EXAMINATION SOLUTIONS

Multivariable Calculus
January 2014

1. (25 marks.)

(a) i (3 marks) Let h € R™ and
r=F(x+h)—-F(x)— Ah

There exists an A € R™ ™ such that

tim HEL

h—0 ||h]| N

ii. (5 marks) According to the chain rule,

H(-1,1) =f(g(-1,1)) o g'(—1,1).

Now g(—1,1) = (—1,0,2) = (u,v,w). Thus

w20 U 2 0 -1
=2« 0 2w |=[-20 4 |,
2uv u?  —3w? 0 1 —12
and
Y3 3xy? 1 -3
g=12x -2y|=1[-2 2],
3 ) 3 5
so that
2 0 -1 1 =3 -1 -11
H=|-20 4 -2 =21 =|( 10 26
0 1 —12 3 5 —38 —62

(b) (4 marks) We use the chain rule to compute

0z 1 x+ ,
m- (S aay) e

r—y (r—y) (. —y)?
and 0 1 +
9z _ THY \ oy T
Ay (x—y+(w—y)2)f f(x—y)z'

But this means that

0z 0z Ty Ty /
R p— 2 J— pry
x@x + y@y ( ( + ) f =0,

as claimed.



11.

1il.

(5 marks) If x # 0, the denominator is nonzero, and we can use the chain rule to

find

of Ty vy x5

TR R O N e R )

and

of 7

O0z; (a3 + a3
by symmetry. For the case x = 0, note that f(¢,0) = 0 for all £ € R. Thus

lim =0,
t—0 t

0 0
so that —f = 0 at the origin. By symmetry, —f = 0.
85(?1 8ZE2
(3 marks) Consider the path (z1,29) = (0,t) for ¢t — 0. According to i.,

ot
axl_ﬁ”_ ’

: of . : .
which does not converge to 0 as ¢ — 0. Thus 3_f is not continuous at the origin,

x
0
and the same is true for (9_f by symmetry.
L2
(5 marks) Assume that f were differentiable at the origin. Then
of
/
= - = 0
el oy
and o7
!/
= — = O

and so f' = (0,0). Now by direct calculation, for v = (1,1)

. fy) 1
D, f =lim = = —.
/ t=0 ¢ V2t V2

But on the other hand, since f is differentiable,
va = A(e1 + 62) = O,

which is a contradiction.

Continued. ..
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2. (25 marks)

(a) i (1mark)d3;, =1+1+1=3,
ii. (1 mark) €iji = —E€ijj, thus €ijj = 0.

iii. (3 marks)
5ij6jk€ilm€lkn = €jim€ljin = _(5jj5mn - 5j 6m) - _<35mn - 6mn) - _25mn
(b) i. (3 marks)

[V x (ax r)]z = €10 €kmUTm

= (5il5jm - 5im5jl)alaj7"m =
(5i15jm -9 5jl)az5jm = (5z‘l5jj - 5ij

5jl)al = 3CL7; - ajéij = 2@2'.

Thus
V x (axr)=2a.

ii. (3 marks)

(¢) i (4 marks)

A

= (sin ¢ cos , sin ¢ sin 6, cos ¢) = h,.1;

or
or
h = |(sin ¢ cos 0, sin ¢ sin 0, cos ¢)| = 1.

g—; = r(cos ¢ cos B, cos psinf, — sin ¢) = h¢$;
hg = |r(cos ¢ cos B, cos psinf, —sin ¢)| = r.
or
0

hg = |r(—sin¢sinf,sin ¢ cosd,0)| = rsin ¢.
This means that

r(—sin ¢sinf,sin ¢ cosb,0) = he0:

I = (sin ¢ cos 0, sin ¢ sin 0, cos ¢),
g?) = (cos ¢ cos @, cos ¢ sin b, — sin ¢),
0 = (—sinf, cos 6, 0).

ii. (5 marks)

0 ¢ 6 0
Vot 9 T rsme o
and u = sin 6t, so that
. Osing P OF . O O
V.-u=r 5 —I—s1n9?-8—¢+s1n0rsm¢-%.



Now

g—; = (cos ¢ cos B, cos psinf, —sin ¢) = b, % = (—sin¢sinf, sin ¢ cos d,0) = sin 0,
and so o o ‘
V-u:sinﬁd).(ﬁ + sin ¢ sin 6 0,.0 :28m9.
rsin ¢ r

(d) (5 marks)

V. (11 X V) = eijkai(ujvk) = eijk(aiuj)vk + EiijjaiUk =

UkEkij(aiuj) — U;€5ik; Qv = V - (Vxu)—u-(Vxv).

Continued. ..
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3. (25 marks)

(a) (5 marks) From the definition of the line integral, we have that

/CVf-dr:/abe(p(s))-Z—Eds.

But from the Chain Rule it follows that

I = S0 L)

Therefore,

[ sde = [ L) ds = 1(e) — o)

where the last equality follows from the Fundamental Theorem of Calculus.

b) i

ii.

(4 marks) The equator is along ¢ = 7/2, and thus
p(0) = R(cosf,sind,0),
where 6 runs from 27 to 0 (going west). Along the path,
f = R(sin, — cos6,0),

and 5
P _ .
20 = R(—siné, cosb,0).

Thus

0 ap 2m
/ f.dr= / f.-—df = —RQ/ (—sin®@ — cos® 0)df = 2w R*.
c 2 a0 0

™

(5 marks) Stokes’ theorem reads

/f~dr—/V><f'dS.
c s

Using the right-hand rule, the orientation of S (the northern hemisphere) should
have the normal pointing inward. Thus

Js Os

N = 2 X %% = R*(—sin ¢sin 6, sin ¢ cos 6, 0) x (cos ¢ cos B, cos ¢ sin ), — sin ¢) =
—R?sin ¢(sin ¢ cos §, sin ¢ sin 6, cos ¢),
and
V x f=(0,0,-2).
Thus

/2 27 /2
/ V xf-dS = 2R2/ / sin ¢ cos ¢dOdg = 27TR2/ sin 2¢d¢ = TR*(1—cos 1) = 27 R?,
S 0 0 0

as in 1.



iii. (1 mark) The orientation is the opposite of ii., i.e. facing outward.

(¢) i (b marks) Put
h=fVg—gVyf

/V-th:/ h - ndS.
1% v

V(fVg—gV)=V[f-Vg+fAg—Vg-Vf—gAf=[fAg—gAFf,

in Gauss’ theorem
b

Now

and the result follows.
ii. (5 marks) According to Gauss’ theorem,

/V-VdV—/ v - ndS.
v oV

Put v = a¢, where a is an arbitrary, constant vector. Then V -v =a - V¢, so

that
a-/ngdV:/V-vdV:/ V-ndS:a-/ ondS.
v v v v

But since this is true for any a, the statement follows.

End of solutions.



