domain. See fig [3l

Let D = {(u,v) |0 < u < a,0 < v < b}. The surface S is defined by the map s(u,v) : D — R?
The boundary 0D = C; U Cy U C3 U Cy is mapped by s onto 0S = 057 U 95, U 953 U 0S,.
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For e.g. Cy is the path p(t) =s(a,t), 0 <t < b and

b
A-dr:/A(p t)dt = /A s(a,v) (av)dv
OS2 0
Similarly,
b Js
A-dr=—- [ A(s(0,v)) - —(0,v)dv

0S4 0 av
0 b
(the minus sign accounts for reversing the orientation of the segment Cj, viz: / =— / )

b 0

Combining results gives

(Lo L )ao - [ (s - s So0)

- //8u< %) ay)dudv

by the FTC. We apply the same method to the side 057 and 0S3 and find

(/331 /as)Adr_ / / 5U< s) au) du dv
6SA.dr:/D <§u <A(S)~%) - % (A(s)~%)) dudo

Concentrate on the integrand of the LHS. So

9 (A(s)~?) _9 (A(s)-ﬁ) _ OA(s) 05 OA(s) 0

and so

ou v ov ou ou ov ov ou
_ Oy (O; 0y Ox; Oy
B Ox; \ Ou Ov ov Ou
0A ox; 0x,y,
= 8—;<5ﬂ5km 8jmOxt) 8l o
0A; ox; O,

5. Cijk€il
dz; T ou v

0A; O0x; 0z,
= Eijkﬁ—ﬂ?j €ilm—7, ou 81)

= (VxA)- (gs gi):(VxA)-N(u,v).

Hence we have
Adr = / (V x A) - N(u,v)dudv = / (V xA)-dS
as D s

as required. As mentioned earlier, we now “glue together” small rectangles to create the actual
domain we wish to cover. This can be done formally.
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OR

Figure 3: A number of rectangles (left) can be put together to cover the domain (right).

3.4.2 Green’s theorem in the plane

Stokes’ theorem is applied in 2D. Let S be a surface on z = 0 and A = (A;(z,y), As(x,y),0) is a
vector field with no Z component and no dependence on z. Now dS = zdS = Zdxdy and

(04 9A .
VXA—(% a—y)

Thus Stokes’ theorem is reduced to

g \ Ox oy oS a3

since dr = dzX + dyy and 0S is anti-clockwise by the RH Thumb rule.

3.5 Volume integrals
3.5.1 Volume integrals of scalar fields

Defn: Let f:R?® — R s.t. r— f(r) be a scalar field. The volume integral of f is given by
/f )dV = // f(z,y, z)de dydz

Note: Unlike curves and surfaces, volumes in R?® do not have directions.

in Cartesians.

Note: if f =1, then / 1dV gives the physical volume of V.
v

Proposition: If we move to a different coordinate system, q = (¢1, ¢2, ¢3) from r = (z,y, z) under
the mapping r : R® — R3 s.t. q +— r(q) then

dg1dgadqs

/ f(r) dedydz = f(r(q))'M
1% v,

8(%7 q2, Q3)

where V, is mapped by r into V. The scale factor is the Jacobian determinant of the mapping.
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Proof: The elemental volume dV = dzdydz is (zdz) - ((Xdz) x (§dy)). Under the mapping, the
mapped elemental volume dV, is defined by a parallelepiped with sides given by

or or

—dqy, and or —dgs
g2

93

(just as we did for surfaces). The volume of dV} is therefore

\(‘313h3dQ3) : ((fl1h1d6h) X (Q2h2dQ2))\ = |Jr‘ dqi1dgadgs.

1 Or

e Oan and using a result in §2.8.1. If q; are orthonormal, then |J.| = hyhohs.
qo

since o =

3.6 Divergence theorem (Gauss’ theorem)

Defn: A simply connected domain, V', say, is one in which all paths within V' can be continu-
ously transformed into all other paths within V' without ever leaving V.

If V is finite and simply connected then OV forms a closed surface (a surface with no boundaries).

Proposition: For a vector field F : R? — R3, Let VV C R3 be simply connected with boundary

JV (a closed surface). Then
/V-FdV:/ F-dS
v av

where dS = 0dS is a surface element and i points outwards from the volume V.

