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Item 4.

Ewer, Arita, 1650’s, H=23.5, W=12.5. This ewer was made for Islamic market. It is the only
surviving example of sherds of a group of porcelain pieces found in a building site near Deshima
Island in Nagasaki in 1996 (see the third photograph). The ewer was found in England.
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Item 2.50.

A pair of square plates, Arita, 1700-1730. A set of five of these plates (see the third photograph) came
from the estate of Lady Ottoline Morel, and so presumably from Welbeck Abbey, in England. Three turned out
to from Arita, and the remaining two are slightly later Chinese copies (the first and second photographs show
one of the Arita plates and one of the Chinese plates). One of the Arita plates and one of the Chinese plates are
now in the Kyushu Ceramic Museum, leaving two Arita plates, and one Chinese copy in the collection.
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Item 2.51.

A large bowl, Arita, 1700-1730. This bowl is unusual in that it uses underglaze blue for the background,
with many of the main leaves simply left in white. This style of painting was continued by Fukagawa in the
Meiji period. The bowl was found in England
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John Coates, October 2003 
at Kakiemon Kiln, Japan

Mathematics should be simple, 
deep, and beautiful.







poetry (tanka)

Isonokami shirine

Nanao bay

Wakanoura bay

Recalling Yamato
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Princess Nukata, (Manyoshu I, on 5 May 668)

Akanesasu Murasakino yuki Shimeno yuki

Nomoriha mizuya Kimiga sode furu

On your way to the fields,

Of crimson-tinted lavender,

The royal preserve,

Will not the guardian notice

If you wave your sleeve to me?

John’s question: Where was the hunt held?
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Where is Kamafu Fields?

͔·;ɹ໺
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zeta elements : algebraic elements related to zeta values

cyclotomic units

Stickelberger elements

Stark units

Rubin-Stark elements

zeta elements of ETNC ∈ det(cohomology complex)
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Beauty of equality

Examples:

Iwasawa main conjecture:

char(Iwasawa module)=(p-adic L-function)

[equality]

Brumer-Stark conjecture

Ann(µ(K))θK/k ⊂ Ann(ClK)

[not equality]
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§1. Introduction

classical examples, cyclotomic field

K = Q(µp), p : an odd prime

class number formulae for K and K+ imply

(1) minus part

2(p−3)/2

p
h−K =

ζK
ζK+

(0) =
∏

χ:odd

L(0,χ)

where h−K = #(ClK/ClK+).
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(2) the plus part

h+
K = hK+ = (EK+ : CK+)

where EK+ : the unit group of K+

CK+ : the group of cyclotomic units of K+

= ⟨1− ζp, ζp⟩Z[G] ∩ EK+

8



More information as Galois modules

G = Gal(K/Q)

simple classical case; p-component

AK := ClK ⊗ Zp =
⊕

χ∈Ĝ

Aχ
K

Theorem (Mazur, Wiles)

(1) χ(−1) = −1, χ ̸= ω =⇒ #Aχ
K = #Zp/L(0,χ−1)

(2) χ(−1) = 1, χ ̸= 1 =⇒ #Aχ
K = #((EK+/CK+)⊗ Zp)χ

Note: Aω
K = A1

K = 0
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(1) gives more exact information than famous Herbrand-Ribet’s theorem

p | Bp−i ⇐⇒ Aχ
K ̸= 0,χ = ωi (1 < i < p− 1; odd)

Note L(0,χ−1) ≡ Bp−i/(p− i) (mod p)
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Fitting ideals

R: a commutative ring

M : a finitely presented R-module such that Rm ϕ−→ Rn −→ M −→ 0

is exact and ϕ corresponds to the (n,m)-matrix A.

r: an integer ∈ Z≥0

If r < n, Fittr,R(M) is defined to be the ideal of R generated by

all (n− r)× (n− r) minors of A.

If r ≥ n, it is defined to be R.

