MATH20901 Multivariable Calculus: Solutions 2

1. (a) 0;j6;; = 6;; = n using the rule §;;¢; = ¢;.
P q
(b) (ABTC')U = AyBuCyj = Z Z AilBlngj and B}, = By, observing that A has p columns,

1=1 k=1
and C has ¢ rows.

2. A generalisation of the notes to a non-normal basis. We start with x = c;e;. Now, take the
inner product with e; and we have x - e; = ¢;je; - e; = ¢;0;1]e;|*. And so

Cp = ——, whence X =

lej]? e[
This concept can be extended to infinite dimensional space, where vectors become functions.
Thus arbitrary functions can be expanded in exactly the same way in terms of sets of basis
functions — a branch of mathematics called ‘functional analysis’ briefly touched on in the
APDE2 course.

If e; are non-orthogonal then you can still proceed as before to get x - e; = c;e; - e, but you
can’t introduce the Kronecker delta any more. But you can still write down a matrix system
for the unknowns, c¢;:

e ey €ey-e; ... C1 X e
€€y €e9-€ey ... Co X €9
en  enm Cm, X-€en

which you can invert (in principle) to find the ¢;.

3. (a) Vf(r) = (—ysin(zy), —zsin(zy) — zsin(yz), —ysin(yz)). So

% ¥ 3
—ysin(xy) —xsin(ry) — zsin(yz) —ysin(yz)
= (—sin(yz) — yzcos(yz) + sin(yz) + yzcos(yz))x+ ... =0

Has to be so, as proved in notes for any f.
(b) V-u=sinz+z—sinz = z.
(c)
Xy z
Vxv=| 0, 0, 0. |=((c—0b)z,(a—c)y, (b—a)z).

ayz bzx cxy

Then V- (V xv) = (c—b)+ (a —c) + (b — a) =0 as required from the proof in the notes.

1@©University of Bristol 2015
This material is copyright of the University of Bristol unless explicitly stated. It is provided exclusively
for educational purposes at the University of Bristol and is to be downloaded or copied for your private
study only.



4. (a) Here f =a-r and a = (a1, ag, a3), r = (21,22, 23) so f = a;x; and

0
[Vf]z = g(ajl‘j) = ajcsij = 4y, thus Vf(r) = a.

(b) First, r = |r| = /22 + y2 + 22 so Vr = (z,y, 2)/r =1r/r. Next
v=Vr"=n""'Vr =n""%r

Continuing, we have

Vov=2% o (naa"?) = n ot pn=2 | nz; ((n —2)z;r" ") = 3nr" % + n(n — 2)r* "

after using the first differentiation result again for the second term of the product. So
V.v=n(n+1)r"?
which vanishes for n = 0 and n = —1, provided r # 0. We had to expect that n = 0 was one

solution as r? = 1.

(c) Here v =w X r, w = (w1, ws,ws) and r = (x, o, x3). The ith component of the curl is

0 0 Ox

m
[V X V]i = ez‘jk—ax'vk = Gijk—am%lmwﬂm = €ijk€kimW] —056 = Eijkeklmwl(;jm = €imkC€kimWl

J J J
= €kim€himWi = (0i10mm — OimOmi)w; = (304 — dq)w; = 2w;.

So we have V x v = 2w.
5. (a)(i) Similar to 4(c) above, but we also have Vr =r/r or

or T

or;
The i component is

VX afO)] = g (1) = e  Gotonf 1) + a2 £10))

j
xr;
= €kij€kim (%’amf(?“) + am%f (T))

= (Badim = Sondy) (yanf (1) + an "L 1 (1))

XiZj

= @f(r) = 8yt () + 0, S () — L
= [—a(Zf(T) +rf'(r)) + F%]ﬂ(r)]

(2

and so

Y x (v x af(r) = —a(2f(r) +rf (1) + 1= f (1)
(a)(il) Same tricks as above, slightly easier now

V() = - (af (1)) = g = a2 0)

€T T

2



a-r

using (a)(i). So V -af(r) = Tf’('r’).
(b)

0
ux (Vxu)], = Eijkujeklma—xlum = (0u0jm — Oimj1) ujﬁ—xl
0 0 9 1 o

= Up—=—Upy — U—U; U )—ul

ox; ox; - 0z; (2 m

U,

8—xlui = 3V’ —[u-V)u],,

which is the ith component of u x (V xu) =iV (u-u) — (u- V)u

0 v,  Of

@) V- (V) = () = o ug

(b) This is just part (a) with v = Vg and the only thing to note here is that V - Vg = Ag,
the Laplacian of g.

