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ABSTRACT. We address the effect of extreme geometry on a non-convex variational problem,
motivated by studies on magnetic domain walls trapped by thin necks. The recent analytical
results of [15] revealed a variety of magnetic structures in three-dimensional ferromagnets de-
pending on the size of the constriction. The main purpose of this paper is to study geometrically
constrained walls in two dimensions. The analysis turns out to be significantly more challenging
and requires the use of different techniques. In particular, the purely variational point of view
of [15] cannot be adopted in the present setting and is here replaced by a PDE approach.

Existence of local minimizers representing geometrically constrained walls is proven under
suitable symmetry assumptions on the domains and an asymptotic characterization of the wall
profile is given. The limiting behavior, which depends critically on the scaling of length and
height of the neck, turns out to be more complex than in the higher-dimensional case and a
richer variety of regimes is shown to exist.

1. INTRODUCTION

The interest towards geometrically constrained walls is motivated by studies of magnetore-
sistance properties of thin films and multilayers with magnetic point contacts or pinholes (see
[2, 9, 13, 14, 16, 21]) and related applications in magnetic storage devices.

It was first noted by Bruno [2] that for a dumbbel-shaped uniaxial ferromagnet with a very
small constriction (see Figure 1), the thin neck will be the preferred location for a domain wall-

€

F1GURE 1. A dumbbell shaped domain with a small neck.

a transition layer between two regions of (almost) constant magnetization. More precisely, he
considers a thin ferromagnetic film with cross section along the xy-plane given by a domain as in
Figure 1. The ferromagnet is uniaxial with preferred directions m = (0,+1,0) and, for the sake
of simplification, the magnetization m is allowed to vary only in the yz-plane (this assumption
corresponds to the case of a film with perpendicular anisotropy); i.e.

m = (0, cosu, sinu),

with u representing the angle between m and the y-axis. Assuming in addition that the magne-
tostatic interaction can be ignored (these modeling hypotheses are customary in the analysis of
1
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Bloch walls), stable magnetic structures will be described by the local minimizers of a non-convex
energy of the form

F.(u) := %/ |Vu|2dxdy+/ W (u) dzedy , (1.1)

Q. Qe

where Q. C R? is the region in Figure 1 and W is a double-well potential. Here, ¢ is a small scale
parameter related to the size of the neck, as it will be specified later. Bruno’s essential observation
is that when the size of the constriction is sufficiently small, the impact of the geometry of the
neck on the structure of the wall profile becomes dominant and produces a limiting behavior
that is independent of the material parameters (whence the name of geometrically constrained
walls). However, his analysis is largely formal and based on the ansatz that the wall profile is one-
dimensional; i.e., u = u(z) so that (1.1) reduces to a 1D variational problem. This last assumption
is really restrictive and subsequent formal analysis and simulations [16] confirmed the existence of
two and three-dimensional profiles for geometrically constrained walls in thin films and thin wires,
respectively.

A rigorous mathematical study of geometrically constrained walls has been eventually under-
taken in [15], but only in the three-dimensional case, that is, assuming that . is a rotationally
symmetric domain obtained by rotating a two-dimensional region as in Figure 1 about the x-axis.
In that paper, the authors construct a suitable family {u.} of non-constant local minimizers of the
reduced micromagnetic energy (1.1) and then investigate their asymptotic behavior using varia-
tional methods. The analysis in [15] reveals a variety of magnetic structures depending on the size
of the constriction and shows, in particular, that Bruno’s 1D ansatz is correct only in one specific
regime.

The main goal of this work is to analytically investigate the original two-dimensional problem
considered by Bruno. We confirm some conjectures about wall profiles stated in [15] but we
also show that planar geometrically constrained walls have a more complex behavior than three
dimensional ones, and display a richer variety of regimes. Moreover, the mathematical analysis
turns out to be more challenging and requires the use of different techniques.

Before describing our result in more detail, we mention that there exists an extensive math-
ematical literature devoted to the study of nonlinear partial differential equations with different
types of boundary conditions in singularly perturbed domains (see for instance [8, 10, 11, 12, 4, 19]).
We refer to the introduction of [15] for a brief description of some of these papers. Here, we mention
the work by Jimbo, which is closer in spirit to the analysis performed in our paper: In the series
of articles [10, 11, 12], using PDE methods, he studies the asymptotic bahavior of the solutions to
certain semilinear elliptic equations in dumbbell-shaped domains, in the case of a neck having fixed
length and shrinking in radial (or vertical) direction. However, the situation we consider here (a
neck shrinking in both directions) is significantly more complicated and requires a more intricate
analysis. In some sense, the case considered by Jimbo is similar in our notation to the regime of a
subcritical thin neck (see below), where the limiting behavior is one-dimensional.

We now describe our results in more detail, referring to the next sections for the precise
statements. We assume that the varying domains ). are symmetric with respect to the y-axis and
are given by the disjoint union of two bulk domains (whose shape is fixed) with a small neck N,
shrinking both in the horizontal and the vertical direction as e — 0%. More precisely,

N, = {(ex,dy) : (z,y) € N}, (1.2)
where N is the unscaled neck given by
N =A{(z,y): € (=1,1), —falz) <y < fi(2)},

for some positive even functions fi and fs. (The regularity assumptions on fi, f2 and on the bulk
domains are not relevant for the present discussion and will be specified in the next sections of the
paper.) We also assume, without loss of generality, the normalization condition f1(1) = fa(1) = 3,
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so that the opening of the unscaled neck is 1. Finally, we take W (u) to be an even double-well
potential with wells located at —1 and 1, a model example being W (u) = (u? — 1)2.
We address the two following main issues:

(i) existence of non-constant local minimizers representing geometrically constrained walls;
(ii) description of their asymptotic profile, depending on the geometry of the neck.

The proof of the existence is based on the observation that if {u.} is any family of non-constant
critical points such that u. approaches 1 on the right-hand bulk part of 2. and —1 on the left-hand
bulk part of . as € — 07T, then u,. is in fact a local minimizer for € sufficiently small. Indeed, by
a careful estimate of the Poincaré constants in the singularly perturbed domains €2, (Lemma 2.2),
we can show that the second variation of the energy becomes positive definite for € small enough
(Proposition 2.3). The construction of the family {u.} of critical points with the desired properties
is done through a minimization procedure and uses the symmetry of 2. (Proposition 2.1 and the
definition in formula (2.7)). We finally remark that the non-convexity of ). is necessary to the
existence of stable non-constant solutions, due to the result proved in [3].

Concerning the second issue, the main feature of geometrically constrained walls is their strong
dependence on the geometry of the neck. There are two major length scales describing the neck: 4,
corresponding to the height of the neck, and €, corresponding to its length (see (1.2)). Throughout
the paper, we regard J as an e-dependent parameter; i.e., § = d(¢). Depending on how d scales with
respect to € as ¢ — 01, we can identify several regimes that correspond to different asymptotic
behaviors of the wall profiles:

(1) the thin neck regime, corresponding to §/e — 0; this further subdivides into three sub-
regimes:
(a) the subcritical thin neck regime, corresponding to d|Ind|/e — 0;
(b) the critical thin neck regime, corresponding to d|lnd|/e — ¢, with £ € (0, +00);
(c) the supercritical thin neck regime, corresponding to 6|1Ind|/e — oo;
(2) the normal neck regime, corresponding to §/e — ¢, with £ € (0, 400);
(3) the thick neck regime, corresponding to §/e — oo.

We point out here an important difference to the higher dimensional case considered in [15], where
the asymptotic behavior depends only on the limit of § /e and thus only three regimes (thin, normal,
and thick neck) are observed. Hence, in two-dimensions we have a richer variety of regimes that
we describe below in more detail.

To better explain the difference between our results and those proved in higher dimensions,
we start by recalling the analysis of the normal neck regime ¢/ — £, with ¢ € (0, 4+00), performed
in [15]. In order to characterize the asymptotic profile, the authors show that the constructed
local minimizers {u.}, suitably rescaled, converge to a minimizer of an appropriate asymptotic
variational problem. More precisely, setting v.(z,y,2) := uc(ex,ey,ez), they show that {v.}
converge to the unique minimizer v of the Dirichlet energy over the unbounded limiting domain
Qoo = liméQ67 under the “boundary” conditions v ~ 1 at +oo and v ~ —1 at —oo (these
conditions are suitably incorporated in the definition of the functional space, over which the energy
is minimized). In particular, the wall profile turns out to be three-dimensional and not confined
inside the neck. The main tool used to get compactness is a scale invariant Poincaré inequality,
which fails to be true in two-dimensions.

The two-dimensional normal neck regime presents some significant differences. The rescaled
profiles u.(cx,ey) converge to 0. In order to get a non-trivial limit we have to rescale also the
dependent variable by a logarithmic factor (this reflects the slow decay of the fundamental solution
to the Laplace’s equation in two-dimensions). Precisely, we set ve(x,y) := | Ine|u.(ex,ey) and we



4 M. MORINI & V. SLASTIKOV

show that {v.} converge (in a suitable sense) to the unique solution v of the problem:

Av =20 in Q,

o,v =0 on 0Qx,
v(z,y) :

S PN | tha > 1,

i@y L @l teowithe (1.3)
v(z,y) :

———— — —1 as|(x,y)| — +oo with z < —1,

In (2. )] ()

v(0,0) =0,

where Q, := lim éQE is the unbounded limiting domain (see Figure 9) and is given by the union of
the unscaled neck with the two half planes {x > 1} and {# < —1}. Here (and in the other regimes)
the potential W enters only in prescribing the conditions at infinity through the location of the
wells, while its specific form does not affect the limiting problem. Note also that the asymptotic
profile is two-dimensional. It is determined only by the geometry of the neck and spreads well into
the bulk regions, as in the case treated in [15] (see Figure 2). However, it is easy to see that the
Dirichlet energy of v is infinite, and thus problem (1.3) is not variational. This explains why the
purely variational methods of [15] do not apply here.

Our approach is rather based on the use of the Maximum Principle and on PDE methods. We
construct lower and upper bounds that asymptotically match at infinity, giving a quite accurate
(almost explicit) description of the local minimizers u.. Such bounds provide us, in particular,
with good L°-estimates for u. on any bounded subdomain and allow us to capture the asymptotic
behavior at infinity. This information is enough to pass to the limit and obtain a well defined
asymptotic problem for geometrically constrained walls. Finally, the uniqueness of the solution to
(1.3) is nontrivial and can be established using some arguments from Potential Theory.

FIGURE 2. The normal (on the left) and thick (on the right) neck regimes. The
shaded region corresponds to the domain wall.

We now describe the other regimes. We show that in the subcritical thin neck regime the wall
profile is essentially one-dimensional and asymptotically confined inside the neck (see Figure 4).
Indeed, the approximate profiles of geometrically constrained walls in this case are given by

-1 to the left of the neck
ue(z,y) = qv(2) inside the neck

1 to the right of the neck
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where v solves the one-dimensional problem

min{;/ll(f1+f2)(v’)2dx: o(=1) = —1, v(1) = }

The boundary conditions v(£1) = +1 clearly indicate that (asymptotically) the whole transition
takes place in N.. This is the only regime where Bruno’s one-dimensional ansatz [2] turns out to
be justified.

As for a thick neck regime, we prove that the profile is almost constant inside the neck and the
transition happens exclusively in the bulk regions (see Figure 2). Since the geometry of the neck
does not play any role, we assume for simplicity that f; = fo = % The (approximate) profiles of
the geometrically constrained walls turn out to be given by

g V(75 4)  to the left of the neck
Ue(x,y) = 0 inside the neck
|li6|v(mg€’ %) to the right of the neck,

where v is the unique solution to

Av=20 in Qo,

O,v =0 on 0Qx,

v(z,y) :

— 1 as |(x,y)| — 400 with = > 0,
In|(z, )] )

v(z,y) :
——— — —1 as|(x,y)| — +oo with z < 0,
In|(z. ) ()

v(0,0) =0,

defined on the limiting domain Qo := lim Q. = R?\ {(0,y) : |y| > 3} (see Figure 18). Note
that the geometry of neck and the potential W do not appear in the limiting problem. As before,
the proof is based on the construction of lower and upper bounds and on the use of tools from
Potential Theory.

Although the methods, the rescaling, and the limiting problems are different, all the results
considered so far are somewhat similar in spirit to those obtained in [15] for the corresponding
three-dimensional regimes. There are however no analogs of the critical and supercritical thin neck
regimes in 3D and they really capture the essence of the two-dimensional problem. Let us explain
this in more detail.

In the critical thin neck regime (@ — ¢) a nontrivial behavior is observed both inside and
outside of the neck. This is related to the fact that the energy contribution due to the transition
occurring inside the neck is of the same order as the one coming from the bulk regions. This
suggests that the interplay between these two contributions is more subtle than in the previous
cases (or in 3D). The (approximate) wall profiles in the bulk region to the right of the neck; i.e.,
for z > € are given by

1 rT—e Yy m™m
+ f1f2
N — —_— )t 1.4
ue(,9) |1n5|w< 1) ’5) Wmflf2+2€’ (14)
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where w7 is the unique solution to the problem

Awt =0 in QF,
dywt =0 on 9N,
wt(z,y) 20

— as |(x,y)| — 400 with z > 0,
Inf(z,y)| 7wm, , +2¢ @)l (1.5)
wh(z,y) 20m . .

— uniformly in y as x — —oo,

x Tm, . + 20
172

w(0,0) =0,

with QF :=1im 2(Q. — (£,0)) = {(z,y) : 2 <0, -3 <y < 3} U{(z,y) : © >0} (see figure 3) and

L |
m, , = dr .
f1f2 ‘/_1 fl _|_f2

Q'

FIGURE 3. The limiting domain Q.

The profiles for z < —¢ are related to the above approximate profiles by an odd reflection with
respect to the z-variable.

Note that in (1.5) the geometry is “linearized” and the shape of the neck “weakly” affects
the limiting bulk behavior only through the constant m, . appearing in the conditions at infinity.
However, if we denote by wZ the solution to (1.5), then the family {w}}bo is universal; i.e., it is
independent of the geometry of the neck, the bulk regions, and the specific form of W.

We can actually capture a stronger dependence on the geometry, by zooming at the neck as
we did in the subcritical regime. By doing this, we discover that the approximate profiles in V.

are given by
x
ue(xvy) ~ ’U(g)a
where v solves one-dimensional problem

N R ey T LS L P
min § 5 IRERE T = Tm, + 20 _Wmf1f2+2€ )

Hence, the shape of v is strongly affected by f1 and fo. Note that the wall profile v inside the neck
does not reach —1 and 1 at the ends (as —1 < 6(—1) < 6(1) < 1). This is related to the fact
that part of the transition occurs also in the bulk regions, as described by (1.4) and (1.5). From
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the mathematical point of view, the analysis of the critical regime is the most challenging. It is
still based on the construction of refined lower and upper bounds, but here there is an additional
technical problem: due to the non-trivial interplay between neck and bulk regions, one has to
carefully link the bounds obtained inside to those constructed outside of the neck. The difficulty
is overcome by estimating the oscillation of the local minimizers in N, through a delicate Harnack
inequality argument (see Propositions 4.8 and 4.20).

There is an interesting observation about problem (1.5): the two conditions at +oo are not
independent. It turns out that the logarithmic behavior of w+|{x>0} and the particular form of
Qf N {z < 0}, together with at most linear growth at —oco, uniquely determine the asymptotic
behavior of w|(;<oy. More precisely, if w is harmonic in QF with homogeneous Neumann bound-
ary conditions, wlgy~0y(2,y) = mIn|(x,y)| for |[(z,y)| large and w|;,<o} grows at most linearly,
then wly, <oy =~ cz for |z| large, with ¢ = c(m) uniquely (and explicitly) determined by m (see
Proposition 4.14). This observation will be crucial in order to capture the behavior at —oo of the
function w™ appearing in (1.4).

+1 >—< -1 +1 1

FIGURE 4. The subcritical (on the left) and critical (on the right) thin neck regimes.

The supercritical thin neck regime can be derived as a limit of the critical regime when £ — +4o00:
We show that u. =~ 0 inside the neck, while in the bulk region w. is approximately given by (1.4)
and (1.5), with ¢ formally replaced by +o0.

We finally mention that for all regimes we are also able to compute the exact limits of the
rescaled energies |1nd|F.(ue, Ne) and |In d|F:(ue, Qe \ Ne), that is, both inside and outside of the
neck (see the precise statements of the theorems in the next sections).

We conclude this introduction by remarking that we do not attempt to classify or charac-
terize all geometrically constrained walls. We prove the existence of a family of symmetric local
minimizers corresponding to geometrically constrained walls and study their limiting behavior. It
is natural to ask whether or not there are other non-constant local minimizers besides the ones
constructed in Proposition 2.1. Moreover, such a construction makes crucial use of the symmetry
of the domain. The extension of the present analysis to more general non-symmetric domains will
be the subject of future investigation.

The paper is organized as follows. In Section 2 we formulate the problem and construct the
family of geometrically constrained walls that will be studied throughout the paper. The remaining
sections are devoted to the study of their asymptotic behavior in the various regimes. In Section 3
we consider the case of a normal neck. In Section 4 we treat the thin neck regime: for the sake of
presentation we start by considering in Subsection 4.1 the case of a flat neck, since the proofs are
more transparent and yet contain most of the essential ideas. The extension to general non-flat
necks is achieved in Subsection 4.2. Here, the constructions become more intricate and, in fact, it
seems very hard to provide matching lower and upper bounds in the neck. Nevertheless, we are
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able to describe the limiting behavior at infinity thanks to Proposition 4.14, whose proof makes
use of the more precise bounds constructed in the flat case. In Section 5 we obtain the asymptotic
behavior in the thick neck regime. Finally, in the Appendix we collect some auxiliary results used
throughout the paper.