This definition does not depend on the choice of the presentation

We have an increasing sequence of ideals

Fitt0,R(M) ⊂ Fitt1,R(M) ⊂ Fitt2,R(M) ⊂ ... .
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G = Gal(K/Q) ≃ (Z/pZ)×, σa ↔ a

Stickelberger element :

θK/Q =
p−1∑

a=1

(
1

2
− a

p
)σ−1a ∈ Q[G]

The theorem of Mazur-Wiles I mentioned can be formulated as

(1) Take g ∈ Z such that g mod p generates (Z/pZ)× and p2 does not

divide g − ω(g). Then

Fitt0,Zp[G]−(A
−
K) = ((g − σg)θK/Q)

(2)

Fitt0,Zp[G]+(A
+
K) = Fitt0,Zp[G]+((EK+/CK+)⊗ Zp)
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Our next Theorem 1 generalizes this to

Zp[G] −→ Z[G]

Q(µp)/Q −→ K/k :

arbitrary finite abelian extension of number fields
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§2. Galois module structure of Weil etale cohomology groups and

class groups

We state Theorem 1 without explaining the notation,

Theorem 1. Assume ETNC (for Gm) holds for K/k. Then we have

Fittr,Z[G](SS,T (K)) = {Φ(ϵK/k,S,T )
# | Φ ∈

r∧
HomG(O×K,S,T ,Z[G])}

and

Fittr,Z[G](Str
S,T (K)) = {Φ(ϵK/k,S,T ) | Φ ∈

r∧
HomG(O×K,S,T ,Z[G])} .

x "→ x# is the involution on Z[G] induced by σ "→ σ−1 for σ ∈ G.
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(usual setting of Stark conjecture)

K/k : finite abelian extension of number fields (global fields)

S : a finite set of primes of k containing S∞ ∪ Sram(K/k)

T : a finite set of primes of k such that S ∩ T = ∅

OK,S : the ring of S-integers of K

{a ∈ K | ordw(a) ≥ 0 for all finite places w of K not contained in SK}

O×K,S,T = {a ∈ O×K,S | a ≡ 1 (mod w) for all w ∈ TK}

We take T such that O×K,S,T is torsion-free.

(this is satisfied, for example,

if T contains two primes of distinct residual characteristics)

V = {v ∈ S | v splits completely in K}, V ! S
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L-functions

LS(s,χ) =
∏

v ̸∈S

(1− χ(Frobv)Nv−s)−1

LS,T (s,χ) =
∏

t∈T

(1− χ(Frobt)Nt1−s)
∏

v ̸∈S

(1− χ(Frobv)Nv−s)−1

= (
∏

t∈T

(1− χ(Frobt)Nt1−s))LS(s,χ).

θK/k,S,T (s) =
∑

χ∈Ĝ

LS,T (s,χ
−1)eχ ∈ C[G]

r = #V , (so ords=0 LS,T (s,χ−1) ≥ r for each χ ∈ Ĝ)

θ(r)K/k,S,T = lim
s→0

s−rθK/k,S,T (s) ∈ R[G]
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Dirichlet regulator map

λK,S : O×K,S ⊗ R ≃−→ XK,S ⊗ R

by λK,S(x) = −
∑

w∈SK
log |x|ww where XK,S = Ker(

⊕
w∈SK

Z −→ Z).

This induces

λK,S : (
r∧

Z[G]

O×K,S,T )⊗ R ∼−→ (
r∧

Z[G]

XK,S)⊗ R

S = {v0, v1, ..., vr, ..., va}, V = {v1, ..., vr}, fix a prime wi above vi

Define the Rubin-Stark element ϵK/k,S,T ∈ (
∧r

Z[G]O
×
K,S,T )⊗ R by

λK,S(ϵK/k,S,T ) = θ(r)K/k,S,T

r∧

i=1

(wi − w0).

If r = 0, ϵK/k,S,T = θK/k,S,T (0) ∈ Z[G].
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If k = Q, K = Q(µm)+ with conductor m > 0, V = {∞},

S = {p | p divides m} ∪ {∞},

T : a finite set of primes containing an odd prime such that T ∩ S = ∅.

w a fixed prime above ∞, and put ζm = e2πi/m ∈ C.

