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Ewer, Arita, 1650’s, H=23.5, W=12.5. This ewer was made for Islamic market. It is the only
surviving example of sherds of a group of porcelain pieces found in a building site near Deshima
Island in Nagasaki in 1996 (see the third photograph). The ewer was found in England.







A pair of square plates, Arita, 1700-1730. A set of five of these plates (see the third photograph) came
from the estate of Lady Ottoline Morel, and so presumably from Welbeck Abbey, in England. Three turned out
to from Arita, and the remaining two are slightly later Chinese copies (the first and second photographs show
one of the Arita plates and one of the Chinese plates). One of the Arita plates and one of the Chinese plates are
now in the Kyushu Ceramic Museum, leaving two Arita plates, and one Chinese copy in the collection.
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poetry (tanka)

Isonokami shirine
Nanao bay
Wakanoura bay

Recalling Yamato



Princess Nukata, (Manyoshu I, on 5 May 668)
Akanesasu Murasakino yuki Shimeno yuki

Nomoriha mizuya Kimiga sode furu

On your way to the fields,
Of crimson-tinted lavender,
The royal preserve,

Will not the guardian notice

If you wave your sleeve to me?

John’s question: Where was the hunt held?



Where is Kamafu Fields?
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Iwasawa theory and zeta elements
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joint work with David Burns and Takamichi Sano



zeta elements : algebraic elements related to zeta values

cyclotomic units
Stickelberger elements
Stark units
Rubin-Stark elements

zeta elements of ETNC € det(cohomology complex)



Beauty of equality

Examples:
Iwasawa main conjecture:
char(Iwasawa module)=(p-adic L-function)

lequality]

Brumer-Stark conjecture
Ann(u(K))0x/i C Ann(Clg)

[not equality]



§1. Introduction

classical examples, cyclotomic field

K =Q(up), p: an odd prime

class number formulae for KX and K imply

(1) minus part

where h = #(Clg /Clg+).



(2) the plus part

h;_( — hK+ — (EK+ . CK+)

where E g+ : the unit group of K+

C'i+ @ the group of cyclotomic units of K™

= (1 = Cpy Gp)zic) N Exc+



More information as Galois modules
G = Gal(K/Q)

simple classical case; p-component

Ak = Clg ® Z, = @ A},

xEG

Theorem (Mazur, Wiles)
(1) x(=1) = =1, x # w = #A} = #Z,/L(0,x™")
(2) x(=1) =1, x # 1 = #Ak = #(Ex+/Cx+) @ Zp)*

Note: A% = AL =0



(1) gives more exact information than famous Herbrand-Ribet’s theorem

pl B, <= AL #0,x=w' (1<i<p—1;o0dd
p K

Note L(0,x™") = B,/(p — i) (mod p)



Fitting ideals

R: a commutative ring

M: a finitely presented R-module such that R™ — R* — M — 0
is exact and ¢ corresponds to the (n, m)-matrix A.

r: an integer € Z>

If r < n, Fitt, g(M) is defined to be the ideal of R generated by

all (n —r) X (n —r) minors of A.

If r > n, it is defined to be R.

This definition does not depend on the choice of the presentation

We have an increasing sequence of ideals

FittO,R(M) C FittljR(M) C Fittg)R(M) C ...



G =Gal(K/Q) ~ (Z/pZ)*, 0, <> a

Stickelberger element :

p—1 1
Oja =D (5 =)oy € Q]
a=1

The theorem of Mazur-Wiles I mentioned can be formulated as
(1) Take g € Z such that g mod p generates (Z/pZ)* and p* does not
divide g — w(g). Then

Fittoz, - (Ax) = ((9 — 04)0k/q)

Fittoyzp[g]jt (A;;) = Fitto,zp[G]Jr ((EK+/CK+) & Zp)



Our next Theorem 1 generalizes this to
Lp|G] — LG
Q(p)/Q — K/k:

arbitrary finite abelian extension of number fields



§2. Galois module structure of Weil etale cohomology groups and

class groups

We state Theorem 1 without explaining the notation,

Theorem 1. Assume ETNC (for G,,) holds for K/k. Then we have

Fitt, (¢ (Ssr(K)) = {®(exspsr) | P € /\HomG(O[X(,S,Tv Z\G))}
and

Fitt, 2101857 (K)) = {@(exmsr) | @ € /\ Homa(OF 5. ZIG)}

r — 7 is the involution on Z[G] induced by o — o~ for o € G.