2. CONSTRUCTION OF THE GEOMETRICALLY CONSTRAINED WALLS

In this section we give the precise formulation of the problem and we construct the family of
critical points representing the geometrically constrained walls, which will be investigated through-
out the paper. We also show that under some additional regularity assumptions on the domain
such critical points are local minimizers.

We start by describing the limiting domain. The right part of the limiting domain, denoted
Q") is a Lipschitz domain satisfying the following properties (see Figure 5):

(O1): the origin (0,0) belongs to 9Q";
(02): Q" lies in the right half-plane z > 0;
(03): 99" N B,,(0,0) is of class CY for some v € (0,1) and for some 79 > 0.

The left part, denoted by Q!, is obtained by reflecting Q" with respect to the y-axis, i.e.,
Q= RO = {(—a,y) : (2,y) € O}
The limiting set is then given by

Q,

F1GURE 5. The limiting set .

Q=0 uQr.
The profile of the neck after rescaling is described by two Lipschitz even functions fi, fo : [-1,1] —
(0, +00) and by the two small parameters € > 0 and 6 = §(¢) > 0, which determine the scaling
the length and height of the neck, respectively. Throughout the paper, § will always be considered
as depending on €, even though, for notational convenience, we will often omit to explicitly write
such a dependence. We also assume, without loss of generality, that the normalization condition

1
A1) =f0) =5
holds, so that the opening of the unscaled neck equals 1. To describe the e-domain we distinguish
the two cases lim._,g+ §/e < +00 and lim,_,o+ /e = +00. In the former case, which includes the

normal and thin neck regimes, we set
Q.= uN.UQ, (2.1)
where

Q =Q" 4 (e—cs't,0), Ql:=RQ (2.2)

€

Here and in the following R denotes the reflection with respect to the y-axis.
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and

(see Figure 6).

FIGURE 6. The dumbbell-shaped set €2, in the case lim._,g /e < +o0.

The exponent v in (2.2) is the one appearing in condition (O3) and the constant ¢ > 0 is big
enough so that the neck V. is “well attached” to the bulk part of the domain; more precisely, c is
chosen in such a way that the segment {(x,y) : x =¢,—0f2(1) <y < Jf1(1)} lies in QL. Note that
this is possible for § small enough thanks to assumption (O3). We may also assume without loss
of generality that the neck meets only the C* part of 90" U9 (this is a smallness condition on
). Observe that if the boundary of Q" is flat (and vertical) in a neighborhood of the origin, then
there is no need of the correction (¢§'*7,0) and we may simply take Q7 := Q" + (¢,0).

In the case of a thick neck, i.e. when lim,_ ¢+ §/e = +00, we always assume the boundary of
)" to be flat (and vertical) in a neighborhood of the origin and we take in (2.1) Q := Q" + (¢, 0),
Ql RQT Moreover, as explained in the introduction, we also assume N, to be flat; i.e., we take
f1 fo=s3 (see Figure 7). Finally, note that in all cases €. is a Lipschitz domain.

It will often be enough to work separately on the right half of €),; i.e., on

QF ==Q.n{x >0} and NI :=N.n{z>0}.
The corresponding result for
Q. =R =Q.Nn{x <0} and N. :=RNI=N.n{z<0}
will be then deduced by symmetry. We also set
< ={(0,y) : =0f2(0) <y <6£1(0)} = 9L N{z =0}.

We view geometrically constrained walls as suitable critical points in 2. of the energy func-
tional

F(u,$) /\Vu|2dxdy+/ W (u) dzedy ,

defined for all u € H'(Q), where € is an open subset of R2. Throughout the paper W : R — [0, +00)
is a double-well potential with the following properties:

(W1) W is of class C! and even; i.e. W(u) = W(—u);

(W2) w ( ) ={-1L1}

(W3) W’ >0in (—1,0) and W/ < 01in (0,1);

(W4) W is twice dlfferentlable at —1 and 1, with W”(-1) = W"(1) > 0.
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Q+
€
FIGURE 7. The domain Q7 in the case lim._d/e < +o00.

A model case is of course represented by W(u) = (u? — 1)2. Note that (W1), (W2), and (W4)
imply the existence of a constant p > 0 such that

W' (u) > p(u—1) and W(u) > p(u—1)2 for u € (0,1),

W(u) < p(u+1) and W(w) > plut+1)2  forue (=1,0). (2:3)

The critical points representing the geometrically constrained walls are constructed through the
following minimization procedure.

Proposition 2.1. For e > 0 sufficiently small let w. be a minimizer of the following problem

min{F(v,Q}) :v e H(QF),v =0 on Ty }.

Then
either 0<w. <1 or —-1<w.<0 mQj (2.4)
In all cases
[lwel = 1l 2@ty — O ase— 0t (2.5)
Moreover,
Fw., Q) — 0 ase — 0%,

Proof. First note that if w, is a minimizer then so is |w.|. Using assumption (W2) on W and a
truncation argument, it is readily seen that 0 < |w.| < 1. Hence, |w,| solves the Euler-Lagrange
equation Alw.| = W’(Jw.|) in QF and, by standard interior elliptic regularity, |w.| € C2%(QF)
for all « € (0,1). Moreover, Alw.| < 0 in QF thanks to (W3) and a standard application of the
Strong Maximum Principle yields |w.| > 0 in QF. Since w. is a Sobolev function, the alternative
(2.4) holds.

As
F(lwd 0) = [ Wwdl)dody > g [ (] = 1)? dady
of of

by (2.3), in order to obtain (2.5) it is enough to show that F(|w.|,QF) — 0 as ¢ — 0T. To
this purpose, we exhibit an admissible family of test functions {z.}. for which F(z.,Q) — 0 as
e — 0%, Set M := max{||fil/cos || f2]|cc} and consider the domain U} := N. U {z > ¢/2}, where
Ne:={(z,y) : 0 <z <g/2,|y| < Md}. Clearly QF C US. Fix a € (0,1) and define
0 if (z,9) € N. U Bas(2/2,0),
ze(x,y) = |1n(M1§1*°‘)\ In I(w?@/{?’y)‘ if (z,y) € (Bga(%,()) \ BM(s(%,O)> nut,

1 otherwise in UZ".
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As £2(N U (Byo (2/2,0) 0 {z > £/2}) ) = 6eM + 56 and

1 9 T
5 P drdy = S——rg o
Q/UE Vel dwdy = g s

we have

(M + 50%) max W + F(z,UF) > F(z.,00). (2.6)

T >
2| In(Mél—2)| —
Since the right-hand side of the above inequality tends to zero, the proof of the proposition is
concluded. g

We are ready to define the critical points representing the geometrically constrained walls.
For every € > 0 sufficiently small we set

(%w:{%ww if (2,9) € 9F,

—we(—x,y) if (z,y) € O, (2.7)

where {w.} is the family of minimizers constructed in Proposition 2.1, which satisfies the first
inequality in (2.4). Hence,

ue >0 inQF, ue <0 in Q_, (2.8)

€
and u. is a weak solution to the Neumann problem
{Aug =W'(us) in Q,

2.9
dyus =0 on 0f).. (2:9)

Moreover,
lue = U2y =0, llue + 1|2y = 0, and  F(ue, Q) — 0 ase — 0T, (2.10)
We will show that if Q" is sufficiently regular, then the critical points defined in (2.7) are in fact

local minimizers for € small enough. To this aim, we need a preliminary lemma dealing with a
precise estimate of the Poincaré constant in suitable subdomains of Q7.

Lemma 2.2. Given n € (0,r9) (ro being the constant appearing in hypothesis (03)), let Q;n =
QF N B,(g,0). Then, there exists C' > 0 independent of 1 such that for n € (0,r¢) we have

/ V| dedy > —/ l|? dady for all p € H* Q) /+ pdxdy =0, (2.11)

e,n €n

provided that € is small enough.

Proof. We give the proof assuming for simplicity that 90" is straight (and vertical) in B, (0,0).
In fact there is no loss of generality, since one may reduce to this case by applying a local diffeo-
morphism. Assume also

lim 0 < 4o00. (2.12)
e—0¢
We start by recalling the well-known Poincaré Inequality on half balls:
/ |Ve|? dedy > % ©* dady (2.13)
Q"NB,(0,0) n* Jarns,(0,0)

for all ¢ € H' (2" N B,(0,0)) such [, 5 (0.0) # dzdy = 0, with C' > 0 a universal constant.
n Y,

We split the remaining part of the proof into three steps.
Step 1. Set R := (0,¢e) x (—4,0). We claim that

1
/ \Ve|? dedy > 6—2/ lo|? drdy for all p € H'(R.) s.t. ¢ =0 on {x = ¢}. (2.14)
R. R.

Indeed, if ¢ is of class C!, then for all (x y) € R we may write p(z,y) f (s,y)ds and, in
turn, by Hélder Inequality we get o2 (x,y) < € fo V(s y)|? ds. Integratmg the last inequality with
respect to x and y, (2.14) follows for ¢ of class C*. The general case is obtained by approximation.
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Step 2. We claim the existence of a constant C; > 0 independent of £ such that
/ V| dedy > %/ lo|? dxdy for all p € H'(NI) s.t. ¢ =0 on {x = ¢}. (2.15)
NF NS

Indeed, let @, : R. — N be the bi-Lipschitz diffeomorphism defined as
(@,y) = (2, [f1(2) + fo(D)]y + 0£1(2)) -
Using (2.12), one may check that
0<ci <detD®, < cy and |DP.| < ¢q, (2.16)

with ¢; and ¢y independent of e. Fix ¢ € H'(NZX) such that ¢ = 0 on {z = ¢}. Since po ®, €
H(R.), by the previous step and a change of variable we have

D®.DOT
- Wo@s 1V@-V(pdxdy:/ ‘V(QOO(I)E)FdJCdy
p— [e] e X — - 5 . .
— et 590 VT e N+ det D@, ° ® Y

Recalling (2.16), the claim follows.
Step 3. Note that Qf := QF, — (¢,0) = (2" N B,(0,0)) U(NL — (,0)). Set

e i= min{/ \Ve|? dedy el 2@+ =1 and / pdxdy = O} . (2.17)
af : at
Clearly, in order to conclude the proof of the lemma it is enough to show that
C
. S O ’
hran_}(r)lf Ae > el (2.18)

where C is the constant appearing in (2.13). To this aim fix any subsequence €, — 07 and assume,
without loss of generality, that lim, A., < +oo. Let {¢,} be the corresponding minimizers in
(2.17). Since sup,, H‘F’"”%ﬂ(mn&,(o,o)) < sup,, Ae, +1 < +00, there exist ¢ and a subsequence (not
relabelled) such that

on — ¢ weakly in H'(Q" N B,(0,0)). (2.19)
We claim that

pdrdy =0 and / ©? dedy = 1. (2.20)
QTN B, (0,0) QrNB,(0,0)

To this aim, extend ¢, |arnp, 0,0y to a function ¢, € H'(R?) in such a way that
||95n||H1(R2) < Cl”@ﬂ”]{l(ﬁjﬂ) ) (2.21)
with C” independent of n. Note that this is possible due to the regularity of 9Q". Fix p > 2. Then,

2
~ ~ P -2 _2
/+ @2 dady < (/ cpgdxdy) INEIT7 < epllenllipge VS IT7 =0, (222)
N, (5n70) N{ _(57“0) en

en n

where we used the imbedding of H'(R?) into L?(R?) and (2.21). Moreover,

1 - N
/ |Vg0n|2 dxdy > 7/ |V (on — <pn)|2 dxdy — / |V<,0n|2 dxdy (2.23)
Nt —(e,,0) 2 N —(en,0) N —(en,0)
Ch
>

= 5 \g@n—@n|2dxdy—027
€n N;rn—(en,o)

where in the last inequality we have used (2.15) and the fact that sup,, ||g5n||§{1(R2) < 0y < 400
by (2.21). Since the left-hand side of (2.23) is bounded, recalling (2.22), we deduce

1
/ @idxdy—>0 and pn dzdy < (/ @idxdy)2|N;;|% —0.
NZ, —(en,0) N, —(en,0) N, —(en.0)
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Thus, claim (2.20) follows observing that fmmB,,(o o) P dady = —fN: (en.0) P dady,

meBn(O 0) 2 dedy =1— [+ (en0) ¢2 dxdy, and recalling (2.19).
By lower semicontinuity we then have

C
lim A, > liminf / \Von|* dedy > / IVol? dedy > —
n—00 n—oo JarnB,(0,0) QrnB,(0,0) n

where the last inequality is a consequence of (2.13) and (2.20). This concludes the proof of (2.18)
and, in turn, of the lemma under assumption (2.12). If (2.12) does not hold; i.e., if we are in thick
neck regime, then the proof is similar and in fact easier since in this case the neck is assumed to
be flat. We leave the details to the reader. 0

We are in a position to show that under additional regularity assumptions on W and 992" the
critical points {u.} are in fact local minimizers.

Proposition 2.3. In addition to the standing hypotheses, assume that the potential W is of class
C? and OQ" is of class C*7. Then, the critical points defined in (2.7) are isolated local minimizers
in the following sense: there exists 3 > 0 independent of € such that

F(ue, Q) < F(v,Qc) for allv € HY(Q.) s.t. 0 < |juc — V|| pee (o) < B,
provided that € is small enough.

Proof. Given u € H*(Q.), Q C Q., and ¢ € H*(2), we may consider the second variation of the
functional F'(-,Q) at u with respect to the direction ¢, defined as

d2
PP, Dl = g Flut 19, Do = [ [Vl dedn + [ W) dody.
Q Q
Step 1. We claim the existence of By > 0, independent of ¢, such that
O°F(uz, QN)e] > BollolFaiqry  forall o € H'(QT), with ¢ #0, (2.24)

provided that ¢ is small enough. To this aim, fix n € (0,7¢) and for all 7 € (0,7/2] set A.(7) :=
QFf n{|(z —&,y)| > 7|}. Then, by (2.9), (2.10), and standard regularity estimates (here we are
using the C17 regularity of 9Q") we get, in particular,
lue = 1[Loe(a. ) — 0.
By condition (W4) on the potential W, we then have
W//(l)
2

W (uz) > >0  in A(7), (2.25)

provided that ¢ is sufficiently small.

FIGURE 8. The sets QF_ and A.(7).

g, T
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Set
9 ::][ pdzdy,
+

&,m

where Qg‘m is the set defined in Lemma 2.2. Using the Poincaré inequality (2.11), for € sufficiently
small and for a > 0 (to be chosen later) we have

C _
O F(uz, 0 )el > & / o — 7P dedy + / W () dedy
" Jat, a,

c _ _
- 7/ |w—¢|2dwdy+/ W (ue)|e — @ dady
- Jaot, at,

v2p [ W - )+ [ W) dady
Qo y

ol

C _
> (G-l lma) [ 1o PP dody

e,m

1
+ 3 </ W' (u.) dedy — 7/ W (ue)| dxdy) . (2.26)
o, ® Joz,
Note that )
QF | <er® and [QF, NA(7)| > % (2.27)

for some constant ¢ > 1 independent of i and 7, provided that ¢ is sufficiently small. Therefore,
choosing 72 := n*W" (1) /(43 |W" | (0,1)), also by (2.25), we have

/ W (u.) dedy = / W" (ue) dedy + / W' (u.) dzdy
i, Qe nNAL(T) aof -
w(1 w(1
Z ( )772 —C|W”‘Loc(0’1)7'2 — ( )n2
2c 4c

Hence, recalling (2.26) and the first inequality in (2.27) (with 7 replaced by 1), we conclude that
C _
O Flus O, )il 2 (G~ L+ W amon) [ 1o~ PP dudy

I)[r/l 1 c .
+,,72 ( 4( ) o |VV//L00(071)> g02
C (%

. C " 172 WI/(]‘) C 11 2
> min {772 — (1 + )WL (0,1 m e E\W | (0,1) ||SD||L2(Q;W) . (2.28)

It is now clear that we can choose « so large and 7 so small that the constant multiplying ||g0||i2 @)
€,m
in the above inequality is positive. Finally, note that by (2.25)
2 " 2 W”(l) 2
O°F(ue, Ac(n))[¢] > " )W (ue)p” drdy > TH‘PHB(AE(n)y (2.29)
«n
Collecting (2.28) and (2.29), we obtain (2.24).
Step 2. By (2.24) and the analogous inequality in Q_, we have
*F(ue, Q)] > Bollell iz,  forall o € H'(€), with ¢ # 0. (2.30)
Since W is of class C2, we may find 3 € (0,1) so that
[W"(t+s) —W"(t)| < % for all t € [-1,1] and s € [, 3]. (2.31)

Fix v € H'(€.) such that 0 < [|ue — v|[p(q.) < 6 and set f(t) :== F(ue + t(v — uc),€). Then,
for t € (0,1) we have

f’/(t) = 82F(u5 + (v —ue), Q) [v — u]
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> 62F(u67 Qa)[v - ua] - /S |W//(u5 +t(v — us)) - WN(“E)'(U - U8)2 dxdy

Bo

0
> follue — vl172q.) — 3”% — 0|22 = jHUs — 0l 20,y

where in the last inequality we have used (2.30) and (2.31). Hence, also by the fact that f/(0) =0
due to the criticality of u., we deduce

Fm99=ﬂwzﬂm+é(b%ﬁ%ﬂﬁ

Bo Bo

1
> P, )+ e = vl [ (0= 1)dt = Pluc, ) + Pluc = vl

which concludes the proof of the proposition. O

3. THE NORMAL NECK

We start with the case where the length and the width of the neck scale with the same order.
We call this a normal neck.
Throughout the section we assume that 6 = () satisfies

limézﬁ 0</?l< +o00. (3.1)

Before stating the main result we need to introduce the domain 2,,, where the asymptotic
(rescaled) wall profile will be defined. Roughly speaking it is given by the limit of the rescaled sets
%QE and consists of the union of two half planes (the limits of the rescaled bulk domains) and the
rescaled neck. More precisely,

Qoo = _UNLUQ,

where QL := {(x,y) : © < =1}, Q% == {(z,y) : > 1}, and Ny = {(z,y) : |2| < 1, —Lfa(z) <
y < Lfi(x)} (see Figure 9 below).