The classical formula

L′(0,χ) = −1

2

∑

σ∈G

log |(1− ζσm)(1− ζσ
−1

m )|wχ(σ)

for any χ ∈ Ĝ implies

λK,S(cT ) = θ(1)K/k,S,T (w − w0)

where cT = (1− ζm)δT with δT =
∏

ℓ∈T (1− ℓσ−1ℓ )

Thus cT ∈ O×K,S,T . and ϵ
V
K/k,S,T = cT .
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Rubin’s lattice

M : a finitely generated Z[G]-module such that M is Z-torsion-free.

We define Rubin’s lattice
⋂r

GM by

r⋂

G

M = {x ∈ (
r∧

Z[G]

M)⊗Q | Φ(x) ∈ Z[G] for all Φ ∈
∧r HomG(M,Z[G])},

which is a lattice in (
∧r

Z[G]M)⊗Q.

For ϕi ∈ HomG(M,Z[G]) and mj ∈ M ,

(ϕ1 ∧ ... ∧ ϕr)(m1 ∧ ... ∧mr) = det(ϕi(mj)) ∈ Z[G]
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Stark conjecture

ϵK/k,S,T ∈ (
r∧

Z[G]

O×K,S,T )⊗Q

Rubin-Stark conjecture

ϵK/k,S,T ∈
r⋂

G

O×K,S,T

Namely, for any Φ ∈
∧r HomG(M,Z[G]), we would have

Φ(ϵK/k,S,T ) ∈ Z[G].
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Weil étale cohomology

SS,T (K) = H2
c,T ((OK,S)W ,Z)

Str
S,T (K) = H1

T ((OK,S)W ,Gm)

They sit in the following exact sequences

0 −→ ClTS (K) −→ Str
S,T (K) −→ XK,S −→ 0

0 −→ ClTS (K)∨ −→ SS,T (K) −→ HomZ(O×K,S,T ,Z) −→ 0

C• = RΓc,T ((OK,S)W ,Z)

D• = RHomZ(RΓc,T ((OK,S)W ,Z),Z)[−2]

SS,T (K) = H2(C•), Str
S,T (K) = H1(D•)
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In the function field case, let Xk be the proper smooth curve over a finite

field, corresponding to k, and (Xk)W the Weil étale site on Xk defined by

Lichtenbaum. We denote by j : Spec(OK,S) −→ Xk the open immersion for

OK,S. Then the above cohomology group H i(C•) for T = ∅ coincides with

H i((Xk)W , j!Z).
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(ETNC)

There is an element zK/k,S,T ∈ detD•, which is a Z[G]-base of detD•,

and which relates with the leading terms of LS,T (s,χ) for all characters

χ of G.
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First Theorem

The involution on Z[G] induced by σ !→ σ−1 for σ ∈ G

is denoted by x !→ x#.

Theorem 1. Assume ETNC (for Gm) holds for K/k. Then (the Rubin-

Stark element is the canonical image of the zeta element of ETNC and) we

have

Fittr,Z[G](SS,T (K)) = {Φ(ϵK/k,S,T )
# | Φ ∈

r∧
HomG(O×K,S,T ,Z[G])}

and

Fittr,Z[G](Str
S,T (K)) = {Φ(ϵK/k,S,T ) | Φ ∈

r∧
HomG(O×K,S,T ,Z[G])} .
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the case r = 0

k: totally real

K: CM-field

S = S∞ ∪ Sram(K/k) (minimum)

θK/k =
∑

σ∈G

ζK/k(0, σ)σ
−1 ∈ Q[G]

where ζK/k(s, σ) =
∑

(a,K/k)=σ(Na)−s is the partial zeta function.

Then

θK/k,S,T (0) = δT θK/k

with δT =
∏

t∈T (1−NtFrob−1t )
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We can prove that the natural homomorphism

SS,T (K) = H2
c,T ((OK,S)W ,Z) −→ SS∞,T (K) = H2

c,T ((OK,S∞)W ,Z)

is surjective. It follows from Theorem 1 that the ETNC for K/k implies

θ#K/k,Sram∪S∞,T = (δT θK/k)
# ∈ Fitt0,Z[G](SS∞,T (K))

Since ClT (K)∨ is a subgroup of SS∞,T (K), this implies

δT θK/k ∈ AnnZ[G](Cl
T (K)).

