CONTOUR INTEGRATION IN THE PRESENCE OF BRANCH
CUTS

ABSTRACT. The use of the Bromwich inversion formula in the presence of
branch cuts is illustrated in the context of a particular example.

1. MOTIVATION
Let x > 0. We ask for the function f = f(¢) with the Laplace transform
e VP
P

The Bromwich inversion formula expresses f as an integral in the complex p-plane:

Ls(p) =

~ 27

y+ioco
(1.1) f@) ! / N >0.

y—ioco p
The integrand— viewed as a function of p— has a singularity at p = 0. There
are two reasons for this: firstly, p appears as a denominator; secondly /p appears
in the exponent. The Residue Theorem makes clear how poles contribute in the
calculation of contour integrals, but in the present case, p = 0 is not a pole; the
appearance of \/p means that it is a branch point of the integrand. In what follows,
we discuss the basic facts concerning branch points and explain how to evaluate
contour integrals in the presence of such singularities.

2. WHAT IS A BRANCH POINT?

Recall that a function w(z) is analytic at zo if it can be expanded in a Taylor
series at z = 2y and the series has a strictly positive radius of convergence. Thus,
for example,

e”o

e = Z F(Z —20)"
n=0

and this shows that the exponential function is analytic at every point of the com-
plex plane. Recall also that a function w(z) that is not analytic at zy has a pole
there if there is a positive natural number n such that (z — z9)"w(z) is analytic
at zg; the smallest such number n is then called the order of the pole. Thus, for
example,

sin z

2
has a pole of order 1 (i.e. a simple pole) at z = 0.
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2 BRANCH CUTS

2.1. The square root function. We would now like to define the square root
w(z) of a complex number z. For numbers z > 0, we define it as the non-negative
solution w = w(z) of
w?=2z.
Then for complex z, we remark that z # 0 may be expressed in a unique way as
z=|zle?, 6¢(—m, 7].
Therefore, we set
(2.1) w(z) == /|z]e'? .
The function thus defined has the following features:
(1) For zg ¢ (—o0, 0], w(z) is analytic at zp and

w/(zo) = Qw(zo) .

(2) For R >0,
lim w(—R+ie) =iVR and lim w(—R —ic) = —iVR.

0<e—0 0<e—0
In words: if we evaluate the square root of a complex number that is just
above the negative part of the real line, we get a value with a positive
imaginary part; on the other hand, if the number is just below the negative
part of the real line, then its square root has a negative imaginary part.
(3) Our square root function is therefore discontinuous at every point zg < 0.
(4) Let zp < 0. Then, w is not analytic at zo (the derivative w’(z) does not
exist); furthermore, there is no natural number n such that (z — z)™w(z)
is analytic at zg. So zg is not a pole.
The half-line z < 0 is called a branch cut of the square root function; the points
0 and oo at the ends of the branch cut are called branch points.

2.2. Other functions with branch cuts. Branch cuts need to be introduced for
other functions of a complex variable. The most common examples are

Inz, 2% with o€ (0,1)

and other functions constructed from them. The object of introducing branch cuts
is to make the function single-valued.

3. CONTOURS AND BRANCH CUTS

Let us now return to the calculation of the integral (1.1). If we wish to exploit
the Residue Theorem, we must “close” the contour without crossing the branch
cut. We choose a large positive number R and use the contour

6
C .= szle
where

(1) Cy is the vertical line segment going from v — iR to v + iR. We use the
parametrisation

p=v+is, s€[-R,R].
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FIGURE 1. Draw the contour C'.

(Y is the arc of the circle of radius R centered at v going anticlockwise from
v+ iR to v — R. We use the parametrisation
p=v+R?, 0¢cin/2,7).

This takes us to a point just above the branch cut. Since we must not cross
the cut, C5 follows the cut from v — R to —e where ¢ is a positive number
destined to tend to zero. We use the parametrisation

p=s+i0+, s€[y—R,—¢].

Next, the contour winds around the origin in order to get to the other side
of the cut: CYy is the arc of the circle of radius ¢ centered at the origin going
clockwise from —e + 104 to —e + i0—. We use the parametrisation

p=ce?, He(r —7).

We have now reached a point just below the branch cut. C5 follows the cut
from —e to 7 — R. We use the parametrisation

p=s+i0—, s¢€[-ev—R].

Finally, Cg is the arc of the circle of radius R centered at v that goes
anticlockwise from v — R to v — iR. We use the parametrisation

p=v+R? O (-—m —n/2.

You are encouraged to draw the contour in Figure 3. A shifted version of the
contour appears in Figure 4 of the solution sheet G (but the picture is not very

good!).
Since

1 e—ZV/P+pt

L¢(p) ePt .=

27i 2rip

is analytic inside the contour C, the Residue Theorem says

1 —x./p+pt
— [ ap=o.
2 Jo D
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and hence, by the Bromwich inversion formula

6
1 e~ VPPt
1 =— i — —dp.
(3.1) 1) R—>lolor,na—>0jg2 2mi /Cj P dp

We now discuss the five limits on the right-hand side.
Since cos 8 < 0 along the arcs Cs and Cg, the reasoning used in the lectures leads

to
1 —x/p+pt 1 —x./p+pt
lim —/ eidp: lim —/ e7dp:0.
R—o0 271 J o, D R—o00 271 J o, D
Also
1 —z/ptpt 1 [T . .
— e7dp=—/ exp {—x &:ela/Q—i-selet} do 2% 1.
27 Jo, P 2 ),

For C3, we have

1

d 1 [7° . ds
o exp [—x+/p + pt] &L _ —/ exp [—m\/—s + st] —
i Jo, D y s

271 ), _gp

1 Ry . ds
= —— exp [—w sfst] —.
2mi J, s
The point here is that C3 is just above the cut, so that \/p = i\/—p. When the
integral is along C instead, we are just below the cut and so \/p = —iy/—p. We
therefore obtain
1

dp 1 R t i s dS
— _ t] = == — —s |: ixy/s _ 71x\/§:| hd
21 Joyucs P lmavp p ori ). ©L° ¢ s

R—~ 00
l/ e sin (zv/s) % EimicN l/ e *"sin (z/s) %
€ 0

T e—=0 T
When we put all the foregoing results into Equation (?7?), we find
1 [ d
fe)y=1- —/ e *'sin (zv/s) il
O S
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