QI N’ Qr
N oo
N..

FIGURE 9. The limiting set Q.

We are ready to state the main theorem of this section.

Theorem 3.1. Assume that (3.1) holds. Let {u.} be the family of minimizing geometrically
constrained walls defined in (2.7) and {v.} the corresponding rescaled profiles defined by

ve(2,y) := [Inefuc(ex, ey)
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for (z,y) € 1Q.. Then, for every p > 1 we have v. — v in I/Vlicp(Qoo) as € — 0T, where v is the
unique solution to the following problem:

Av=0 m Qooy

O,v =0 on 0N e,

’U(fE,y) )

i St R VAN | thx >1

Wl 0 % @wlm e withe =1, (3.2
’U(Z‘,y) )

— 2 — —1 as|(x,y)| — +oo with x < 1,

In|(z,y)| ()

0(0,0)= 0.

1e(R%R?) as e — 0F. Finally,
lim |lne|F(ue, Q) =7. (3.3)
e—0t

T2
Moreover, V’UEXéQE — Vuxa,, n L

Remark 3.2. Note that the local convergence of {v.} to v stated in the theorem is well defined.
Indeed, since R?\ 1Q. — R?\ Q in the Hausdorff metric, it follows that for every Q' CC Qo we
have ' CC %QE for € sufficiently small.

Remark 3.3. The theorem states that the rescaled profiles of the minimizing geometrically con-
strained walls and the energy display a universal behavior, which depends only on the shape of the
rescaled neck. In particular, it is independent of QF, Q. and the particular shape of the double-well
potential W.

Proof of Theorem 3.1. By symmetry it is enough to investigate the asymptotic behavior of v€|9;.
The study is based on the construction of suitable subsolutions and supersolutions.
To this aim, it is convenient to introduce a conformal map, which straightens the boundary of
Q1" near the origin. More precisely, we may find n € (0,r¢) (see (03)) and ® = (1, ®2): B,(0,0) —
R? of class C!*7 with the following properties:
(a) ®(0,0) = (0,0), DP®(0,0) = Id;
(b) @ is conformal in B, (0,0) N Q";
(¢) ® maps 02" N B,(0,0) into a vertical segment contained in the y-axis;
(d) det D® > L in B,(0,0).
The existence of such maps is guaranteed by the regularity assumption (O3) and by a theorem
due to Pommerenke (see [17]). We also consider the translated map ®. = (®.,1, P.2) defined as
O.(,+) :=P(- — e +cd17,). For all 0 < py < p1 (with p; sufficiently small) we may consider the
sets
A(po, p1) == {(z,y) € By(0,0) : po < |®| < p1, P71 >0} C Q"
As(/’Ov pl) = (5 - 061+77 O) + A(pOa pl)
={(z,y) € By(e — c6™7,0) 1 po < |®c| < p1, Py >0} C QL.
Step 1. (Lower bounds) We start by constructing a family of functions that will provide a lower
bound for u. in a suitable subregion of Q7. An entirely similar construction will provide an
upper bound in the corresponding subregion of Qé To this aim, fix 0 < pg < p; such that
Ac(po,p1) CC Byle — c¢6'7,0) N {x > & — 5T} (see Figure 10). Then, by (2.9), (2.10), and
standard regularity estimates (here we are using the C*7 regularity of 90" N B,(0,0)) we get, in
particular,
Ne = llue = Ulern @gemyy — 0 (3.4)
Set
Le = {[|®:] = po, Pc1 > 0} (3.5)
and choose ¢; > 0 such that
¢1 > max{/,1}. (3.6)
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Ae(pypy)

Q.
€
FIGURE 10. The annulus where the convergence is uniform.

Note that

Ac(cig, po)
€
Let w, : Ac(c18,p9) — [0,400) be defined as

—{z>1}\ B(1,0) locally in the Hausdorff metric.

o Lol
we = (1—775)(1—1 Lo ) (3.7)

Using the conformal character of ®., one can see that w, satisfies:
Aw. =0 in Ac(c1e,po) s
we =0 on {|®.| = 16, .1 > 0},
we=1-mn. onl,,

O,w. =0 on 0A.(c1€, po) N O .

On the other hand, recalling (2.9), the fact that W'(u.) < 0 in A.(c1€, po) by assumption (W3),
and the definition of 7., we deduce

Au. <0 in Ac(c1e,p0) 5
Ue >0 on {|®.| = c1e, &.1 > 0},
e >1—-n. only,
Opue. =0 on 0A.(c1e, po) N ONL .
The weak comparison principle stated in Proposition 6.1 now gives
we < U in Ac(c1e, p0) - (3.8)
Moreover, using the expansion
| D (ex, ey)| = el(z — 1, y)| + o(e) (3.9)
and (3.4), one can easily check that

(=1,

uniformly on the compact subsets of {z > 1} \ B, (1,0). (3.10)
a1

|Ine|lwe(e-,e-) — In

Step 2. (Upper bounds) We will construct a supersolution in the region

N; U A&(pro)
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(see Figure 10). The construction of the comparison function will be performed separately in
C.:= NI UA.(0,c1e) and A.(cie, po)-

Here ¢; and pg are the same constants chosen in the previous step. Set Ci, := NEXU(B,, (1,0)N{z >
1}), see figure 11. Using the definition of the sets A.(0, c1€) and the properties of the map ®., it
is easy to see that
Ce = : :
— = Cs in the Hausdorff metric.
€

The convergence is in fact much stronger as it will be specified later. Let Z be the solution to

Az=0 inCy,

z2=0 on 0Co N{z =0} =: g9,
z=1 on 0B, (1,0)N{z > 1} =: 07,
L,Z2=0 on0Cyx \ (cpUoq).

Since z achieves its maximum on o7, Hopf’s Lemma, combined with a reflection argument to

C.

F1GURE 11. Limiting subdomain C.

remove the corner singularities at (1,¢1) and (1, —c;), implies that 9,2 is strictly positive on o;.
The same reflection argument shows that 0,% is of class C* up to the end-points of o;. Hence,
there exists a > 0 such that

OZ>a>0 ono. (3.11)

Let 0§ and 0§ denote the portions of 9(C,/e) approximating oy and o1, respectively. We may now
consider the solution Z. to the following problem:

~ . C

Az, =—e in =,

2. =0 on o,

Ze=1 on of (8.12)
e 1>

DyZ. =0 on 2%\ (65 Uo?).

€

In order to study the asymptotic behavior of Z. we need to better exploit the convergence of C. /e:
From the definition of N, the assumption (O3), and the properties of the map ®., one can easily
check that there exist bilipschitz transformations W, : C, — C. /e such that W, and U_! converge
to the identity map in the W1 *-norm. Moreover, ¥, can be taken conformal (and in fact equal
to 1®-!(e-, ) in a neighborhood U of oy, with C'*Y-norms bounded by a constant independent
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of e. Hence, the functions Z. := Z. o U, satisfy

div (A:2.) =g in Cu,

2 =0 on oy,

Ze=1 on oy,

(AcVie, vy =0 on 0Cy \ (0o Uoq),
where A. — Id uniformly in Cs, with equibounded C%7-norms in 4 NCy and g. — 0 in CO7(UN
Cs). Standard elliptic estimates now imply that 2. — 2 strongly in H*(Cy,) and in C%° (U NCy)
for every o € (0,7). Note that in order to prove the last statement a (local) reflection argument
in needed as before to remove the corner singularites at the intersection points of o7 with {y = 1}.
This is possible due to the fact that the matrices A, are of the form A.Id for a suitable coefficient
Ae of class C%7 in Y. Recalling that 3. := 3. o U, and taking into account (3.11) we deduce that
for all £ small enough

OyZ2¢ >a>0 ono.. (3.13)

In order to construct the supersolution in A.(cie,r9) we consider first the following auxiliary
problem

Ah. =2ph. in B,,(0,0) \ B.,-(0,0),

he = —1 on 0B,,-(0,0), (3.14)

he =0 on 0B,,(0,0).
A straightforward application of Proposition 6.1 yields —1 < h. < 0. Moreover, the solution is
necessarily radial and can be written in the form

he(@,y) = ro(v/2ul(z,y)]), (3.15)

where 7 solves the corresponding ODE:

() + = () =0 in (erey/ZH, po/2R)
re(ciev/2p) = -1, (3.16)
re(pov2p) = 0.

The general solution to the ODE takes the form r.(t) = alp(t) + bKo(t), where Iy and Ky are the

zero-order modified Bessel functions of first and second kind, respectively (see [1]). After some
elementary calculations, one finds

B To(pov/211) (_ Kolpov2p)
Io(pov/21) Ko(crev/21) — Ko(pov/2p)Io(crev/2p) To(pov/2i) °

We are now ready to define

re(t) =

(t) +K0(t)) . (3.17)

m 7 (fy y) in C;,
|Inel €€
ze(az,y) = m (318)
(1 — |1ng|) hg(fl)g(x,y)) +1 in A5(0157PO) )

where the constant m > 0 will be chosen below. Using (3.15), (3.17), the identities

I)=1) and  K{j(t)=—-Ki(t), (3.19)
together with the fact that
Ko(t)

Iy(0)=1 1 t— 0" 3.20
0( ) ) |lnt| - as t — ) ( )
and

Li(t)=0(t), tKi(t) > 1 ast— 0", (3.21)

one can check that for all M > ¢;

)\1 /\2 .

< |\Vh| < —— A M .22
€|1n5| = |v 6| = €|1n5| mn 5(0163 5)7 (3 )
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with A1, Ay > 0 depending only on M (and independent of ¢). Here, I and K; denote the
first-order modified Bessel functions of first and second kind, respectively.
On the other hand, denoting by v¢, the outer unit normal to C. along eo§, by (3.13) we have

M s (fﬂ) e, (z,y) >

f € eoy .
e e \e e or (z,y) € 01

ma
el lne|
Therefore, we may choose m > 0 so big that

m

- x Yy m c
€| 1Il5| VZE (ga g) VCE (l’,y) > (1 |1n€|> 81/05 (ha o (I)E)(xa y) fOT (5177y) € 801 (323)

for € small enough. By (3.12) and (3.18) we have

Az, = u(ze —1) in C; for € small enough. (3.24)

-—<
el lne|
Moreover, recalling that ®. is conformal, we can write
Az, =det DO, (Ah:) o &, = det DO, 2pu(ze — 1) < p(ze — 1) in A-(c1e, po), (3.25)

where in the last inequality we used the fact that det D®. > % (by assumption (d) on the map @)
and z. — 1 < 0. Thus, we can summarize (3.23), (3.24), and (3.25) as follows:

Az < pu(z. — 1) in the sense of distributions in NI U A.(0, po),

ze =0 on €0, (3.26)
Ze = 1 on FE ) .
Oyze =0 on the remaining part of (N U A-(0, po)) ,

where I'; is defined in (3.5). Recall now that by (2.3) and (2.9), we have
Au. > p(ue — 1) in NI U A0, po),
us =0 on 0, (3.27)
Ue S 1 on FE ) '
Oyze =0 on the remaining part of (NI U A-(0, pp)) -

The weak comparison principle stated in Proposition 6.1 eventually yields

ue <z in NI UA(0,po) . (3.28)

In order to study the pointwise behavior of z., note that by (3.19)s for every ¢ > 1 we have
et t 1
Ky(et) — Ko(e) = 7/ Ky(s)ds = 7/ (Kl(sz)sz); dz.
€ 1

On the other hand, by (3.21)s for every n € (0,1) we have
¢
1
(1—-n)lnt < / (Ki(ez)ez)—dz < (1+n)Int,
1 z

provided that € is small enough. We deduce that for ¢ > 1
Ky(e) — Ko(et) — Int as € — 0.

Hence, using also (3.20) and the expansion (3.9), after a lengthy but straightforward calculation it
can be checked that

-1
|Ine|ze(ex,ey) — m+1n Wci’y)' for (xz,y) € {x > 1} \ B, (1,0) as ¢ — 0. (3.29)
1

Moreover, taking into account (3.22), we may conclude that the above convergence is in fact
uniform on the compact subsets of {x > 1} \ B, (1,0).
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Step 3. (Limit of the energy) By (3.28), we have u, < ﬁ on {|®.| = c1e, .1 > 0}. Hence, also
by (3.4),
A + P |1n6‘ 2
liminf |Ine|F (us, Q) > liminf |Vue|*dzdy
e—0 e—0 Ag(cls,pg)

|Ine]

1
> lim |Ine| min f/ \Vu|2dxdy cu < 72 oon {| ] = a1, D1 > 0},
e—=0 2 JAc(ere,p0)
u>1—n.on{|®|=py, P.1 > 0}}
. )1 2
= lim [Ing| min = \Vu|“dzdy : w= i on {|®.] = c1e, .1 > 0},
e—0 2 AE(CIEaPO) | ne\ ’

u=1—mn. on {<I>E|:p0,<I>E’1>O}} , (3.30)

where the last equality easily follows by a truncation argument. The unique minimizer of the last
minimum problem is given by 2° := w® o @, with

m
L0 = e @)l

20
In o 00

w(z,y) =1 =7+

By computing explicitly its energy, we deduce from (3.4) and (4.65) that

liminf| Ing|F (u., ) = 2liminf | Ing|F(u., Q) > liminf | Ing] |V 2% |2dxdy
e=0 e=0 e=0 Ac(e1e,p0)
2
(1 =7~ rita)
= liminf|Ine| |Vw®[*dzdy = lim |Ing|r o =
=0 {ere<I(@.9)|<po, >0} =0 In 2%

Note that the second equality follows from the conformal character of ®.. For the opposite in-
equality, observe that by (2.6) we obtain

limsup | Ine|F(u., Q) = 2limsup | Ing|F(u., Q) < T )
e—0 e—0 1 —

where « is any number in (0,1). Hence, (3.3) is established.
Step 4. (Asymptotic behavior) By (3.28) and the final part of Step 2, recalling that u. > 0 in QF,
we conclude that {vEXQ;r / .} is locally equibounded in L>® (R?). By symmetry, the same holds for

{vexq. e} Since

[Ine| €

(198

Av, = 2| Ine|W' (=) in &
81/'1)5:0 On?,

where the W’ (v./|Ine|)’s are in turn equibounded in the L*°-norm, we may apply Proposition 6.2
to obtain the existence of a harmonic function v, with v(0,0) = 0 and d,v = 0 on 9, and a
subsequence (not relabelled) such that v. — v in V[/fog7 () for every p > 1 and Vucxq /- —
Vuxa,, in L? . (R%*R?). Moreover, by (3.8), (3.10), (3.28), and (3.29) we obtain

—1 —1
=19 ) < 2= L)
Cc1 1

In

for (z,y) € {x > 1} \ B, (1,0). Hence,

v(z,y)
In|(z,y)|

and by symmetry we conclude that v solves (3.2).

—1 as |(z,y)| — +oo with z > 1,
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Step 5. (Uniqueness) In order to conclude the proof we are left with showing that problem (3.2)
admits a unique solution. To this aim let v; and vy be two solutions. Then w := v; — vy satisfies

Aw =0 in Qu,

d,w=0 on 0,
w(z,y)

——FW— — 0 as|(z,y)| — +o0,
In](z.y)] (@)
w(0,0) = 0.

Let w™ denote the restriction of w to the half-space {z > 1}. Reflecting w™ with respect to
{z =1} we obtain a @ that is harmonic in R?\ {(z,y) : z =1, —£ <y < £} and satisfies

: w(x,y)
1m —_—
|(,y)|—+oo In | (2, y)|

Consider the function z := w o K, where Kj is the Kelvin transform

(2.4) o La+1,y)
T @ Ly

Then z is harmonic in B1(0,0) \ {(0,0)} and satisfies

z(x,y)
1m _—
(z,y)—0 In |(z,y)]

It is well known that under these circumstances (0,0) is a removable singularity. In particular z
is bounded; that is, @ is bounded. Arguing similarly for the restriction of w to {x < —1}, we
conclude that w is bounded in . By the Riemann Mapping Theorem there exists a conformal
mapping ¥ that maps the infinite strip R := (—1,1) x R onto Q. Hence w o ¥ in bounded
and harmonic in R and satisfies a homogeneous Neumann condition on OR. By reflecting w o ¥
infinitely many times, we obtain a bounded entire harmonic function. By Liouville Theorem, we
conclude that w is constant and thus w = 0.

O

4. THE THIN NECK

The section is devoted to the asymptotic analysis of the family {u.} when the height § of the
neck converges to zero faster than the width €; i.e.,

lim & — 0. (4.1)

In fact, unlike the higher dimensional case (see [15]), we need to further distinguish three subregimes
according to the following cases:
0|lné d|Iné d|Iné

1img:0, limgzée(o,—&—oo), and hmg:—i—oo

e—0*+ £ e—0t € e—0t €
We will refer to them as the subcritical, the critical, and the supercritical thin neck regime, respec-
tively.