3.6.1 Outline proof of the divergence theorem (non-exam)

As in Stokes’ theorem, start with a proof for a cuboid
V={r|0<z<a,0<y<b0<z<c}

The argument will be again that an arbitrary V' can be divided into many small rectangular vol-
umes over each of which the divergence applies.

We write F = [1X + Fo§ + F3z. Then it follows that

/WF.ds = /Oa/ob(Fs(x,y,C)—Fs(fﬁ,y,o))dydwr
/Oa /Oc(Fz(:E, b,2) —Fz(af,O,z))dzd:B+/0b /OC(Fl(a,y,z) — F1(0,y, 2)) dz dy(22)

(there are 6 sides, and unit outward normal is one of £%, +¥, +Z depending on the cuboid side).

Next we consider the volume integral,

/V FdV = /// (8F1 8F2+88F3) dz dy dz.
<




The 3 terms are considered separately but in the same manner. For example, consider the contri-
bution from 0F3/0z. From the Fundamental Theorem of Calculus,

a b CaFg a b
][ Grazpin= [ [ (Fiwy.o) - B0y dyds.
o Jo Jo Oz o Jo

a b
/V-FdV - / /(Fg(x,y,c)—Fg(:c,y,O))dydx+
1% 0 0

The result is

/Oa /OC(FQ(I, b, 2) —Fg(:z,O,z))dzd:E+/0b /Oc(Fl(a,y,z) — Fi(0,y, 2)) dzdy,

which coincides with (22]), thus confirming the theorem.

81T

0,0,0)

Figure 4: Gauss’ theorem for the cuboid V. The top and bottom faces of the boundary, S; and
S, are indicated.

E.g. 3.7: Compute / V -vdV where V is a sphere of radius a about the origin, and
1%

v(r)=r+ f(r)z xr,

(and 2 is the unit vector along the z-axis, and r = (22 4 y? + 22)/?).

A (i): We have that
V.-v=3+(Vf(r) - (zxr)+ f(r)V-(zxr)
f'(r)

after using PS2, Q6(a). But V f =
so that

randr-(Zxr) = 0. Also, can be shown that V-(zZxr) = 0,

V.v=3.

As the divergence of v is a constant, its integral over V' is just its value times the volume of V|
47
/ V -vdV =3—a® = 47a>.
v 3
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A (ii): Using the divergence theorem, answer is / v(r) - dS where OV is the sphere of radius a.
ov

Surface parametrised using spherical polars by
s(¢,0) = at = a(sin ¢ cos ), sin ¢ sin 0, cos ¢),
over domain D = {(¢,0)] 0 < ¢ <m, 0 <60 < 27}. Then

/avv a8 = /OW /:WV(S(Q% 0)) - N(¢,0) df do.

We have (confirm yourselves)

or - or "
el T usind@
36 ag, 50 asin ¢8,
so that
N(¢,0) = a*sin ¢t.
Therefore,

v(s(#,0)) - N(u,v) = (af + f(a)z x (at)) - a*sin ¢t = a®sin ¢.

The surface integral is given by

T 2w
/ V-dS:/ / a®sin ¢ df dp = Ama®.
v o Jo

3.6.2 Green’s Identities

If F = V£ (i.e. the vector field can be described by a scalar potential) then the divergence theorem
reads
/ ANfdV :/ n.Vyfds
1% oV
IfF =gVf, g,f scalar fields then
/ Vg-Vf+gAde:/ gn-VfdS
1% oV
subtracting the result of using F = fVg¢g we have

/V(gAf—ng) dv:/ (8- V[ — fi- V) dS

ov

These can be very useful in deriving equations underlying physical applications.
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Appendix: revision of the chain rule

Taylor series: Recall for a scalar function f(x),

h? .,
f(l’o + h) = f(SL’(]) + hf/(l’o) + gf/ (SL’Q) + ...
or, equivalently, (r = xy + h)

(SL’ — I0)2

Flw) = Flao) + (& = m)f (o) + <

f”(l’o) + ...

E.g. A.1: If f(z) = cosx, with zp = 0 we get

2

cosh:1—§+...