(usual setting of Stark conjecture)
K /k : finite abelian extension of number fields (global fields)
S : a finite set of primes of k£ containing Sy, U Syqm (K/k)
T : a finite set of primes of k£ such that SNT = ()
Ok s @ the ring of S-integers of K
{a € K | ord,(a) > 0 for all finite places w of K not contained in Sk}
kst =10 € Og g a=1 (mod w) for all w € Tk}

We take T' such that Oy 4 is torsion-free.

V ={v € S| v splits completely in K}, V C S



L-functions

Ls(s,x) = H(l — x(Frob,)Nv=*)~!
v€S

Lsr(s,x) = ]J@ = x(Frob)Nt'=*) ][ (1 — x(Frob,)Nv=*)~"
teT vgS
= (] J(* — x(Frob) Nt'=*)) Ls(s, x).

O /nsr(s) =Y Lsr(s,x ey € C[G]

xEé

r=#V, (soordqLsrt(s,x ) >r for each x € G)

eg}km — lim s "0k /p.s.0(s) € R[]

s—0



Dirichlet regulator map
)\KS @) S@R%XKLg@R

by Ax,s5(7) = = > s, 108 |z[w where Xk 5 = Ker(P,,cq. Z — Z).
This induces
Ak : /\ Ok sr) R =5 ( N\ Xk 5) O R
Z|G]
S =A{vg, V1, .cc; Uy, ooy Vo }, V= A{v1, ..., 0.}, fix a prime w; above v;

Define the Rubin-Stark element ex /1. s1 € (Agie) Ok s7) ® R by

)\K,S(GK/k,S,T) — Qg}k,gﬁp /\(wz — wo)-

1=1

It r = 0, €K/k,ST = eK/k,S,T(O) c Z[G]



If k=Q, K =Q(uy,)" with conductor m > 0, V = {oo},
S ={p | p divides m} U {oo},

T : a finite set of primes containing an odd prime such that T'N S = (.
w a fixed prime above oo, and put ¢, = e>™/™ e C.

The classical formula

L'(0,x) = ——Zlog\ 1—¢2)(1=¢ )|wx(o)

ceG

for any x € G implies

Aics(er) = 0% s (w — wo)

where cr = (1 — Cm)5T with or = HeeT(l - gae_l)

Thus ¢y € O K.S.T" and eK/kST = Cp.



Rubin’s lattice

M : a finitely generated Z|G]-module such that M is Z-torsion-free.

We define Rubin’s lattice (), M by

r

hM ={ze(/\ M) Q| ®(z) € Z|G] for all & € \" Homg(M, Z|G])},
G vAle)

which is a lattice in (Agg M) ® Q.
For ¢; € Homg (M, Z|G]) and m,; € M,

(1 Ao Ap)(my A .. Amy,) = det(p;(my)) € Z|G]



Stark conjecture

€K/k,S,T € /\OKST ®Q

Z|G]

Rubin-Stark conjecture

€K /k,S,T © mOKST

Namely, for any ® € A" Homg (M, Z[G]), we would have

q)<€K/k,S,T) c Z[G]



Weil étale cohomology

Ss,r(K) = H; +((Ok.s)w. Z)
Sir(K) = Hr((Og,s)w, Gn)

They sit in the following exact sequences

0 — Clg(K) — Sgp(K) — Xks — 0

0 — Clg(K)" — Ssr(K) — Homgz(OF g1, Z) — 0

C* = RU'.7((Ok.s)w, Z)

D*® = R HOmz(RFC,T((O[(,S)W, Z), Z) [—2]

Ssr(K) = H*(C*), Sgp(K)=H'(D*)



In the function field case, let X, be the proper smooth curve over a finite
field, corresponding to k, and (Xg)w the Weil étale site on Xj defined by
Lichtenbaum. We denote by j : Spec(Og s) — X}, the open immersion for

Ok.s. Then the above cohomology group H*(C®) for T = () coincides with

H'(Xi)w, NZ).