In addition to the standing assumptions stated in Section 2, throughout the section we assume

that

flv f2 € Cl’l([_la 1])7

and, without loss of generality, that the normalization condition

1

f1(1) = fo(1) = 3
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holds. We now state the main results of this section. We start by considering the subcritical case.
We will show that in the limit the whole transition from —1 to 1 takes place in the neck . This is
done by rescaling the transition profiles u. to the fixed domain

N :={(z,y):|z] <1,—falz) <y < fi(y)}. (4.2)
Theorem 4.1 (Subcritical thin neck). Assume that (4.1) holds and that
lim 120 (4.3)
e—0t €

Let {u.} be the family of minimizing geometrically constrained walls constructed in Proposition 2.1
and {v:} the family of rescaled profiles defined by

ve(x,y) = uc(ex, dy) . (4.4)
Then ve — v in HY(N) and in L>®(N), where v(z,y) := 9(x) with © being the unique solution to
the one-dimensional problem

1
min {;/ (fi+ f2)(0)?dx: 0 € H'(=1,1),0(—1) = —1,6(1) = 1} . (4.5)
-1
Moreover,
5 £ L | !
glg& 5F<u€79€) = Elir(r)lJr SF(UE’Ns) =2 </1 i d:r) . (4.6)

Remark 4.2. Also in this case the rescaled profiles v. display a universal behavior that depends
only on the shape of the neck. The one-dimendional nature of the limiting wall profile is related
to the fact that the height of the varying necks is much smaller than their width. The boundary
conditions satisfied by © show that the complete transition from —1 to 1 asymptotically takes place
in the neck. Equation (4.6) reflects the same fact from the energy view point.

We move now to the critical case. Differently from the previous regime, the transition partly
occurs also outside the neck. In order to describe the limiting behavior of the family {u.} we
need to use three different magnifying glasses: the first one, centered at the origin, will catch
the asymptotic one-dimensional behavior of the profiles inside the neck through the same scaling
considered in Theorem 4.1. The second and the third one act with a dilation of order % about the
points (¢,0) and (—¢,0), respectively, and deliver the limiting behavior of the transition profiles
outside the neck (in the right and in the left bulk regions of the varying domains, respectively). In
order to state the next result, we set

1
1
m = dz . 4.7
sz /4 fi+ fa .7
Theorem 4.3 (Critical thin neck). Assume that (4.1) holds and that
. 0|lnd|
1 Ly . 4.
Jim — € (0, 400) (4.8)

Let {u.} be the family of minimizing geometrically constrained walls constructed in Proposition 2.1.
Then the following statements hold true.
(i) Let {v.} the family of rescaled profiles defined by (4.4). Then ve — v in HY(N) and in
L*°(N), where v(x,y) := 0(x) with ¥ being the unique solution to the one-dimensional
problem

1
min{;/l(f1+f2)(9’)2dx: 0 H (-1,1),
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Moreover,
) 20m*m,
lim |Iné|F(ue, Ne) = ——2— . (4.10)
e—0* (mm,, ,, +20)
(i1) Define
wh(z,y) == |nbluc(6z +e,0y) for (z,y) € QF = M. (4.11)
Then, setting c. := uc (¢, 0),
Tm
Ce —» —12 g5 e 5 0F (4.12)
7Trrn’hfz +20

and the functions wr —c.|Ind| converge in leo’p(Qjo) for every p > 1 to the unique solution

wt of the problem ‘

AwT =0 in QF,
dywt =0 on 0L,
wh(z,y) 20
: ith 0
nf(e,y)| 7, 2 O lowl e withe =0 (4.13)
wh(z,y) 20m , .
— uniformly in y as x — —oo,
x Tm, . + 20
172
wt(0,0) =0,
where
QL ={(z,y): <0, -3 <y<3}U{(z,y): >0}. (4.14)

Moreover, Vw} xg+ — Vw  xqr in L7 (R?*R?).
The asymptotic behavior of w_ (z,y) = |Indluc(0x — &,d0y) = —w (—z,y) follows by
symmetry.
(iii) We have
4>

<7T mf1f2 + 2£)2 .

lir(r)l+ [ Ind|F (ue, Qe \ Ne) = (4.15)
E—

Remark 4.4. Since R2\ QF — R2\ QF in the Hausdorff metric, the local convergence of w} —
¢|Ind| to wt stated in the theorem is well defined (see Remark 3.2).

Remark 4.5. Note that problem (4.9) is the same as (4.5) except for the boundary conditions
6(1) = —6(—1) € (0,1), which show that only a part of the transition occurs inside the neck. As
before, the one-dimensional limiting profile described by (4.9) is determined by the shape of the
neck itself. Note also that in (4.13) the geometry is “linearized” and the shape of the neck “weakly”
affects the limiting bulk behavior only through the constant m, , appearing in the conditions at
infinity. However, if we denote by w; the solution to (4.13), then the family {w; },>0 is universal;
i.e., it is indipendent of Q7, f1, fo, and W. We finally remark that the two conditions at infinity
in (4.13) are not independent, as shown by Proposition 4.14 below.

Finally, in the supercritical case the whole transition takes place in the bulk. We apply a
dilation of order 1/§ about the points (g,0) and (—¢,0) to capture the asymptotic behavior of the
transition profiles in QF and Q7 , respectively.

Theorem 4.6 (Supercritical thin neck). Assume that (4.1) holds and that

lim 4| In 0] _

e—0+ 5

+00. (4.16)

Let {u.} be the family of minimizing geometrically constrained walls constructed in Proposition 2.1.
Then the following statements hold true.
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Q'

FIGURE 12. The limiting set Q7.

(i) There exist positive constants 0 < ¢; < cg < +00 such that
€ €
— < o <ep—. 4.17
5] < Ivelleov < gy (4.17)

(i) Let wl and ﬁj be as in (4.11). Then, setting c. = u.(e,0), we have ¢, =~ 3Tias — 0 and

the functions wl — cc|Ind| converge in VVlQOCP(Q;FO) for every p > 1 to the unique solution
wt of the problem

Awt =0 in QF,
dywt =0 on 0L,
wh(2,y)
B 1 ith 0
l(,y) @@= Feowithe >0, (4.18)
+
w — 7 uniformly in y as x — —o0,
x
wt(0,0) =0,

where QL is defined as in (4.14). Moreover, Vw}xgr — Vwtxqr in L, (R* R?).
The asymptotic behavior of w: (z,y) = |Indluc(dx — &,0y) = —wl (—z,y) follows by
symmetry.
(iii) We have

lim |Ind|F(ue, Q) = lim |Ind|F(ue, Q: \ No) = 7. (4.19)
e—0*t e—0*+
Regarding the local convergence stated in the theorem see Remark 4.4.

Remark 4.7. The behavior of the rescaled profiles w* in the above theorem is universal; i.e., it
independent of the shape of the neck, of the bulk, and of the potential.

Note also that by (4.16) and (4.17) the L>-norm of w. in the neck N, vanishes in the limit:
this makes precise the statement that no transition occurs inside the neck. In particular,

v. —0  in HY(N), (4.20)
with v. defined as in (4.4). The limit (4.19) reflects the same fact from the energy point of view.

Finally, observe that (4.18), (4.19), and (4.20) can be obtained formally by letting { — 400 in
(4.13), (4.15), and (4.9) respectively.

Since the proofs of the theorems are quite technical, in order to better convey the main new
ideas we assume throughout thr section that Q" (and, in turn, 9Q!) is flat in a neighborhood of
the origin. More precisely, hypothesis (O3) is replaced by:

there exists rg > 0 such that 9Q" N Ba,,(0,0) is flat (and vertical). (4.21)
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In particular, we may take
QL =0"+ (,0),
as remarked in Section 2. The general case can be then reduced to this one by using suitable
conformal mappings, as shown in Section 3. We leave the details to the reader.
We deal first with the critical thin neck case, which requires a finer analysis. Again for the
sake of clarity, we start by considering a flat thin neck; i.e., we assume that f; = fo = 1/2, so that

4]
N {wn) s lol <e vl < 5}
The main changes needed to treat the non-flat case are collected in a separate subsection.

4.1. The flat thin neck. Throughout the subsection we assume (4.1), (4.21), and

H=f= % (4.22)

We start by estimating the oscillation of u. in a §-neighborhood of the point (g,0). This will be
useful in linking the limiting behavior of u. in the bulk with the one in the neck. The crucial
estimate is provided by the following proposition, whose proof is based on a careful use of Harnack
Inequality.

Proposition 4.8. For § < zp < e — 4 let Qs(xo,0) denote the square with center at (xp,0) and
side length §. Then

os¢c u. < C inf u+52),
Qs(20,0) <9Co + 6 Qs(z0.0)
with C' > 0 independent of € and xg.

Proof. Setting c. := infg (4,,0) te, by (2.8) we have c. > 0. Let (x1,y1) € Qs(x0,0) be such that

Ue(x1,y1) = ce. Since by (2.8), (2.9), and hypothesis (W3) on W the function u. is superharmonic

in QF, it easily follows from the Maximum Principle that u. > ¢ in QF N{z > z1}. Thus, setting
Oc(z,y) == et and M := NI n{x < zg+6},

o+ 6

we have that 6. < u. on the vertical part of 9M and 9,6, = d,u. = 0 on the remaining part of

OMZT. Recalling that u. is superharmonic, it follows from the Maximum Principle that

U —6: >0 in M. (4.23)

Let . be the function defined in Qas(xo,0) by reflecting u. with respect to {y = §/2} and
{y = —d/2}. Note that @. solves the equation Ad, = W'(&.) in Qas(x0,0) and, by (4.23),
Gte — 0. > 0 in the same region. Set w. := @, — 0. and g. := W’'(i.) < 0. Since Aw. = g,
and w. > 0 in Q25(xg,0), we may now apply the Harnack Inequality for nonhomogeneous elliptic
equations (see for instance [20]) to deduce the existence of a constant K independent of € and xg
such that

sup we < K| inf w.+4d < K| inf w.+2max|W’ 52> ,  (4.24
Qg(:v?,o) e > (Q(;(xo,O) e ||gs||L2(Q25(x0,0))) = (Qs(wmo) e [0’1]| | ( )

where the last inequality easily follows from the definition of g. and the fact that 0 < o, < 1.
Observe now that

0SC Us= SUp Us—cC. < sup we+ sup O.—c. < sup we. (4.25)
@s(20,0) Qs(20,0) Qs(20,0) Qs(20,0) Qs(20,0)
Moreover, since x1 > xg — /2, we have
. . Cel1
f = f —0.)<ec.—0 , =c. —
@it e = aumo)te TP S e mBlonm) = e m o T
ce(xo —6/2) 30 .
<ec. — = inf  w.. 4.26
- zo+ 6 2(xo + 6) Qs(w0,0) (4.26)

The thesis of the proposition now follows by combining (4.24), (4.25), and (4.26). O
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_— %
FIGURE 13. The sets Qs(zg,0) and Q25(x0,0).
The following lemmas provide useful lower and upper bounds.
Lemma 4.9 (Lower bound). Let ro > 0 be as in (4.21) and set
Ne := max{l —u.(z,y) : |(x —e,y)| =719, x > £}. (4.27)
Define
NF={(z,9): |yl <6/2,0<z<e—5},
Rei={(ey): Iyl < 6/2, [ —=+5/2 < 5/2} U (Boe.0) N > 2}) |
A6(57T0> = {(xay) 10 < |(1’ - 57y)| <To,T > 5}7 and
R :=int(R. — (£,0))/0 = {(x,y) : |y| <1/2, =1 <2z <0} U (B1(0,0)N{z >0}) .
The following statements hold true.
(i) Assume that either (4.8) or (4.16) holds. For my, ma > 0 define
mi1x ~
N+
§| 1n§| for (x?y> e g 7
mo T—€ Y mi
. =t -4 'Y) € R,
ul®(z,y) = |ln6|£( 5 (3>—’_(5|1n5|(5 ) for (z,9) ©
L—ne — 57157 (e = 0) + 137 _
(om0 4 1) el ) ey o)
In r3 To
(4.28)

where & is the solution to the following problem:
AE=0 in R,
£E=0 on ORN{x = -1},
£E=1 on 0B1(0,0) N {z > 0},
0, =0 on the remaining part of OR.

Then, there exist my, ms > 0 independent of € such that ulso < u. in Nj UR:UA(S,70)

for € small enough.

(ii) Assume that (4.3) holds. Then, for any my € (0,1) there exists mq > 0 independent of
¢ such that the function ul® defined as in (4.28), with my/(8|1nd|) replaced by my /e, is a

lower bound for ue in N;‘ U R: U A.(0,70), provided that € is small enough.
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Ag(é,ro)

\&/

FIGURE 14. The construction of the lower bound.

Proof. Arguing as for (3.4), we have
ne — 0 as e — 0. (4.29)
Since u, is superharmonic in F and
ule < u. on {x =0} U (9B, (¢,0) N {x > ¢e}),
{&,ué" = J,u. =0 on the remaining of 9 (Nj UR.UA.(6, ro)),

by the weak comparison principle (see Proposition 6.1) it will be enough to show the existence of
mi, mg > 0 independent of ¢ such that ul® is subharmonic. In turn, as u/° is harmonic in the
interior of each of the three subregions N, R., and A.(d,r¢), it will suffice to find suitable my,
mo > 0 such that

8”ﬁ; (ul60|ﬁ5+) < ayﬁj (ul|r.) on ONF NOR. (4.30)

and
By, (ullRr.) < Ou,. (U a.(5.09)) o0 ORe NOA(S,10), (4.31)

where vg+ and v,_ denote the outer unit normal vectors to N and R., respectively. By (4.8) or
(4.16), taking into account (4.29), we may find mg > 0 such that on OR. N 0A(9,79)

1—n: — sz (e = )+ i)
By, (U4 (5.0)) = ———— ) LELIPAS—
Re t € 1421070 dln 7 26| In 0|

for mq < my, (4.32)

provided that ¢ is small enough.

By reflecting & with respect to {y = 1/2} and {y = —1/2} we can remove the corner singularities
at (—1,1/2) and (-1, —1/2) and apply Hopf Lemma to deduce that —0, ¢ is positive and smooth
on ORN{zx = —1}. Thus,

0<ap<-0,,{<m on ORN {z = -1}, (4.33)

where ag := — maxgpn{z——1} 8VR§ and a1 1= —mingrn{z——1} 6,,R£. Similarly, Hopf Lemma and a
reflection argument with respect to the y-aixs to remove the corner singularities at 9B1(0,0)N{z =
0} yields

0<by < &,R§ <bh on 831(0, 0) N {.’E > 0}, (434)

with bo = minaBl(O’O)ﬂ{mzo} any and b1 = InaxaBl(070)ﬂ{w20} any. Choosing mo > 0 so that
bima < 1/2, by (4.32), (4.34), and the definition of ul® we have

bim 1
a"Rs(ulsO|Rs)< 12

< lo : ;
S 5] = 207mo] = Y. (U lacore) - on ORe N OA(3,10);
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that is, (4.31). Once mg is fixed, in view of (4.33) the choice m; := min{mg, agma} suffices to
guarantee (4.30). This concludes the proof of part (i) of the statement.
The proof of the second part is similar. Let m; € (0,1). Then,

5 1*775*(%(5*5)+|$25|)>1—m1
Y AcBiro)) = §1n o ~ 20| In /|

lo‘
RE

(uz

on OR. N OA.(d,r9), provided that € is small enough. Choosing ms so small that the quantity
bymso (with by as in (4.34)) is smaller than (1 — my)/2, we get (4.31). Finally, noticing that
1y er( O\N+) = my/e and 0, _, (u lo|p.) > agmsa/(§|Inéd|) on NI N OR., condition (4.30) is
satisfied for ¢ small enough, thanks to (4.3). O
Lemma 4.10 (Upper bound). Let r9 > 0, 7., ]VE“‘, R., A:(d,70), and R be as in Lemma 4.9, and

assume that either (4.8) or (4.16) holds. Let i be the constant appearing in (2.3) and for My,
My > 0 define

M, ~
— U +5|1 3;-| fOT (l‘,y)eN;,
M
we)i= e (SN S ue 0P e -6 for ey e R
M M-
(1 tule =07 -5 1n15| (€—9) - |1ni§|> he(z,y) +1  for (z,y) € A=(3,m0),
(4.35)
where &, is the solution to
At =—6 in R,
& =0 on ORN {x = -1},
& =1 on 0B1(0,0) N {x > 0},
0,6 =0  on the remaining part of OR,
while
he(z,y) = re(Vul(z —€,9)]), (4.36)
and
o IQ(T‘O\/,E) KO(TOI)I K 4
"0 = e RIRA O - Ko TR Tatroy 0+ F00) - (430

Here, Iy and Ky are the zero-order mojiﬁed Bessel functions. Then, there exist My, My > 0
independent of € such that u. < u¥? in NI U R. U A.(8,70) for € small enough.

Proof. We will show that for a suitable choice of M; and My > 0 the function u2? satisfies

AutP < p(u —1) in NI UR. U A.(8,r0),
u? =u, =0 on {z =0} N{ly] <§/2},

ulP =1> u, on 0By, (g,0) N {z > e},
O ut? = 0yu. =0  on the remaining of 0 (ng‘ UR.UA.(, ro))

(4.38)

for € small enough. Recalling that Au. = W' (u.) > p(u. — 1) by the first inequality in (2.3), the
conclusion will then follow from Proposition 6.1.