Proposition: Start with chain rule for a scalar function of a single variable (sometimes
referred to a differentiation of a function of a function). Consider a function f(z) such that
x = z(t). Then F(t) = f(z(t)) and

dF Lo
=0 (1)

E.g. A.2: If f(x) = cosz and z(t) = t? then 2/(t) = 2t f'(z) = sinx and so we get

d
pr cos(t?) = 2t sin(t?)

Proof: Standard limit used to define a derivative, along with Taylor series expansions (notation
O(h?) means collect terms as small as and smaller than h?)

2 faft)) = i L) =S G0)
— lim f(x(t) + ha'(t) + O(h?)) — f(z(t))
h—0 h
_ i @) + B () (2(t) + O(h) + O(?) — f(x(t))
h—0 h,
= 2'(t) f'(x(t))

Now consider a scalar function of more than one variable, f(z,y), say, and let x = z(t) and
y=y(t).
That is, we can write F(t) = f(x(t),y(t)), say. From the chain rule, it follows that

%:%%mmmng%mmw»
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Proof: Similar to before and requires the extension to multiple variables of Taylor’s expansion:

f(xo+ h,yo + k) = f(xo,y0) + hfe(xo,y0) + kfy(20,y0) + higher order terms

E.g. A.3: If f(z,y) = xy and z(t) = t* and y(t) = e! then F(t) = t?¢~'. Then we can see that
by a direct calculation that
F'(t) = 2te™ — %"

Using the chain rule, we get /(t) = 2t, y/'(t) = —e ™", fo =y, f, = x and so
F'(t) = (2t)e " — e '
and we get the same answer.

Note: Clearly this extends to scalar functions of more than two variables, so that if we have the
function f(zy,...,2,) and z; = x;(t), for i = 1,2,...,m then with F(t) = f(z1(),...,zm(t))

dF _ Z dx; 8f‘ (:l?l(t), o ,xm(t))

dt

Put another way, F(t) = f(x) where x = x(t) and the the summation above can be either
interpreted as row times column vectors or as a dot product:

F'(t) = (VX (t) =V f-xX(t).

noting that V f is evaluated at x(t).

Next, consider scalar functions of more than one variable, each of which is a function
of more than one variable. The simplest example is to consider f(z,y) where x = z(u,v) and
y = y(u,v). Then F(u,v) = f(x(u,v),y(u,v)) and the chain rule gives

OF _ 0105 oyof

ou Oudxr Oudy
and

oF _osof | 0y0f

v Ovdxr Ovdy

This can be arranged as a matrix/vector relation as

(Fu Fo) = (for £,) ( T T, )

Yu Yo

Note: The 2 x 2 matrix is the Jacobian of the map (u,v) — (z(u,v),y(u,v)), the 1 x 2 matrix
(Fy, F,) is the Jacobian of of the map (u,v) — F(u,v) and and the 1 x 2 matrix (f,, f,) is the
Jacobian of of the map (z,y) — f(z,y).

Note: Again, we can see through a way of extending this to a more general case in which
f=f(z1,...,2y) and z; = 2;(u1, ..., u,). Then we can write

Fuy,...,uy) = fzi(ug, ..o up), oo T (U, .o uyp))
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or

and application of the chain rule gives

OF < 0xy, Of

8uj —1 8Uj 8LL’k
for j =1,...,p. This can be intepreted as the matrix/vector relation

Oxy1/O0uy ... 0Ox1/0u,

(Fula'--vFun>:(fﬂcu"-ufﬂcm) : T :
0Ty, /0uy ... O0xy,/0u,

The final generalisation of this is to consider a vector function where f : R — R" s.t. x — f(x)
and another map x = x(u) where x : R? — R™. Then if we define F(u) = f(x(u)) and apply the
chain rule as above to each scalar component, F;, : = 1,...,n of F we get

OF; . G %afi
ou; ~ Ju; dy,

or

8F1/8u1 8F1/0up 0f1/8a71 afl/al'm 8:)31/8u1 8x1/8up

0F,/0uy ... OF,/0u, Ofn/0x1 ... Ofn/0Tm 0Ty, /Ouy ... Oy /0u,

At this high level or generality we still have the same underlying structure from the first result.

Thus the equation above reads F'(u) = f'(x(u))x’(u), which is the result quoted in the notes for
the chain rule applies to the composition of maps, although the notation is shifted here from there.
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