EXAMINATION SOLUTIONS

Multivariable Calculus
April 2013

1. (25 marks.)

(a) i (3 marks) Let h € R™ and
r=F(x+h)—-F(x)— Ah

There exists an A € R™™ such that

lim —||rH =0
h—0 |[h]| ’

ii. (3 marks) Let A = F'(x) and define
I =aF(x+h) — aF(x) — aAh.

Then r = ar, and thus

limM:alim—:().
h—0 |[h|[  ho[[h]|
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iii. (3marks)LetF-(0>andG—< 0 ) Then F —(0 O)andG —( 0
so F'(0) = G'(0), but F # G.

(b) (4 marks)
cos@ —rsinf
sinff  rcos@

‘ =rcos’ 0+ rsin”f = r.
We can solve for (r,6) in terms of (z,y) whenever r # 0.
(c) (12 marks) We define F : R? x R? — R? as
Fi(u,v,z,y) =22 — 2 —u® + 02 +4, F(u,v,2,9) = 22y +y* — 2u® + 30* + 8.
Then F3(2,1,2,—1) = F5(2,1,2,—1) = 0 and
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and according to the Implicit function theorem, this guarantees the existence of local
functions z(u, v) and y(u,v) near (u,v) = (2,1). Now by partial differentiation
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2. (25 marks)

(a) (6 marks)
V.-u=sinz+z—sinz ==z

and

A~ A A~

e N 2
Vxu=| 0/0x 0/0y 0/0z | =yX+ xcoszy.

rsinz Yz CoOSz

(b) i. (3 marks)

or . .
p (cosf,sinf,0) =,
or ] A
ke r(—sinf, cosf,0) = 10,

or
1
5 =(0,0,1) =

ii. (1 mark) From the preceding,
hr:L h@IT, hzzl.

iii. (7 marks)

and u = u,f + uaé + u,Z, so that
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(¢) 1. (6 marks)

T
(V x (rx af))i = €jk0€LimT10m [ = €kij€him <5Zjamf + W%ff’) =
2

T . r. r
<5il6jm — 6im(5jl) (5ljamf —+ Tlam?]f ) = aif — 5jjaif -+ T’Z'Clj?jf/ — ai%f/ =
(-a@f+r)+r22r)

and so

V x (rxaf)=—al2f +rf) —|—r¥f’.



ii. (4 marks)

(u X (V X 11))z = eijkujeklmalum = (5ﬂ(5jm — 5im5jl) ujalum =

1 1
U Oy, — WO U; = §8Zufn — wOu; = <§Vu2 —(u- V)u) .
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3. (25 marks)

(a) (4 marks) The circle is parameterized by p(s) = (cos s,sin s), from s = 0 to s = —37/2.
d
Further d_p = (—sins, coss) and v = (sin s, — cos s sin s). Then
s
—3m/2
/v-dr:/ (—Sings—COSQSSiHS)dSZ
c 0
32 —37/2 37 /2
sinzscoss}o " —3/ cos® ssin sds = 00833|0 = 1.
0

(b) (4 marks) The unit sphere is parameterized by
s(¢,0) =t = (sin ¢ cos b, sin ¢psin b, cose),

with 0 < ¢ <7, 0<60 <21 Now

N = 2_25 X % = (cos ¢ cos B, cos psinf, —sin @) X (—sin¢sin b, sin pcosf, ) =
(sin® ¢ cos @, sin® ¢ sin 6, sin ¢ cos ¢ cos® § + sin ¢ cos ¢ sin” ) =
sin ¢ (sin ¢ cos 6, sin ¢ sin 0, cos ¢) = sin ¢r-.
Thus

2w ™
/ FdS = / / F -t sin ¢pdodb.
S 0 0

(¢) 1. (8 marks) The surface is parameterized by
s(¢,z) = (rcos ¢, rsing, z) = (zcos ¢, zsin ¢, z),

where (22 + 32)'/2 = r = 2 on the surface of a cone, with 0 < 27, 0 < 2z < 1, so
that

N=—x_—=(cos¢p,sing, 1) x (—zsin@, zcos ¢,0) = z(— cos ¢, —sin ¢, 1),
which points inward. The vector field is
Vxv=_2y—x,22z2)=(2zs8in¢ — zcos ¢, 2z, z),

and so

1 2m
/S(va)dS:/O/O (V x v) - Ndpdz =
1 2w
/z2dz/ [—(2sin¢ — cos ¢) cos ¢ — 2sin ¢ + 1| dop =
0 0

2
% (/ cos® pde + 277) =T.
0



ii. (5 marks) According to Stokes’ theorem, the surface integral of (i) must equal

v -dr, where 05 is z = 1, 2% + y? = 1, traversed in the clockwise direction:
aS

d
p(s) = (coss,sins, 1). Then d_p = (—sins, coss,0), and v = (1,cos s,sin? 5), so
s
that

27 dp 2w
/ V-dr:/ V-—dSI/ (—sin s + cos? s)ds = ,
as 0 ds 0

as required.

(d) (4 marks) According to Gauss’ theorem,

/ V (fVg)dV = fVg-ndS,
1% oV

and
V(fVg)=V[f-Vg+ [V -Vg=V[-Vg+ fAg.

End of solutions.