Since u? > 0 in N for e suffiently small, we have Au? = —2u < —pu < p(u® — 1) in N
Moreover, Au“p = fMg/(5|ln d]) < p(ulP — 1) in R, for ¢ small enough. Flnally, note that r.
is the solution to (3.16), with ¢1e and 2,u replaced by d and pu, respectively. Hence, Ah. = ph.
or, equivalently, Au¥? = p(u¥? — 1) in A.(d,r9). This shows that the first inequality in (4.38)
holds separately in each subregion. Again from (3.16), we have h. = —1 on dBs(e,0) N {x > &},
he =0 on 0B, (g,0) N {z > ¢}, and d,h. = 0 on the remaining part of dA.(4, 7). From this we
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easily deduce that all the boundary conditions in (4.38) are satisfied. It remains to show that the
variational inequality Au*? < p(u*” — 1) holds globally in NI U R. U A.(d,7¢). In view of the
preceeding observations, it suffices to choose M; and Ms so that

Oy (WP 5+) > Dy, (u¥?|g,) on ONI NOR. (4.39)
and
Oy, (P|r.) > Dy (u2|a(500)) oM IR N DA(S,70). (4.40)

To this purpose, let £ be the function introduced in Lemma 4.9 and ag, a1, bg, and b; the quantities
appearing in (4.33) and (4.34). A continuity argument similar to the one used for (3.13) (in fact
easier, since here the £.’s are defined in the fixed domain R) shows that

a
0< 50 < -8, & <2  ondRN{z=-1} (4.41)
and
bo
0< 5 < Oy, & < 2by on 0B1(0,0) N {z > 0}, (4.42)
provided that ¢ is sufficiently small. Moreover, arguing as for (3.22), we have
A A
L <8, h.< "2 ondR.NIA(810), (4.43)

0| Ind]| Yre 5 7 5| In |
with A1, A2 > 0 independent of ¢.
We now assume (4.8). In this case, we choose M; and M, so that

M boM:
1>)\2< 0V2

201 Ms < M; and 0< (1 S 5 (4.44)

Then, for £ small enough we have

20,1M2 ~
al,ﬁgr (ng‘ﬁj) > m > al,ﬁgr (U/gp|RE) on aN:_ ﬂaRE,

where the first inequality follows from (4.44); and the definition uX?| ~+» while the second inequality
is a consequence of (4.41) and the definition of u¥P|gr_. Thus, we have checked (4.39). In a similar
manner, using (4.8), (4.42), (4.43), the second inequality in (4.44), and the definitions of u!?|g,
and ug?| 4_(s,ry) We can check that also (4.40) is satisfied for £ small enough. Hence, the lemma is
proved under the assumption that (4.8) holds.

We now assume (4.16). Note that, by (4.43), for any M, My > 0

u 2o
BI/RE (uEp|A5(577‘0)) S 6| 1n6| on 8R5 N 8A5(67 7"0), (445)
provided that ¢ is sufficiently small. Choosing M7, M> so that

Mobo

Z 2)\2 and M1 Z 2(11M2

and using (4.41), (4.42), and (4.45) we can check as before that both (4.39) and (4.40) are satisfied
for € sufficiently small.
O

Remark 4.11. One can show that
0<E <1496 in R. (4.46)

Indeed, the lower bound follows at once from the comparison principle, while for the upper bound
one may consider the function ¢.(z,y) := —6x? +1+§: we have A(. = —26 < —§ in R, (- > & on
the vertical part of IR, and 9,(. = 9,& = 0 on the remaining part of dR. Hence, Proposition 6.1
yields & < (. in R.
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Remark 4.12. A careful inspection of the proof of the previous lemma shows that the choice of
the parameters M; and Ms entails the further property that

0<u™<1 in NYUR.UA(,r). (4.47)
Indeed, when (4.8) holds, condition (4.44) guarantees that
14 2
2

In turn, the constant multiplying h. in the definition of u¥?|4_(s,r,) is positive and strictly smaller
than 1. Since —1 < h. < 0, it follows that ugP\AE((;,TO) < 1. Hence, taking into account also the
definition of u%? in R. and (4.46), inequality (4.47) follows. When (4.16) holds, the verification
of (4.47) is even easier. Even more is true in this case: one may check that u*? < ce/(4|Ind|) in
]\Nf:‘ U R, for some constant ¢ > 0 independent of €. We leave the details to the reader.

0 <ul?|g+ < <1 for € small enough. (4.48)

Corollary 4.13. Assume that either (4.8) or (4.16) holds. If € is small enough then for all
0 <z < e we have

0OScC

ve < 2 4.49
By (2,0)n0F [ In | 449

with C' > 0 independent of € and x.

Proof. Throughout the proof C denotes a positive constant independent of € and x, which may
vary from line to line.
Step 1. We claim that for £ small enough and for all 6 <z < e — § we have

OSC

w < —— 4.50
Qs(z.0) — — |Ind] (4.50)

with C' > 0 independent of € and z. Indeed, fix any such z. By Lemma 4.10 and the definition of
ul? we have

inf wu. < min u*? < Mz
Qs(@0) ©  Qs(x0) © ~ 6/Ind|’

Hence, by Proposition 4.8 we have

] . Ml.T 2CM1
e < f u.+06%)< 4
Q(?(Srﬁmu C(HaQJ{L,o)“ N ) C((m+5)ln6 + ) ~ |Ind|

for € is small enough. Thus, the claim is proved.

Step 2. We claim that (4.49) holds whenever Bs(x,0) C {0 <z <& —§/2}. Indeed, if Bs(x,0) C
{0/2 <z < e—§/2}, estimate (4.49) follows immediately from the previous step since Bs(x,0)NQ+
can be covered up with at most 2 squares of the kind considered in (4.50). If Bs(z,0) C {z < 36},
then (4.49) follows from the fact that 0 < u. < ulP, so that

€

osc us < 0sc ug? < ,
Bs(x,0) N+n{z<3s} [ In 4|

where the last inequality is a direct consequence of the definition of ul? in N; . The claim follows
observing that if Bs(z,0) C {0 <z <e—§/2}\{6/2 <z <e—§/2}, then Bs(x,0) C {z < 30}.
Step 3. Set m. := ming <52} u:(€ — 9,y). By (4.50),

0<me <us(e—9d,y) <m (4.51)

Ty
for |y| < &/2. Moreover, the comparison principle and the superharmonicity of u. yield

Ue > My in QO N{z>e-4d}. (4.52)
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Finally, with the same notation introduced in Lemma 4.10 (see (4.35)), consider

M T—€ Yy C
—_— —_— = —— R
o |1n§|£E( (5 75>+m6+|1n6| or ('x7y>€ €9
aP(x,y) =
C+M
1—me— —— | he(z,y)+1  for (x,y) € A.(6,70),
[ 1n d]
where C' is the constant appearing in (4.51) and M satisfies
Mb
TO > 2)\2,

with by and Az as in (4.42) and (4.43), respectively. Recalling (4.51), we can argue as in Lemma 4.10
to deduce that @¥? is an upper bound for u. in R. U A.(d, 7). Summarizing, also by (4.52) we
have

0 <me <ue <a? in R. U A (6,70). (4.53)
Since oscu? < K/|Ind| in R, for some K > 0 independent of £ (here we used also (4.46)), we
deduce from (4.51) and (4.53) that

< —
%= To|”

with C' > 0 independent of . The conclusion follows by combining the previous estimate with the
one provided in Step 2. 0

We are now in a position to prove Theorem 4.3, under the particular assumption (4.22).

Proof of Theorem 4.3 (the flat neck case). We split the proof into several steps. We start by ex-
amining the behavior of the local minimizers in the neck.
Step 1. (energy bounds in the neck) Note that by (2.6) we have

C
| 1n 4|

for some constant C' > 0 independent of €. Considering the function v. defined in (4.4), it follows

/\Vu5|2dxdy:2/ |Vu.|? dzdy
N. N

o[ [Hfo (B bl (22 e

o 9 € 9 C
= — — < —
2[v+ |:€|8arvs(l’7y)| + 6‘ayvs(x»y)| :| dxdy - |1n(5| 9

where Nt := NN {x > 0}, with N defined in (4.2). Multiplying both sides of the last inequality
by £/§ and recalling (4.8), we obtain

2 2
[ outan + Glogunto?] dody =2 [ ot + S ioy0e | ety <
N N+

(4.56)
for some constant C' > 0 independent of . Since €/§ — oo as € — 0, by (4.56) we easily deduce
that v, is bounded in H!(N) and any weak limit point v is one-dimensional; that is, v(x,y) = 9(x)
for some odd function © € H(—1,1). We will show that © is independent of the subsequence and
solves (4.9). To this aim, let v, be a (not relabelled) subsequence such that

/ |Vue | dedy < 2F (u., Q) < (4.54)
of

(4.55)

Ve =0 weakly in H'(N) (4.57)
for some one-dimensional v of the form
v(z,y) = 0(x) with o € H*(—1,1) an odd function. (4.58)

We claim that
Ve — v in L<(N). (4.59)
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Indeed, by (4.57) we may find j € (—3, 3) such that v.(-,) — © weakly in H'(—1,1) and, thus,

ve(,g) — 0 in L*(—1,1). (4.60)
Moreover, by (4.49) for all 0 < < 1 we have
C
osc  ve(x,) < 4.61
w5 ) = T o

for some C' > 0 independent of €. Hence, combining (4.60) and (4.61) we deduce that v. — v in
L>®(NT) and, in turn, by symmetry that (4.59) holds. From (4.8), (4.55), (4.57), and (4.58) we
have

1
lim inf| In §| F (us, NI) > liminf | 1n5|7/ |Vu|? dedy
e—0 e—0 2 NS

:mmml/ Pmﬂ@%@ym+dm%%%mm2dMy

e—0 2 N+ e 1)
1 2 1 Y 2 L.\

> = 0|0yv|“dady = =€ [ |V dx > —£0(1)%, (4.62)
2 N+ 2 0 2

where the last inequality follows easily from Jensen’s inequality and the fact that ©(0) = 0. We
finally remark that by (4.49) (with z = ¢), (4.59), (4.58), and the definition of v, setting c. =
ue(g,0) = v.(1,0) we have

in Bs(g,0)NQF, c. —9(1) ase—0, (4.63)

< <
El
with C' > 0 independent of e.

Step 2. (energy bounds in the bulk) Recall that by (4.27) and (4.29) we have 1 —n. < u. <1 on
0By, (,0) N {x > ¢}, where

Ce — c—i—i
: 7 |Ind|

ne — 0 ase—0.

Moreover, by Lemma 4.10 and (4.48) we have that ¢, = u-(e,0) < (1 4+ M;/£)/2 < 1 for € small
enough. In particular,

e+ |IC§| <1l—mn. for & small enough. (4.64)
n

Thus, also by (4.63), we have
[ 1n 0]

lim inf | In 6| F(us, QF \ NI) > liminf |Vu|?dzdy
e=0 =0 {6<|(2—e,y)|<ro, x>}
1
> lim | In §| min f/ |Vul2dady : u < CE+|TC§| on 0Bs(e,0)N{zx > ¢},
e—0 2 J{s5<|(z—c,y)|<ro, 2>}

u>1—n. on dB,,(g,0) N {z > 5}}

1
= lim | In 6| min f/ |Vul|?dedy : u = c. + T d] 1ga| on dBs(g,0)N{x > ¢},
=0 {6<I(@—<.y)|<ro,z>e}

u=1—n. on dB,,(£,0) N {z > 5}} ) (4.65)

where the last equality easily follows by (4.64) and a standard truncation argument. The unique
minimizer of the last minimization problem is given by

C
R 1t R ¥ )]

In 7'70 T0
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By computing explicitly its energy, we deduce from (4.63), (4.29), and (4.65) that
| In 4|

lim inf | In 6| F(us, QF \ NI) > lim V.| ?dxdy
e—0 e=0 2 {6<|(z—e,y)|<ro, x>}
2
c
. 1 (1*n€*06*|1n5|) 1 ST
= ghi% | ln5\§7r W = 571'(1 —9(1))°. (4.66)
Step 3. (asymptotic behavior in the neck and limit of the energy) By (4.62) and (4.66) we have
1 1 4
. VS 20102 4 2r(1 — 5(1N2 > '
ll]érilglf|ln6|F(ug,QE ) > 261}(1) + 27r(1 0(1))° > 1 0) (4.67)
where the last inequality follows from the fact that
1 1 ml s
24 —m(1—1)? > —— fort £ ——. 4.68
=" > gy ot (4.68)
On the other hand, for any fixed o € (0,1) we may consider the test functions z. defined as
T
N+
(r +0)e e
T in{|(zx—e,y)| <0, x> e},
) r+/
ZE(‘T7 y) T
d L 1@l s < wmey) < 09, 0> e}
7w+ £ |Indt—o| do ’
1 otherwise in Q.

Taking into account the minimality of u., we have

limsup | In §|F(ue, QF) < limsup |In§|F(z., Q)
e—0

e—0

1
< lim |1nd] (/ |Vze|? dedy + L£* (NI U Bsa(g,0)) N {z > €}) maXW)
e—0 2 Jar [0,1]

1 1 =l l
= lim | Ind|= 2 == 4.
lim | n6|2/Q;r Vel dedy = 5 (7T+1a), (4.69)
where the last equality follows by explicit computation of the Dirichlet energy of z..
Combining (4.67) and (4.69), since « can be chosen arbitrarily close to 0, we conclude

1 1 g4
. +\ . Logs 2 L s 2 _
glmo [Ind|F (ue, Q) = 2&)(1) + 27r(1 0(1)) Nt D) (4.70)
which, in turn, yields
™
0(1) = 4.71

thanks to (4.68). Note that the last equality and (4.63)y imply (4.12). Moreover, the limit in (4.70)
is independent of the selected subsequence and thus the full sequence converges. Now, combining
(4.62), (4.66), (4.70), and (4.71) one deduces that

lin% |Iné|F(ue, No) =2 liH(l) |In§|F(ue, NJ)
eE— E—

b Lot s 2 2t
=/ o' |“dx = =4 0'|fde =00(1)" = ——— 4.72
| = ge [ jEan = o0y - o (4.7
and

limn 10 0] F (e, .\ N.) = 2 lim | In 8| Fue, @F \ N*) = 7(1 — 6(1))2 = —& (4.73)

lim [In Ue, O \ Ne) = E1ir(1)|n\ Ue, O )=7m(1-197 ERCEiEk .
Note that the fourth equality in (4.72) (together with the fact that ¢ is odd) implies that ¢ is a
linear function. Hence, recalling (4.71), © does not depend on the selected subsequence and solves
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problem (4.9) under the particular assumption (4.22). In turn, equations (4.72) and (4.73) hold
for the full sequence and prove (4.10) and (4.15), respectively.
Note that by (4.55)

2
/ (0zv)* + E—(ayvg)Q dxdy = = / |Vu|? dedy .
N 52 d In.

Hence, using also (4.8) and (4.72), we have

2 1
lim Sup/ |V, |? dedy < lim sup/ [(&tvs)z + 6(3?!115)2] dxdy = -~ lim |In 5|/ |Vuc|? dedy
N N 0 e—o+ N.

e—0+t e—0t 62
<l o Fn, Ny = —T / Vol ded
— 11m n = = .
= Lm0t ter e (m+1£)? N v ey

Recalling (4.57), we have shown that

Ve — 0 strongly in H'(N).

Step 4. (lower and upper bounds in the neck) Taking into account (4.63) and the fact that u. is
superharmonic in N, we have that the linear function

nle (z,y) = (C ¢ )x (4.74)

e e/lnd

is a lower bound in the neck. Set M := maxy ) [IW'| and consider the function
n(z,y) == —Max? + cj—FL—i-Ma x. (4.75)
N e ¢gllnd|
Since AnY? = —2M, Au, = W'(ue) > —2M, n*?(0,y) = 0, n%? = cﬁ—ﬁ > u. on ININ{x =¢}
by (4.63), and 9,n“P = 0 on the remaining part of 9N, it follows from Proposition 6.1 that n*?
is an upper bound for u. in N. Summarizing,
nlo <, < nP in NI (4.76)

Step 5. (lower and upper bounds in the bulk) We will construct upper and lower bounds in the
annulus A (6, 79) := {(z,y) : 0 < |(z —€,y)| <710, x> €}.

Let b!° be the harmonic function defined by

c
1 e T Ce + [In 4] In |($ _€7y)|
In %o ro ’

Since w. is superharmonic in A (8, 79), b < u. on dA(5,70)NQT by (4.27) and (4.63), and J,u. =
d,bl° = 0 on the remaining part of 9A.(8,7g), the weak comparison principle (Proposition 6.1)
implies that ' is a lower bound for u. in A.(8,70).