Thus we have recovered a known fact that the ETNC implies the Brumer-

Stark conjecture.

26



Corollary 1. Suppose that ETNC holds for K/k. Put Z′ = Z[1/2]. We

have

(δT θK/k)
# ∈ Fitt0,Z′[G](((Cl

T (K)⊗ Z′)−)∨)

Remark

(1) Suppose that there is no trivial zero for p-adic L-functions (for K∞/k).

Then the minus part of the p-part of the ETNC holds, and we get the con-

clusion unconditionally.

This is a result of Greither-Popescu

(2) Suppose that the orders of the p-adic L-functions are ≤ 1, then we get

the conclusion unconditionally.
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More simple examples

(1) K = Q(µpn), k = Q, S = {p,∞}, j : complex conjugation.

Then we get

(1− j) Fitt0,Z[G](Cl
T (K)) = (θK/k,S,T )

(2) K = Q(µpn)+, k = Q, S = {p,∞},

Then we get

Fitt0,Z[G](Cl
T (K)) = {Φ(cT ) | Φ ∈ HomG(O×K,S,T ,Z[G])}

= Fitt0,Z[G](O×K,S,T/⟨cT ⟩).

where cT = (1− ζpn)δT ∈ O×K,S,T .

Note that we are working over Z[G].

non T -version is deduced from the above, which is

a theorem of Cornacchia and Greither.
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A key of the proof

Relation with zeta element in ETNC and Rubin-Stark elements

0 −→ O×K,S,T −→ P
ψ−→ F −→ Str

S,T (K) −→ 0

(P: projective, F : free of rank d )

F −→ Str
S,T (K) −→

⊕
w∈VK

Z ≃ Z[G]d

{bi} : basis of F such that b1,...,br corresponds to Z[G]d

ψi = b∗i ◦ ψ ∈ HomG(P,Z[G])

r∧
P ∩ (

r∧
O×K,S,T )⊗Q =

r⋂
O×K,S,T

π = ψr+1 ∧ ... ∧ ψd :
∧d P −→

∧r P

zeta element )→ ϵK/k,S,T
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§3. Iwasawa theory

K/k : finite abelian extension

K∞/K : Zp-extension (a finite prime does not split completely)

assume G = Gal(K∞/k) = Gal(K/k)×Gal(K∞/K)

S : S ⊃ Sram(K∞/k) ∪ S∞ ∪ Sp (p-adic primes)

CF,S = RHomZp(RΓc(OF,S,Zp),Zp)[−2]

Λ = Zp[[G]] = Zp[[Gal(K∞/k)]]

Kχ ; a field corresponding to χ for characters χ of G = Gal(K/k)

Vχ,∞ = {v ∈ S | v splits completely in Kχ,∞}

rχ = #Vχ,∞

πχ : detΛ(CK∞,S) −→ lim
←−

⋂rχ O×Kχ,n,S,T ⊗ Zp
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K/k : finite abelian extension
K∞/K : Zp-extension (a finite prime does not split completely)
assume G = Gal(K∞/k) = Gal(K/k)×Gal(K∞/K)
S : S ⊃ Sram(K∞/k) ∪ S∞ ∪ Sp (p-adic primes)
CF,S = RHomZp(RΓc(OF,S ,Zp),Zp)[−2]
Λ = Zp[[G]] = Zp[[Gal(K∞/k)]]
Kχ ; a field corresponding to χ for characters χ of G = Gal(K/k)
Vχ,∞ = {v ∈ S | v splits completely in Kχ,∞}
rχ = #Vχ,∞

