MATH11007 SHEET 3: THE DERIVATIVE

ABSTRACT. See [1], Chapters 9, 10 and 11, for similar problems.
Set on Friday, October 26: Questions 2, 3 and 4.

(1) Compute the derivative of the following functions.
(a) (1—22)%; (b) sinz; (c¢) cos?(z®); (d) 2®tanz; (e) V1+a3.

(2) The height h of the tower of Pisa on its lowest side is 55.86 meters. From
there, Galilei drops a cannon ball. Given that the height, say y(t), of the
ball after ¢ seconds is given by

gt*
where ¢ is the gravitational constant, find the velocity at which the ball
hits the ground.

(3) Find the slope of the tangent lines to the parabola of equation y = —z2 +
6z — 5 at its points of intersection with the z-axis.

(4) Consider a cylinder of radius r and height h.
(a) What are the volume, say V, and the surface area, say S, of the
cylinder?
(b) Compute the instantaneous rate of change of the volume as the radius
varies while the surface area is held fixed.
(c) Compute the instantaneous rate of change of the surface area as the
radius varies while the volume is held fixed.

(5) Let f(xz) =1/x. Then
xf(x)=1.
(a) Deduce f'(z).
(b) Find a general formula for £ (z), where n € N.

(6) The logarithmic function f : Ry — R is defined implicitly by

of@) — 4.

Thus, it is the inverse function of the exponential function, and is denoted
by
fl@)=lnz.

Use implicit differentiation to compute f'(x).

©University of Bristol 2012. This material is copyright of the University unless explicitly
stated otherwise. It is provided exclusively for educational purposes at the University and is to
be downloaded or copied for your private study only.

1



2 MATH11007 SHEET 3: THE DERIVATIVE

(7) By restricting the domains of the trigonometric functions sinz, cos z, and
tan x to suitable intervals, one can define the inverse trigonometric functions
(a) arcsinz, (b) arccosz and (c) arctanz. Use implicit differentiation to
determine the derivatives of these inverse trigonometric functions.

(8) (After Euler, 1755 [2]). Let

f@) = e
Find f'(x).
(9) Consider the circle of equation
(%) 2 +y’ =17,

View y as a function (!) of z.

(a) Compute the derivative y’ by two methods: (a) by implicit differenti-
ation of Equation (x) and (b) by solving Equation (x) for y and then
differentiating the resulting expression.

(b) Show that

v

L+ @)y
For a general smooth curve in the (x,y) plane, the reciprocal of the
expression on the left is called its radius of curvature.

(10) Let a, b, ¢, €, o, B, v, n and £ be fixed numbers. Use Maple to compute

the derivative of the function y(z) defined implicitly by

r  (a+bx)(c—2?) y?

—t = tar/ [+ Y+ ———= =0

Yy (ex + aa?)? V2 + nx + a2
This problem has no particular application or geometrical interpretation;
Leibniz (1684) simply “cooked it up” in order to demonstrate the advan-
tages of his calculus.
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