(ETNC)

There is an element zx/, s € det D®, which is a Z|G|-base of det D*,

and which relates with the leading terms of Lgsr(s,x) for all characters

Y of GG.



First Theorem

The involution on Z[G] induced by ¢ — o~ for 0 € G

is denoted by z — 7.

Theorem 1. Assume ETNC (for G,,) holds for K/k. Then (the Rubin-

Stark element is the canonical image of the zeta element of ETNC and) we

have

Fitt, ziq) <857T(K)> = {@(GK/k,S,T)# | & € /\ HomG(lef,S,T7 Z|G])}

and

Fitt, zc)(S§7(K)) = {@(exnsx) | ® € \ Home(OF 41, ZIG))} -



the case r = (0

k: totally real
K: CM-field

S = Soo U Sram (K /k) (minimum)

‘9K/k E— ZCK/k«)vJ)O__l - Q[G]

ceG

where Cri(S,0) = (4 k=0 (V@) 7" is the partial zeta function.
Then

Ok /i,5,7(0) = 070k i

with 07 = [],cr(1 — Nt Frob; ")



We can prove that the natural homomorphism

Ssr(K) = Hor((Ox,s)w: Z) — Ss0r(K) = Hor((Ok 5. ) Z)
is surjective. It follows from Theorem 1 that the ETNC for K/k implies
07 . somsr = (Or0xe)* € Fitto zi6)(Ss.. r(K))
Since C1"(K)Y is a subgroup of Sg_ 7(K), this implies

5THK/k S~ ADHZ[G] (CIT(K)) :

Thus we have recovered a known fact that the ETNC implies the Brumer-

Stark conjecture.



Corollary 1. Suppose that ETNC holds for K/k. Put Z' = 7Z[1/2]. We

have

(070/1)" € Fittoze (((C'(K) ® Z')7)")

Remark

(1) Suppose that there is no trivial zero for p-adic L-functions (for K. /k).

Then the minus part of the p-part of the ETNC holds, and we get the con-
clusion unconditionally.

This is a result of Greither-Popescu

(2) Suppose that the orders of the p-adic L-functions are < 1, then we get

the conclusion unconditionally.



More simple examples

(1) K =Q(pn), k=Q, S =A{p,00}, 7 : complex conjugation.
Then we get

(1 — j) Fittozie (C1' (K)) = (Ok/m.5.1)

(2) K = Q)" k= Q, S = {p, 0},

Then we get

Fitto o) (CI (K)) = {®(cr) | @ € Homg(Of g7 ZIC))

= Fittozie) (O s7/(cr)).

where ¢p = (1 — ()" € Ok g 1.

Note that we are working over Z|G].
non 1-version is deduced from the above, which is

a theorem of Cornacchia and Greither.



A key of the proof

Relation with zeta element in ETINC and Rubin-Stark elements

0 — Oggr— P 2 F — Sgp(K) — 0

(P: projective, F: free of rank d )
F — SEp(K) — Dyeyy, 7~ ZGY
{b;} : basis of F such that by,...,b, corresponds to Z[G]?
;i = bf o € Homg (P, Z|G])

APAAO:s) Q= Oksir

T=1 A Abg: NP — N P

zeta element — e€x/p 57



33. Iwasawa theory

K /k : finite abelian extension

K. /K : Z,-extension (a finite prime does not split completely)
assume G = Gal(K /k) = Gal(K/k) x Gal(K,,/K)

S 18D Sram (Koo /k) U Se U S, (p-adic primes)