Now, let he be the function defined in (4.36) and set

C
b =(1—cc——= | he+1. 4.78
= (1o fiog ) e )
Then, arguing as in the proof of Lemma 4.10, we have
AP = (b = 1) in A<(5, 7o),
buP = ¢, + T d] 1§5| on 0Bs(e,0) N {z > e},
bur =1 on 0By, (e,0) N {x > e},
0, b =0 on the remaining of dA.(4,rg).
Since Au., = W'(u.) > p(ue — 1) by the first inequality in (2.3), recalling (4.27) and (4.63), we
may apply Proposition 6.1 to deduce that b*? is an upper bound for u. in A.(d,79). Summarizing,

b < u, < bYP in Ac(d,70). (4.80)

blso(x,y) =1-n.+

(4.77)

(4.79)
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Step 6. (asymptotic behavior of {wF}) Let wl be the function introduced in (4.11). Notice that
(4.76) is equivalent to saying that for —¢ < 2 < 0 and |y| < 3 we have

|In 8|0z + €, 0y) — co|Ind| < wi(z,y) — cc|Ind| < |Ind|n P (5x +¢,0y) —c.|Ind|.  (4.81)
Analogously, by (4.80), for 1 < |(z,y)| < % with 2 > 0 we have

|In S| (02 4 €, 6y) — c-|Ind| < wi(x,y) — c|Ind| < |Ind[bP (6 + &, 6y) — c<|Ind|.  (4.82)
Finally, note that (4.63) implies

—C <wl —c/Ind|<C in B1(0,0). (4.83)

Moreover, using (4.8), (4.29), (4.63)2, (4.71), (4.74), and (4.75), after some elementary calculations
we get

10 6[nl(6z + £, 5y) — c.|Ind| — % _ ¢ ase -0,
W;ng (4.84)
[Ind|ntP(6x + &, 0y) — cc| Ind| — +C ase—0
T+ L
for (x,y) € QF N{z < 0}, and
| In 8|bY° (62 + €, 6y) — c.| Ind| — ﬂj—f In|(z,y)| —C ase— 07" (4.85)

for (x,y) € {x > 0} \ B1(0,0). Moreover, it can be easily checked that convergence in (4.84) and
(4.85) is in fact uniform on the compact subsets of {z > 0} \ B1(0,0). By the same facts and by
(4.36), (4.37), and (4.78) (using the asymptotic expansions of Bessel functions as in the proof of

(3.29)) after some lengthy but straigthforward computations we also deduce

[Ind]b2P (dz + €, 0y) — cc|Ind| — €£1n|(x,y)|—|—0 ase — 0 (4.86)

T+

for (z,y) € {x > 0}\ B1(0,0). Again, the convergence is in fact uniform on the compact subsets of
{z > 0}\ B1(0,0) (this can be checked arguing as at the end of Step 2 in the proof of Theorem 3.1).
In particular, the lower and upper bounds in (4.81), (4.82), and (4.83) have locally equibounded

L*-norms, thus, the same holds for ! := wr — c.|Ind|. Since

At = 62| In 6| W (%) in QF |

dut =0 on 0QF

where QF is defined in (4.11). Since the W’(wZ/|In8|)’s are in turn equibounded in the L>-norm,
we may apply Proposition 6.2 to deduce the existence of a harmonic function w™, with 9, = 0

on dNZL, and a subsequence (not relabelled) such that w — c.|Ind| — wt in W2P(QL) for every

p > 1and Vulxg: — Vwxge in L? (R%R?). As wF(0,0) — c.|Ind| = 0 by the choice of c.,

loc

we have w™(0,0) = 0. Moreover, by (4.81), (4.82), (4.84), (4.85), and (4.86) we deduce that

mlx mlx
—C<wt <
T+l Usw ($’y)_7r—|—€

+C for (x,y) € QL Nn{z <0}

and

In|(z,y)| - C < wh(z,y) < n|(z,y)|+C for (z,y) € {x > 0} \ B1(0,0).

w4/ T+ /L

Hence, wt is a solution to (4.13). The conclusion of the theorem follows from the fact that problem
(4.13) admits a unique solution, as proved in Proposition 4.14 below. O

The following proposition deals with the uniqueness part of Theorem 4.3.
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Proposition 4.14. Let «, 3 > 0 and consider the set
QL = {(z,y): 2 <0, [yl < §U{(z,y) : 2> 0}.
Then, the problem

Aw =0 in QL ,
Sw=0 on 0L,
w(z,y) :
— 7 3 as |(x,y)| — +oo with x > 0, 4.87
In (. (el D
w grows at most linearly in Q% N{x < 0},
w(0,0) = 0
admits a unique solution. Moreover,
@ — Z—ﬂ uniformly in y as x — —oo. (4.88)

Remark 4.15. The somewhat surprising fact about the previous statement is that the logarithmic
behavior of w|;; 0y at infinity and the one-dimensional geometry of the domain in {x < 0} uniquely
determine the asymptotic behavior of w|,<o}.

Proof. By an obvious rescaling argument, we may assume without loss of generality that o = 1.
The argument is similar to the one presented in Step 4 of the proof of Theorem 3.1. Let w;
and wy be two solutions. Then w := w; — wy satisfies

At =0 in QF,

S =0 on Q% ,

MHO as |(z,y)| — 400, with z > 0,
In{(z, y)|

w grows at most linearly in Q% N {z < 0},

@(0,0) = 0.

We split the remaining part of the proof into several steps.
Step 1. We claim that @ := w|{;~0} is bounded. Indeed, reflecting w* with respect to {z = 0}
we obtain a function (still denoted by %™ )that is harmonic in R?\ {(z,y) : =0, [y| < 1} and

satisfies .

(@) —+oo In|(z, )|
By the same Kelvin transform argument used in Step 4 of the proof of Theorem 3.1, we deduce
that 1™ is bounded. Hence, the claim follows.

Step 2. We now consider the restriction W™ := w\Q;ﬂ{z@}. By repeated reflections about the

lines {y = 5}, n € Z\ {0}, we obtain a function (still denoted by w~) that is harmonic in the half
plane {z < 0} and grows at most linearly; i.e., there exist a, b > 0 such that

[~ (z,y)| < alz|+b (4.89)

for all x < 0 and y € R. Finally, observe that by construction @~ (z,-) and, in turn, 8(33’33: (z,-) are

2-periodic functions for all x < 0.

Step 3. We claim that Vi~ and VZ@~ are bounded in {z < 0}.
Indeed, recall that by the so called Cauchy’s Estimates (see [18, Theorem 10.25]) , there exists
C > 0 such that if B,(z,y) C {x <0}, then

C
Vo™ (z,y)] < w B?(i:c,y)w_ and |V~ (z,y)| < . B:)ggy)li)‘. (4.90)
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By (4.89) we deduce that

osc W~ < 2alz|+b.
B, (z,y)

We may now apply (4.90) with r := |x| to establish the claim.

Step 4. By the previous step, the function ‘95”% is bounded in {z < 0} and extends continuously to

{z = 0}. Set f(y) := ag’x_ (0,y). Then f is a continuous 2-periodic function. We claim tha
coincides with the Poisson integral of f; i.e.,

oW~ |:1c|
dt 4.91
Ox / \y—t\Q +x2 (4.91)
for all x < 0 and y € R.

To this aim, denote by z the function defined by the right-hand side of (4.91). Then, it can be
checked (see [7, Theorem 14]) that z is bounded, harmonic in {z < 0}, and continuous up to the

ow—
t ox

boundary {x = 0}, with z(0,-) = f. Hence, setting u(z,y) := %‘%(—x,y) + z(—z,y) for z > 0,
we extend M —ztoa bounded entire harmonic function that vanishes on {z = 0}. By Liuoville’s
Theorem we deduce that 22— — » = 0 in {z < 0}, thereby proving (4.91).

Step 5. Set £y := 5 fo t) dt. We claim that there exists C' > 0 such that

oW
(e 761‘ < (4.92)
ox
for all z < 0 and y € R. Indeed, by (4.91) and by changlng variables twice, we get
ow~ |z -t
-/ i
Oz or Y h= / \y—t|2+x2
_ |$| f (y+s) — 51
32 +l‘2
f y —|— s) — El
- 7T|“T| (p)?
fly+ |33|7“ — 4
= . 4.
T FE dr (4.93)

Now recall that f is 2-periodic. In turn, by the deﬁnltlon of /1, the function

F(t) ::/O (f(s)—£1)ds

is 2-periodic and, thus, bounded. We may then integrate by parts in (4.93) to obtain

ow~ 2 r
quw_ == " _F d
B (z,y) — & Tl / NP (y + |z|r) dr
= d 4.94
2 [ ) - ), an
where we set (5 := 1 f02 F(t) dt and we used the fact that [, W dr = 0. Defining

G(t) = /0 (F(s) — ) ds

we have as before that G is a 2-periodic function. Thus, an integration by parts in (4.94) yields

ow~ 2 1—3r2
i)~ = 2 [ Gl el dr

Hence, (4.92) follows with C := ZHiH‘” Jr |1+f§)3 dr.
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Step 6. We claim that W~ — ¢1z is bounded in QF N {z < 0}. Indeed, for z < —1 by (4.92) we
have

-1 _
~ o w
07 (9) ~ el < [0 (L) + ol + [T () - ] ds

Swwwﬂwwm/——w

ly|<3 —oo |3|2
from which the claim follows.

Step 7. By Step 1 and Step 6 we conclude that w is bounded above if ¢; > 0 or bounded below if
¢1 <0 (or bounded if ¢, = 0). Assume without loss of generality that ¢; > 0. Then, by the Riemann
Mapping Theorem there exists a conformal mapping ¥ that maps the infinite strip R := (—1,1) xR
onto Q1. Hence wo ¥ is bounded above and harmonic in R and satisfies a homogeneous Neumann
condition on OR. By repeated reflections of @ o ¥ with respect to the lines {y = n}, n € Z\ {0},
we obtain an entire harmonic function that is bounded above. Liouville’s Theorem and the fact
that w(0,0) = 0 imply @ o ¥ = 0, which concludes the proof of the uniqueness.

Step 8. In order to show (4.88) (with o = 1), it is now enough to exhibit Sy > 0 and a function
wg, that solves (4.87) and satisifes (4.88) for 5 = By. Indeed, for any 3 > 0 the unique solution
to (4.87) would then be given by (8/5o)wg,, which obviously satisfies (4.88). Observe now that,
setting By := ¢/({+7), the corresponding solution wg, coincides with the function w™ constructed
in the last step of the proof of Theorem 4.3. g

Proof of Theorem 4.1. (the flat neck case) Define
)z ifze(0¢),
(@) = {1 otherwise.

Then, by minimality of u. we have

)
F(ue, Q) = 2F (u, Q) < 2F(2.,QF) < - + 2561[%&1)](W (4.95)

Arguing as in Step 1 of the proof of Theorem 4.3, we obtain

g2 €
[ |evetean + Sioyote | ddy = [ 1 sy <,
N NE
where the last inequality (with C' > 0 independent of ¢) follows from (4.95). Hence, passing to a
(not relabelled) subsequence, we may assume that
Ve =V weakly in H*(N)
for some one-dimensional v of the form
v(z,y) = 0(x) with # € H'(—1,1) an odd function.
Arguing as for (4.62), we deduce

v(1)2. (4.96)

N\H

hmlnf(;F Ue, N, / o

E—

We claim that
(1) =1. (4.97)
To this aim, it is enough to show that ©(1) > 1. This follows from the lower bound constructed in

Lemma 4.9-(ii), since the constant M; can be chosen arbitrarily close to 1.
Combining (4.96) and (4.97), we get

hInl(I)lf 6F(u57 NI) >

w\H



40 M. MORINI & V. SLASTIKOV

Recalling (4.95), we conclude

im & +) = lim & o1
21_1% 6F(u€,NE )= Eh_r)r}J 5F(u€,QE )= 5
which proves (4.6). In turn, the inequalities in (4.96) are, in fact, equalities, which implies that
¥ is linear and solves problem (4.5). The strong convergence of v, to v can be deduced as in the
proof of Theorem 4.3. This concludes the proof of the theorem in the flat case. O

Proof of Theorem 4.6. (the flat neck case). The first statement of the theorem follows from the
lower and upper bounds constructed in Lemmas 4.9-(i) and 4.10, respectively.
In particular,

in Bs(¢,0)NQ, ¢.—0 ase—0,

Ce — <wue < €

c +L
| In d| 7 |Ind|

with C' > 0 independent of €. Having this, statement (ii) can be proven repeating word for word
Steps 2—6 of the proof of Theorem 4.3, with £ = +o0.
O

4.2. The non-flat thin neck. In this subsection we prove Theorems 4.1, 4.3 and 4.6 in the
general case. Here, the main technical difficulty is in the construction of the lower and upper
bounds, which requires more refined elliptic estimates. These estimates are provided in the next
two lemmas.

Lemma 4.16. Let fi ., fo. € CY1([0,1]) satisfy
fie(0)=fi.(1)=0 (4.98)
and 5
| fi,e = cillcor(oay < K- (4.99)

for some positive constants c¢1, ca2, and K independent of . Consider the domain U, := {(z,y) :
0<z<1l,—foc(z) <y < fre(z)} and let A. : U. — M2X2 be a matriz-valued function of class
COL such that

sup ||AEHCO,1(U€;szz) <K < +00, %|£|2 < A(z,y)E - € <2/E)* for all € € R?,
1>

sym

and Ac(z,y) = I in an n-neighborhood of each corner point of OU., where I is the identity matriz.
Let (. be the solution to the problem

div (4. V) =g in U,

=0 on {z =0},

=0 on {x =1},

ANV v =nmn, on the remaining part of U,
where || ge|| v,y < Kg, p > 2, and ||nc|cor vy < Kg. Assume also that n. vanishes at the
corner points of OU.. Then, ”CEHcl(ﬁs) < Cg, with C' > 0 depending only on ¢y, co, K, and 1.
Proof. Consider the diffeomorphism ® : U, — R := (0,1) x (—1,0),

y—fi a(x) )
S (z,y) =2, ——————"— |,
E( y) < fl,s(x) +f2,s($)

and set z. := (. o 1. Elementary calculations show that z. solves

div(B:Vz.) = h. inR,

2.=0 on {z = 0},

ze =0 on {z =1},

B NVz. - v =p. on the remaining part I of IR,
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D®.A.D®T p-1

where BE = “det DB, o®w_ -,

e
he := ———
det D®,
In the above formula J é’_l denotes the 1-dimensional Jacobian of ®-! defined at every point of
OR as ’

o® ! and p.:=mn.o <I>6_1J$71 . (4.100)

(D®:)T 0 & [v]|

Jéfl =  ——
s det DP. " o ®,
Moreover, whenever A, = I (in particular, near the corners) an explicit computation gives
fre(x) + fae(2) —f1:(2) —y(f1(x) + fo.(2))
Be(z,y) = e , PR (4.101)
’ fle@)+y(fie(@)+f3 ()
) =y (@) + fha)) DA )]
By standard elliptic estimates we get that
lzellmrry < CllhellLzry + IPellLz(r)) (4.102)

where C' depends only on the ellipticity constants of B, that, in turn, are independent of €. Let
R’ be the subset of R obtained by removing the four balls of radius 1/2 centered at the corners.
By classical LP estimates, we have

HZEHW?JJ(R’) < C(HZE”Hl(R) + HhEHLP(R) + ”pE”Wl,l—% ) (4.103)

()
< O(llzellgr(ry + lhellLery + lIPellcory) 5 (4.104)

with C depending only on 7, the ellipticity constants of B, and on the C%!-norms of its coefficients,
which, in turn, are determined only by ¢, ¢, and K.

We now want to perform a similar estimate near the corners. We just show it for the origin,
since the argument is the same for the remaining corners. Let Z be the odd extension of z given
by

. ze(x,y) in R,
%) {zem,y) in (~1,0) x (~1,0).

In a similar way, we denote the odd extensions of h., p., and the coefficients of BY of the matrix
B. by he, p., and B respectively. Setting S := RU ((—1,0] x (—1,0)), it is easy to check that 2
satisfies
div (C.V4.) = h. in S,
Csv'%s V= ﬁ& on {y = 0}7
where C. := B. in R and
_Bn 3612
C. = ( Blz 3;2 ) in (—1,0) x (—=1,0).
€ €

Note that the coefficients of the matrix C. are Lipschitz continuous in B, (0,0), due to the fact
that by (4.98) and (4.101) the coefficient B!? vanishes on B, (0,0) N {z = 0}. Similarly, recalling
(4.100) and the fact that n. vanishes at the corner points of OU,, we have that p. is Lipschitz
continuous. Hence, we may apply the standard L? elliptic estimates in B,,(0,0) NS to obtain

2ellw2e (B, .00nR) < [Zcllwer (s, .00ns) < CUZll a8, 0.00ns) + 1hellr(5,0,0)ns)
+ HpEHWl’k%(*n,n))
< Cllzellmrry + llPellzery + lPellcoro,n)) -

where the constant C' depends only on the ellipticity constants of B., the C%!-norms of its coef-
ficients, and 1. By (4.100), (4.102), and the assumptions on g. and n., we easily deduce that the
right-hand sides of the previous inequality and of (4.103) are bounded by C g, for some constant
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C depending only on c1, ¢, K, and 1. Thus, the conclusion follows from the Sobolev Embedding
Theorem, recalling that (. = 2z, o .. O

Lemma 4.17. Fiz o € [0, § — 2] and consider the curvilinear polygon

Ngye = (4.105)
{(@y): 2 e(=5.5), —fo(l2) <y < A2} N {(z,y) s @0+ 91(y) <z <o+ 1+92.(v)},
where [|gicllcriw) < Kg, with K > 0 independent of €. Assume also that the angles at the
four corners of Ny, . are equal to /2 and that the curves {x = gi(y)} are straight lines in an
n-neighborhood of the corner points, for some n sufficiently small and independent of €.
Let 6. be the solution to the problem
Aes =g in Nxo,s;

6. =0 on {r=2z0+g1)},
0.=1 on{r=mx0+1+g2:(y)},
0,0. =0 on the remaining part of ONg, ,

where ||| Lo (N,, ) < Kg, with p > 2. Finally, define 0(x,y) :=x — xg. Then, |0 — 0lcr < C’g,
where the constant C' > 0 depends only on K, n, and not on xoy and €.

