MATH20901 Multivariable Calculus: Solutions 1

1. (i) Is a linear map, and can easily be seen to satisfy the requirement of a linear map that
F(Ax + py) = AF(x) + uF(y). Equivalently, we can find a matrix A s.t. F(x) = Ax and here

A=

O = O

0 1
0 0
10
(i) Satisfies F(Ax) = A?F(x) # AF(x) and is therefore not linear.
(iii) As in (i), linear, and
1 01
A= ( 01 1 )

2. (GoF)(x)=G(—x9, 1) = (r1,—sinzy) and (F o G)(x) = F(2y,sinz;) = (—sinxzy, z3).

3. (a) Simple matter of computing the partial derivatives. The matrix F'(x) is

or, o,

ox, Oxy 2

0F, 0F; 211 .

— —= | = [ cos(zy +x3) cos(zy + x2)
8951 81‘2 Toet172 €T, e%172
Oxy  Oxg

(b) From the definition, remembering we need to normalise v so v = (1,2)/+/5 and

d
DF(x) = = ((x1 4 t/V5) (ws + 2t/V/5), sin(wr + 22 + 3t/V/5), e<x1+t/ﬁ><x2+2t/ﬁ>>

t=0
1
= — (2x1$2 + 2$%, 3 COS(ZL‘l —+ xg), (:EQ + 2x1)6$1x2) .

V5

(c) Using x = (1,1) in part (b) gives D,F(x) = (4,3 cos 2, 3¢)/+/5, while x = (1,1) in (a) gives

2 1 4/V/5
F'(1,1)v = 00652 CO:2 G?g): (3(;)0:/2\)//5\/5

The two results agree, as required.

4. (a) From the Chain rule (see notes),

H'(x) = G/(F(x))F'(x).
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Thus,
H'(1,1) = G'(F(1,1))F'(1,1).
We have that (see notes)

Also,

1
F(1,1)= [ 2
1

Now we have G(x) = (2122, Tox3, sin(x1x913)) = (G, Go, G3) S0

090Gy 9Gi  9Gy
o1 Oxo ox3
0Gy  0Ga  0Ga
o1 0o ox3
0Gs  0Gi 0Gs
8:131 8:132 8:)33

T2 T 0
= 0 X3 )
Towg coS(r1w223) T3wy COS(T1T2T3) 122 COS(T1X2X3)

G'(x)

OK, so we already have F(1,1) = (3,3,1), so we get
3 3 0

G’(F(l, 1)) = G’(3,3, 1) = 0 1 3
3cos9 3cos9 9cos9

Then

H'(1,1) = G/(F(1, 1))F'(1, 1)

3 3 0 1 2 9 9
= 0 1 3 2 1 = 5 1
3cos9 3cos9 9cos9 1 0 18cos9 9cos9
(b) We have that, for x = (z1, z2),
1 2 T T+ 233‘2
Fix)=Ax=| 2 1 ( ! ) = | 221+ a9
o)
1 0 1

Then

H(x) = G(F(x)) = G(21 + 222, 221 + 22, 1)
= ((z1 + 222) (221 + x2), (221 + 22)x1, sin((x1 + 222) (221 + x2)x1))



and we write H = (H,, Hy, H3). Then

OH, OH,
o1 0o
OH: OH:
H/(X) = 89612 89622
OHs OHs
8:131 8:)32
4x1 + bxo 49 + Dy
. 4371 + X9 I
N (627 + 10z179 + 223) X (4zoxy + Hx3) X

cos((xy + 222) (221 + x2)x1)  cos((xy + 222) (221 + x2)x1)
Urgh ! Now we put in x = (1,1) and we find the same answer as at the end of part (a).

. Here, F(z,y) = (2* + €Y, cosz + xy) and so

F/(X) _ 3.1'2 ey
—sinrx+y =«

is the Jacobian matrix. Its determinant is just
Jp = 32° + e¥(sinx — 7))

and this clearly vanishes where (z,y) = (0,0). So the relation F(x) = s where s = (s,1) is
not invertible, according to the notes at (z,y) = (0,0) and a unique solution is therefore not
guaranteed there.

. Use Taylor’s theorem (notes). So first F(1,2) = (5,9). Next,
/ - 2x 2y
F(X)_(l—y3/x2 3y2/x)

F(x) =F(1,2) + F'(1,2)(x — (1,2)) + h.o.t.

if x is close to (1,2) the higher order terms are small and so

F(x)%(5,9)T+<_27 142 ) (2:”

and then you're almost there.

So

. Call the first equation Fi(x,y,u,v) = 0 and the second Fy(z,y,u,v) = 0. For the system to be
uniquely determined near a point the determinant of the Jacobian matrix

oF, OF, ) )
i I e
oF, OF, — =3 —=
— —= U U
ou Ov

evaluated at (z,y,u,v) = (2,1,1,—1) must be non-vanishing. Using these values in the above
gives a determinant of —6.



Why is this 7 Well, since u = u(x,y) and v = v(z,y) by the chain rule we have for example

OF: | OF0u  OF 0v
ox ou Ox ov Ox

and so on. The four equations that result can be arranged as the matrix equation

or oF OF, Ok Ou  Ou
dr Oy n Ou v dr Oy | _ 0
Jdr Oy Ju Ov dxr Oy
and this gives
) ou Ou
20 2y —u —2uy  2v O 8_y
<y2 2xy—g>+<%—3 _g) R
“ “ “ Ox Oy

so evaluating these at (x,y,u,v) = (2,1,1, —1) and inverting to get the derivatives requires the
determinant of the Jacobian previous computed to be non-zero. If we do this numerical task
we find the unknown dv/dy = —1.

. (a) First
singcosf rcos¢cos —rsingsinf
r'(r,¢,0) = | singsinf rcos¢gsing rsin¢cosb
cos @ —7rsin ¢ 0.

(b) The Jacobian is

B(z,y, 2) singcosf rcos¢cos —rsingsinf
Jr = det(r') = ABY2) _ | gin ¢sinf rcos¢sin€  rsin¢cost
o(r, ¢,9) cos ¢ —7rsin ¢ 0
= ... =r’sing.

We can solve (r,¢,0) in terms of (z,vy, z) everywhere except where the Jacobian determinant
vanishes. This happens when sin¢ = 0 or when ¢ = 0, ¢ = 7 which are the polar axes, or
r = (0,0, %r) which is the z-axis.

. (a) First, clear to see that f is continuous if x # 0, since the numerator and denominator are
both continuous and the denominator is non-vanishing.

(b) Let the path = y3 be parametrised by = = 3, y = t. Then

) t6
i /((0) = 5055 = 3

and this isn’t the same as f(0,0) = 0. So discontinuous.