Crs = RHomg (RI'.(Ops, Zy), Z,)|—2]

A =7Z,||9]] = Zp||Gal(K /F)]]

K, ; a field corresponding to x for characters x of G = Gal(K/k)

Voo ={v € S| v splits completely in K, o}

Iy = #vx,oo

Tyt deta(Crs) — IV O o7 © 7,



K /k : finite abelian extension

K« /K : Z,-extension (a finite prime does not split completely)
assume G = Gal(K /k) = Gal(K/k) x Gal(K/K)

S : 8D Sram(Keo/k) U Ss US, (p-adic primes)

CF,S — RHOIHZP (RFC(OF’S, Zp), Zp)[—Q]

A = 2,](0]] = Zy([Gal(Koo /)]

K, ; a field corresponding to x for characters x of G = Gal(K/k)
Vioo = {v € S| v splits completely in K, o}

x = 7 Vx,00

my ¢ deta(Chen.s) — (X 0% <1 7,

XM

(IMC) There is Lk, k57 € deta(Ck s1) such that

»CKoo/k,S,TA = detA(CKOO,S,T) and

T (Lrwsist) = (€K, 57)n30

for all characters x of G.



This (IMC) is weaker than Fukaya-Kato’s Iwasawa main conjecture, and
than(ETNC) because

no information on €g, , o7 for small n.



Relation of ex_ g7 with €x g7

= {v € S | v splits completely in K, }
Voo = {v € 5 | v splits completely in K, .}
r. = #Vy

= 7 Vyo0
Ay =1, — Ty >0
I' = Gal(K, /Ky), I'y = Gal(K, ./ K,).
For v € V, «, Rec, = ¥ eq(rec,(o(-)) —1)o™, and
Rec, = /\vevx\vx _Rec, :

VO o ® Ty — (VX OF g ® TT) /T
x5 — Recy(ex, s1)

™ Ok, sr®@IIT)™ /[ IT)™ T — (Y Of | gr®Zy[Ln]/T(Tn)™"



V, = {v € S| v splits completely in K, }
Vi.co ={v € S | v splits completely in K, o}

e = #Vy

"y = 3 Vy,00

ay =7, =1y >0

I' = Gal(Ky /Ky), I'n = Gal(Ky »n/Ky).

For v € V} , Rec, = Xyeq(recy(o(-)) —1)o™", and

Rec, = /\veVX\VX _ Recy :
(V0% 5 ® By — (V¥ O g ® (D) /1)
6KX7S7T = ReCX(EK 757T)

X0 gp @ IIT)™/IIT)H — (YXOF 7 @ Zy[T] /T(T)x T

Xna

MRS(K /K /k) Conjecture

(a special case of “refined class number formula” of Mazur, Rubin and Sano)

The image of Rec,(ex, .s1) in Zy[I'y)/I(1,)>F coincides with

_1)Txax Z O(EKn,X,S,T> X 0_—1

ocel'y

for all n and all x € G.



This conjecture is inspired by Darmon’s conjecture for cyclotomic units

Theorem 2. (ETNC) implies (MRS(L/K/k)).




Theorem 3. Assume that (IMC) for K /k,

(MRS) for Ko/K/k, and
(F) (1£1C1§(Kn) ® Zy)r 1S finite,
then the p-part of (ETNC) for K/k holds.

Corollary. Suppose k 1is totally real, and K s CM. If at most one p-adic prime

splits in K /K, for each odd character x and p, = 0, then (ETNC) holds
for Z,|G] .

Using Gross conjecture by Darmon, Dasgupta, Pollack, Ventullo.



Kummer’s congruences

For a € ZZ()?
we can define Egk,s,T € Kour1(Oxs)r
which relates with the values at s = —a

There is a natural map

N Kour1(Oks)r @Z/p" — () Kow+1(Ok.s)r @ Z/p"

which should send e%}k o to e%k ¢pifa=d mod (p—1)p" .

this map is induced by A" P /p" — N\ P (a/)/ p"