NXO,S

FIGURE 15. The domain Ny ..

Proof. Thanks to the assumptions on the domains N, ., we may find diffeomorphisms ®. : Ny, . —
U := ®.(Ny, ) of class C1! with the following properties:

1) Uc = {(z,y) : 0 <2 <1,—foc(x) <y < fre(z)} for some fi., for € CH1([0,1])
satisfying

fie(0)=fi.(1)=0 (4.106)
and || f;.c — fi.(0)[|cra (o) < C2, with C > 0 independent of €;
(ii) [P — (Id = (20,0))[|cr1 < C2 as e — 0;
(iii) . is coincides with a rotation in the 7-neighborhood of the corner points.
We set (. (z,y) := 0. 0 1 (z,y) — (x — x9). Then, (. solves the problem
div (A:V() =g in U,
=0 on {z =0},
=0 on {x =1},
ANV v =n, on the remaining part of 9U,,
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T
where A, := det DB, c s 0= #ﬂ{)s © ‘I’E_l —div (A:(1,0)), and

on {(z,y) : y = fi(x)}.

It is clear that ||A. — I|[con — 0 as € — 0 (where I is the identity matrix), ||g|/zr@.) < c?

> )
and ||n||cor < C’g. Moreover, using the fact that A, is diagonal in a neighborhood of the corner
points of U, and taking into account (4.106), we also deduce that n. vanishes at the corner points
of U.. Hence, we may apply Lemma 4.16 to conclude that ”Ce”Cl(ﬁE) < Cg. In turn, the same

holds for . — 0 o ®. = (. o &.. The conclusion follows now easily, recalling property (ii) stated at
the beginning of the proof. O

The next lemma provides the main building block for the construction of the lower bound in
the neck. We use the following notation: For € R the symbol [z] stands for the integer part of x.

Lemma 4.18. For every € sufficiently small, there exists g. € CH(R) with the following properties:
(i) llgellcra < K2, with K independent of ¢;
(i) setting
NF={(zy): 0<z <5, —fr(l2) <y< Ao} n{(z,y): 0<z <[5 - 1+g:(v)},
there exists 0. satisfying
AG.>0  in NF,
0:(0,y) =0,

(4.107)
95([%] —1+4g-(y),y) = const =: d.,
0,0. =0 on the remaining part of 8]Vj,
and o0
<3 S 4.108
= or — M2, ( )

with 0 < my < meo independent of €. Moreover, 0. is asymptotically one-dimensional as
e — 0; more precisely,

00. 1)
< e 4.109
8y = mSE ) ( )
with mz > 0 independent of . Finally, for any n > 0 we have
(m1 =z < 6(2,y) < (ma+m)a for (v,y) € N, (4.110)

provided that € is sufficiently small.

Proof. The idea is to split JVQ‘ into the (disjoint) union of domains of the type considered in
Lemma 4.17. More precisely, for every k =0, ...,[5] — 2 we construct functions g . such that the
domain Ny, . defined as in (4.105), with zo = k and g¢1 ¢, g2,- replaced by gx—_1.e, gk e, respectively,
satisfies the assumptions of Lemma 4.17. Note that this is possible since the derivatives of the
functions = +— fz(gx) are g—small in the C%!-norm. Note also that we are using the convention
g—1, = 0, which is admissible since f](0) = f4(0) = 0. Finally, we may construct the domains in
such a way that the corners points of Ny, . lie on the lines {x = k} and {z = k+1} (see the picture
below).

Let 0. be the solution to the following problem
Agk,g =0 in Nkﬁ,
Ore =0 on{z=k+g-1:(9)}
Ore =1 on{z=k+1+g:()}
0,0k =0 on the remaining part of 0N} ..
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FIGURE 16. The domains N ..

Then, by Lemma 4.17 we have that

1ol < Phe oy 00 ’89’“5
€ € y

<C= (4.111)

T 9

and

5
1-cf <o, 0. <1402, 1-c2 <o
9 ’ 9 S

Vik+1,e

)
Op+1 <1+C- on aNk@ N (9Nk+175, (4.112)
13

for some C' > 0 independent of k and e, where v and vj11,. denote the outer unit normals
to ONi . and ONjy1 ., respectively. Note that in the last estimate we also used the fact that
lgk.ellcrn < Kg so that the normal derivatives appearing in (4.112) are g—close to derivative in

the z-direction. For every k, let
k
1+C2
>\k = g
1-C2

k—1
0.:=0p. in No., 0- = \iO.c + Z Aj in Ny for k> 1.
j=0
Note that 6. is continuous. Moreover, by construction and by (4.111), estimates (4.108) and (4.109)
hold for £ small enough, with

and define 6, as

[§]-2
1 1+C2
== =14+ 1l £ =1 2 = .
mi 5 mo +E£%1+<1—Og + e, and ms Cmeo
The function 6. clearly satisifes the last three equalities in (4.107). Hence, it remains to show that
Af. > 0 in the sense of distributions. To this aim, since 6. is harmonic in each domain Ny ., it is
enough to check that for every k > 1

—)\ka,,kJe;%E > )\k,la,,kflysek,l,s on 8Nk,175 n aNk7€. (4.113)
But the last inequality follows immediately from the definition of A\; and estimate (4.112).
Finally, (4.110) follows easily from (4.108) and (4.109). O

We now show the corresponding construction for the upper bound in the neck.

Lemma 4.19. For every e sufficiently small, there exists g € C11(R) with the following properties:
1) lgellern < Kg, with K independent of €;
(i) defining NI as in Lemma 4.18, for all M > 0 there exists (. satisfying
Ale,m < —w in N,
Cem(0,y) =0,
Ceomr([5] =1+ 9:(y),y) = const =t dz ur
O,Cem =0 on the remaining part of 5']/\7'€+,

(4.114)
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where b is defined in (2.3), and

9¢e

ny < TQLM <ny, (4.115)

with 0 < n; < ng independent of €, p, and M. Moreover, (. nr is asymptotically one-
dimensional as € — 0; more precisely,

aCE M o
——— | < nz-— 4.116
8y = ’I’L3€ ) ( )
with ng > 0 independent of ¢ and M. Finally, for any n > 0 we have
(n —n)x < G m(x,y) < (n2 +n)x, (4.117)

provided that € is sufficiently small.

Proof. The argument is essentially the same as the one presented in the proof of the previous
lemma, with the only difference that the function ) . must be replaced by the function (j . that
solves the problem

Alpe = —W in Q,

Ck,s =0 on {.I' =k+ gkfl,s(y)}7

Qe =1 on {z=Fk+1+gre(y)},
O0yCre =0 on the remaining part of 0€y, .,

and the definition of the A\ is now given by

k
- 1-C¢
b 1+ce )

Arguing as before, one can show that the estimates (4.115), (4.116) and (4.117) hold with n; =
e"2¢ /2, ny = 2 and n3 = C. Similarly, one can show that (4.114) holds. We only mention the fact
that crucial inequality to be checked is now (4.113) with the reversed sign. g

Given xg € (4, — 39) and 1 > 0 (sufficiently small), we set
Sn(@o) :={(z,9) : |z —wol < 3,-6/2(2) <y <3/1(2)}-
Proposition 4.20. Ford <xo <e—30 let s (zo) be defined as above. Then

0
osc u. <C inf w462,
Ss () <$0+5Sg(wo) : >

with C' > 0 independent of € and xy.

Proof. Set c. := infg (z,)us. By (2.8) we have c. > 0. Let (z1,y1) € Ss (zo) be such that
2

us(Z1,y1) = ce. Since u. is superharmonic in QF, it easily follows from the Maximum Principle

that ue > ¢ in QF N{z > z1}. Let 6. be defined as in Lemma 4.18. Let k. be the largest integer
such that g + k.6 < xo. Replacing 6. by the function (still denoted by 6.)

0c(3 +ke— 24wy ifa>2—1—k,
0 otherwise,

we may assume that 6. is harmonic in the region %5%5(:50). Moreover, by (4.110) we have "tz <

00-(%,%) < 2max for (z,y) € NI, x > 6, and for ¢ sufficiently small. In particular, we may find
Ae, with
Ce 2c,

— <A< — 4.118
2m2(x0 =+ 6) - - ml(aﬁo + (5) ( )
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such that, setting 0. (x,y) := A00-(5, %), we have
¢ = max{0.(wo + 0,y) : —0f2(2F2) <y < 5f1(2t0)}. (4.119)
Recalling (4.108) and (4.109), we deduce
|VO.| < 2ma). (4.120)

for € small enough. Set M+ = Nt N {z < z¢+ d}. We clearly have that 6. < u. on the vertical
part of M and 9,0, = 0 on the remaining part of M. Since 6. is subharmonic (and w. is
superharmonic), it follows from the Maximum Principle that

we i =u.—0.>0  in MF (4.121)

5 (2
Let @ : Sas(wo) — Ry := (w0 — 36,204 36) x (—6,0), Pc(z,y) = (z, #1;;(%))7 and note that

the function . := w. o ®_ ! solves
div(A: V) =g. in Ry,
ANV, v =0 on {y = -0} U{y =0},

DP.(D®.)" W' (ue)
- det D®. det D&,
of w., AY, and g., respectively, to the domain Rj§ := (z¢ — %5, To + %5) x (—26,6) obtained by
reflection with respect to y = —¢ and y = 0. Then, @, is a non-negative solution to the equation

div(B.V@.) =§. in R},

i v
B = ( _Al2 f22 )

Note that B. is uniformly elliptic with ellipticity constants independent of . Since ®.(S s (z9)) =

where A, = o ®7!. Denote by @., A, and §. the extensions

o®-! and g, :=

where

(zo — 27 To + %) x (—9,0), we may now apply the Harnack Inequality for nonhomogeneous elliptic
equations (see for instance [20]) to deduce the existence of a constant K independent of & and xg
such that

sup we = sup W <K inf . + 0|92 (rr) (4.122)
S5 (wo) @ (S5 (z0)) (S5 (z0)) °

2 2

< K| inf w.+C8*|, (4.123)
Ss (wo)
where the constant C' depends only on C' norms of W’ and ®.. Observe now that
0SC Us= SUp Us—Ce < sup w.+ sup O —c. < sup we, (4.124)
S%(Io) Sg(wo) S%(zo) Sg(wo) S%(Io)

where in the last inequality we used the fact that 6, < ¢. in M, which follows from (4.119), the
fact that §. = 0 on {z = 0}, and the subharmonicity of ..

By (4.119), there exists —5f2(”°T+5) <ys < 5f1(“”°T+5) such that 6. (xo+6,y2) = c.. Moreover,
using (4.118), (4.120), and the fact that [(xo + J,y2) — (z1,91)] < Cé (with C depending only on
f1 and f2), we have

inf We = inf (ua (95) S Ce — és(‘rhyl) = és(x() + 67 y?) - ée(xluyl)

S5 (xo0) Ss (wo)
2 2

4 . 4
<ompa.Cy < 2C0Mace __ACOma L - (4.125)
ml(x0+5) m1(1'0+5) S%(mo)

The thesis of the proposition follows now easily by combining (4.122), (4.124), and (4.125). O
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Lemma 4.21 (Lower bound). Let ro > 0, ne, and A(d,r0) be as in Lemma 4.9, and let N;‘ and
0. be as in Lemma 4.18. Define

.7\76Jr = 5]/\7'€+,

and denote by R the region of QT between ]\7€+ and Ac(6,19). Define also R. = $R. — [5]. The
following statements hold true.
(i) Assume that either (4.8) or (4.16) holds. For My, My > 0 define

ule(z,y) =

M6, (%, % -
m for (z,y) € N+,

[ 1n §|
Mo x €l vy Md.
|1n<5|gs (5 B {5} ’E) * | for (z,y) € R, (4.126)
1—n— (% + ) oo
(ﬁf ), o=z F(U=n) for (a,y) € A:(5,r0),
HT 7o

where de is the constant appearing in (4.107) and & is the solution to the following problem:

Aé. =0 inR.,

& =0 onaﬁgﬂa]\Af:‘,

(=1 on dB1(0,0) N {z > 0},

0,6 =0 on the remaining part of 8}?,5.

Then, there exist My, Mo > 0 independent of € such that ulgo < ug in Nj UR: UA(0,70)
for € small enough.

(ii) Assume that (4.3) holds. Then, for any My € (0,1) there exists Ms > 0 independent of
€ such that the function ul® defined as in (4.28), with My /|In | replaced by My6/e, is a

lower bound for ues in N;‘ U R, U A.(0,79), provided that e is small enough.

Proof. The proof is very similar to the one of Lemma 4.9. Using estimate (4.110), we observe that
i (e/6—1) < d. < 2mgy(e/d—1) for e small enough. Moreover, the functions & are C''-close to the

function v defined in the Lemma 4.9 in a neighborhood of dR. N{z = —1} and 8B4 (0,0)N{z > 0}.
This can be easily proven by using the reflection argument of Lemma 4.17. Hence, in particular,

by (4.33) and (4.34) we have
0<ap/2< —8,j§ & < 2a; on (‘3§5 08]\7;', 0<by/2< 3,,@ & < 2by on 0B1(0,0) N {x > 0}.

The rest of the proof goes as in Lemma 4.9. O
As(é,ro)
N:

FIGURE 17. The construction of the lower bound.
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Lemma 4.22 (Upper bound). Letrg > 0, 7., 1\75“‘, ]VQ‘ R., A.(6,79), and R. be as in Lemma 4.21,
and assume that either (4.8) or (4.16) holds. Let p be the constant appearing in (2.3). For My > 0,
My > 0 let (o, be the function constructed in Lemma 4.19 and define

MiCenr, (5, %) N
Bt bt S N I N+
| In ] for (z,y) € NI,
Ms x €] ¥ Myd. ar
e’ = e e E S [ i 3
U, (x,y) L |h’1(§| € ((5 |:5:| ’ 6) \ln(ﬂ fO'f' (x,y) S Ra; (4127)
MldS,Ml MQ
<1 |Ind| |1n(5>hf(‘17’y)4rl for (z,y) € A(6,70),

where 2P is the solution to
AL = —§ in R.,
P = on 8§508ﬁj,
&r =1 on 0B1(0,0) N {x > 0},
0¥ =0  on the remaining part of aﬁs,

and he(x,y) is defined in (4.36). Then, there exist My, Mz > 0 independent of € such that u. < uz?
in N UR.UA.(8,79) for e small enough.

The proof goes exactly as in Lemma 4.10. For the minor changes, see the proof of Lemma 4.9.
Combining Proposition 4.20 and Lemma 4.22, we can argue as in the proof of Corollary 4.13
to obtain the following corollary.

Corollary 4.23. Assume that either (4.8) or (4.16) holds. Choose X := max|_y1](f1+ f2). Then
for e small enough and for 0 < xz < e we have

osc  us < (4.128)

Bis(z,0)nQt N |1n5| ’

with C' > 0 independent of € and x.

We are now in a position to complete the proof of Theorem 4.3 in the non-flat case. We
only show the main changes with respect to the proof given in the previous subsection. Here,
we underline one subtle point: in the non-flat case we are not able to provide matching lower
and upper bounds for u. in the neck. Nevertheless, we are able to retrieve the complete limiting
behavior at infinity thanks to Proposition 4.14, which is a consequence of the matching lower and
upper bounds constructed in the flat case.

We leave the easy changes needed to complete the proofs of Theorems 4.1 and 4.6 to the
reader.

Proof of Theorem 4.3 (the non-flat neck case). We split the proof into several steps.
Step 1. (energy bounds in the neck) Arguing as in the corresponding step of the proof in Subsec-
tion 4.1, we obtain

g2 g2
[ [evetenn + Gioyete | dsty =2 [ [ ovan + G0yl | dsay < €
N N+

for some constant C' > 0 independent of € and we may extract a (not relabelled) subsequence such
that (4.57) and (4.58) hold. Moreover, using Corollary 4.23 and arguing as in the previous section,
one can prove also in this case (4.59) and (4.63).

From (4.8), (4.55), (4.57), and (4.58) we have

1
liminf | In 6| F(ue, N) > liminf | In §| = / |Vue|? dzdy
e—0 e—0 2 Ner

= liminf 1/ [5 Ind| 10,0 (7, y)|* + elln o]
2 Jy+

2
mis : w0y | dady
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1 14
> liminf - Vo |? dedy > f/ |Vo|? dedy
2 N+ 2 N+

e—0

14 4

1 1
=5 [+ @2 =1 [ (ht ) da

%
I

=

B

. {/11(f1 )0 2dr: 6 H' (=1,1),6(1) = —6(—1) = @(1)}

b(1)2. (4.129)

The last inequality follows from the explicit computation of the minimum problem, observing that
the Euler-Lagrange equations together with the boundary conditions give that the minimizer 6,,;,
must satisfy

;o 20(1) 1

e mf1f2 f1+f2
where m, . is the constant introduced in (4.7).
Step 2. (energy bounds in the bulk) Assume first that ©(1) < 1. Then by (4.63)2 and (4.29), we
have

in (_13 1)7

ce + L <1—7ne for € small enough.
[1n 4]

We can now argue exactly as in the corresponding step of the proof in the previous subsection to
obtain

limiélf |In | F(us, QF \ NI) >
e—

Note that if 9(1) = 1, then (4.130) trivially holds.
Step 3. (asymptotic behavior in the neck and limit of the energy) By (4.129) and (4.130) we have

(1 —9(1))2. (4.130)

[N

. ‘. 1 . 4
IIIEII_}élf | 1n5|F(U5, Q:) Z iy U(1)2 + §7T(]. - 'U(l))z Z m , (4131)
172 172
where the last inequality follows from the fact that
/ 1 / m, . T
2 or(l—t)2> — " fortf D (4.132)
my o, 2 my ™+ 20 my ™+ 20

On the other hand, for any fixed « € (0,1) we may consider the test functions z. defined as

2 s /:c 1
€ -~ ds in N,
emy ,, T+ 20 Jo (fi+ f2)(2) e
m ™
_hfen in {|($—57y)|§57x>5},
ZE(I',Z/) = mf1f27r+2€
26 1 l(z —e,y)] .
1 1 ) _ 5o
m, el meta e T mo<llemay)l <ot e>e),
! otherwise in Q.