πχ : detΛ(CK∞,S) −→ lim
←−

⋂rχ O×Kχ,n,S,T
⊗ Zp

(IMC) There is LK∞/k,S,T ∈ detΛ(CK∞,S,T ) such that

LK∞/k,S,TΛ = detΛ(CK∞,S,T ) and

πχ(LK∞/k,S,T ) = (ϵχKχ,n,S,T )n≫0

for all characters χ of G.
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This (IMC) is weaker than Fukaya-Kato’s Iwasawa main conjecture, and

than(ETNC) because

no information on ϵKχ,n,S,T for small n.
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Relation of ϵK∞,S,T with ϵK,S,T

Vχ = {v ∈ S | v splits completely in Kχ}

Vχ,∞ = {v ∈ S | v splits completely in Kχ,∞}

r′χ = #Vχ

rχ = #Vχ,∞

aχ = r′χ − rχ ≥ 0

Γ = Gal(Kχ,∞/Kχ), Γn = Gal(Kχ,n/Kχ).

For v ∈ Vχ,∞, Recv = Σσ∈G(recv(σ(·))− 1)σ−1, and

Recχ =
∧

v∈Vχ\Vχ,∞
Recv :

⋂r′χ O×Kχ,S,T ⊗ Zp −→
⋂rχ O×Kχ,S,T ⊗ I(Γ)aχ/I(Γ)aχ+1

ϵKχ,S,T &→ Recχ(ϵKχ,S,T )
⋂rχ O×Kχ,S,T⊗I(Γ)aχ/I(Γ)aχ+1 −→

⋂rχ O×Kχ,n,S,T⊗Zp[Γn]/I(Γn)aχ+1
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Vχ = {v ∈ S | v splits completely in Kχ}
Vχ,∞ = {v ∈ S | v splits completely in Kχ,∞}
r′χ = #Vχ
rχ = #Vχ,∞
aχ = r′χ − rχ ≥ 0
Γ = Gal(Kχ,∞/Kχ), Γn = Gal(Kχ,n/Kχ).
For v ∈ Vχ,∞, Recv = Σσ∈G(recv(σ(·))− 1)σ−1, and
Recχ =

∧
v∈Vχ\Vχ,∞

Recv :
⋂r′χ O×Kχ,S,T

⊗ Zp −→
⋂rχ O×Kχ,S,T

⊗ I(Γ)aχ/I(Γ)aχ+1

ϵKχ,S,T &→ Recχ(ϵKχ,S,T )

⋂rχ O×Kχ,S,T
⊗ I(Γ)aχ/I(Γ)aχ+1 −→

⋂rχ O×Kχ,n,S,T
⊗ Zp[Γn]/I(Γn)aχ+1

MRS(K∞/K/k) Conjecture

(a special case of “refined class number formula” of Mazur, Rubin and Sano)

The image of Recχ(ϵKχ,S,T ) in Zp[Γn]/I(Γn)aχ+1 coincides with

(−1)rχaχ
∑

σ∈Γn

σ(ϵKn,χ,S,T )⊗ σ−1

for all n and all χ ∈ Ĝ.
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This conjecture is inspired by Darmon’s conjecture for cyclotomic units

Theorem 2. (ETNC) implies (MRS(L/K/k)).
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Theorem 3. Assume that (IMC) for K∞/k,

(MRS) for K∞/K/k, and

(F) (lim
←−

ClTS (Kn)⊗ Zp)Γ is finite,

then the p-part of (ETNC) for K/k holds.

Corollary. Suppose k is totally real, and K is CM. If at most one p-adic prime

splits in Kχ/K+
χ for each odd character χ and µχ = 0, then (ETNC) holds

for Zp[G]−.

Using Gross conjecture by Darmon, Dasgupta, Pollack, Ventullo.
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Kummer’s congruences

For a ∈ Z≥0,

we can define ϵ(a)K/k,S,T ∈
⋂r K2a+1(OK,S)T

which relates with the values at s = −a

There is a natural map
⋂r K2a+1(OK,S)T ⊗ Z/pn −→

⋂r K2a′+1(OK,S)T ⊗ Z/pn

which should send ϵ(a)K/k,S,T to ϵ(a
′)

K/k,S,T if a ≡ a′ mod (p− 1)pn−1.

this map is induced by
∧r P (a)/pn −→

∧r P (a′)/pn
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