(c) Take the ith component of the LHS:

=fV.-v+v -Vf

8f

[V x (fv)]i = Ewk (ka) kaf + €ijk 8x

= fIVxv];+[VfxV]

. On the LHS if you switch over u and v, by the definition of the cross product you will introduce
a minus sign. However the RHS is symmetric in u and v and so switching them over will give
the same result. So it cannot be true as stated. Here’s the derivation.

0 8’Uk ou;
V - (u X V) = a—;L'i(Eijkujvk) = €ijk (Uja—xz + vk 8$Z>
Oy, Ou,
— ujejlki 8 + ’Ukiekilj 8
— —u-(va)+V (VXU)
In the above we have used the cyclic definition of €;y.
. Similar to above
[V x (uxv)]; = Wai (ERimWVm) = €kij€kim <uzgv77: + Um%)
ov Oy v, Ou; dv; 8“
( 1Y ]l> <Ul al'] T axj> Y a.ﬁlﬂ'] Y 837] Y9, 83:] 83:]

=(V-viu;+ (v-V)u; — (u- V)v; — (V- u)y;
So we match up each suffix to give the vector result
. (a) Here F = —pgz = V¢. So
G2 =0, ¢y, =0, ¢.=—
Integrating each up gives ¢(x,y,2) = fi(y,2), ¢(x,y,2) = fo(z,2) and é(z,y,2) = —pgz +

f3(z,y) where fi, fo, f3 are arbitrary functions. In fact, the only way this can resolve itself is if
f1 = fo = f3 = C a constant. So, in general ¢ = —pgz + C.



10.

(b) You do this in Fluids 3. We have

Ju 1
2t (u-V)u= —;Vp+V<b
after using part (a). Using Q3(b) we have
1 1
aa—ltl+§V(u-u)—u>< (V xu) :—;Verng
Taking the curl, noting that V x V f = 0 for any scalar f, and defining w = V x u we have
88—0: +Vx(uxw)=0
Now using Q6, we can write
0
a—(’:—(V-w)qu(V-u)w—(w-V)u+(u-V)w:O
Finally, since V-u=0and V-w =V -V xu =0, we can write
0
8—c:+(u~V)w:(w-V)u

(c) Ifu = (ui(z,y), uz(z,y),0), then w = (9yus—0yu1)z and both (w-V)u = 0 and (u-V)w = 0.
Which means that d,w = 0 and so w is constant.

Using result (i) in the question we can write Navier’'s equation as
0*u

" or

Now taking the divergence of this and using result (iii) on the last term to eliminate it gives

=(A+2u)V(V-u) —uV x (V xu)

62
Por
and letting ¢ = V - u and ¢ = (A + 2u)/p we have the set equation.

(V-u) = (A+20)A(V -u)

Now take the curl and let H = V X u we can eliminate the first term on the RHS to leave
2

Por
once results (i), (ii) are used. We need one more result, given in §2.3.1 of the notes

V x (VxH)=V(V-H) - AH)

H=/yV xAu=—uV x (V x H)

and since H = V x u the first term is zero. Hence we have
2

as required with ¢ = u/p.

The reduction of Navier’s equation to these two decoupled equations is very important in the
study of Seismology as they represent wave equations for the dilation (or compressible) and
rotational components of displacements in a solid. The factors ¢; and ¢y are wave speeds (see
APDE2) and clearly ¢; > ¢o. This means compression waves travel faster than rotational waves.
In Siesmology the two waves and called P and S waves — the P is for primary (because they
arrive first) and the S for secondary.