Taking into account the minimality of u., we have

limsup | In §| F(ue, QF) < limsup | In§|F (2., Q)
e—0

e—0

1
< lim |Ind] (/ |Vz.|? dzdy + L£? (N U Bsa(e,0)) N {z > €}) max W)
e—0 2 Jar [0,1]

. 1 9 V4 20

where the last equality follows by explicit computation of the Dirichlet energy of z..



50 M. MORINI & V. SLASTIKOV

Combining (4.131) and (4.133), since « can be chosen arbitrarily close to 0, we conclude

1 1 4
lim | In 6| F(us, Q) = =o(1)? + ~7(1 — 9(1))? = ——— 4.134
lxg 10 817 (e, ) = 5E0(1° + (1 = V) = -y (4.134)
which, in turn, yields
@(1):M (4.135)
m, . m+ 20 ’

thanks to (4.132). Note that the last equality and (4.63)2 imply (4.12). Moreover, the limit in
(4.134) is independent of the selected subsequence and thus the full sequence converges. Now,
combining (4.96), (4.130), (4.134), and (4.135) one deduces that all the inequalities in (4.96) and
(4.130) are in fact equalities and that, in turn, ¥ solves (4.9). Hence, ¢ does not depend on the
selected subsequence. In turn, the equalities in (4.96) and (4.130) hold for the full sequence and
prove (4.10) and (4.15), respectively.

The strong convergence in H*(N) of {v.} to v can now be proved as in the corresponding step
of the proof in the previous subsection.
Step 4. (lower and upper bounds in the neck) We construct lower and upper bounds for u. in the
neck. We underline here that differently from the flat case presented in the previous subsection,
the construction does not provide matching lower and upper bounds. However, at this point we
can take advantage of Proposition 4.14. Given M > 0, consider the function & ps constructed in
Lemma 4.19 and set

= + g

Aear = —200 1n 5, (4.136)
ds,M

where ¢, + ﬁ and d. p are the constants appearing in (4.63) and (4.114), respectively. Note by
(4.117) and the definition of d. »s, we have

ny e &
— =< d€71\/[ < 2ng9—

24 )
and, in turn, by (4.8), (4.63)2, and (4.136)
12 ] In | C 26| 1n 6| C 40
Z ey < A2 (o4 2 . ) < Za(1), 41
47’LQU( )< 2nge <c + |1n5|> < e < nie ce [1n 4| < nlv( ) (4.187)

provided that ¢ is small enough. Thanks to above inequalities, we may choose M > 0 (independent
of €) so that

2uMe, M ’
i Ll W
i

where p is the constant appearing in (2.3). With this choice of M, we set

gs,M(%u %)
[1n 4|

where ]\7;‘ is defined as in Lemma 4.19. Then, by (4.63), (4.114), and (4.136), we have

neP(x,y) := Ae.m for (x,y) € NI, (4.138)

AntP < —2’”\%’” < —maxp 1) |[W'| < Au. in K/'j,

n' =u, =0 onﬁﬁjﬂ{z:()},
ngp=c€+ﬁ2u5 on NI NQF,
NP = d,u. =0 on the remaining of 8NE+

Hence, we may apply Proposition 6.1 to deduce that nZ? is an upper bound for . in Nj . Now
let 6. and d. as in (4.107). Setting

c
Ce = TIng

Ae = @

],
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and arguing as before, one can check that A; is bounded by a constant independent of £ and that
the function nl°, defined as

0-(%, 5)

EW fOr (x,y)GN;,

nle(z,y) == A

is a lower bound for u. in NX. Summarazing,
nl® <wu.<n*  in N*. (4.139)

Step 5. (lower and upper bounds in the bulk) This step goes exactly as in the previous subsection.
We may define b and b“? as in (4.77) and (4.78), respectively, so that (4.80) holds.

Step 6. (asymptotic behavior in the bulk) We can now argue exactly as in Step 6 of the proof
presented in the previous subsection for the flat case, to deduce the existence of a subsequence (not
relabeled) such that wl — ¢.|Ind| — wt in W2P(QL) for every p > 1 and Vulxg: — Vwlxgr

in L? (R?;R?), where w™ is a harmonic in %, 9,2 = 0 on 9Q%, w*(0,0) = 0, and
27€1n\(m -C <wh(z )<27£1n|($ )+C  for (z,y) € {x > 0} \ B1(0,0)
mf1f2ﬂ_+2é Y = YY) > mf1f277+2€ 'Y Y 1Y, Y).

Moreover, by (4.139), tusing (4.110), (4.117), and the uniform bounds on the constants A. p; and
Ae, one can easily check that the functions w¥ — c.|Ind| have linear growth in N

g

g, so that w™ grows at most linearly in in Q% N {z < 0}. Summarizing, w* satisfies

uniformly in

Awt =0 in QF

dwt =0 on ONT,

w*(z,) — 2t as |(x,y)| — +oo with x > 0,
Inf(z,y)|  m, ,m+2¢

w™ grows at most linearly in in Q% N {z < 0}.,

wt(0,0) = 0.

We may now apply Proposition 4.14 to infer that w™ is the unique solution to (4.13). Thus, the
conclusion of the theorem follows. O

5. THE FLAT THICK NECK

This section is devoted to the thick neck regime
.0
lim — = +o00. (5.1)
Since the geometry of neck will not affect the limiting problem, we only consider for simplicity the
case of a flat neck. More precisely, we assume, without loss of generality, that (4.22) holds. The

main result is contained in the following theorem.

Theorem 5.1. Assume that (5.1) holds. Let {u.} be the family of minimizing geometrically
constrained walls defined in (2.7) and {v.} the corresponding family of rescaled profiles

ve(z,y) = [Ind|uc(dx, dy),
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defined for (z,y) € Q.. Set Qoo :=R2\ {(0,y) : |y| > 1}. Then v. converge in W2P(Qs) for
every p > 1 to the unique solution v of the following problem:

Av=0 m Qooy

O,v =0 on 0N e,
’U(fE,y) )

i St R VA | thz >0

@y L ® eyl oo wihe =0 (5:2)
’U(Z‘,y) )

— 2 — —1 as|(x,y)| — +oo with x <0,

In|(z,y)| (@)

0(0,0)= 0.

In fact, v(0,y) =0 for |y| < 1. Moreover, Vuexiq, — Vuxa,, in L? (R%*R?). Finally,

lim |Ind|F(ue, Q) =7. (5.3)
e—0t

!
N. 2.

FiGURE 18. The original domain 2. and the rescaled limiting domain 2.

Remark 5.2. Since R?\ $Q. — R?\ Q. in the Hausdorff metric, the local convergence of {v.}
to v stated above is well defined (see Remark 3.2).

Proof. Since the argument is similar to previous cases, we only give a sketch of the proof. It is
enough to consider uc|{z>03-

Step 1. (lower bounds) We start by constructing the lower bounds. Let 7. be as in Lemma 4.9 and
recall that n. — 0. Let 7o, Re, and A.(d,79) be as in Lemma 4.9 (note that now R, intersects the
half space {x < 0}). Define

0 if (z,y) € R,

lo o _ —
ey =y Lo @2l gy it (ay) € A5 70).
In 2 To

Arguing as in the proof of Lemma 4.9 one can easily check that u!° is a lower bound for u. in
(R-U A.(0,70)) N QF, provided that e is small enough. Step 2. (upper bounds) We now construct
suitable upper bounds. Again the construction is very similar to the one in Lemma 4.10. More
precisely, let £, and h. be as in Lemma 4.10 and define

M r—e Yy .
£ ) ¢ f ) €9
|1n5|€ ( 5 6) if (z,y) € R

M .
(1= i ) Peles) 1 i ) € o)

Arguing as in Lemma 4.10, we can show that there exists M > 0 independent of € such that ul?
is an upper bound for u. in (R. U A-(6,70)) N QF.

ul(x,y) =
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Step 3. (limit of the energy).
For a € (0,1) consider the test functions z. defined in QF as

0 in NFfU{|(z —¢e,y)| <4, x> e},
1 r —&,Y . oY
ze(z,y) == |ln51a|1n|( 5o ) +1 in{d<|(z—¢y)| < x> e}
1 otherwise in Q7.

By the minimality of u. and by explicitly computing the Dirichlet energy of z. (and estimating
the contribution of the potential energy, see (4.69)), we get

limsup | In §|F (uc, Q) = 2limsup | In §|F(u., QF) < 2 hm+ |Iné|F(2.,QF) = T (5.4)
e—0

e—0t e—0t -«

For the opposite inequality, we observe that
lim iglf |In§|F(ue, Q)
E—

1
> lim | In | min < = |Vuldady : u < 24 on 9Bs(e,0) N {z > €},
e—0 2 AL (8,r0) [ng]
u>1—n. on dB,,(g,0) N {z > 5}}
1
= lim |Ind| min ¢ = |Vul*dady : u = 7L on 8Bs(e,0) N {z > e},
e—0 2 AL (5,m0) [1In 9]

u=1-—mn. on 3BT0(€,O)Q{(E>E}} ,

where we used the fact that u, < |TM§| on 0Bs(g,0) N {x > e}, thanks to the upper bound. The
unique minimizer of the last minimum problem is given by

M
L%~ gy | |2 —2,9)l

e (7, y) = (1 —ne) +

In % To
By explicit computation, we deduce that
1
lim inf | In 6| F (us, Q) > lim = |Vt |*dady = .
e—0 e—0 2 AE(ZS,’I“(])

Hence, (5.3) follows from the previous inequality, (5.4), and the arbitrariness of «.
Step 4. (asymptotic behavior) Note that from the previous steps we have that the functions v,
satisfy

|85, 8y) < velr,y) < |mdlul?(8z,8y)  for (x,y) € (305 N {|(z — 5.9)| < 2} (5.5)

Similar (symmetric) bounds are clearly satisfied in €2 . In particular, we deduce that the functions
ve have locally equibounded L*°-norms. Since, they satisfy

Av. = 8| 6|W'(15) n b0,
8V’UE =0 on %aQE )

we may apply Proposition 6.2 to deduce that, up to a subsequence, v. converge in VVlgof (Qoo) for
every p > 1 to a function v satisying

Av=0 in Qs ,
d,v=0 on 00,
v(0,0) =0.

Moreover, Vvex1g, — Voxa,, in L? (R%R?).
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Note that as ¢ — 0F
|Indlul®(6z,6y) — In|(x,y)| and |Ind|u?(dz,dy) — In|(z,y)| + M
for |(z,y)| > 1. Recalling (5.5), we conclude that v solves (5.2). In order to conclude the proof we
are left with showing that such a problem admits a unique solution. To see this, we may repeat

word for word Step 4 of the proof of Theorem 3.1, with the half spaces {z > 1} and {z < —1}
replaced by {x > 0} and {z < 0}, respectively, and with the function K, replaced by the Kelvin

transform (z,y) — (z,y)/ (2|(z,y)[?). .

6. APPENDIX

In this section we state two auxiliary results that are used throughout the paper and we
provide the easy proofs for the reader’s convenience.

The first one is a particular instance of the so-called weak comparison principle for elliptic
equations.

Proposition 6.1 (Weak comparison principle). Let Q C R? be a Lispchitz connected open set and

1
let T C O be a relative closed subset with positive F€ -measure. Assume that f : R — R is
a continuous nondescreasing function and let uy, uz € H'(Q) N L>®(Q) be weak solutions to the
following system of inequalities:

Aul > f(ul)a AUQ < f(’LLz) n Q7
O,u; = Oyuzy =0 on 0N\ T
i.e.,

—/ Vul-Vgadxdyz/f(ul)goda:dy and —/ VuQ-VgadxdyS/f(uQ)goda:dy (6.1)
Q Q Q Q
for all ¢ € HY(Q), with o >0 in Q and o =0 on T. If u; <wug on T, then up < up a.e. in Q.

Proof. Apply (6.1) with ¢ := max{u; — ug,0} to obtain

/ Vuy - V(ug — ug) dedy < —/ flur)(uy — ug) dedy
{u1>us} {u1>us}
and
—/ Vug - V(uy — ug) dedy < / flu2)(uy —ug) dady .
{u1>us} {u1>us}
Adding the two inequalities, we have
[ VP dsdy= [V —u)Pdudy< [ (Fluz) - Flun)l(on - ) ddy.
Q {u1>uz} {u1>uz}

As the last integral is nonpositive thanks to the monotonicity of f, we deduce that the first integral
vanishes; i.e., V=0 a.e. in . Since (2 is connected and ¢ vanishes on I', we conclude that ¢ =0
a.e. in §2, which is equivalent to the thesis of the proposition. O

We now deal with the convergence of Neumann problems on varying domains. We recall that,
given an open (possibly unbounded) set @ C R? and f € L} (R?), the function u is a weak-solution
to the Neumann problem

Au=f in Q,
d,u=0 on 99,

if u e H'(Q2N Br(0,0)) for all R > 0 and

f/Vu~dexdy:/fwdxdy
Q Q
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for all w € HY(Q) with bounded support.

Proposition 6.2. Let {Q} be a sequence of open sets such that
Xr — Xoo. i L, (R?) and R*\ Q — R?\ Qu locally in the Hausdorff sense (6.2)

for a suitable open set Q,, and assume that at least one of the following conditions is satisfied:
(i) Qoo is locally Lipschitz;
(ii) Q C Qo for every k.
Let {u} be a sequence of functions such that {urxq,} is locally equibounded in L> and each uy
is a weak solution to the Neumann problem

Aup = fr, in Q, (6.3)
Oyur, =0 on 0Q, -
where
kaQk — fooXa in Lfoc(R2) (6'4)
for some p > 2. Then, up to a subsequence,
UEX Qe —7 Yoo X Qoo in quoc(R2) fO’f‘ all qc [17 +OO) ’ vukXQk - vuooXQDC m LZQOC(RQ; R2);
(6.5)
where Us 18 a weak solution to
Atoo = foo 11 Qo
6.6
{8yuoo =0 on 0. (6:6)

. 2
Moreover, ur, — uoo 1 WP (Qx).

Remark 6.3. The assumptions of the previous theorem can be significantly weakened (see [5], [6],
and references therein). Here we decided to give the simplest statement that fits our purposes.

Proof of Proposition 6.2. A standard argument yields that for all M > 1 we have

/ VP dedy < G [ (1Fel? + e ?) dzdy (67)
QkﬁBju(0,0) QkﬁBzM(0,0)

where Cj is a universal positive constant. In particular, the sequence {Vugxq, } is bounded in
L} (R%*R?). Hence, using also the local L>-bounds on the functions u, and recalling (6.2), we
may find a (not relabelled) subsequence and u«, such that

Up — Uso 1D leoc(Qoo) and Vugxa, = Vusxa,, weakly in L? (RQ;R2). (6.8)

loc

In particular, passing to a further subsequence if necessary, by the first limit in (6.8) we may
assume that uipxa, — UsoXq., almost everywhere and, in turn, again by the local L*>*-bounds and
by the Dominated Convergence Theorem, we may conclude that the first assertion in (6.5) holds.
Fix w € H'(Q) with bounded support and assume that (i) is satisfied. Then we may extend w
to a function (still denoted by w) in H'(R?) with compact support. Hence, for every k we have

— Vuy - Vwdxdy = / frw dxdy .
Qr Qp

By (6.4) and (6.8) we may pass to the limit in the above identity and deduce that us is a
weak solution to (6.6). If (ii) holds, then the argument is even easier since we don’t need to
extend w (and, thus, we don’t need to assume the Lipschitz regularity of ). Fix M > 0 and
¢ € C2°(B2pr(0,0);[0,1]) such that ¢ = 1 in Bps(0,0). Choosing w = p?uy, as a test function for
(6.3), we obtain

[ xeus v dedy = [ xa,fotundody -2 [ xowoVu - Vodsdy. (69
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Analogously, we have

/ngg02|Vuoo|2 dxdy = /XQOO Foo@* oo drdy — 2/)(9oo Uso VU - Vo dady . (6.10)

By (6.4), the first part of (6.5), and the second limit in (6.8), one deduces that the right-hand side
of (6.9) converges to the right-hand side of (6.10). Hence,

limsup/ Ixa, Vug|? dedy < lim /ngcp2|Vuk|2 dzdy:/w2|XQquoo|2dxdy
k—o00 BM(O,O) k—oco

for all cut-off functions ¢ € C2°(Bap(0,0); [0, 1]) such that ¢ = 1 in Bps(0,0). Choosing a sequence
{¢n} of cut-off functions such that ¢, — xp,,(0,0) in L', we deduce

lim sup/ X, Vug|? dedy < / X Voo | dzdy
k—oo JBp(0,0) B (0,0)
and, in turn, by lower semicontinuity,
lim Ixo, Vug|? dedy = / X Voo | dzdy
k=0 /B (0,0) B (0,0)

for all M > 0. This establishes the second assertion in (6.5). The W2 convergence of {uy} to us
now follows from standard local LP estimates. O
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